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In recent work, Alexandre, Ellis, Millington and Seynaeve have extended the Goldstone theorem to non-
Hermitian Hamiltonians that possess a discrete antilinear symmetry such as PT and possess a continuous
global symmetry. They restricted their discussion to those realizations of antilinear symmetry in which all the
energy eigenvalues of the Hamiltonian are real. Here, we extend the discussion to the two other realizations
possible with antilinear symmetry, namely energies in complex conjugate pairs or Jordan-block Hamiltonians
that are not diagonalizable at all. In particular, we show that under certain circumstances it is possible for the
Goldstone boson mode itself to be one of the zero-norm states that are characteristic of Jordan-block
Hamiltonians. While we discuss the same model as Alexandre, Ellis, Millington and Seynaeve, our treatment
is quite different, though their main conclusion that one can have Goldstone bosons in the non-Hermitian case
remains intact. We extend our analysis to a continuous local symmetry and find that the gauge boson acquires a
nonzero mass by the Englert-Brout-Higgs mechanism in all realizations of the antilinear symmetry, except the
one where the Goldstone boson itself has zero norm, in which case, and despite the fact that the continuous

local symmetry has been spontaneously broken, the gauge boson remains massless.
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I. INTRODUCTION

Following work by Bender and collaborators [1-5], it
has become apparent that quantum mechanics is much
richer than conventional Hermitian quantum mechanics.
However, if one wishes to maintain probability conserva-
tion, one needs to be able to define an inner product that is
time independent. The reason that one has any freedom at
all in doing this is because the Schrodinger equation
i0,|y) = H|y) only involves the ket state and leaves the
bra state unspecified. While the appropriate bra state is the
Hermitian conjugate of the ket when the Hamiltonian is
Hermitian, for non-Hermitian Hamiltonians a more general
bra state is needed. However, one cannot define an inner
product that is time independent for any non-Hermitian
Hamiltonian. Rather, it has been found ([6,7] and refer-
ences therein) that the most general Hamiltonian for which
one can construct a time-independent inner product is one
that has an antilinear symmetry, and in such a case the
required bra state is the conjugate of the ket state with
respect to that particular antilinear symmetry.
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When a Hamiltonian has an antilinear symmetry, its
energy eigenspectrum can be realized in three possible
ways—all eigenvalues real and eigenspectrum complete,
some or all of the eigenvalues in complex conjugate pairs
with the eigenspectrum still being complete, or eigenspec-
trum incomplete and Hamiltonian of nondiagonalizable, and
thus necessarily of non-Hermitian, Jordan-block form. Of
these three possible realizations only the first can also be
achieved with a Hermitian Hamiltonian, and while
Hermiticity implies the reality of energy eigenvalues,
there is no theorem that would require a non-Hermitian
Hamiltonian to have complex eigenvalues, with Hermiti-
city only being sufficient for the reality of eigenvalues
but not necessary.l The necessary condition for the reality of
energy eigenvalues is that the Hamiltonian have an antilinear
symmetry [7-10], while the necessary and sufficient con-
dition is that in addition all energy eigenstates are eigenstates
of the antilinear operator [3].

'For any nondiagonalizable two-dimensional Jordan-block,
and thus necessarily non-Hermitian Hamiltonian for instance,
since the eigenspectrum is incomplete, the Hamiltonian has just
one eigenvector even though there are two eigenvalue solutions to
|H — AI| = 0. These two eigenvalue solutions must then be equal
to each other since they have to share just the one eigenvector. If
in addition the Hamiltonian has an antilinear symmetry, by being
equal to each other the two eigenvalues could then not be in a
complex conjugate pair. In consequence, the two eigenvalue
solutions to |H — AI| = 0 must be real—to thus show directly that
one can have real eigenvalues if a Hamiltonian is not Hermitian.
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Interest in non-Hermitian Hamiltonians with an anti-
linear symmetry was first triggered by the work of Bender
and collaborators [1,2] who found that the eigenvalues of
the Hamiltonian H = p? + ix? are all real. This surprising
reality was traced to the fact that the Hamiltonian possesses
an antilinear PT symmetry (P is parity and 7 is time
reversal), under which PpP=—-p, PxP=—x, TpT=—p,
TxT = x, TiT = —i. In general, for any Hamiltonian H
with an antilinear symmetry A (i.e., with AH = HA), when
acting on H|w)=E|y) one has AH|y)=AHA™'Aly)=
HAl|y)=E*Aly). Thus, for every eigenstate |y) of H with
energy E there is another eigenstate A|y) of H with energy
E*. Thus, as originally noted by Wigner in his study of time
reversal invariance, energies can thus be real or appear in
complex conjugate pairs with complex conjugate eigen-
functions. It is often the case that one can move between
these two realizations by a change in the parameters in H.
There will, thus, be a transition point (known as an
exceptional point) at which the switch over occurs.
However, at this transition point the two complex conjugate
wave functions (Jy) and A|y)) have to collapse into a single
common wave function as there are no complex conjugate
pairs on the real energy side. Since this collapse to a
single common wave function reduces the number of
energy eigenfunctions, at the transition point the eigens-
pectrum of the Hamiltonian becomes incomplete, with the
Hamiltonian then being of nondiagonalizable Jordan-block
form, the third possible realization of antilinear symmetry.

While the above analysis would in principle apply to
any antilinear symmetry, because of its H = p? + ix>
progenitor, the antilinear symmetry program is con-
ventionally referred to as the PT7T-symmetry program.
However, PT symmetry can actually be selected out for
a different reason, namely it has a connection to spacetime.
Specifically, it was noted in [11] and emphasized in [3]
that for the spacetime coordinates the linear part of a PT
transformation is the same as a particular complex Lorentz
transformation, while in [7,12] it was noted that for spinors
the linear part of a CPT transformation is the same as that
very same particular complex Lorentz transformation,
where C denotes charge conjugation.2 Then in [7,12] it
was shown that if one imposes only two requirements,
namely the time independence of inner products and
invariance under the complex Lorentz group, it follows
that the Hamiltonian must be CPT invariant, with CPT
symmetry itself being antilinear. Since this analysis
involves no Hermiticity requirement, the CPT theorem
is, thus, extended to the non-Hermitian case (and, thus,
through the complex energy realization of antilinear
symmetry to decay processes that are forbidden by

*The complex Lorentz transformation AJ(iz)A9(iz)A9(ix)
implements x, — —x, on coordinates and y(x) = y y(—x)
on a Majorana spinor, just as the linear part of a CPT trans-
formation does.

Hermiticity). Since charge conjugation plays no role in
nonrelativistic physics where one is below the threshold for
particle production, CPT then defaults to PT, to thus put
the PT-symmetry program on a quite secure theoretical
foundation.

As with the CPT theorem, one can ask what happens to
other familiar results of quantum field theory when one
relaxes the Hermiticity requirement. This then was the brief
of Alexandre, Ellis, Millington and Seynaeve [13], who
found that the Goldstone theorem can also be decoupled
from Hermiticity, and can hold in the non-Hermitian but
antilinearly symmetric case.’ Alexandre, Ellis, Millington
and Seynaeve restricted their discussion to those realizations
of antilinear symmetry in which all the energy eigenvalues of
the Hamiltonian are real. Here we extend the discussion to
the two other possible PT-symmetry program realizations,
namely energies in complex conjugate pairs or Jordan-block
Hamiltonians that are not diagonalizable at all. In particular,
we show that it is possible for the Goldstone boson mode
itself to be one of the zero-norm states that are characteristic
of Jordan-block Hamiltonians. While we discuss the same
model as Alexandre, Ellis, Millington and Seynaeve, our
treatment is quite different, though their main conclusion
that one can have Goldstone bosons in the non-Hermitian
case remains intact. In particular, in their paper Alexandre,
Ellis, Millington and Seynaeve presented a variational
procedure for the action in which the surface term played
an explicit role, to thus suggest that one has to use such a
procedure in order to establish the Goldstone theorem in the
non-Hermitian case. However, we show that one does
not need to do this, as we are able to obtain a Goldstone
boson using a completely standard variational procedure.
Moreover, since we do use a standard variational procedure
we can readily extend our analysis to a continuous local
symmetry by introducing a gauge boson. We show that the
gauge boson acquires a nonzero mass by the Englert-Brout-
Higgs mechanism in all realizations of the antilinear
symmetry, except the one where the Goldstone boson itself
has zero norm, in which case, and despite the spontaneous
breakdown of the continuous local symmetry, the gauge
boson remains massless.

The present paper is organized as follows. In Sec. II, we
present the complex scalar field model discussed in [13],
and using a standard variational procedure for the action
find its spontaneously broken tree approximation minimum
and determine the eigenvalues of the associated mass
matrix. In Sec. III, we determine the associated left- and
right-eigenvectors and construct the left-right V' operator
norm that plays a central role in antilinear theories. In
Sec. IV, we compare our treatment with that of the authors

3Since historically the CPT theorem was found during the
effort to establish the spin and statistics theorem, it would be of
interest to see how the spin and statistics theorem itself might fare
in the non-Hermitian but CPT symmetric case.

045006-2



GOLDSTONE BOSONS AND THE ENGLERT-BROUT-HIGGS ...

PHYS. REV. D 99, 045006 (2019)

of [13], who used a nonstandard variational procedure. This
leads us to a Hamiltonian that looks Hermitian but is not,
and in Sec. V we discuss how this is possible. In this
section, we also discuss the connection between antilinear
symmetry and Hermiticity within the context of the CPT
theorem as developed in [7]. In Sec. VI, we extend the
discussion to the Englert-Brout-Higgs mechanism, and in
Sec. VII we provide a summary of our results. Finally, in an
Appendix, we construct the left-right quantum theory
matrix elements that would produce the c-number tree
approximation classical field and the effective potential that
is minimized in Sec. II, and discuss how Ward identities are
realized in the non-Hermitian case.

II. SPONTANEOUSLY BROKEN NON-HERMITIAN
THEORY WITH A CONTINUOUS
GLOBAL SYMMETRY

The model introduced in [13] consists of two complex
(i.e., charged) scalar fields ¢, (x) and ¢,(x) with action

I(¢1’ ¢2’ ¢T’ ¢§)
:/f%@ﬁ&@+@ﬁw%+ﬁﬂ%—%@%

— w2 (i = B3 =5 (@i)? . M

where the star symbol denotes complex conjugation, and
thus Hermitian conjugation, since neither of the two scalar
fields possesses any internal symmetry index. Since the
action is not invariant under complex conjugation, it is not
Hermitian. It is, however, invariant under the following
CPT transformation

¢2(‘xﬂ) - _¢;(_‘xﬂ)7
$3(xy) = —a(—x,), (2)

and thus has an antilinear symmetry.® Since one can
construct the energy-momentum tensor 7, by the variation
T = 2(—g)~V281(1. ho. 7. #5)/8,, with respect to the
metric g, of the covariantized form of the action (momen-
tarily replace ordinary derivatives by covariant ones
and replace the measure by [d*x(—g)'/?), it follows
from general coordinate invariance that a so-constructed

*The study of [7,12] shows that for relativistic actions such as
that given in (1) CPT must be an invariance, a point we elaborate
on further below. In their paper, the authors of [13] took T to
conjugate fields. While 7 does conjugate wave functions in
quantum mechanics, conventionally in quantum field theory
T does not conjugate q-number fields (it only conjugates
c-numbers). Rather, it is charge conjugation C that conjugates
fields. Thus, what the authors of [13] refer to as PT is actually
CPT, just as required by the analysis of [7,12]. However, none of
the conclusions of [13] are affected by this.

energy-momentum tensor is automatically covariantly con-
served in solutions to the equations of motion that follow
from stationarity of the same action. Then, since one can set
H=[ d*xT y, it follows that the associated Hamiltonian is
time independent. Moreover, since the metric is CPT even,
then since the action is CPT invariant it follows that the
Hamiltonian is CPT invariant too. The Hamiltonian asso-
ciated with (1) thus has an antilinear CPT symmetry.5

In regard to (2), we note here that for ¢, the trans-
formation is not the conventional CPT transformation of
scalar fields that is used in quantum field theory (one in
which all scalar field CPT phases are positive [14]) but a
similarity transformation of it. We will need to return to this
point below, but for the moment we just use (2) as is.

As written, the action given in (1) is invariant under the
electric charge transformation

¢1 - eia¢l7 ¢T - e—ia T?

by — €, P — e, (3)

to thus possess a standard Noether current
j/l - l(d)Taugbl - ¢1aﬂ¢>lk) + l(qﬁzaﬂd)Z - ¢26;4¢§) (4)

that is conserved in solutions to the equations of motion (36)
and (37) associated with (1). We note here that the authors of
[13] used a nonstandard Euler-Lagrange variational pro-
cedure (one which involves a nontrivial surface term) to
obtain a nonstandard set of equations of motion and a
nonstandard current (one not a Noether current invariance of
the action), one that is nonetheless conserved in solutions to
this nonstandard set of equations of motion, and we discuss
this issue in Sec. IV. However, we shall use a standard
variational procedure and a standard Noether current
approach. With the potential of the field ¢; being of the
form of a double-well potential, in its nontrivial minimum
the scalar field ¢; would acquire a nontrivial vacuum
expectation value. This would then break the electric charge
symmetry spontaneously, and one would thus wonder
whether there might still be a massless Goldstone boson
despite the lack of Hermiticity. As shown by the authors of
[13] for the current they use and by us here for the above j,,
in both the cases a Goldstone boson is indeed present.

To study the dynamics associated with the action given
in (1) we have found it convenient to work in the
component basis

*Just as is familiar from Hermitian quantum field theory, one
can also construct the same metric-derived energy-momentum
tensor from the translation invariance of the action and the
equations of motion of the fields, since nothing in that con-
struction actually requires Hermiticity. The advantage of using
the metric approach, which also is not sensitive to Hermiticity, is
that it ensures that the Hamiltonian that is obtained has the same
transformation properties under CPT symmetry as the starting
action.

045006-3



PHILIP D. MANNHEIM PHYS. REV. D 99, 045006 (2019)

¢1=é<xl+m>, ¢1‘=\2m—m>, ¢2=é<wl+im>, ¢;=¢1§<wl—iw>, (5)

where all four yy, y», ¥, and y, are Hermitian.® In the X1> X2, W1, and y, basis, the action takes the form:

1 1 1 1 1
(1. 02 w1,92) = /d4x |:§aﬂxlaﬂ)(1 +§au)(28")(2 +58;d//18”l//1 +55‘ul//28”1//2 +§m%()ﬁ +x3)

1 ) g
- 5’”%(‘//% +y3) = i = xawn) — 16 (i +13)7 (6)

and with the appearance of the factor i in the u*-dependent term, the action now has the characteristic form of the non-
Hermitian but PT symmetric p* 4 ix® theory.” For this action, the Euler-Lagrange equations of motion take the form

. g
Oy = —miy + iy, +Z(Z? +20113):
. g
Oy, = —m%}fz — ity + a (){3 +)(2)(%)’
—Dl//l = m%llfl - i/’tz)(2’
_Dv/z = m%l[/2 + iﬂle’ (7)

and admit of a tree approximation minimum in which the scalar field expectation values obey

4
_ .o _ .5 - K _ g5 g_ _ - H _ G_3 G_ _
myp —iptp, =0, myn+iuty =0, mip ——=n -0 -0 =0. min——5ih—3 -7 =0. (8)
m Ty m Ty
Choosing the minimum in which (g/4)73 = m? — u*/m3, ry = —iu*y,/m3, 7, = 0, §; = 0, and then expanding around
this minimum according to y; = ¥, + 71, x> = X2, W1 = W1, W2 = W, + r, yields a first-order term in the equations of
motion of the form:

Ui 2mi = 3ut/m3 iy’ 0 0 4l 21

=L, _ ip? m3 0 0 W M 7} 9)
-7 0 0 —u/m3 —ip? 22 |

—jry 0 0 -igr m 8 W

As we see, with our choice of basis, we have already block-diagonalized the mass matrix M. We can readily determine the
mass eigenvalues, and obtain

IM = Al| = A(A+ pt/m3 — m3)[2* — A(2m?3 + m3 = 3t /m3) + 2m3m3 — 2u]. (10)

The mass eigenvalue solutions to |[M — AI| = 0 are thus

mt —
2‘0 - O, )'1 - 2”172,
2
2mim: + m? - 3u* 1
g, = T TR — [(2m3m3 + m3 — 3p*)? + 8u*m? — 8mIm§]'/2.

Zm% 2mj

2mim3 +m5 =3t 1
e +——[(2m?m} — md — 3u*)? — dutm3)\/2. 11
2m3 2m%[( 112 > —3u%) pm3] (11)

®As is standard, under time reversal 1 has even T parity while y, has odd T parity, so that under T y| + iy, has even parity. Under
charge conjugation, y; has even C parity while y, has odd C parity. Thus, under CPT, the P even y; + iy, transforms into y; — iy,.
Because of the transformations in the ¢, sector that are given in (2) y; has to have odd T parity while y, has to have even T parity.
(However, their C parities are standard, with y; having even C parity while y, has odd C parity.) We discuss this pattern of 7 parity
assignments further below, where we will make a commutation relation preserving similarity transformation that will effect y; — —iyy,
W, — —iy,, to thus change the signs of their 7 and CPT parities.

"The PT-symmetric p> + ix? theory is actually CPT symmetric since p and x are C even and charge conjugation plays no role in
nonrelativistic systems.
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Given a mode with 4y =0 (the determinant in the
(72,01) sector of M being zero), then just as noted in
[13], the presence of a massless Goldstone boson is
apparent, and the Goldstone theorem is, thus, seen to hold
when a non-Hermitian Hamiltonian has an antilinear
symmetry.® If we restrict the sign of the factor in the
square root in A, to be positive (the case considered in
[13]), then all mass eigenvalues are real. However, we note
that we obtain a mode with Ay, =0 regardless of the
magnitude of this factor, and thus even obtain a
Goldstone boson when the factor in the square root term
is negative and mass eigenvalues appear in complex
conjugate pairs. Moreover, as we show in Sec. III below,
when the factor in the square root term is zero, in the
(%1,W>) sector the matrix M becomes Jordan block. The
Goldstone boson mode is thus present in all three of the
eigenvalue realizations that are allowed by antilinearity
(viz. antilinear symmetry). Moreover, technically we do not
even need to ascertain what the antilinear symmetry might
even be, since as shown in [7,10], once we obtain an
eigenvalue spectrum of the form that we have obtained in
the (7;,y,) sector, the mass matrix must admit of an
antilinear symmetry. Thus, antilinearity implies this par-
ticular form for the mass spectrum, and this particular form
for the mass spectrum implies antilinearity. Finally, we note
that if in the (§,, ) sector we set u* = m3, then not only
does 4; become zero just like 4, but as we show in Sec. III
the entire sector becomes Jordan block, with the Goldstone
boson eigenfunction itself then having the zero norm that is
characteristic of Jordan-block systems.

III. EIGENVECTORS OF THE MASS MATRIX

To discuss the eigenvector spectrum of the mass matrix
M, it is convenient to introduce the PT theory V operator.
Specifically, it was noted in [7-9] that if a time-independent
Hamiltonian has an antilinear symmetry there will always
exist a time-independent operator V that obeys the so-called
pseudo-Hermiticity condition VH = H'V.If V is invertible
(this automatically being the case for any finite-
dimensional matrix such as the mass matrix M of interest
to us here), then H and H' are isospectrally related
according to H' = VHV~!, to thus have the same set of
eigenvalues. Since such an isospectral relation requires that
the eigenvalues of H be real or in complex pairs, pseudo-
Hermiticity is equivalent to antilinearity.

If H is not Hermitian, one has to introduce separate right-
and left-Schrodinger equations in which H acts to the right or
to the left. Then from the relation i0,|n) = H|n) obeyed by
solutions to the right-Schrodinger equation we obtain
—i0,(n| = (n|H', with (n| then not being a solution to the

8While the (2, 91) sector of the mass matrix is not Hermitian,
its antilinear symmetry cannot be realized in the complex
conjugate pair realization because by being zero the Goldstone
boson eigenvalue 4 is real. Consequently, 4, must be real too.

left-Schrodinger equation as it does not obey —id,(n| =
(n|H. Consequently, in the non-Hermitian case the standard
Dirac norm (n(1)|n(t)) = (n(0)|e’"e=H!|n(0)) is not time
independent (i.e., not equal to (n(0)|n(0))), and one cannot
use it as an inner product. However, the V norm constructed
from V is time independent since

i0,(n(1)|V[n(1)) = (n()|(VH = H'V)|n(1)) = 0. (12)
Since we can set

—i0,(n| = (n|H" = (n|VHV!, —i0,(n|V = (n|VH,

(13)

we see that it is the state (n|V that is a solution to the left-
Schrodinger equation and not the bra (n| itself. Moreover,
from (13) we obtain

(n(O)[Vn(1)) = (n(0)|Ve e n(0)) = (n(0)|V|n(0)).
(14)

to thus confirm the time independence of the V norm.
Through the V operator then we see that time independence
of inner products and antilinear symmetry are equivalent.
Given that (L,| = (n|V is a solution to the left-Schrodinger
equation, in the event that it is also a left-eigenvector of
H and |R,) is a right-eigenvector of H, in the antilinear
case the completeness relation is given not by > |n)(n| = I
but by

D Im)nlv =1 [R)(L,| =1 (15)

instead. As shown in [15], when charge conjugation is
separately conserved, the left-right (R,|V|R,,) V-norm is
the same as the overlap of the right-cigenstate |R,,) with its
PT conjugate (like PT conjugation Hermitian conjugation is
also antilinear). And more generally, the V-norm is the same
as the overlap of a state with its CPT conjugate [7].

In the special case where all the eigenvalues of a
Hamiltonian are real and the eigenspectrum is complete,
the Hamiltonian must either already obey H = H' or be
transformable by a (nonunitary) similarity transformation §
into one that does according to SHS™! = H' = H''. For the
primed system, one has right-eigenvectors that obey

i0,|Ry) = H'|Ry,),  —i0(R,[ = (Ry[|H',  (16)

with the eigenstates of H and H' being related by
R,y =SIR,). (R, = (R,|S". (17)

On normalizing the eigenstates of the Hermitian H' to
unity, we obtain

(Ry|RY,) = (Ry[STSIR,) = 8y (18)

With H' = H'" we obtain
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SHS™! = S*-LH'ST,
STSHS-1S'-1 = STSH[S'S]™! = H. (19)

We can, thus, identify S'S with V when all energy
eigenvalues are real and H is diagonalizable, and as noted
in [7], can thus establish that the V norm is the S.S norm, so
that in this case (L,|R,,) = (R,|V|R,) = (R,|STS|R,) =
Om.n, 18 positive definite.” The interpretation of the V norms
as probabilities is then secured, with their time independ-
ence ensuring that probability is preserved in time.
Having now presented the general non-Hermitian for-
malism, a formalism that holds in both wave mechanics and
matrix mechanics [3], and holds in quantum field theory
[7], we can apply it to the mass matrix M given in (9). And
while this matrix does arise in a quantum field theory, all
that matters in the following is that it has a non-Hermitian

S 1 ( (A+B)"?+ (A-B)/?
—2(A2—B2)1/4 —i[(A+ B)'/2 = (A-B)'/?]

matrix structure. The matrix M breaks up into two distinct
two-dimensional blocks, and we can describe each of them

by the generic
C+A iB
N = . , (20)
iB C-A
where A, B and C are all real. The matrix N is not
Hermitian but does have a PT symmetry if we set P = o3

and T = K where K effects complex conjugation. The
eigenvalues of N are given by

A, =C+(A>-B*»)'/2, (21)

and they are real if A> > B? and in a complex conjugate
pair if A% < B2, just as required of a non-Hermitian but
PT-symmetric matrix. Additionally, the relevant S and V
operators are given by

i[(A+B)'/? - (A - B)1/2]>
(A+B)'2+(A-B)'/? )

sl — 1 < (A +B)1/2 +(A —3)1/2 —i[(A +B)1/2 —(A _B)1/2]>

= 2(A2 _32)1/4 i[(A +B)1/2 _ (A —3)1/2] (A +B)1/2 i (A —3)1/2 s
V=2 , V—l - - ’ 22
(A2 _32)1/2 (—lB A ) (A2 _32)1/2 (IB A ) ( )

and they effect

C + (A2 - BY)1/2 0 C+A —iB
SNS-! = N/ — < ( ) )’ VANVl = ( . i > M 23)

0 c-m-myr B C-a

regardless of whether A> — B? is positive or negative (if A” is less than B2, then while not Hermitian SNS~! is still diagonal).
However, as we elaborate on below, we note that if A2 — B? is zero then S and V become undefined. Other than at
A? — B? = 0 the matrix N/ = SNS~! is diagonal, and with N being given by N = S~!N'S, the right-eigenvectors of N that
obey NR, = AR, are given by the columns of S~!, and the left-eigenvectors of N that obey L N = A, L, are given by
the rows of S. Given the right-eigenvectors one can also construct the left-eigenvectors by using the V operator. When
A? > B2, the left eigenvectors can be constructed as (L.| = (R.|V, and we obtain

R 1 (A+B)/2+(A-B)'/?

EIVER SR (i[(A +B)'2—(A -3)1/2]>

R 1 (—i[(A+B)1/2—(A—B)1/2]>

T 2A2-B)4\ (A+B)/24(A-B)2

L+:2(A2__1B_2)1_/4((A+B)1/2+(A_B)l/zv il(A+B)"? = (A-B)'?])

L= s (A B (=Bl (B (A= )') (24

°As shown in[15], to identify the V norm with the P7 norm one has to choose the phase of the PT conjugate of a state to be the same as the
PT eigenvalue of the state that is being conjugated. This prescription obviates any need to use the PT theory C operator norm that is
described in [3], with the PT norm then having the same positivity as the V norm. Moreover, it was shown that not every PT symmetric
theory will possess a PT theory C operator, but all PT theories will possess V and PT norms.
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and these eigenvectors are normalized according to the
positive definite (L,|R,,)=(R,|V|R,,) =0, i.e., accord-
ingto L, R, =1, LR, = 0.Inaddition, N and the identity
I can be reconstructed as

N =R A (Ly|+[ROA(L-
I'=[R.)(Ly|+|R-)(L-

’

(25)

to thus be diagonalized in the left-right basis.

When A — B? is negative, the quantity (A — B)'/? is
pure imaginary, and since (R| is the Hermitian conjugate of
|R), in the A% < B? sector up to a phase we have
(L+| = £(R+|V. If we set A2 — B> =—D? where D is
real, the eigenvalues are A, = C+iD. In a quantum
theory with the mass matrix serving as the Hamiltonian,
IR,) would evolve as e (CFD)t — o=iCtED! " while (L |
would evolve as (R-|V, i.e., as e/“"FP. As had been noted
in general in [7] and as found here, the only overlaps
that would be nonzero would be F (L. |R.)=
(R+|V|Ry) = +£i, and they would be time independent.
Since (L.|# (R.|V, these matrix elements would be
transition matrix elements between growing and decaying
states. Such transition matrix elements are not required to
be positive or to even be real.

While all of these eigenstates and the S and V operators
are well defined as long as A? is not equal to B?, at A> = B>
they all become singular. Moreover at A> = B? the vectors
R. and R_ become identical to each other (i.e., equal up to
an irrelevant overall phase), and equally L and L_ become
identical too. The matrix N, thus, loses both a left-
eigenvector and a right-eigenvector at A> = B? to then
only have one left-eigenvector and only one right-eigen-
vector. At A? = B? the two eigenvalues become equal
Ay = = C) and have to share the same left- and right-
elgenvectors The fact that S becomes singular at A> = B>
means that N cannot be diagonalized, with its eigenspec-
trum being incomplete. N thus becomes a Jordan-block
matrix that cannot be diagonalized. ' Even though all of
L., R, become singular at A> = B2, N still has left- and
right-eigenvectors L and R that are given up to an arbitrary
normalization by

1
=(1 i), R_(,>, LN=CN, NR=CR, (26)
1

and no matter what that normalization might be, they obey
the zero norm condition characteristic of Jordan-block
matrices:

"Even though one loses diagonalizability when A% = B2, the
matrix N remains PT symmetric at A% = B2, as it is invariant
under the PT = 03K transformation for all values of its param-
eters as long as they are real.

1

LR=(1 i)(,)zO. (27)
i

Even though the eigenspectrum of N is incomplete, the

vector space on which it acts is still complete. One can take

the extra states to be

L'=(1 -i), R’:<1.>, (28)
—i
with L'R" = 0, so that R and R’ span the space on which N
acts to the right, while L and L’ span the space on which N
acts to the left.
Comparing now with (9), we see that for the (7,%,)
sector we have

2mim3 + m3 — 3u

C - 5
2m3
A 2mim3 — 3ut —mj
2m3 '
B =2, (29)

while for the (7,,%) sector we have

comimpt o )

, B=—u’. 30
2m3 2m3 H (30)

From (29) and (30) the eigenvalues given in (11) follow.
For the (7, r,) sector, we thus have two eigenvectors with
real eigenvalues if (2mim3 —m3 —3u*)? > 4u*m3, two
eigenvectors with complex conjugate eigenvalues if
(2m3m3 — m2 3ut ) < 4u*m?, and lose an eigenvector
if (2mim3 —m5 —3u*)? = 4u*m3. Since none of this
affects the (;?2,1,?/1) sector, for all three of the possible
classes of eigenspectra associated with a non-Hermitian
Hamiltonian with an antilinear symmetry we obtain a
massless Goldstone boson.

For the (7,,{) sector, the eigenvalues are 1o = 0 and
A1 = m3 — u*/m3. Both are them are real, and we shall take
mj to not be less than u* so that A; could not be negative.
Additionally, the left- and right-eigenvectors are given by

— 2 2
LO - (m4_ﬂ4)1/2(m2’ I )’
0 . 5
(m4 _/44)1/2 WZ
1
— 12 2
= g )
1 iu? )
Ri=—F—F75 < . (31)
(m? — 12 —m3

as normalized to

L()RO:l, L1R1:1, L()Rl:O, LIR():O. (32)
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The Goldstone boson is, thus, properly normalized if one
uses the left-right norm, with the two states in the (,,9)
sector forming a left-right orthonormal basis. Thus, in the
non-Hermitian case the standard Goldstone theorem asso-
ciated with the spontaneous breakdown of a continuous
symmetry continues to hold but the norm of the Goldstone
boson has to be the positive left-right norm (or equivalently
the PT theory norm [13]) rather than the standard positive
Hermitian theory Dirac norm for which the theorem was
first proved [16-19].

However, something unusual occurs if we set y*> = m3.
Specifically, the eigenvalue A; becomes zero, to now be
degenerate with 4y. The eigenvectors R, and R; collapse
onto a common single R and L, and L; collapse onto a
common single L, and the normalization coefficients given
in (31) diverge. The (7,,yr;) sector, thus, becomes of

nondiagonalizable Jordan-block form. In this limit, one can
take the left- and right-eigenvectors to be

1
L=(1 i), R:<,>, (33)
i
and they obey the zero norm condition
LR =0. (34)

As such this represents a new extension of the Goldstone
theorem, and even though the standard Goldstone theorem
associated with the spontaneous breakdown of a continuous
symmetry continues to hold, the norm of the Goldstone
boson is now zero. Since a zero norm state can leave no
imprint in a detector, we are essentially able to evade the
existence of a massless Goldstone boson, in the sense that
while it would still exist it would not be observable.

IV. COMPARISON WITH THE WORK OF ALEXANDRE, ELLIS, MILLINGTON AND SEYNAEVE

If we do a functional variation of the action given in (1) we obtain

o1 1. 3) = [ s {[—Dqsl + 3y — 12y =5 b1 + [—Dd)’f R =5 (1) | o
(=002 = 3y + w2p1 1605 + [-01bs = m3ghs — 124159

+ 0,4[6070" b1 + 660" T + 630"y + 5¢25”¢§]] : (35)

With all variations held fixed at the surface, stationarity
leads to

Oy + m3epy = iy = S 3 = .
~O¢py = m3hy + ¢y = 0, (36)
~CUp; + mii + 425 = 5 ($1)2 = 0,
O — s — 29 =0, (37)

with these equations of motion being completely equivalent
to (7). With these equations of motion, one readily checks
that the electric current j, = i(¢j0,¢p) — ¢10,47) +
(430,42 — $,0,¢5) given in (4) is conserved, just as it
should be.

There is, however, an immediate problem with these
equations of motion, namely if we complex conjugate (36)
we obtain not (37) but

0+ mi = 125 = (472 =0,

=0 — mis + >y = 0 (38)

instead. The reason why this problem occurs is because
while (37) is associated with 9I/0¢, and OI/0¢,, (38) is
associated with (0I/0¢;)" = 0I*/0¢; and (0I/0¢3)* =
OI*/O¢, and I is not equal to I* if I is not Hermitian.

A similar concern holds for (7) as not one of its four
separate equations is left invariant under complex
conjugation.

In order to get round this, the authors of [13] propose that
(37) not be valid, but rather one should use (36) and (38)
instead. In order to achieve this, the authors of [13] propose
that one add an additional surface term to (35) so that one
no longer imposes stationarity with respect d¢; and
0¢p,, but only stationarity with respect to 6¢b7 and 6¢;
alone."' If one does use (36) and (38), the electric current j,
is no longer conserved (i.e., the surface term that is to be
introduced must carry off some electric charge), but instead
it is the current

Ju = (@10, — 010,97) = i($30,2 — $20,03)  (39)

that is conserved in solutions to the equations of motion. As
such, this jj, current is a non-Noether current that is not
associated with a symmetry of the action / (unless the

"The additional surface term is akin to the Hawking-Gibbons
surface term used in general relativity. Specifically, in general
relativity the variation of the Einstein-Hilbert action leads to
variations of both g, and its first derivative at the surface.
Variations with respect to the derivatives are then cancelled by the
Hawking-Gibbons term.
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inclusion of the surface term then leads to one), and thus its
spontaneous breakdown is somewhat different from the
standard one envisaged in [16—19]. Nonetheless, as noted
in [13], when the scalar fields acquire vacuum expectation
values, the mass matrix associated with (36) and (38) still
has a zero eigenvalue. With the authors of [13] showing that
it is associated with the Ward identity for ji,, it can still be
identified as a Goldstone boson. The work of [13], thus,
breaks the standard connection between Goldstone bosons
and symmetries of the action.

As such, the result of the authors of [13] is quite
interesting as it provides possible new insight into the
Goldstone theorem. However, the analysis somewhat
obscures the issue as it suggests that the generation of
Goldstone bosons in non-Hermitian theories is quite differ-
ent from the generation of Goldstone bosons in Hermitian
theories. It is, thus, of interest to ask whether one could
show that one could obtain Goldstone bosons in a pro-
cedure that is common to both Hermitian and non-
Hermitian theories. To this end we need to find a way to
exclude (38) and validate (37), as it is (36) and (37) that we
used in our paper in an approach that is completely
conventional, one in which the surface term in (35)
vanishes in the standard variational procedure way.

To reconcile (36) and (37) or to reconcile the equations
of motion in (7) with complex conjugation it is instructive

to make a particular similarity transformation on the fields,
even though doing so initially appears to lead to another
puzzle, the Hermiticity puzzle, which we discuss and
resolve below. It is more convenient to seek a reconciliation
for (7) first, so from Iy, y», w1, y,) we identify canonical
conjugates for ¢, and ¢, of the form II; = du,
IT, = J,y,. With these conjugates we introduce [7]

S(yy) = exp B / T, (x, )y (x, z)],

T

S(y,) = exp {2/d3xH2(x, t)wZ(x,t)], (40)

and obtain

S )L S~ () = i,
S2)LS™ () = ill,.
(41)

S)y1S™ (y1) = =iy,
S w2 S~ o) = —iyn,,

Since these transformations preserve the equal-time
commutation relations [y (x, 7), 1, (y, )] = i8*(x —y),
[y (x,1),,(y, 1)] = i6°(x —y), they are fully permissible
transformations that do not modify the content of the field
theory. Applying (41) to I(y, 2. w1, w,), We obtain

Sw)SWw)I(en 2w w2)S™ wo) STy ) = I'(x 1. 22 w10 w2) (42)

where

1 1 1 1 1
' 2. w1, w2) :/d4x|:§8ﬂ)(18ﬂ)(1 +§8M28”)(2—§ ;41//18”1//1—5 W20y +§m%()(%+)(%>

| =

+

g
myt +v3) = 1w =) =16 0d + 5% (43)

Stationary variation with respect to y1, y», ¥, and y, replaces (7) by

g
Oy = —miy, + pPy, + 1 (3 +x13).

g
~Oa = —mixa = w2y +3 (3 + x21?).

Oy, = m%‘/ﬂ + Wy,
Oy, = miws — 1.

(44)

and now each one of the equations of motion is separately invariant under complex conjugation.

Returning now to the original ¢,, ¢5 fields we obtain

S 1)SW2)haS™ (w2)S™ (wy) = —ighs,

so that I(¢y, ¢o, @7, ¢5) transforms into

I'(¢1, b2, 1, #3) = /d4x [3M¢Ta”¢1 — 0,50" Py + migi by + M3y + i (s — P3h1) —

Sw1)Sw2) 38~ (wa) S (yy) = —igh3, (45)

(#id1)*|. (46

e
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while the equations of motion become
Oy + midy + inr =5 by = 0.
~O¢y — m3¢ + in*¢y = 0, (47)
~O; + s = i s = 5 (07)Phy =0,
—O¢s —mags — iy =0, (48)

and now there is no complex conjugation problem, with
(48) being the complex conjugate of (47).12 In addition, we
note under the transformations given in (45) the equations
given in (38) transform into

—0O} + mip} + in* s — §(¢1)2¢1 =0,
~0¢s = m3gs + ig?p; = 0. (49)

If we now switch the sign of ¢3, (47) is unaffected, while
(49) becomes

—0Op} + mid} — i —5(451)2(151 =0,
—O¢s — mips — iy = 0. (50)

We recognize (50) as being (48). With (47) being unaf-
fected by the switch in sign of ¢3, the mass matrix based on
(47) and (48) is the same as the mass matrix based on (47)
and (50). However, since all we have done in going from
(36), (37) and (38) is make similarity transformations that
leave determinants invariant, the eigenvalues associated
with (36) and (37) (i.e., with (9)) on the one hand and the
eigenvalues associated with (36) and (38) on the other hand
must be the same. And indeed this is exactly found to be the
case, with all four of the eigenvalues given in [13] being
precisely the ones given in our (11). One can, thus, obtain
the same mass spectrum as that obtained in [13] using a
completely conventional variational procedure.

In addition, we note that with (47) and (50) the current j/’,
given in (39) that is used in [13] now is conserved. In fact,
under the transformations given in (45) the j, current given
in (4) transforms into j,. Thus, all that is needed to bring
the study of [13]) into the conventional Goldstone frame-
work (standard variation procedure, standard spontaneous
breakdown of a symmetry of the action) is to first make a
similarity transformation.

Now the reader will immediately object to what we have
done since now the u?(y,y» — x>, ) term in (43) and the
iu> (¢, — P3epy) term in (46) are both invariant under
complex conjugation. Then with the actions in (43) and
(46) then seemingly being Hermitian, we are seemingly

“The appearance of a negative kinetic energy term for ¢, in
(46) is only an artifact of the similarity transformation, since there
are no such negative kinetic energy terms in our starting
I(x1, )2, w1, y>) and one cannot change the signature of a Hilbert
space by a similarity transformation.

back to the standard Hermitian situation where the
Goldstone theorem readily holds, and we have seemingly
gained nothing new. However, it cannot actually be the case
that action in (43) could be Hermitian, since similarity
transformations cannot change the eigenvalues of the mass
matrix M given in (9), and as we have seen for certain
values of parameters the eigenvalues can be complex or M
could even be Jordan block. We, thus, need to explain how,
despite its appearance, a seemingly Hermitian action might
not actually be Hermitian. The answer to this puzzle has
been provided in [7], and we describe it below.
However, before doing so we note that there are two
other approaches that could also achieve a reconciliation.
The first alternative involves starting with the fields
X1s X2, W1, Wy as the fields that define the theory, and
I(y1, 02, w1,¥>) as the input action. In this case, one
immediately obtains the equations of motion given in
(7). As they stand these equations are inconsistent if all
the four fields are Hermitian. If we take y; and y, to be
Hermitian, then these equations force y; and y, to be anti-
Hermitian. And if y and y, are taken to be anti-Hermitian,
both the equations of motion and the action given in (7)
then are invariant under a complex conjugation (i.e.,
Hermitian conjugation) in which y; and y, transform into
—y; and —y,. Moreover, in such a case the —iy; and —iy,
fields that are generated through the similarity transforma-
tions given in (41) that would then be Hermitian. Of course
then the interaction term given in (6) would be Hermitian as
well, and we again have a seemingly Hermitian theory.
Now suppose we do take y; and y, to be anti-Hermitian.
Then if we start with I(y, y», w1, y») we cannot get back to
I(¢1, o, @7, ¢5) given in (1), since in the correspondence
given in (5) ¢5 was recognized as the conjugate of a ¢p, =
w1 + iy, field that was expanded in terms of Hermitian y
and y,. If we now take ¢, to still be defined as
¢> =y, + iy,, the associated ¢35 would now be given
by —(w| — iw,), and thus equal to minus the previous
v — iy, used in (5). With this definition a rewriting of

I()(h)(Z’ lel//Z) in the (¢1’ ¢Zv ¢T’ ¢§> basis would yleld
(1. 2. 7. —3)

= [ @x[0,010 01 - 0,00/ + midish + miia
2( h* * g * 2
—w(Piha + ¢3b1) = (9141)°| (51)
and equations of motion

g *
—0O¢) + mig, — s — §¢%¢1 =0,

~O¢py = m3¢ + >hy = 0, (52)
~Oi + midi =iy =5 (7)1 = O,
~Oy = miy + 4247 = 0. (53)
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Now complex conjugation can be consistently applied, with
(53) being derivable from (50) by complex conjugation.
And again it is j, that is conserved.

A second alternative approach is to reinterpret the meaning
of the star operator used in ¢] and ¢;. Instead of taking
it to denote Hermitian conjugation, we could instead take
it denote CPT conjugation, ie., ¢| = CPT¢ TPC,
¢5 = CPT¢,TPC. Now we had noted in (2) that in order
to enforce CPT symmetry on (¢, o, @7, ¢5) wetook ¢, to
be even and ¢, to be odd under CPT, and we had noted that in
general a scalar field should be CPT even (i.e., the same CPT
parity as the CPT even fermionic yy [7]). However, if we
apply the similarity transformation given in (41) to ¢, =
w1 + iy, to get —igh,, that would change the CPT parity.
Thus, while ¢, has negative CPT parity it is similarity
equivalent to a field that has the conventional positive CPT
parity, with the transformed I'(¢;,¢,, ¢}, ¢;) and the
resulting equations of motion now being CPT symmetric
if ¢, is taken to have positive CPT parity, Viz.
CPT,TPC = ¢p5, CPTH;TPC = ¢p,. (We leave ¢, as
given in (2), viz. CPT¢, TPC = ¢, CPT$;TPC = ¢,.)

The difficulty identified by the authors of [ 13] can, thus, be
resolved by a judicious choice of which fields are Hermitian
and which are anti-Hermitian, by a judicious choice of which
fields are CPT even and which are CPT odd, or by similarity
transformations that generate complex phases that affect both
Hermiticity and CPT parity. However, in all of these such
resolutions, we are led to theories that now appear to be
Hermitian and yet for certain values of parameters could not
be, and so we need to address this issue.

V. RESOLUTION OF THE HERMITICITY PUZZLE

In [7], the issues of the generality of CPT symmetry and
the nature of Hermiticity were addressed. In regard to
Hermiticity, it was shown that Hamiltonians that appear to
be Hermitian need not be, since Hermiticity or self-adjoint-
ness is determined not by superficial inspection of the
appearance of the Hamiltonian but by construction of
asymptotic boundary conditions, as they determine whether
or not one could drop surface terms in an integration by
parts. And even if one could drop surface terms we still may
not get Hermiticity because of the presence of factors of i in
H that could affect complex conjugation. In regard to CPT,
it was shown that if one imposes only two requirements,
namely the time independence of inner products and
invariance under the complex Lorentz group, it follows
that the Hamiltonian must have an antilinear CPT sym-
metry. Since this analysis involves no Hermiticity require-
ment, the CPT theorem is, thus, extended to the non-
Hermitian case. As noted above, the time independence of
inner products is achieved if the theory has any antilinear
symmetry with the left-right V norm being the inner
product one has to use. Complex Lorentz invariance then
forces the antilinear symmetry to be CPT.

In field theories, one ordinarily constructs actions so that
they are invariant under the real Lorentz group. However, the
same analysis that shows that actions with spin zero
Lagrangians are invariant under the real Lorentz group
(the restricted Lorentz group) also shows that they are
invariant under the complex one (the proper Lorentz group
that includes PT transformations for coordinates and CPT
transformations for spinors). Specifically, the action I =
[ d*xL(x) with spin zero L(x) is left invariant under real
Lorentz transformations of the form exp(iw** M, ) where the
six antisymmetric w** = —w** are real parameters and the
six M, = —M,,, are the generators of the Lorentz group. To
see this we note that with M, acting on the Lorentz spin zero
L(x) as x,p, —x,p,, under an infinitesimal Lorentz
transformation the change in the action is given by 6/ =
2w [ d*xx,0,L(x) = 2w [ d*x[0,[x,L(x)] — n,,L(x)],
and since the metric 7, is symmetric and w,, is antisym-
metric, thus given by 61 = 2w [ d*xd,[x,L(x)]. Since the
change in the action is a total divergence, the familiar
invariance of the action under real Lorentz transformations
is secured. However, we note that nothing in this argument
depended on w** being real, with the change in the action still
being a total divergence even if w*” is complex. The action
I = [d*xL(x) is, thus, actually invariant under complex
Lorentz transformations as well and not just under real ones,
with complex Lorentz invariance, thus, being just as natural
to physics as real Lorentz invariance.

For our purposes here, we note that the Lorentz invariant
scalar field action I(¢y. ¢y, ¢}, ¢;) given in (1) is, thus,
invariant not just under real Lorentz transformations but
under complex ones as well. Since in the above we
constructed a time-independent inner product for this
theory, the I(¢, ¢y, ¢7, ¢5) action, thus, must have CPT
symmetry. And indeed we explicitly showed in (2) that this
was in fact the case.

Since theories can, thus, be CPT symmetric without
needing to be Hermitian, it initially looks as though the two
concepts are distinct. However, the issue of Hermiticity was
addressed in [7], and the unexpected outcome of that study
was that the only allowed Hamiltonians that one could
construct that were CPT invariant would have exactly the
same structure as (or be similarity equivalent to) the ones
one constructs in Hermitian theories, namely presumed
Hermitian combinations of fields and all coefficients real."

BWhile, for instance, I (y1, y2. w1, > ) of (6) contains factors of 7,
its similarity transformed I’ (¥, y», w1, ¥>) given in (43) does not.
Moreover this is even true of the H = p* + ix> paradigm for PT
symmetry. With S(0) = exp(—0px) effecting the [x, p] = i pre-
serving  S(0)pS(—0) = exp(—if)p, S(0)xS(—0) = exp(i0)x,
transforming with S(z/2) effects S(z/2)(p>+ix*)S(—x/2)=
—p?+x3, and in passing we note that S(r) effects S(z)(p? +ix®)x
S(—m)=p*—ix*=(p*+ix*)". In fact, in [7], it was shown in
general that CPT invariance of a relativistic theory entails that
one can always find an appropriate similarity transformation that
would bring the Hamiltonian to a form in which all coefficients
are real.
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These are precisely the theories that one ordinarily refers to
as Hermitian. However, this turns out to not necessarily be
the case since theories can appear to be Hermitian but not
actually be so.

To illustrate the above remarks it is instructive to
consider some explicit examples, one involving behavior
in time and the other involving behavior in space. For
behavior, in time consider the neutral scalar field with
action Is= [d*x[0,$0"p—m>¢?]/2 and Hamiltonian H =
i d3x[¢2+€¢-ﬁ¢+m2¢2] /2. Solutions to the wave equa-
tion —¢p + V?¢p — m*¢p = 0 obey w?(k) = k? + m? Thus,
the poles in the scalar field propagator are at w(k) =
+[k? + m?]'/2, the field can be expanded as ¢(x, 1) =
Sla(k) exp(—io(k)t + ik - x) + a'(k) exp(+iw(k)t
—ik - x)], and the Hamiltonian is given by H =
SIk? + m?) P {at (k)a(k) + a(k)a (K)]/2.

For either sign of m?, the I action is CPT symmetric,
and for both signs, I appears to be Hermitian. For m? > 0,
H and ¢(x, t) are indeed Hermitian and all frequencies are
real. However, for m? < 0, frequencies become complex
when k? < —m?. The poles in the propagator move into the
complex plane, the field ¢(x,¢) then contains modes that
grow or decay exponentially in time,"* while H contains
energies that are complex. Thus, neither H nor ¢ is
Hermitian even though /g appears to be so.

For behavior in space, consider the Pais-Uhlenbeck
two-oscillator theory [20] as studied in [21,22]. In the
theory, there are two sets of oscillator operators, which
obey [z,p.] =i, [x,p, =i, and the Hamiltonian is
given by

2
V4 14 14
Hpy (0, 0,) = 2—; +pX+3 (0} + w})x* — Ew%w%zz.

(54)

Asnoted in [21] this theory is PT symmetric, and as noted in
[22] it in addition is the nonrelativistic limit of a relativistic
fourth-order neutral scalar field theory, one whose CPT
symmetry reduces to PT symmetry in the nonrelativistic
limit. Initially, the @; and @, frequencies are taken to be real
and positive, and the energy eigenvalues are the real and
positive E(ny,n,) = (ny + 1/2)w, + (ny + 1/2)w,.

However, if we now take the two frequencies to be equal
to w, the Hamiltonian takes the form

2
Hpy(w) = L Pox + y@*x? — Tt (55)

2y 2
and while Hpy(w) looks to be just as Hermitian as before,

the Hamiltonian turns out to be Jordan block [22,23], to
necessarily not be Hermitian at all. Since the CPT

"Since the action is CPT symmetric, if there are to be any
complex frequencies they must appear in complex conjugate pairs.

invariance of Hpy(w;,®,) is not affected by setting
®| = 0,, Hpy(w) is CPT symmetric.

Moreover, if we take the two frequencies to be in a
complex pairw; = a + i, v, = a—ifwitha >0, > 0,
the Hamiltonian takes the form [7]

2

p y
Hpy(a,p) = oy TP y(a? = p)x* — 3 (&% + p?)*2%.

(56)

The Hpy(a, #) Hamiltonian still looks to be Hermitian but
its energy eigenvalues are now in complex conjugate pairs.
With all the coefficients in Hpy(a, ) being real, Hpy(a, )
is CPT symmetric. Thus, all three of Hpy (@, ®,), Hpy(®)
and Hpy(a, ) are CPT invariant and for all three of them
all coefficients are real, just as required by [7]. However,
despite their appearance, Hpy(w) and Hpy(a,p) are
necessarily non-Hermitian.

As written in (54), Hpy (@1, @) is actually not Hermitian
(or self-adjoint) either [21], since the real issue is not the
appearance of the Hamiltonian but whether in an integra-
tion by parts one can drop spatially asymptotic surface
terms. To see this we make a standard representation of the
momentum operators of the form p, = —id,, p, = —id,,
and find that for the Schrodinger problem associated with
Hpy(wy, w,) the ground state wave function yq(z, x) with
energy E(0,0) = (w; + w,)/2 is given by

NI

wo(z,x) = exp [— (w1 + )0 0,7% + iyw @7x

(0 + a)z)xz} . (57)

N R

Since this wave function is divergent at large z it is not
normalizable (though it is convergent at large x).
Consequently, one cannot throw surface terms away in an
integration by parts, and despite its appearance Hpy (@, ®,)
is not self-adjoint. In the three realizations described above
(w; and w, real and unequal, real and equal, in a complex
conjugate pair), we find that @; + @, and w;®, are all real
and positive. Thus, in all three realizations the wave functions
diverge at large z, and in all three cases the Hamiltonian is not
self-adjoint when acting on y(z, x)

By the same token one cannot throw surface terms
away for p, and p, when they act on the eigenstates of
Hpy(wy, w,). Thus, even though p, and p, are Hermitian
when acting on their own eigenstates they are not Hermitian
when acting on the eigenstates of Hpy(w;,®,). Thus,
building a Hamiltonian out of Hermitian operators (i.e., ones
that are Hermitian when acting on their own eigenstates) does
not necessarily produce a Hamiltonian that is Hermitian
when the Hamiltonian acts on its own eigenstates. In fact,
until one has constructed the eigenstates of a Hamiltonian
one cannot even tell whether or not a Hamiltonian is
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Hermitian at all. One, thus, cannot declare a Hamiltonian to
be Hermitian just by superficial inspection. Rather, one has to
construct its eigenstates first and look at their asymptotic
behavior.

In order to obtain eigenvectors for Hpy(w;, ®,) that are
normalizable, the authors of [21] made the similarity
transformation

y = P2 70mP:2/2 — _j7
q = e™P- Z/2p e PR/ = =ip,, (58)

on the operators of the theory so that [y, g] = i. Under this
same transformation Hpy (@, ®,) transforms into

P2 Hpy (0, 0,) e ~"P:/?

:H (601,602)
P

—igx+ = (a)% + w3)x* + gw%w%yz, (59)

2}/ 2

where for notational simplicity we have replaced p, by p, so
that [x, p] = i. With the eigenvalue z of the operator z being
replaced in y(z, x) by —iz (i.e., continued into the complex
z plane), the eigenfunctions are now normalizable.'> When
acting on the eigenfunctions of Hpy(w,,,), the y and
g = —i0, operators are Hermitian (as are x and p = —id,).
However, as the presence of the factor i in the —igx term
indicates, H p;; (@, ,) is not Hermitian. Since in general to
establish Hermiticity one has to integrate by parts, drop
surface terms and complex conjugate, we see that while we
now can drop surface terms for Hpy(w;,®,) we do not
recover the generic H;; = H; when we complex conjugate,
even as we can now drop surface terms for the momentum
operators when they act on the eigenstates of Hp (@, ;)
and achieve Hermiticity for them.'®

When w; and @, are real and unequal, the eigenvalues of
the Hamiltonian H py (w;, @, ) are all and the eigenspectrum
(two sets of harmonic oscillators) is complete. In that case,
Hpy(w,, w,) can actually be brought to a form in which it
is Hermitian by a similarity transformation. Specifically,
one introduces an operator Q

SAs noted in [6,7], the analog statement for the Pais-
Uhlenbeck two-oscillator theory path integral is that the path
integral measure has to be continued into the complex plane in
order to get the path integration to converge. A similar situation
pertains to the path integral associated with the relativistic neutral
scalar field theory with action I = (1/2) [ d*x[,0,¢0"0"¢ —
(M3 + M3)0,00" ¢ + MIM3¢?], a theory whose nonrelativistic
hrmt is the Pais- Uhlenbeck theory.

“The use of the similarity transformations given in (58)
parallels the use of (40) in Sec. IV. However, while using the
similarity transformation of (40) was mainly a convenience, for
Hpy(wy, ®,) the similarity transformation of (58) is a necessity
because of the need to construct normalizable wave functions.
The presence of the factor i in (59) is, thus, related to the intrinsic
structure of the Pais-Uhlenbeck theory.

Q0 = apq + pxy,
a= ! log(w1 +a)2>’
YW1y W) — Wy
p = ay’wios, (60)

and obtains

Hipy (w1, 05) = e Hpy (w1, 0)e?/?
2 2

_P.q
=2 2y +2w1x—|—

Lored (61)

With the Q similarity transformation not affecting the
asymptotic behavior of the eigenstates of Hpy(w;, ),
and with y, ¢, x, and p, thus, all being Hermitian when
acting on the eigenstates of H)y,(w;, ®,), the Hermiticity
of H';(w,, ;) in the conventional Dirac sense is estab-
lished. We can, thus, regard Hpy(w,,®,) with real and
unequal w; and w, as being Hermitian in disguise.
Moreover, in addition we note that since Q becomes
singular at @, = w,, at @, = @, Hpy(w;,w,) cannot be
diagonalized, to thus confirm that Hpy(w) is Jordan
block.!” In general, then, we see that a Hamiltonian may
not be Hermitian even though it may appear to be so, and
may be (similarity equivalent to) Hermitian even when it
does not appear to be so. And moreover, one cannot tell
beforehand, as one needs to first solve the theory and see
what its solutions look like.

Other then possibly needing to continue into the complex
plane in order to get convergence, when a Hamiltonian has all
eigenvalues real and eigenspectrum complete it is always
possible to similarity transform it into a form in which it is
Hermitian in the standard Dirac sense. If a Hamiltonian
obeys H = H', then under a similarity transform that
effects H = SHS™', we note that H'f = S-1THTST =
STIHST = §~1TSTH'SST = [SST|"'H'SST. Thus, unless
S is unitary H'" is not equal to H’, with the H;; = H;
Hermiticity condition being a condition that is not preserved
under a general similarity transformation. Thus, if one starts
with some general H’ that does not obey H' = H'¥, it might
be similarity equivalent to a Hermitian H but one does not
know a priori. It only will be similarity equivalent to a
Hermitian H if the eigenvalues of H’ are all real and the
eigenspectrum is complete. And the necessary condition for
that to be the case is that H' possess an antilinear symmetry.
However, unlike a Hermiticity condition a commutation
relation is preserved under a similarity transformation (even a
commutation relation that involves an antilinear operator
[7]), with antilinear operators being more versatile than

"The transformation with Q is the analog of the transforma-
tion of the spontaneously broken scalar field theory mass matrix
given in (22), and the singularity in Q at w; = w, is the analog of
that in (22) when A = B.
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Hermitian operators. So much so in fact that in [7] it was
argued that one should use CPT symmetry as the guiding
principle for constructing quantum theories rather than
Hermiticity.

When we characterize an operator such as z, p,, x, or p,
as being Hermitian, we are only referring to representations
of the [z, p.] =i and [x, p,] =i commutation relations,
without any reference to a Hamiltonian that might contain
these operators. A Hamiltonian can, thus, be built out of
Hermitian operators and can have all real coefficients, and
yet not be Hermitian itself. The equal-frequency and
complex-frequency Pais-Uhlenbeck models are particularly
instructive in this regard. In the equal-frequency case, none
of the z, p_, x, or p, operators themselves are Jordan block,
only Hpy () is. The spectrum of eigenstates of the position
and momentum operators are complete, and all are con-
tained in the space on which Hpy(w) acts. However, not all
of these states are eigenstates of the Hamiltonian [22], with
the one-particle sector of Hpy(w) behaving just like the
example given in (26) and (28). Moreover, in the complex
Hpy(a, ) case all the eigenvalues of the position and
momentum operators are real even though those of the
Hamiltonian that is built out of them are not. As the equal-
frequency and complex-frequency Pais-Uhlenbeck models
show, one cannot tell whether a Hamiltonian might be
Hermitian just by superficial inspection. One needs to solve
the theory first and see what the eigenspectrum looks like.
Thus, one can have Hamiltonians that do not look
Hermitian but are similarity equivalent to ones that are
Hermitian, and one can have Hamiltonians that do look
Hermitian but are not at all.

As we see from these examples, whether or not an action
is CPT symmetric is an intrinsic property of the uncon-
strained action itself prior to any stationary variation, but
whether or not a Hamiltonian is Hermitian is a property
of the stationary solution alone." Hermiticity of a
Hamiltonian cannot be assigned a priori, and can only
be determined after the theory has been solved. However,
the CPT properties of actions or fields can be assigned
a priori (i.e., prior to a functional variation of the action,
and thus a property of every variational path and not just the
stationary one), and, thus, that is how Hamiltonians and
fields should be characterized. One cannot write down any
CPT invariant theory that up to similarity transformations
does not have the same form as a Hermitian theory, though
whether any such CPT invariant Hamiltonian actually is
similarity equivalent to a Hermitian one is only establish-
able by constructing the solutions to the theory and cannot
be determined ahead of time.

lgThus, rather than being optional, according to [7], one has to
interpret the star symbol in (1) as a CPT transform.

While one can construct the Hamiltonian from the energy-
momentum tensor, the energy-momentum tensor is only con-
served in solutions to the equations of motion. Hermiticity is,
thus, tied to the solutions to the theory in a way that CPT is not.

Turning now to the study of [13], we note that it
displays all of the features that we have just described.
The interest of the authors of [13] was in exploring the
status of the Goldstone theorem in non-Hermitian but
PT-symmetric theories, and so they took as an example a
relativistic field theory whose action was not Hermitian,
i.e., not Hermitian by superficial inspection. However, by
a similarity transformation it could be brought to a form
given in (46) in which the action is Hermitian by
superficial inspection (i.e., no factors of i and operators
that are presumed to be Hermitian). However, while it
now appears to be Hermitian it could not be since in the
tree approximation that they studied the ensuing mass
matrix was not Hermitian either. With the mass matrix
having the three possible PT symmetry realizations (real
and unequal eigenvalues, real and equal eigenvalues,
eigenvalues in complex conjugate pairs) for various
values of its parameters, the tree approximation to the
model of [13] completely parallels the discussion of the
three realizations of Pais-Uhlenbeck two-oscillator model
given in (54), (55) and (56), where the Hamiltonian
looks to be Hermitian but is not. It is of interest to note
that to establish that the Pais-Uhlenbeck two-oscillator
model theory is not Hermitian we had to construct
wave functions and examine there asymptotic behavior,
while for the tree approximation to the model of
[13] we only need to look at a finite-dimensional matrix.
Thus, we can start with a fully fledged field theory such
as that based on the action given in (1), (46) or (51) and
not need to identify the region in the complex plane
where the functional path integral might exist or need to
descend to the quantum mechanical limit and look at the
asymptotic behavior of wave functions in order to
determine whether or not the theory is Hermitian.*’
In the broken symmetry case, we only need look
at the finite-dimensional mass matrix that we get in tree
approximation.

For parameters in the model of [13] that obey
(2m3m3 — m§ — 3u*)? — 4u*m3 > 0, the mass matrix can
be brought to a Hermitian form by the similarity trans-
formation presented in (22). Thus, in this case the mass
matrix is Hermitian in disguise. For this particular example,
the Goldstone theorem is the standard one, since if one can
derive the Goldstone theorem in a Hermitian theory, it
continues to hold if one makes a similarity transformation
on it Whether or not the mass matrix given in (11)

“These issues would only start to come up in fluctuations
around the tree approximation minimum, with a one loop
calculation having been provided in [13].

lTechnically, that would have automatically been the case if
the authors of [13] had used a conventional variational procedure,
though in fact they did not. It is, however, the case for the study
that we have presented here.
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actually can be transformed to a Hermitian matrix
depends on the values of the parameters in the action.
However, as we have seen, no matter what the values
of these parameters, and no matter whether the CPT-
invariant mass matrix is realized by real eigenvalues,
complex pairs of eigenvalues, or is of Jordan-block form,
for any choice of the parameters one is able to obtain a
Goldstone theorem. One can, thus, anticipate a Englert-

VI. SPONTANEOUSLY BROKEN
NON-HERMITIAN THEORY WITH
A CONTINUOUS LOCAL SYMMETRY

Now that we have seem that we can consistently
implement the Goldstone mechanism in a CPT-symmetric,
non-Hermitian theory, it is natural to ask whether we can
also implement the familiar Englert-Brout-Higgs mecha-

Brout-Higgs mechanism for a local extension of the  nism developed in [24-27]. To this end we introduce a

continuous symmetry that we have broken spontaneously, ~ local gauge invariance and a gauge field A,, and with
and we turn now to this issue. F, = 8”A,, - 8DA” replace (1) and (3) by
|
1($1. o, P71, P35, A,) = /d4x [(—iﬁﬂ + eA”)gi)*f(ia" + eA")p + (—ia,, + eA”)q[);(ia” + eA"),
* * * * g 1 v
+migidy — midsy — ¥ (Piha — hidhy) — 2 (¢1h1)* - F i (62)

and

¢l _)ei(z(x)¢l’ ¢>1k _)e—iuz()c)¢>1k7 ¢2_)eia(x)¢2’ ¢;_)e—ia(x)¢2’

With (2), the (¢, ¢, ¢7.¢3.A,) action is CPT invariant since both i and A, are CPT odd (spin one fields have odd
CPT [14]).
We make the same decomposition of ¢; and ¢, fields as in (5), and replace (6) by

eA, —» eA, +0,a(x).  (63)

1 1 1
I(XlJ{QaW]aWQﬂAy)_/d4x|:§a,u)(18ﬂ)(l aMza )(2+ 8 w104y +§aﬂ1l/2a”ll/2 +§m%()(%+;(%)

1 . g
——mﬁ(w? +3) =ik (i =2av1) =1 U +23)° = eA (11040 = 12000 + 91 s =W,
1
AN AR - | (64)
In the tree approximation minimum used above, in which (g/4)73 = m? — u*/m3, ¥, = —iu?y,/m3, 7, = 0, §r; = 0, we
induce a mass term for A, of the form
4 20,2 4
P S _ _ U 4e? (mim3 — u*)(m5 — u )
w(a) = 27+ B i) = e (1- 1) St (65
2 2

However, before assessing the implications of (65) we recall that in Sec. IV we had to reconcile I(y, y», 1, w>) with the
Hermiticity concern raised in [13]. The same is now true of I(y.x2. v .2, A,). In Sec. IV, we had identified three
solutions for I(y;, .y, y>), and all can be implemented for /(y;. x>, ¥, y2,A,). Thus, we can consider a judicious
choice of which fields are Hermitian and which are anti-Hermitian, a judicious choice of which fields are CPT even and
which are CPT odd, or can apply similarity transformations that generate complex phases that affect both Hermiticity and
CPT parity.

In regard to Hermiticity, if we take A, to be Hermitian (i.e., complex conjugate even), and as before take y/; and y, to be
anti-Hermitian (complex conjugate odd), then I(y;. x>, w1, y>.A,) will be invariant under complex conjugation, as will
then be the equations of motion and tree approximation minimum that follow from it, and (65) will hold. Also, as we had
noted in Sec. V, even though I(y;. x>,y 1. y>. A,) might now be invariant under complex conjugation it does not follow that
the scalar field mass matrix M given in (9) has to be Hermitian, and indeed it is not.

If we transform y; and y;, as in (41) but make no transformation on A,, we obtain

S(llfl)S(Wz)I()(hZz, Vi, WQ’AM)S_I(%)S_I(%) = 1/()(1’)(2, 1/11’1112) (66)
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where

r ()(1,)(2,1//171//2,

1
"3’”%(#’% +y3) — 1 iy —xawn)

e
2

1
AMAﬂ ()(2 +){2 llll l//z) 4F;wF’w:| s

1 1 1 1 1
/d4x{§8#)(13”)(1+§8y)(26”)(2—5 Ly — 3 W20y, + = m1()(2+)(2>

—%(Z% +13)* — eA* (110,002 — 3201 —W10,w2 + w20,

(67)

As constructed, I'(yy, 2. ¥1.¥2.A,) is invariant under complex conjugation if y, and y, are even under complex

con]ugatlon Now the tree approximation minimum is given by (g/4)73 = m? —

A, =0, and we induce a mass term for A, of the form

m*(A,) = (i} + 3 -t —w3) = €7

The mass of the gauge boson is, thus, again given by (65).
Finally, in regard to interpreting the star symbol as the CPT
conjugate, since A, is real there is no change in the
discussion presented in Sec. IV, and (65) continues to hold.

As we can see from (65) and (68), the gauge boson does
indeed acquire a nonzero mass unless mim3 = pu* or
m3 = p*. The first of these conditions is not of significance
since if m? m2 = u* it follows that ¥, (and, thus, r,) is zero
and there is no symmetry breaking, and the gauge boson
stays massless.”” However, the condition mj = p* is related
to the symmetry breaking since it does not oblige y; to
vanish. Moreover, since the m} = y* condition does not
constrain the (7, {,) sector A, eigenvalues given in (11) in
any particular way (m? not being constrained by the m3 =
u* condition), we see that regardless of whether or not m}
and p* are in fact equal to each other, we obtain the Englert-
Brout-Higgs mechanism in the (7,,{;) sector no matter
how the antilinear symmetry is realized in the (y,y>)
sector, be it all eigenvalues real, eigenvalues in a complex
pair, or mass matrix being of nondiagonalizable Jordan-
block form. In the (7,, §;) sector, both 4y and 4, as given in
(11) are real, and not degenerate with each other as long as
m5 # u*. However, something very interesting occurs if
m3 = p*. Then the (7,,9,) sector becomes Jordan block
and the Goldstone boson acquires zero-norm. Since the
Goldstone boson can no longer be considered to be a
normal positive norm particle, it cannot combine with the

21f m%m% — u* = 0, the unbroken (y;,y,) sector mass matrix
given in (64) is of the form (1/2m3)(u2y; — im3w,)?. It has two
eigenvalues, 4, = py/m3 —m3 and 4, = 0. In the (y,,y,) basis,
the right-eigenvector for 4, is (u?,—im3), while the right-
eigenvector for 4, is (m3, —iu3). The fact that 4, is zero is not
of significance since it occurs in the absence of spontaneous
symmetry breaking, and would thus not be maintained under
radiative corrections.

4/m23 l//2 ,uz)_(l/m%’)?ZZO’ l/A/l :0’
4 4 2 4
n, 9 mS§

gauge boson to give the gauge boson a longitudinal
component and make it massive. And as we see, and just
as required by consistency, in that case the gauge boson
stays massless. Thus, in a non-Hermitian but CPT-
symmetric theory it is possible to spontaneously break a
continuous local symmetry and yet not obtain a massive
gauge boson.

VII. SUMMARY

In the nonrelativistic antilinear symmetry program, one
replaces Hermiticity of a Hamiltonian by antilinearity as the
guiding principle for quantum mechanics for both infinite-
dimensional wave mechanics and either finite- or infinite-
dimensional matrix mechanics. For infinite-dimensional
relativistic quantum field theories whose actions are
invariant under the complex Lorentz group, the antilinear
symmetry is uniquely prescribed to be CPT. Hamiltonians
that have an antilinear symmetry can of course be
Hermitian as well, with all energy eigenvalues then being
real and all energy eigenvectors being complete. However,
in general, antilinear symmetry permits two additional
options for Hamiltonians that cannot be realized in
Hermitian theories, namely energy eigenvalues could be
real while energy eigenvectors could be incomplete (Jordan
block), or energy eigenvectors could still be complete but
energy eigenvalues could come in complex conjugate pairs.
In the first case, all Hilbert space inner products are positive
definite, in the second (Jordan-block) case norms are zero,
and in the third case the only norms are transition matrix
elements and their values are not constrained to be positive
or to even be real. Moreover, in the antilinear symmetry
program Hamiltonians that look to be Hermitian by super-
ficial inspection do not have to be, while Hamiltonians that
do not look to be Hermitian by superficial inspection can
actually be similarity equivalent to Hamiltonians that are
Hermitian (viz. Hermitian in disguise).
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In applications of antilinear symmetry to relativistic
systems, it is of interest to see how many standard results
that are obtained in Hermitian theories might still apply in
the non-Hermitian case, and whether one could obtain new
features that could not be realized in the Hermitian case. To
address these issues Alexandre, Ellis, Millington and
Seynaeve studied how spontaneously broken symmetry
ideas and results translate to the non-Hermitian environ-
ment. With broken symmetry and the possible existence of
massless Goldstone bosons being intrinsically relativistic
concepts, they explored a CPT symmetric but non-
Hermitian two complex scalar field relativistic quantum
field theory with a continuous global symmetry. Their
actual treatment of the problem was somewhat unusual in
that they allowed for nonvanishing surface terms to
contribute in the functional variation of the action, with
this leading to a specific nonstandard set of equations of
motion of the fields. Their reason for doing this was that the
equations of motion obtained by the standard variational
procedure with endpoints held fixed were not invariant
under complex conjugation. However, they still found a
broken symmetry solution with an explicit massless
Goldstone boson.

In the treatment of the same model that we provide here,
we use a conventional variational calculation in which
fields are held fixed at the endpoints. However, to get round
the complex conjugation difficulty we make a similarity
transformation on the fields which then allows us to be able
to maintain invariance of the equations of motion under
complex conjugation (the similarity transformation itself
being complex). However, on doing this we obtain an
action that appears to be Hermitian, and if it indeed were to
be Hermitian there would be nothing new to say about
broken symmetry that had not already been said for
Hermitian theories. However, while appearing to be
Hermitian the theory in fact is not, and thus it does fall
into the non-Hermitian but antilinearly symmetric category.

In their analysis, Alexandre, Ellis, Millington and
Seynaeve studied the tree approximation to the equations
of motion of the theory and found broken symmetry
solutions. What is particularly noteworthy of their analysis
is that even though they were dealing with a fully fledged
infinite-dimensional quantum field theory, in the tree
approximation the mass matrix that was needed to deter-
mine whether there might be any massless Goldstone boson
was only four dimensional (viz. the same number as the
number of independent fields in the two complex scalar
field model that they studied). As such, the mass matrix that
they obtained is not Hermitian, and given the underlying
antilinear CPT symmetry of the model and, thus, of the
mass matrix, the mass matrix is immediately amenable to
the full apparatus of the antilinear symmetry program as
that apparatus holds equally for fields and matrices.
Alexandre, Ellis, Millington and Seynaeve studied just
one realization of the antilinear symmetry program, namely

the one where all eigenvalues of the mass matrix are real
and the set of all of its eigenvectors is complete. In our
analysis, we obtain the same mass matrix (which we must
of course since all we have done is make a similarity
transformation on their model), and show that in this
particular realization the mass matrix can be brought to
a Hermitian form by a similarity transformation, to thus be
Hermitian in disguise.

However, this same mass matrix admits of the two other
realizations of antilinear symmetry as well, namely the
nondiagonalizable Jordan-block case and the complex
conjugate eigenvalue pair case. And in all of these cases
we show that there is a massless Goldstone boson. In this
regard, the Jordan-block case is very interesting because it
permits the Goldstone boson itself to be one of the zero
norm states that are characteristic of Jordan-block matrices.
That these cases can occur at all is because while the
similarity transformed action that we use appears to be
Hermitian it actually is not, something that one cannot
ascertain without first solving the theory. Finally, we extend
the model to a local continuous symmetry by introducing a
massless gauge boson, and find that the massless Goldstone
boson can be incorporated into the massless gauge boson
and make it massive by the Englert-Brout-Higgs mecha-
nism in all realizations of the antilinear symmetry except
one, namely the Jordan-block Goldstone mode case. In that
case, we find that since the Goldstone boson then has zero
norm, it does not get incorporated into the gauge boson,
with the gauge boson staying massless. In this case, we
have a spontaneously broken local gauge symmetry and yet
do not get a massive gauge boson. This option cannot be
obtained in the standard Hermitian case where all states
have positive norm, to thus show how rich the non-
Hermitian antilinear symmetry program can be.

APPENDIX: MEANING OF THE
TREE APPROXIMATION IN THE
NON-HERMITIAN CASE

In general, the fields used in the tree approximation to a
quantum field theory are c-number matrix elements of q-
number quantum fields. Given the left- and right-eigen-
states introduced in Sec. III we can identify which
particular states are involved in (8). Specifically, we can
identify the c-number tree approximation fields as the
matrix elements (Q; |p|Qr) = (Qg|Vp|Qpg), i.e., c-number
matrix elements of the g-number fields between the left and
right vacua.

In quantum field theory, one introduces a generating
functional via the Gell-Mann-Low adiabatic switching
method. The discussion in the Hermitian case is standard
and of ancient vintage, and following the convenient
discussion in [28], here we adapt it to the non-Hermitian
case. In the adiabatic switching procedure, one introduces a
quantum-mechanical Lagrangian density L, of interest,
switches on a real local c-number source J(x) for some
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quantum field ¢(x) at time t = —oo, and switches J(x) off
at t = +oo. While the source is active, the Lagrangian
density of the theory is given by L; = Lq + J(x)¢(x).
Before the source is switched on the system is in the ground
state of the Hamiltonian H associated with L, with right-
eigenvector |Qz) and left-eigenvector (Qp| = (Qg|V.
(Here V implements VH,V~! = Hg and is independent
of J.) And after the source is switched off the system is in
the state with right-eigenvector |Q}) and left-eigenvector
(Qf| = (Q}|V. (V again implements VH,V~' = H}.)
While |Qz) and |Q}) are both eigenstates of H, they
differ by a phase, a phase that is fixed by J(x) according to

(Q1Qz)]; = (| VIQR),

— ([T exp {i [ st + s i

="V, (A1)

as written in terms of the vacua when J is active. This
expression serving to define the functional W(J), with
W(J) serving as the generator of the connected J =0
theory Green’s functions

GG (X1 oo Xn) = (TP (x1)..p(x,)||R2)  (A2)

according to

1
W(J) = Z;/d“xl...d“ang(xl,...,x,,)J(xl)...J(x,,).

(A3)

Given W(J), via functional variation we can construct the
so-called classical (c-number) field ¢¢(x)

SW__ (Q/|$(x)|QF)

P =Gm T @ |,

(A4)
and the effective action functional

F(ge)=W(I) - / 2 ()b ()
= Z%/d“xl e d X, T8 (1 X ) e (x1) - pe (),
(AS)

with the I'j(xy,...,x,) being the one-particle-irreducible,
¢c =0, Green’s functions of the quantum field ¢(x).
Functional variation of I'(¢¢) then yields

ST(pe) W 87 57
=——J——c=-J,
ope oJ 6¢¢ ope

to relate 8I'(¢p¢)/5¢p¢c back to the source J.
On expanding in momentum space around the point
where all external momenta vanish, we can write I'(¢¢) as

(A6)

4| — l . ..
C(¢c) = /d x{ V(ge) + 22(450)8,4(1%3 ¢dc + .
(A7)

The quantity

Vi) = LTl =g (a8)

n

is known as the effective potential as introduced in [19,29]
(a potential that is spacetime independent if ¢ is), while
the Z(¢¢) term serves as the kinetic energy of ¢.

The significance of V(¢¢) is that when J is zero and ¢
is spacetime independent, we can write V(¢¢) as

1

Vide) =, (SLIHolSk) = (No|HolNg))  (A9)

in a volume V, where |Sg) and |Ng) are spontaneously
broken and normal vacua in which (S |¢|Sk) is nonzero
and (N, |p|Ng) is zero. The search for nontrivial tree
approximation minima is then a search for states |Sg) in
which V(¢¢) would be negative. In the non-Hermitian case
then, the V(¢) associated with left and right vacua is the
needed effective potential.23

In reference to the Goldstone theorem, we note that in
writing down Ward identities one begins with operator
relations for time-ordered products of general fields and
current operators of the generic form

9,[T(j*(x)A(0))] = 6(x°)[/°(x), A(0)] + T(9,j*A(0)),
(A10)

where A(0) is a product of fields at the origin of
coordinates. We restrict to the case where 0,/*(x) =0,
and take matrix elements in the vacuum (normal or
spontaneously broken), only unlike in the Hermitian case
in the non-Hermitian case we take matrix elements in the
left- and right-vacua. Since there is only one four-
momentum p* in the problem in Fourier space we can set

Bn addition, we note that once one we have identified
(QuIT[p(x1)...0p(x,)]|QR) as the connected Green’s functions
that are relevant in the non-Hermitian case, we can write them as
path integrals, and we refer the reader to [6,7,13] for further
details.
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(9| T((x)B(0))|Q) = / & peir s phE(p?),

(Al1)

I
(2m)*

where F(p?) is a scalar function. On introducing Q(f) =
[ &xj°(x), we integrate both sides of (A1l) with [ d*x.
This gives

; / d*p&*(p) p°F(p) = (u][Q(1 =0). BO)|| Q). (A12)

Should the right-hand side of (A12) not vanish (i.e.,
Q(t = 0)|Qg) # 0 or (,|0(t = 0) # 0), there would then
have to be a massless pole at p> = 0 on the left-hand side.
This then is the Goldstone theorem, as adapted to the non-
Hermitian case. As we see, by formulating non-Hermitian
theories in terms of left- and right-eigenvectors, the
extension of the discussion of spontaneously broken
symmetry to the non-Hermitian case is straightforward.
The specific structure of Ward identities such as that
given in (A12) only depends on the symmetry behavior
associated with the currents of interest. Since relations such
as (A10) are operator identities they hold independent of
the states in which one calculates matrix elements of them.
In the non-Hermitian but CPT-symmetric situation, in
order to look for a spontaneous breaking of the continuous

global symmetry associated with the currents of interest
one takes matrix elements of the relevant Ward identity in
the (S; | and |Sg) states, and as discussed in [13], one looks
to see if the consistency of the Ward identity matrix
elements in those states requires the existence of massless
Goldstone bosons. In regard to the spontaneous breakdown
of a continuous local symmetry in the non-Hermitian but
CPT-symmetric case, the authors of [13] had left open the
question of whether one could achieve the Englert-Brout-
Higgs mechanism if one uses their nonstandard variational
procedure.** Since we use a standard variational procedure
and standard Noether theorem approach and continue to
use the same (S, | and |Sy) states, we can readily extend our
approach to the local symmetry case. And we find that in all
realizations of the antilinear symmetry we can achieve the
Englert-Brout-Higgs mechanism just as in the standard
Hermitian case, save only for the particular Jordan-block
situation in which the Goldstone boson itself has zero
norm, a case in which, despite the spontaneous symmetry
breaking, the gauge boson stays massless.

* After we had finished this paper Alexandre, Ellis, Millington
and Seynaeve released a follow up paper “Gauge invariance and
the Englert-Brout-Higgs mechanism in non-Hermitian field
theories”, arXiv:1808.00944 [hep-th] [30]. In it, the authors
extend the analysis of [13] to the Englert-Brout-Higgs mecha-
nism. Their paper can be regarded as complementary to our own.
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