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Circular polarization of the cosmic microwave background (CMB) can be induced by Faraday
conversion of the primordial linearly polarized radiation as it propagates through a birefringent medium.
Recent work has shown that the dominant source of birefringence from primordial density perturbations is
the anisotropic background CMB. Here, we extend prior work to allow for the additional birefringence that
may arise from primordial vector and tensor perturbations. We derive the formulas for the power spectrum
of the induced circular polarization and apply those to the standard cosmology. We find the root-variance of
the induced circular polarization to be

ffiffiffiffiffiffiffiffiffi
hV2i

p
∼ 3 × 10−14 for scalar perturbations and

ffiffiffiffiffiffiffiffiffi
hV2i

p
∼ 7 ×

10−18ðr=0.06Þ for tensor perturbations with a tensor-to-scalar ratio r.

DOI: 10.1103/PhysRevD.99.043501

I. INTRODUCTION

The cosmic microwave background (CMB) has helped
us understand the history of the Universe. Through meas-
urement of the temperature and polarization fluctuations
in the CMB, we have determined precisely the classical
cosmological parameters [1]. However, the temperature
measurements are already limited by cosmic variance,
thus motivating the investigation of other observables,
such as polarization [2–4] and frequency distortions [5]
of the CMB.
In this paper, we focus on the circular polarization.

In astrophysics, circular polarization may arise in masers
[6,7], gamma-ray-burst afterglows [8–11], jets of active
galactic nuclei [12–15], and pulsars [16–19]. In addition,
circular polarization has recently been discussed also in
the context of the CMB [20–25]. Circular polarization can
be produced through Faraday conversion when a linearly
polarized light ray propagates through a medium where the
indexes of refraction differ along the two different trans-
verse axes. In this way, the linear polarization induced at
the CMB last-scattering surface can be converted to circular
polarization. References [20,21] discuss CMB circular
polarization produced by birefringence from magnetic
fields and from new physics beyond the standard model
(BSM). The circular polarization produced via Faraday
conversion due to supernova remnants of Population III
stars is discussed in Refs. [22,23]. The current constraint to
the CMB circular-polarization angular power spectrum is
lðlþ 1ÞCVV

l =ð2πÞ ≲ 10−8 at multipole moments l > 3000

[26], ≲3 × 10−11 at 33 < l < 307 [27], and≲10−7 at larger

scale [28]. Forthcoming experiments, such as CLASS [29]
and PIPER [30], are expected to improve considerably on
the sensitivity to CMB polarization.
Recently, a detailed investigation of the circular polari-

zation that arises from primordial perturbations was pre-
sented in Ref. [24]. No circular polarization arises at linear
order, but there are several physical mechanisms that, at
second order in the primordial-perturbation amplitude, can
induce circular polarization from the primordial linear
polarization. Although this primordially induced circular
polarization may be smaller than that induced by other late-
time astrophysical effects, and/or BSM physics, these
predictions are more robust and may be thought of as a
lower bound to the expected circular polarization. There are
a number of possible standard-model sources of the cosmic
birefringence needed for Faraday conversion, including,
e.g., spin-polarization of hydrogen atoms induced by an
anisotropic CMB background [24]. Still, the most signifi-
cant source is photon-photon interactions [24,31–35],
which is the mechanism we consider here. In this case,
the required birefringence is provided by the CMB anisot-
ropies seen by the CMB photon as it propagates from the
surface of last scatter.
In this paper, we extend prior work by considering the

additional cosmic birefringence that may be induced by
primordial vector and tensor perturbations. In particular,
tensor perturbations, or primordial gravitational waves, are
a highly sought relic in the canonical single-field slow-roll
inflationary paradigm [3,4]. Since the tensor contribution to
the CMB quadrupole may be almost 10% of the total, it is
conceivable—given order-unity factors—that the tensor
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contribution to the circular polarization may rival the scalar
contribution. Note that although the photon-graviton scat-
tering can also induce the circular polarization from tensor
perturbations [36], the induced circular polarization in
CMB is much smaller than that induced through photon-
photon scattering as we will see later. The calculation is
also valuable as an illustrative application of the total-
angular-momentum (TAM) formalism [37,38] employed
earlier [25] for the simpler scalar-perturbation case. In the
TAM formalism, primordial perturbations are expanded in
terms of TAM waves, which are eigenstates of the gen-
erators of rotations, rather than the usual plane waves
(eigenstates of the generators of spatial translations). The
TAM formalism allows for predictions for observables on a
spherical sky to be obtained far more simply than through
traditional approaches, particularly for vector and tensor
perturbations.
This paper is organized as follows. In Sec. II, we

introduce the basic formulas describing circular polar-
izations induced through the Faraday conversion. Then,
we briefly review the TAM formalism in Sec. III. In Sec. IV,
we take the photon-photon scattering source term as a
concrete example and show how to express the source term
with the TAM formalism. In Sec. V, we relate the source
term to the angular power spectrum and perform numerical
calculations assuming the standard cosmology. We make
some concluding remarks in Sec. VI. Note that, throughout
this paper, we take the Cartesian coordinate and the metric
gij equals to δij.

II. BASIC FORMULAS FOR CIRCULAR
POLARIZATION

In this section, we introduce the formulas for the circular
polarizations induced by Faraday conversion. Faraday
conversion occurs when a light ray passes through a
medium in which each axis perpendicular to the light-
ray trajectory has a different index of refraction. The three-
dimensional index-of-refraction tensor is given by [24]

nij ¼ δij þ
1

2
ðχe;ij þ χm;ijÞ; ð1Þ

where χe;ij and χm;ij are the electric and magnetic suscep-
tibilities, respectively. We focus on the x and y components
of the tensor (z axis: photon trajectory) because photon
does not have the longitudinal polarization. Then, the
index-of-refraction tensor in the two-dimensional plane
perpendicular to the trajectory can be expressed with four
parameters as

nab ¼
�

nI þ nQ nU þ inV
nU − inV nI − nQ

�
: ð2Þ

Here, nI is the polarization-averaged index of refraction, nQ
the difference between the indexes of refraction in x and y

axes in the transverse plane, and nU is the difference
between the indexes of refraction on two axes that are
rotated by 45° from the x and y axes. Also, nV is the
difference between the indexes of refraction for the two
different circular polarizations, which we ignore in the
following because it does not convert linear polarization to
circular polarization [24]. The relation between Eqs. (1)
and (2) are given as nI ¼ 1

2
ðnxx þ nyyÞ, nQ ¼ 1

2
ðnxx − nyyÞ,

and nU ¼ 1
2
ðnxy þ nyxÞ. In the following, we use the

subscripts i, j and k to describe the three-dimensional
space and use the subscripts a, b and c to describe the two-
dimensional plane perpendicular to the trajectory.
An observed CMB photon has a radial trajectory that

arrives from some observed direction n̂. According to
Refs. [24,25], the circular polarization Vðn̂Þ observed in
direction with Stokes parameters Qðn̂Þ and Uðn̂Þ at the
surface of last scatter is given as

Vðn̂Þ ¼ ϕQðn̂ÞUðn̂Þ − ϕUðn̂ÞQðn̂Þ; ð3Þ

where the phases ϕQ;Uðn̂Þ are obtained as integrals,

ϕQ;Uðn̂Þ ¼
2

c

Z
χLSS

0

dχ
1þ z

ωðχÞnQ;Uðn̂χ; η0 − χÞ; ð4Þ

over comoving distance χ. Here, z is redshift, χLSS is the
comoving distance to the last-scattering surface and η0 is
the current conformal time. Note that a general refractive
tensor is spacetime dependent as nabðx; ηÞ. Although the
linear-polarization pattern on large angular scales is altered
by reionization, the dominant contributions to the phase
shift occur soon after the last scattering (see Sec. IV). Thus,
the circular polarization induced after the reionization is
negligible and neglected in the following.
The Stokes parameters Qðn̂Þ and Uðn̂Þ, as well as the

phases ϕQðn̂Þ and ϕUðn̂Þ, are not rotational invariants; they
are components (in the x-y coordinate system), respec-
tively, of polarization and phase-shift tensors, which are,
respectively, [25]

Pabðn̂Þ ¼
1ffiffiffi
2

p
�
Qðn̂Þ Uðn̂Þ
Uðn̂Þ −Qðn̂Þ

�
;

Φabðn̂Þ ¼
1ffiffiffi
2

p
�
ϕQðn̂Þ ϕUðn̂Þ
ϕUðn̂Þ −ϕQðn̂Þ

�
: ð5Þ

Then, we can rewrite Eq. (3) as

Vðn̂Þ ¼ ϵacPabðn̂ÞΦc
bðn̂Þ; ð6Þ

where ϵab is the antisymmetric tensor on the 2-sphere.

III. TAM FORMALISM

In this section, we briefly review aspects of the total-
angular-momentum (TAM) formalism [37,38] relevant for
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this work. In particular, we focus on the TAM formalism for
tensor fields because the relevant anisotropies in the index
of refraction are described by an index-of-refraction tensor
field. Throughout this paper, we follow the notation and
conventions for the TAM formalism used in Ref. [37]. In
the following, we consider a symmetric trace-free tensor
because, as we will see in the next section, the Faraday
conversion is only related to the trace-free part of the index-
of-refraction tensor.
In the usual approach, a symmetric trace-free tensor

field can be expanded in terms of plane waves of helicities
λ ¼ −2;…; 2 as

hijðxÞ ¼
X2
λ¼−2

Z
d3k
ð2πÞ3 h

λðkÞðε̂λijðk̂ÞÞ�eik·x; ð7Þ

where the power spectra are given by

hhλðkÞ½hλ0 ðk0Þ��i ¼

8>><
>>:

δλλ
0 ð2πÞ3δðk − k0ÞPLðkÞ ðjλj ¼ 0Þ;

δλλ
0 ð2πÞ3δðk − k0ÞPVðkÞ ðjλj ¼ 1Þ;

δλλ
0 ð2πÞ3δðk − k0ÞPTðkÞ ðjλj ¼ 2Þ:

ð8Þ

Here, PLðkÞ, PVðkÞ, and PTðkÞ are the power spectra for
the longitudinal, transverse-vector, and transverse-traceless

components of the tensor field, and ε̂λij are polarization
tensors defined as [37]

ε̂�1
i ðk̂Þ ¼ ∓ 1ffiffiffi

2
p ðθ̂i ∓ iϕ̂iÞ; ε̂�1

ij ðk̂Þ ¼
1ffiffiffi
2

p ½ε̂�1
i k̂j þ ε̂�1

j k̂i�;

ε̂�2
ij ðk̂Þ ¼ −ε̂�1

i ε̂�1
j ; ε̂0ijðk̂Þ ¼

ffiffiffi
3

2

r �
1

3
δij − k̂ik̂j

�
; ð9Þ

where θ̂ and ϕ̂ are the transverse directions of k̂.
However, we can alternatively expand a symmetric trace-

free tensor field in terms of total-angular-momentum
(TAM) waves as [37]

hijðxÞ ¼
X

λ¼0;�1;�2

X
lm

Z
k2dk
ð2πÞ3 h

k;λ
ðlmÞ4πi

lΨk;λ
ðlmÞijðxÞ

¼
X

α¼L;VE;VB;TE;TB

X
lm

Z
k2dk
ð2πÞ3 h

k;α
ðlmÞ4πi

lΨk;α
ðlmÞijðxÞ:

ð10Þ

Here, we have written the tensor field in terms of longi-
tudinal (L), vector-E (VE) and vector-B (VB), and tensor-E
(TE) and tensor-B (TB) modes, and then also in terms of an
alternative helicity basis, with λ ¼ −2;…; 2. The TAM
waves are defined as

Ψk;L
ðlmÞijðxÞ ¼

ffiffiffi
3

2

r
TL
ijΨk

ðlmÞðxÞ; Ψk;VE
ðlmÞijðxÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

lðlþ 1Þ

s
TVE
ij Ψk

ðlmÞðxÞ; Ψk;VB
ðlmÞijðxÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

lðlþ 1Þ

s
TVB
ij Ψk

ðlmÞðxÞ;

Ψk;TE
ðlmÞijðxÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 2Þ!
2ðlþ 2Þ!

s
TTE
ij Ψk

ðlmÞðxÞ; Ψk;TB
ðlmÞijðxÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 2Þ!
2ðlþ 2Þ!

s
TTB
ij Ψk

ðlmÞðxÞ; ð11Þ

where Tα
ij is defined as

Di ≡ i
k
∇i; Li ≡ −irϵijkn̂j∇k; Ki ≡ −iLi; M⊥;i ≡ ϵijkDjKk; TL

ij ≡ −DiDj þ
1

3
δij; TVE

ij ≡DðiMjÞ;

TVB
ij ≡DðiKjÞ; TTE

ij ≡MðiMjÞ − KðiKjÞ þ 2DðiMjÞ; TTB
ij ≡ KðiMjÞ þMðiKjÞ þ 2DðiKjÞ; ð12Þ

and Ψk
ðlmÞðxÞ ¼ jlðkχÞYðlmÞðn̂Þðx ¼ χn̂Þ are scalar TAM waves, written in terms of the spherical Bessel function jlðxÞ and

spherical harmonic YðlmÞðn̂Þ.
The helicity-basis TAM waves are then

Ψk;0
ðlmÞijðxÞ ¼ Ψk;L

ðlmÞijðxÞ; Ψk;�1
ðlmÞijðxÞ ¼

1ffiffiffi
2

p ½Ψk;VE
ðlmÞijðxÞ � iΨk;VB

ðlmÞijðxÞ�; Ψk;�2
ðlmÞijðxÞ ¼

1ffiffiffi
2

p ½Ψk;TE
ðlmÞijðxÞ � iΨk;TB

ðlmÞijðxÞ�:

ð13Þ

The relations between hk;λðlmÞ and hk;αðlmÞ are given by

hk;0ðlmÞ ¼ hk;LðlmÞ; hk;�1
ðlmÞ ¼ 1ffiffiffi

2
p ½hk;VEðlmÞ ∓ ihk;VBðlmÞ �; hk;�2

ðlmÞ ¼
1ffiffiffi
2

p ½hk;TEðlmÞ ∓ ihk;TBðlmÞ �: ð14Þ
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The plane waves with an arbitrary trace-free polarization tensor ε̂ij, which is a combination of ε̂λij or ε̂
α
ij in general and can be

ε̂λij or ε̂
α
ij themselves in some cases, are related to the TAM basis functions as [37]

ε̂ijðk̂Þeik·x ¼
X
α

X
lm

4πilBα
ðlmÞðk̂ÞΨk;α

ðlmÞijðxÞ ¼
X

λ¼0;�1;�2

X
lm

4πilBλ
ðlmÞðk̂ÞΨk;λ

ðlmÞijðxÞ; ð15Þ

where α runs over L; VE; VB; TE; TB, and

Bα
ðlmÞðk̂Þ ¼ ε̂ijðk̂ÞYα�

ðlmÞijðk̂Þ; Bλ
ðlmÞðk̂Þ ¼ ε̂ijðk̂ÞYλ�

ðlmÞijðk̂Þ: ð16Þ

The tensor spherical harmonics Yα
ðlmÞijðn̂Þ are defined as1

YL
ðlmÞijðn̂Þ ¼

ffiffiffi
3

2

r
WL

ijYðlmÞðn̂Þ;

YVE
ðlmÞijðn̂Þ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

lðlþ 1Þ

s
WVE

ij YðlmÞðn̂Þ; YVB
ðlmÞijðn̂Þ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

lðlþ 1Þ

s
WVB

ij YðlmÞðn̂Þ;

YTE
ðlmÞijðn̂Þ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 2Þ!
2ðlþ 2Þ!

s
WTE

ij YðlmÞðn̂Þ; YTB
ðlmÞijðn̂Þ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 2Þ!
2ðlþ 2Þ!

s
WTB

ij YðlmÞðn̂Þ; ð17Þ

where Wα
ij is defined as

Ni ≡ −n̂i; Ki ≡ −iLi; M⊥i ≡ ϵijkNjKk WL
ij ≡ −NiNj þ

1

3
δij; WVE

ij ≡ NðiM⊥jÞ; WVB
ij ≡ NðiKjÞ;

WTE
ij ≡M⊥ðiM⊥jÞ − KðiKjÞ þ 2NðiM⊥jÞ; WTB

ij ≡ KðiM⊥jÞ þM⊥ðiKjÞ þ 2NðiKjÞ: ð18Þ

In particular, YTE
ðlmÞij and Y

TB
ðlmÞij live in the plane perpendicular to n̂ and can be expressed as YTE

ðlmÞab and Y
TB
ðlmÞab, respectively.

The helicity-basis spherical harmonics Yλ
ðlmÞijðn̂Þ are defined as

Y0
ðlmÞijðn̂Þ ¼ YL

ðlmÞijðn̂Þ; Y�1
ðlmÞijðn̂Þ ¼

1ffiffiffi
2

p ½YVE
ðlmÞijðn̂Þ � iYVB

ðlmÞijðn̂Þ�; Y�2
ðlmÞijðn̂Þ ¼

1ffiffiffi
2

p ½YTE
ðlmÞijðn̂Þ � iYTB

ðlmÞijðn̂Þ�:

ð19Þ

The Yλ
ðlmÞijðk̂Þ are related to the spin-weighted spherical harmonics by [39,40]

ε̂ijλ ðk̂ÞYλ0
ðlmÞijðk̂Þ ¼ −λYðlmÞðk̂Þδλ

0
λ : ð20Þ

From Eqs. (7), (10), and (20), we can derive the following relations between hλðkÞ and hk;λðlmÞ:

hk;λðlmÞ ¼
Z

dk̂hλðkÞð−λYðlmÞðk̂ÞÞ�: ð21Þ

As a result, the TAM amplitudes satisfy2

hhk;λðlmÞ½hk
0;λ0
ðl0m0Þ��i ¼

8>><
>>:

δll0δmm0δλλ
0 ð2πÞ3

k2 δðk − k0ÞPLðkÞ ðjλj ¼ 0Þ;
δll0δmm0δλλ

0 ð2πÞ3
k2 δðk − k0ÞPVðkÞ ðjλj ¼ 1Þ;

δll0δmm0δλλ
0 ð2πÞ3

k2 δðk − k0ÞPTðkÞ ðjλj ¼ 2Þ;
ð22Þ

1The two components that live in the plane of the sky, which we here refer to as TE and TBmodes, are in much of the literature (which
considers only these two components) as E and B.

2The spin-weighted spherical harmonics satisfy
R
dn̂λYðlmÞðn̂Þλ0Y�

ðl0m0Þðn̂Þ ¼ δll0δmm0δλλ0.
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hhk;αðlmÞ½hk
0;α0
ðl0m0Þ��i

¼

8>><
>>:

δll0δmm0δαα
0 ð2πÞ3

k2 δðk − k0ÞPLðkÞ ðα ¼ LÞ;
δll0δmm0δαα

0 ð2πÞ3
k2 δðk − k0ÞPVðkÞ ðα ¼ VE; VBÞ;

δll0δmm0δαα
0 ð2πÞ3

k2 δðk − k0ÞPTðkÞ ðα ¼ TE; TBÞ:
ð23Þ

IV. CALCULATION OF Φabðn̂Þ
Although there are several physical effects that may

generate Faraday conversion, the dominant mechanism,
as noted in Ref. [24], is photon-photon scattering. The
components of the index-of-refraction tensor due to
photon-photon scattering is (see Appendix B and Ref. [24]
for the derivation),

nQðx; ηÞ≡ 1

2
ðnxxðx; ηÞ − nyyðx; ηÞÞ

≃ 48

ffiffiffi
π

5

r
Aeμ0aradT4

CMBRea
E
2;−2ðx; ηÞ; ð24Þ

nUðx; ηÞ≡ 1

2
ðnxyðx; ηÞ þ nyxðx; ηÞÞ

≃ 48

ffiffiffi
π

5

r
Aeμ0aradT4

CMBImaE2;−2ðx; ηÞ: ð25Þ

Here, μ0 is the magnetic permeability of the vacuum, arad is
the radiation energy density constant, TCMB is the CMB
temperature, aElmðx; ηÞ is the coefficient of the local E-mode
moment induced by primordial perturbations, and Ae is

the Euler-Heisenberg interaction constant, which can be
expressed with electron mass me, Compton wavelength
λe, and the fine structure constant α as Ae ¼ 2α2λ3e=
ð45μ0mec2Þ. Next, we write the spatial dependence of
the indexes of refraction in terms of Fourier components
through

nQðx; ηÞ ≃ 48

ffiffiffi
π

5

r
Aeμ0aradT4

CMB
1

2

Z
d3k
ð2πÞ3 ða

E
2;−2ðk; ηÞ

þ aE2;2ðk; ηÞÞeik·x; ð26Þ

nUðx; ηÞ ≃ 48

ffiffiffi
π

5

r
Aeμ0aradT4

CMB
1

2i

Z
d3k
ð2πÞ3 ða

E
2;−2ðk; ηÞ

− aE2;2ðk; ηÞÞeik·x; ð27Þ

where we have used the relation aE�22 ¼ aE2;−2. We then
transform the local quadrupole moments in Eqs. (26) and
(27) using

aE2;�2ðk; ηÞ ¼
X

m¼0;�1;�2

D2
�2;mðπ − ϕk; θk; 0ÞāE2;mðk; ηÞ;

ð28Þ

where unbarred quantities are in the line-of-sight frame
(with the z axis toward the observer), and barred quantities
are in the wave vector frame (k is the z axis and the
direction toward the observer in the x̄ z̄ plane, with x̄ < 0).
Here, θk and ϕk are the polar and azimuthal angle of k̂ in the
line-of-sight frame, andDl

m0m is the Wigner rotation matrix,
which is defined in Eq. (A1). Then, we derive

aE2;−2ðk; ηÞ þ aE22ðk; ηÞ ¼
X
m

D2
−2;mðπ − ϕk; θk; 0ÞāE2;mðk; ηÞ þ

X
m

D2
2;mðπ − ϕk; θk; 0ÞāE2;mðk; ηÞ

¼
ffiffiffi
3

2

r
ðcosϕ2

k − sinϕ2
kÞ sin θ2kāE2;0ðk; ηÞ − sin θkð− cos θk cos 2ϕk þ i sin 2ϕkÞāE2;1ðk; ηÞ

− sin θkðcos θk cos 2ϕk þ i sin 2ϕkÞāE2;−1ðk; ηÞ

þ
�
3þ cos 2θk

4
cos 2ϕk − i cos θk sin 2ϕk

�
āE2;2ðk; ηÞ

þ
�
3þ cos 2θk

4
cos 2ϕk þ i cos θk sin 2ϕk

�
āE2;−2ðk; ηÞ

¼ −ððε̂0xxðk̂ÞÞ� − ðε̂0yyðk̂ÞÞ�ÞāE2;0ðk; ηÞ − ððε̂þ1
xx ðk̂ÞÞ� − ðε̂þ1

yy ðk̂ÞÞ�ÞāE2;1ðk; ηÞ
− ððε̂−1xx ðk̂ÞÞ� − ðε̂−1yy ðk̂ÞÞ�ÞāE2;−1ðk; ηÞ − ððε̂þ2

xx ðk̂ÞÞ� − ðε̂þ2
yy ðk̂ÞÞ�ÞāE2;2ðk; ηÞ

− ððε̂−2xx ðk̂ÞÞ� − ðε̂−2yy ðk̂ÞÞ�ÞāE2;−2ðk; ηÞ; ð29Þ
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1

i
ðaE2;−2ðk; ηÞ − aE2;2ðk; ηÞÞ ¼

1

i

�X
m

D2
−2;mðπ − ϕk; θk; 0ÞāE2;mðk; ηÞ −

X
m

D2
2;mðπ − ϕk; θk; 0ÞāE2;mðk; ηÞ

�

¼
ffiffiffi
6

p
cosϕk sinϕk sin θ2kā

E
2;0ðk; ηÞ þ sin θkði cos 2ϕk þ cos θ sin 2ϕkÞāE2;1ðk; ηÞ

þ sin θkði cos 2ϕk − cos θk sin 2ϕkÞāE2;−1ðk; ηÞ

þ
�
3þ cos 2θk

4
sin 2ϕk þ i cos θk cos 2ϕk

�
āE2;2ðk; ηÞ

þ
�
3þ cos 2θk

4
sin 2ϕk − i cos θk cos 2ϕk

�
āE2;−2ðk; ηÞ

¼ −2ðε̂0xyðk̂ÞÞ�āE2;0ðk; ηÞ − 2ðε̂þ1
xy ðk̂ÞÞ�āE2;1ðk; ηÞ − 2ðε̂−1xy ðk̂ÞÞ�āE2;−1ðk; ηÞ

− 2ðε̂þ2
xy ðk̂ÞÞ�āE2;2ðkÞ − 2ðε̂−2xy ðk̂ÞÞ�āE2;−2ðk; ηÞ; ð30Þ

where ε̂λij is defined by Eq. (9), and the basis vectors are

θ̂ðk̂Þ ¼ ðcos θk cosϕk; cos θk sinϕk;− sin θkÞ; ϕ̂ðk̂Þ ¼ ð− sinϕk; cosϕk; 0Þ: ð31Þ

Here, we separate the primordial perturbations and their transfer functions through āE2;λðk; ηÞ ¼ āE2;λðk; ηÞhλðkÞ, where the
power spectra of hλðkÞ are given by Eq. (8).
From Eqs. (24), (25), (29), and (30), we see that the part of nij proportional to ðε̂λijÞ� can describe nQ and nU, which

means that the part related to nQ and nU in nij can be expressed with a trace-free tensor, given as Eq. (7). On the other hand,

a nonzero-trace part of nij is irrelevant to nQ or nU. Using the relation between ðε̂λijÞ� and Ψk;λ
ðlmÞij given in Eq. (15), we can

express nij as

nijðx; ηÞ ¼ 48

ffiffiffi
π

5

r
Aeμ0aradT4

CMB

Z
k2dk
ð2πÞ3

X
lm

X
λ¼0;�1;�2

4πilΨk;λ
ðlmÞijðxÞhk;λðlmÞð−āE2;λðk; ηÞÞ þ ñijðx; ηÞ ð32Þ

¼ 48

ffiffiffi
π

5

r
Aeμ0aradT4

CMB

Z
k2dk
ð2πÞ3

X
lm

4πilðΨk;L
ðlmÞijðxÞhk;LðlmÞð−āE2;0ðk; ηÞÞ

þΨk;VE
ðlmÞijðxÞhk;VEðlmÞ ð−āE2;1ðk; ηÞÞ þ Ψk;VB

ðlmÞijðxÞhk;VBðlmÞ ð−āE2;1ðk; ηÞÞ
þΨk;TE

ðlmÞijðxÞhk;TEðlmÞ ð−āE2;2ðk; ηÞÞ þ Ψk;TB
ðlmÞijðxÞhk;TBðlmÞ ð−āE2;2ðk; ηÞÞÞ þ ñijðx; ηÞ; ð33Þ

where ñij is the part of nij that is independent of nQ or nU, and we have used the relation āE2;λðk; ηÞ ¼ āE2;−λðk; ηÞ [41].
To calculate the induced circular polarization, we need to derive Φabðn̂Þ from nijðxÞ. Since Pab and Φab are 2 × 2

symmetric trace-free tensors in the celestial sphere, we can expand them in terms of YTE
ðlmÞabðn̂Þ and YTB

ðlmÞabðn̂Þ as [42,43],

Pabðn̂Þ ¼
X
lm

½PE
lmY

TE
ðlmÞabðn̂Þ þ PB

lmY
TB
ðlmÞabðn̂Þ�; ð34Þ

Φabðn̂Þ ¼
X
lm

½ΦE
lmY

TE
ðlmÞabðn̂Þ þΦB

lmY
TB
ðlmÞabðn̂Þ�: ð35Þ

To relate nijðxÞ to the shift tensorΦabðn̂Þ, we define the projection operator Λkl
ijðn̂Þ to project nijðxÞ to a spin-2 tensor on the

celestial sphere as

Λij
klðn̂Þ≡ Pi

kPj
l −

1

2
PmkPm

lδij; ð36Þ

where Pij is given as Pij ¼ δij − n̂in̂j. Then, we can express the shift tensor in terms of nijðxÞ as [25]
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Φijðn̂Þ ¼
ω0ffiffiffi
2

p 2

c

Z
χLSS

0

dχ½Λij
k0l0 ðn̂Þnk0l0 ðn̂χ; η0 − χÞ�; ð37Þ

where ω0 is the frequency today. Note that sinceΦij lives on the plane perpendicular to n̂, we can regardΦij asΦab
3 and, by

definition, Λij
k0l0 ñk0l0 ¼ 0 is satisfied. As we found in Eq. (33), the spatial dependence of nijðxÞ can be expressed with

Ψk;λ
ðlmÞijðxÞ and the projection of Ψk;λ

ðlmÞijðxÞ onto the celestial sphere is discussed in Refs. [25,37]. According to Eq. (94) in

Ref. [37], Λij
k0l0Ψλ

k0l0 ðn̂χÞ are given by

Λij
k0l0 ðn̂ÞΨk;L

ðlmÞk0l0 ðn̂χÞ ¼ −
ffiffiffi
3

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þ!
ðl − 2Þ!

s
jlðkχÞ
ðkχÞ2 Y

TE
ðlmÞijðn̂Þ≡ −

ffiffiffi
2

p
ϵð0Þl ðkχÞYTE

ðlmÞijðn̂Þ; ð38Þ

Λij
k0l0 ðn̂ÞΨk;VE

ðlmÞk0l0 ðn̂χÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 1Þðlþ 2Þ

p �
flðkχÞ þ 2

jlðkχÞ
ðkχÞ2

�
YTE
ðlmÞijðn̂Þ≡ −2ϵð1Þl ðkχÞYTE

ðlmÞijðn̂Þ; ð39Þ

Λij
k0l0 ðn̂ÞΨk;TE

ðlmÞk0l0 ðn̂χÞ ¼ −
1

2

�
−jlðkχÞ þ glðkχÞ þ 4flðkχÞ þ 6

jlðkχÞ
ðkχÞ2

�
YTE
ðlmÞijðn̂Þ≡ −2ϵð2Þl ðkχÞYTE

ðlmÞijðn̂Þ; ð40Þ

Λij
k0l0 ðn̂ÞΨk;VB

ðlmÞk0l0 ðn̂χÞ ¼ −i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 1Þðlþ 2Þ

p jlðkχÞ
kχ

YTB
ðlmÞijðn̂Þ≡ −2iβð1Þl ðkχÞYTB

ðlmÞijðn̂Þ; ð41Þ

Λk0l0
ij ðn̂ÞΨk;TB

ðlmÞk0l0 ðn̂χÞ ¼ −i
�
j0lðkχÞ þ 2

jlðkχÞ
kχ

�
YTB
ðlmÞijðn̂Þ≡ −2iβð2Þl ðkχÞYTB

ðlmÞijðn̂Þ; ð42Þ

where flðxÞ≡ d
dx

jlðxÞ
x , glðxÞ≡ −jlðxÞ − 2flðxÞ þ ðl − 1Þðlþ 2Þ jlðxÞx2 and ϵðmÞ

l ðxÞ and βðmÞ
l ðxÞ are defined as in Ref. [41].

Note again that since YTE
ðlmÞij and Y

TB
ðlmÞij can be described in the plane perpendicular to n̂, we can regard them as YTE

ðlmÞab and
YTB
ðlmÞab, respectively.
From Eqs. (37)–(42) for ΦE=B

lm and Ref. [44] for PE=B
lm , we can rewrite the coefficients in Eqs. (34) and (35) as4

PE=B
lm ¼

X
α

PE=B;λ
lm ; ΦE=B

lm ¼
X
α

ΦE=B;λ
lm ; ð43Þ

PE;L
lm ¼ 4π

Z
k2dk
ð2πÞ3

Z
η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð0Þðk; ηÞÞhk;ðLÞlm ϵð0Þl ðkðη0 − ηÞÞ; ð44Þ

PE=B;VE=VB
lm ¼ 4π

Z
k2dk
ð2πÞ3

Z
η0

0

dηgðηÞ
ffiffiffi
2

p
ð−

ffiffiffi
6

p
Pð1Þðk; ηÞÞhk;ðVE=VBÞlm ϕð1Þ

l ðkðη0 − ηÞÞ; ð45Þ

PE=B;TE=TB
lm ¼ 4π

Z
k2dk
ð2πÞ3

Z
η0

0

dηgðηÞ
ffiffiffi
2

p
ð−

ffiffiffi
6

p
Pð2Þðk; ηÞÞhk;ðTE=TBÞlm ϕð2Þ

l ðkðη0 − ηÞÞ; ð46Þ

ΦE;L
lm ¼ 4πA

Z
k2dk
ð2πÞ3

Z
η0

ηLSS

dηð1þ zÞ4ðāE2;0ðk; ηÞÞhk;ðLÞlm ϵð0Þl ðkðη0 − ηÞÞ; ð47Þ

ΦE=B;VE=VB
lm ¼ 4πA

Z
k2dk
ð2πÞ3

Z
η0

ηLSS

dηð1þ zÞ4
ffiffiffi
2

p
ðāE2;1ðk; ηÞÞhk;ðVE=VBÞlm ϕð1Þ

l ðkðη0 − ηÞÞ; ð48Þ

3In the line-of-sight frame, n̂ is parallel to z axis and a and b run over x-y plane in the three-dimensional Cartesian coordinate. In other
words, Φij is nonzero only for i; j ≠ z in that frame.

4Note that Eq. (46) corrects Eq. (30) in Ref. [25].
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ΦE=B;TE=TB
lm ¼ 4πA

Z
k2dk
ð2πÞ3

Z
η0

ηLSS

dηð1þ zÞ4
ffiffiffi
2

p
ðāE2;2ðk; ηÞÞhk;ðTE=TBÞlm ϕð2Þ

l ðkðη0 − ηÞÞ; ð49Þ

where the integration variable is changed as χ → η ðη ¼ η0 − χÞ, ϕmðxÞ is ϵmðxÞ for VE and TE or iβmðxÞ for VB and TB,
gðηÞ is the visibility function, PðmÞðk; ηÞ is the function defined in Ref. [44], and A≡ 96ðπ=5Þ1=2Aeμ0aradT4

0c
−1ω0 ¼

1.11 × 10−38ðν0=100 GHzÞm−1 [24]. The power spectra of hk;αlm are given by Eq. (23). The factor of ð1þ zÞ4 implies that
the dominant contribution to the phase shift is near the epoch of recombination, as we mentioned in Sec. II.
Finally, we summarize the results for the angular power spectra. We can express CPEPE

l and CPBPB

l as

CPEPE

l ¼
X

α¼L;VE;TE

hPE;ðαÞ�
lm PE;ðαÞ

lm i ¼ 4π

Z
dk
k

�
k3

2π2
PðLÞðkÞ

�����
Z

η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð0Þðk; ηÞÞϵð0Þl ðkðη0 − ηÞÞ

����2

þ 4π

Z
dk
k
2

�
k3

2π2
PðVEÞðkÞ

�����
Z

η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð1Þðk; ηÞÞϵð1Þl ðkðη0 − ηÞÞ

����2

þ 4π

Z
dk
k
2

�
k3

2π2
PðTEÞðkÞ

�����
Z

η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð2Þðk; ηÞÞϵð2Þl ðkðη0 − ηÞÞ

����2; ð50Þ

CPBPB

l ¼
X

α¼VB;TB

hPB;ðαÞ�
lm PB;ðαÞ

lm i ¼ 4π

Z
dk
k
2

�
k3

2π2
PðVBÞðkÞ

�����
Z

η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð1Þðk; ηÞÞβð1Þl ðkðη0 − ηÞÞ

����2

þ 4π

Z
dk
k
2

�
k3

2π2
PðTBÞðkÞ

�����
Z

η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð2Þðk; ηÞÞβð2Þl ðkðη0 − ηÞÞ

����2; ð51Þ

where the tensor-to-scalar ratio is defined as r ¼ 2PðTEÞðkÞ=PðLÞðkÞ ¼ 2PðTBÞðkÞ=PðLÞðkÞ. Similarly, CΦEΦE

l and CΦBΦB

l are
given by

CΦEΦE

l ¼
X

α¼L;VE;TE

hΦE;ðαÞ�
lm ΦE;ðαÞ

lm i ¼ 4πA2

�Z
dk
k

�
k3

2π2
PðLÞðkÞ

�����
Z

η0

ηLSS

dηð1þ zÞ4ðāE2;0ðk; ηÞÞϵð0Þl ðkðη0 − ηÞÞ
����2

þ
Z

dk
k
2

�
k3

2π2
PðVEÞðkÞ

�����
Z

η0

ηLSS

dηð1þ zÞ4ðāE2;1ðk; ηÞÞϵð1Þl ðkðη0 − ηÞÞ
����2

þ
Z

dk
k
2

�
k3

2π2
PðTEÞðkÞ

�����
Z

η0

ηLSS

dηð1þ zÞ4ðāE2;2ðk; ηÞÞϵð2Þl ðkðη0 − ηÞÞ
����2
�
; ð52Þ

CΦBΦB

l ¼
X

α¼VB;TB

hΦB;ðαÞ�
lm ΦB;ðαÞ

lm i ¼ 4πA2

�Z
dk
k
2

�
k3

2π2
PðVBÞðkÞ

�����
Z

η0

ηLSS

dηð1þ zÞ4ðāE2;1ðk; ηÞÞβð1Þl ðkðη0 − ηÞÞ
����2

þ
Z

dk
k
2

�
k3

2π2
PðTBÞðkÞ

�����
Z

η0

ηLSS

dηð1þ zÞ4ðāE2;2ðk; ηÞÞβð2Þl ðkðη0 − ηÞÞ
����2
�
: ð53Þ

The cross correlations CPEΦE

l and CPBΦB

l are also given by
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CPEΦE

l ¼
X

α¼L;VE;TE

hPE;ðαÞ�
lm ΦE;ðαÞ

lm i ¼ 4πA

�Z
dk
k

�
k3

2π2
PðLÞðkÞ

��Z
η0

ηLSS

dηð1þ zÞ4ðāE2;0ðk; ηÞÞϵð0Þl ðkðη0 − ηÞÞ
�

×

�Z
η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð0Þðk; ηÞÞϵð0Þl ðkðη0 − ηÞÞ

�

þ
Z

dk
k
2

�
k3

2π2
PðVEÞðkÞ

��Z
η0

ηLSS

dηð1þ zÞ4ðāE2;1ðk; ηÞÞϵð1Þl ðkðη0 − ηÞÞ
�

×

�Z
η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð1Þðk; ηÞÞϵð1Þl ðkðη0 − ηÞÞ

�

þ
Z

dk
k
2

�
k3

2π2
PðTEÞðkÞ

��Z
η0

ηLSS

dηð1þ zÞ4ðāE2;2ðk; ηÞÞϵð2Þl ðkðη0 − ηÞÞ
�

×
�Z

η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð2Þðk; ηÞÞϵð2Þl ðkðη0 − ηÞÞ

��
; ð54Þ

CPBΦB

l ¼
X

α¼VB;TB

hPB;ðαÞ�
lm ΦB;ðαÞ

lm i ¼ 4πA

�Z
dk
k
2

�
k3

2π2
PðVBÞðkÞ

��Z
η0

ηLSS

dηð1þ zÞ4ðāE2;1ðk; ηÞÞβð1Þl ðkðη0 − ηÞÞ
�

×

�Z
η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð1Þðk; ηÞÞβð1Þl ðkðη0 − ηÞÞ

�

þ
Z

dk
k
2

�
k3

2π2
PðTBÞðkÞ

��Z
η0

ηLSS

dηð1þ zÞ4ðāE2;2ðk; ηÞÞβð2Þl ðkðη0 − ηÞÞ
�

×

�Z
η0

0

dηgðηÞð−
ffiffiffi
6

p
Pð2Þðk; ηÞÞβð2Þl ðkðη0 − ηÞÞ

��
: ð55Þ

V. CALCULATION OF CVV
l AND NUMERICAL RESULTS

In this section, we explain how to calculate the power spectrum CVV
l for the induced circular polarization with the results

derived in the previous section, and we present numerical results for a scale-invariant spectrum of primordial tensor
perturbations. We follow the discussion in Ref. [25], but take into account the B mode, which is not considered in Ref. [25].
This is because, unlike scalar perturbations, vector and tensor perturbations induce B modes as we saw in the previous
section.
The angular power spectrum is defined by CVV

l ¼ hV�
lmVlmi in terms of expansion coefficients,

Vlm ¼
Z

dn̂Vðn̂ÞY�
lmðn̂Þ: ð56Þ

Substituting Eqs. (6), (34), and (35) into Eq. (56), we obtain

Vlm ¼
X
l1m1

X
l2m2

�
PE
l1m1

ΦE
l2m2

Z
dn̂ϵabYE

ðl1m1Þacðn̂ÞYE
ðl2m2Þb

cðn̂ÞY�
lmðn̂Þ þ PE

l1m1
ΦB

l2m2

Z
dn̂ϵabYE

ðl1m1Þacðn̂ÞYB
ðl2m2Þb

cðn̂ÞY�
lmðn̂Þ

þ PB
l1m1

ΦE
l2m2

Z
dn̂ϵabYB

ðl1m1Þacðn̂ÞYE
ðl2m2Þb

cðn̂ÞY�
lmðn̂Þ þ PB

l1m1
ΦB

l2m2

Z
dn̂ϵabYB

ðl1m1Þacðn̂ÞYB
ðl2m2Þb

cðn̂ÞY�
lmðn̂Þ

�

¼
X
l1m1

X
l2m2

�
PE
l1m1

ΦE
l2m2

Z
dn̂YB

ðl1m1Þbcðn̂ÞYE
ðl2m2Þ

bcðn̂ÞY�
lmðn̂Þ þ PE

l1m1
ΦB

l2m2

Z
dn̂YB

ðl1m1Þbcðn̂ÞYB
ðl2m2Þ

bcðn̂ÞY�
lmðn̂Þ

þ PB
l1m1

ΦE
l2m2

Z
dn̂ð−1ÞYB

ðl1m1Þbcðn̂ÞYB
ðl2m2Þ

bcðn̂ÞY�
lmðn̂Þ þ PB

l1m1
ΦB

l2m2

Z
dn̂YB

ðl1m1Þbcðn̂ÞYE
ðl2m2Þ

bcðn̂ÞY�
lmðn̂Þ

�
; ð57Þ

where we have used [45] ϵabYE
ðlmÞacðn̂Þ ¼ YB

ðlmÞ
b
c
ðn̂Þ and ϵabYB

ðlmÞacðn̂Þ ¼ −YE
ðlmÞ

b
c
ðn̂Þ. According to Refs. [45,46], we can

express the integrals as
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Z
dn̂YB

ðl1m1Þ
abðn̂ÞYB

ðl2m2Þabðn̂ÞY�
lmðn̂Þ ¼

Z
dn̂YB�

ðl1−m1Þ
abðn̂ÞYB

ðl2m2Þabðn̂ÞYl−mðn̂Þ ¼ ξl−ml1−m1l2m2
Hl

l1l2
; ð58Þ

Z
dn̂YE

ðl1m1Þ
abðn̂ÞYB

ðl2m2Þabðn̂ÞY�
lmðn̂Þ ¼

Z
dn̂YE�

ðl1−m1Þ
abðn̂ÞYB

ðl2m2Þabðn̂ÞYl−mðn̂Þ ¼ iξl−ml1−m1l2m2
Hl

l1l2
; ð59Þ

where the result is zero unless l1 þ l2 þ l ¼ ðevenÞ in Eq. (58) or l1 þ l2 þ l ¼ ðoddÞ in Eq. (58), and ξlml1m1l2m2
andHl

l1l2
are

defined in terms of Wigner 3-j symbols as

ξlml1m1l2m2
≡ ð−1Þm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2lþ 1Þð2l2 þ 1Þ

4π

r �
l1 l l2

−m1 m m2

�
; Hl

l1l2
≡

�
l1 l l2
2 0 −2

�
: ð60Þ

Here, we define Glm
l1m1l2m2

¼ −ξlml1−m1;l2m2
Hl

l1l2
(in agreement with the conventions of Ref. [25]). Then, usingR

dn̂YB
ðl1m1Þ

abYE
ðl2m2Þabðn̂ÞY�

lmðn̂Þ ¼ −
R
dn̂YE

ðl1m1Þ
abYB

ðl2m2Þabðn̂ÞY�
lmðn̂Þ, we rewrite Eq. (57) as

Vlm ¼
X

l1m1l2m2ðoddÞ
ðPE

l1m1
ΦE

l2m2
ðiGl−m

l1m1l2m2
Þ þ PB

l1m1
ΦB

l2m2
ðiGl−m

l1m1l2m2
ÞÞ

þ
X

l1m1l2m2ðevenÞ
ðPE

l1m1
ΦB

l2m2
ð−Gl−m

l1m1l2m2
Þ − PB

l1m1
ΦE

l2m2
ð−Gl−m

l1m1l2m2
ÞÞ; ð61Þ

where the subscript (odd) and (even) means that the summation is over l1 þ l2 þ l ¼ ðoddÞ and l1 þ l2 þ l ¼ ðevenÞ,
respectively. Then we derive

CVV
l ¼

X
l1m1l2m2ðoddÞ

½ðCPEPE

l1
CΦEΦE

l2
− CPEΦE

l1
CPEΦE

l2
Þ þ ðCPBPB

l1
CΦBΦB

l2
− CPBΦB

l1
CPBΦB

l2
Þ�jGl−m

l1m1l2m2
j2

þ
X

l1m1l2m2ðevenÞ
ðCPEPE

l1
CΦBΦB

l2
þ CPBPB

l1
CΦEΦE

l2
− 2CPEΦE

l1
CPBΦB

l2
ÞjGl−m

l1m1l2m2
j2 ð62Þ

¼
X

l1l2ðoddÞ

ð2l1 þ 1Þð2l2 þ 1Þ
4π

ððCPEPE

l1
CΦEΦE

l2
− CPEΦE

l1
CPEΦE

l2
Þ

þ ðCPBPB

l1
CΦBΦB

l2
− CPBΦB

l1
CPBΦB

l2
ÞÞjHl

l1l2
j2

þ
X

l1l2ðevenÞ

ð2l1 þ 1Þð2l2 þ 1Þ
4π

ðCPEPE

l1
CΦBΦB

l2
þ CPBPB

l1
CΦEΦE

l2
− 2CPEΦE

l1
CPBΦB

l2
ÞjHl

l1l2
j2 ð63Þ

≃
Z

d2l1
ð2πÞ2 sin

22φl1;l−l1ððCPEPE

l1
CΦEΦE

jl−l1j − CPEΦE

l1
CPEΦE

jl−l1j Þ þ ðCPBPB

l1
CΦBΦB

jl−l1j − CPBΦB

l1
CPBΦB

jl−l1j ÞÞ

þ
Z

d2l1
ð2πÞ2 cos

22φl1;l−l1ðCPEPE

l1
CΦBΦB

jl−l1j þ CPBPB

l1
CΦEΦE

jl−l1j − 2CPEΦE

l1
CPBΦB

jl−l1j Þ; ð64Þ

where we have used
P

m1m2
ðξlml1m1l2m2

Þ2 ¼ ð2lþ 1Þð2l0 þ 1Þ=ð4πÞ [45,46] between the first equality and second equality and
we have used [45]

X
l1l2ðoddÞ

ð2lþ 1Þð2l0 þ 1Þ
4π

jHl
l1l2

j2 ≃
Z

d2l1
ð2πÞ2

Z
d2l2
ð2πÞ2 ð2πÞ

2sin22φl1;l2δðl − ðl1 þ l2ÞÞ; ð65Þ

X
l1l2ðevenÞ

ð2lþ 1Þð2l0 þ 1Þ
4π

jHl
l1l2

j2 ≃
Z

d2l1
ð2πÞ2

Z
d2l2
ð2πÞ2 ð2πÞ

2cos22φl1;l2δðl − ðl1 þ l2ÞÞ; ð66Þ

valid when l; l1; l2 ≫ 1, between the second and third equality.
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The variance of V is given by hV2i ¼ P
lð2lþ 1ÞCVV

l =
ð4πÞ, which can be approximated,

hV2i ≃
Z

d2l
ð2πÞ2 C

VV
l ≃

1

2
ðhPEPEihΦEΦEi − hPEΦEi2

þ hPBPBihΦBΦBi − hPBΦBi2 þ hPEPEihΦBΦBi
þ hPBPBihΦEΦEi − 2hPEΦEihPBΦBiÞ: ð67Þ

Finally, we provide results of numerical calculations for
a scale-invariant spectrum of primordial gravitational
waves, using CLASS [47] to obtain the CMB polarization
transfer functions. Figures 1, and 2 show CPP

l , CPΦ
l , CΦΦ

l ,
and CVV

l with scalar and tensor perturbations. We take ν0 ¼
100 GHz for both sets of perturbations. From Eq. (67), we
find the root-variance of V to be

ffiffiffiffiffiffiffiffiffi
hV2i

q
∼
�
3 × 10−14 ðfor scalar perturbationsÞ;
7 × 10−18ð r

0.06Þ ðfor tensor perturbationsÞ;
ð68Þ

or in temperature units,

ffiffiffiffiffiffiffiffiffi
hV2i

q
∼
�
8 × 10−14 K ðfor scalar perturbationsÞ;
2 × 10−17ð r

0.06Þ K ðfor tensor perturbationsÞ:
ð69Þ

From Eqs. (68) and (69), we can see that the circular
polarization induced by tensor perturbations through the
photon-photon scattering is much larger than that induced
through the photon-graviton scattering [36].

VI. CONCLUSIONS

We have used the TAM formalism to discuss the CMB
circular polarization induced at second order in the pri-
mordial-perturbation amplitude, by general primordial
perturbations, including vector and tensor perturbations
in addition to scalar perturbations. To make the discussion
concrete, we have assumed the standard cosmology and
considered only the dominant contribution—from photon-
photon scattering—to Faraday conversion. We performed
numerical calculations of the power spectra for circular
polarization and find root-variances of

ffiffiffiffiffiffiffiffiffi
hV2i

p
∼ 3 × 10−14

for scalar perturbations, and
ffiffiffiffiffiffiffiffiffi
hV2i

p
∼ 7 × 10−18ðr=0.06Þ

for tensor perturbations. The derived formulas can be
applied to the other source terms discussed in Ref. [24]
such as spin polarization of neutral hydrogen atoms and the
nonlinear interactions induced by bounded or free elec-
trons, although these are expected to be subdominant to the
photon-photon process considered here.
Before closing, we note that it follows from Eq. (61) that

the monopole Vl¼0;m¼0 ¼ 0 if there are no primordial
vector or tensor modes (and thus no B modes). In other
words, there will be circular-polarization fluctuations, but
the mean value of the circular polarization, averaged over
the entire sky, will be zero. We also note that here we have
assumed that parity is conserved and thus that there are no
correlations between the TE and TB TAM modes. An
accompanying [48] paper shows that the TE/TB cross-
correlations that arise if parity is broken may allow for a
parity-breaking uniform (averaged over all directions)
circular polarization Vl¼0;m¼0. The paper also shows that
a uniform circular polarization may arise even in the
absence of parity-breaking physics through a realization
of a gravitational-wave field that spontaneously breaks
parity.
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APPENDIX A: WIGNER ROTATION MATRICES

Here, we review some useful properties of the Wigner rotation matrices, using the notation [49]

Dl
m0;mðα; β; γÞ ¼

Xmin½lþm;l−m0�

s¼max½0;m−m0�
ð−1Þs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðlþmÞ!ðl −mÞ!ðlþm0Þ!ðl −m0Þ!p
ðl −m0 − sÞ!ðlþm − sÞ!s!ðsþm0 −mÞ!

× eim
0α
�
cos

β

2

�
2lþm−m0−2s

�
sin

β

2

�
2sþm0−m

eimγ: ðA1Þ

The relations between the spherical harmonics in the line-of-sight frame ðθ0;ϕ0Þ and the wave-vector frame ðθ;ϕÞ are given
by [49]

Y�
lmðθ0;ϕ0Þ ¼

X
k

Dl
mkðπ − ϕk; θk; 0ÞY�

lkðθ;ϕÞ: ðA2Þ

Since the coefficients are given by aAlm ¼ R
dn̂Aðn̂ÞY�

lmðn̂Þ, the relation between the coefficients of spherical harmonics in
the two frames is

aElmðk; ηÞ ¼
X
k

Dl
mkðπ − ϕk; θk; 0ÞāElkðk; ηÞ: ðA3Þ

APPENDIX B: PHOTON-PHOTON SCATTERING

Here, we derive Eqs. (24) and (25). For photons with energies far smaller than the electron rest-mass energy, the effective
Lagrangian for the electromagnetic field can be approximated as the Euler-Heisenberg Lagrangian [50]5

L ≃
1

2μ0

�
E · E
c2

− B · B

�
þ Ae

μ0

��
E · E
c2

− B · B

�
2

þ 7

�
E · B
c

�
2
�
: ðB1Þ

By using the constitutive relations D ¼ ∂L=∂E and H ¼ −∂L=∂B, we obtain

D ¼ ϵ0Eþ ϵ0Ae

�
4

�
E · E
c2

− B · B

�
Eþ 14ðE · BÞB

�
; ðB2Þ

H ¼ B
μ0

þ Ae

μ0

�
4

�
E · E
c2

− B · B

�
B − 14

ðE · BÞ
c2

E

�
; ðB3Þ

where D is the electric-displacement vector and H is the magnetic-intensity vector. To consider the interaction between the
propagating photon and background radiation, we write the electric and magnetic fields as

E ¼ EAeiðk·x−ωtÞ þ E�
Ae

−iðk·x−ωtÞ þ EBðx; tÞ; B ¼ BAeiðk·x−ωtÞ þ B�
Ae

−iðk·x−ωtÞ þ BBðx; tÞ; ðB4Þ

where EA and BA are the electromagnetic fields associated with the propagating photon and EB and BB are those associated
with the background radiation. We assume BA

i ¼ ϵijkk̂
kEj

A, where ϵijk is the Levi-Civita symbol. From Eqs. (B2)–(B4), we
find that

5In this paper, we assume the standard model. If we assume new particles, such as axionlike particles, the coefficients in the
Lagrangian could be changed [51].
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Di ≃ eiðk·x−ωtÞϵ0

�
δij þ Ae

�
4

�hEB · EBi
c2

− hBB · BBi
�
δij þ 8

hEB
i E

B
j i

c2
þ 14hBB

i B
B
j i
��

Ej
A þ � � � ; ðB5Þ

Hi ≃ eiðk·x−ωtÞ
1

μ0

�
δij − ð−1ÞAe

�
4

�hEB · EBi
c2

− hBB · BBi
�
δij − 8hBB

i B
B
j i − 14

hEB
i E

B
j i

c2

��
ϵjklk̂kEA

l þ � � � ; ðB6Þ

where we explicitly write only the terms proportional to eiðk·x−ωtÞ, and h� � �i means the expectation value of the stochastic
background radiation. Then, we derive

χe;ij ≃ Ae

�
4

�hEB · EBi
c2

− hBB · BBi
�
δij þ 8

hEB
i E

B
j i

c2
þ 14hBB

i B
B
j i
�
; ðB7Þ

χm;ij ≃ −Ae

�
4

�hEB · EBi
c2

− hBB · BBi
�
δkl − 8hBk

BB
l
Bi − 14

hEk
BE

l
Bi

c2

�
ϵkmik̂

mϵlnjk̂
n: ðB8Þ

From Eqs. (B7) and (B8), we obtain

nxxðx; tÞ − nyyðx; tÞ ¼
1

2
ðχe;xx þ χm;xx − χe;yy − χm;yyÞ ¼ 3Ae

�
hBB

xBB
x i − hBB

yBB
y i −

1

c2
ðhEB

xEB
x i − hEB

yEB
y iÞ

�
ðB9Þ

nxyðx; tÞ ¼
1

2
ðχe;xy þ χm;xyÞ ¼ 3Ae

�
hBB

xBB
y i −

1

c2
hEB

xEB
y i
�
: ðB10Þ

Here, we expand the background electric and magnetic field with creation and annihilation operators as

EB
i ðx; tÞ ¼ i

Z
d3p
ð2πÞ3

X
α¼x;y

ffiffiffiffiffiffiffi
Up

2ϵ0

s
êαi ðaαðpÞeiðp·x−ωtÞ − a†αðpÞe−iðp·x−ωtÞÞ; ðB11Þ

BB
i ðx; tÞ ¼ i

Z
d3p
ð2πÞ3

X
α¼x;y

ffiffiffiffiffiffiffiffiffiffiffi
Up

2ϵ0c2

s
ðp̂ × êαi ÞðaαðpÞeiðp·x−ωtÞ − a†αðpÞe−iðp·x−ωtÞÞ; ðB12Þ

where we define the basis vectors as êx ≡ θ̂ and êy ≡ ϕ̂. The expectation value of photon number density is described with a
phase-space density matrix as

ha†αðpÞaβðp0Þix;t ¼ ð2πÞ3δðp − p0Þfαβðp; x; tÞ; ðB13Þ

where the subscript x and t indicate the spacetime point in which we consider the expectation value, and from Ref. [52],

fαβðp; x; tÞ ¼
�

fIðp; x; tÞ þ fQðp; x; tÞ fUðp; x; tÞ − ifVðp; x; tÞ
fUðp; x; tÞ þ ifVðp; x; tÞ fIðp; x; tÞ − fQðp; x; tÞ

�
: ðB14Þ

Substituting Eqs. (B11) and (B12) into Eqs. (B9) and (B10), we obtain

nQðx; tÞ ¼
1

2
ðnxxðx; tÞ − nyyðx; tÞÞ

¼ −
3Ae

2ϵ0c2

ffiffiffi
π

5

r Z
Up

2
p2dp

Z
d2p̂½4fQðp; x; tÞð1þ cos2θpÞ cos 2ϕ − 8fUðp; x; tÞ cos θp sin 2ϕp�

¼ −
24Ae

ϵ0c2

ffiffiffi
π

5

r Z
Up

2
p2dp

Z
d2p̂½fQðp; x; tÞRef2Y22ðp̂Þ þ 2Y2;−2ðp̂Þg þ fUðp; x; tÞImf2Y22ðp̂Þ þ 2Y2;−2ðp̂Þg�

¼ 48

ffiffiffi
π

5

r
Aeμ0aradT4

CMBRea
E
2;−2ðx; tÞ; ðB15Þ
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nUðx; tÞ ¼
1

2
ðnxyðx; tÞ þ nyxðx; tÞÞ

¼ −
3Ae

2ϵ0c2

ffiffiffi
π

5

r Z
Up

2
p2dp

Z
d2p̂½4fQðp; x; tÞð1þ cos2θpÞ sin 2ϕp þ 8fUðp; x; tÞ cos θp cos 2ϕp�

¼ −
24Ae

ϵ0c2

ffiffiffi
π

5

r Z
Up

2
p2dp

Z
d2p̂½fQðp; x; tÞImf2Y22ðp̂Þ − 2Y2;−2ðp̂Þg − fUðp; x; tÞRef2Y22ðp̂Þ −2 Y2;−2ðp̂Þg�

¼ 48

ffiffiffi
π

5

r
Aeμ0aradT4

CMBImaE2;−2ðx; tÞ; ðB16Þ

where θp and ϕp are the polar and azimuthal angles of p̂ in the line-of-sight frame, and we have used [53],

fQðp; x; tÞ ¼ Qðp̂; x; tÞð−p∂fð0Þ=∂pÞ; fUðp; x; tÞ ¼ Uðp̂; x; tÞð−p∂fð0Þ=∂pÞ; ðB17Þ

Qðp̂; x; tÞ ¼ 1

2

X
l;m

ða2;lmðx; tÞ2Ylmðp̂Þ þ a−2;lmðx; tÞ−2Ylmðp̂ÞÞ; ðB18Þ

Uðp̂; x; tÞ ¼ 1

2i

X
l;m

ða2;lmðx; tÞ2Ylmðp̂Þ − a−2;lmðx; tÞ−2Ylmðp̂ÞÞ; ðB19Þ

sYlmðp̂Þ ¼ −sY�
l;−mðp̂Þ; aElmðx; tÞ ¼ −

1

2
ða2;lmðx; tÞ þ a−2;lmðx; tÞÞ: ðB20Þ

If we take the conformal spacetime, Eqs. (B15) and (B16) correspond to Eqs. (24) and (25).
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