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In this work, the intermeson interactions of double-beauty B̄ B̄, B̄B̄�, and B̄�B̄� systems have been
studied with heavy meson chiral effective field theory. The effective potentials are calculated with
Weinberg’s scheme up to one-loop level. At the leading order, four-body contact interactions and one-pion
exchange contributions are considered. In addition to two-pion exchange diagrams, we include the one-
loop chiral corrections to contact terms and one-pion exchange diagrams at the next-to-leading order. The
behaviors of effective potentials, both in momentum space and coordinate space, are investigated and
discussed extensively. We notice the contact terms play important roles in determining the characteristics of
the total potentials. Only the potentials in IðJPÞ ¼ 0ð1þÞ B̄B̄� and B̄�B̄� systems are attractive, and the
corresponding binding energies in these two channels are solved to be ΔEB̄B̄� ≃ −12.6þ9.2

−12.9 MeV and

ΔEB̄�B̄� ≃ −23.8þ16.3
−21.5 MeV, respectively. The masses of 0ð1þÞ B̄B̄� and B̄�B̄� states lie above the threshold

of their electromagnetic decay modes B̄ B̄ γ and B̄ B̄ γγ, and thus they can be reconstructed via
electromagnetic interactions. Our calculation not only provides some useful information to explore exotic
doubly bottomed molecular states for future experiments, but also is helpful for the extrapolations of Lattice
QCD simulations.

DOI: 10.1103/PhysRevD.99.036007

I. INTRODUCTION

Hunting for exotic multiquark states beyond the conven-
tional meson and baryon configurations is a long-standing
problem of QCD [1–3]. After the pioneering exotic
state Xð3872Þ was discovered in 2003 by the Belle
Collaboration [4], a new perspective of hadronic physics
was opened, and plenty of exotic hadrons called XYZ states
were observed at experiments [5,6]. Lots of experimental
and theoretical efforts have been made to understand the
nature of these states, but they still seem very elusive.
Most of these states cannot be assigned into the

framework of conventional quark model. For example, if
we treat Xð3872Þ as the χ0cð2PÞ charmonium, the mass of it
would be about 78 MeV lower than the prediction of

relativized quark model [7]. Furthermore, the isospin
violation process Xð3872Þ → J=ψρ with the substantial
decay width makes the situation more complicated and
mysterious. Thus, various pictures and explanations were
put forward to probe the inner structure of Xð3872Þ, such as
molecular model [8–13], tetraquark state [14,15], tradi-
tional axial vector charmonium [16,17], Lattice QCD
simulation [18,19], and other theoretical schemes [20]
(for a review, see Ref. [5]). Among them, the shallowly
bound molecular picture, i.e., the deuteronlike configura-
tion, is the most popular one, because the mass of Xð3872Þ
is very close to the threshold of D0D̄�0. Like study the
interaction of proton and neutron is a sine qua non for
understanding the characteristics of deuteron and nuclear
force, if we want to comprehensively understand the nature
of Xð3872Þ and other resonances in XYZ family, to
research the strong interactions between heavy mesons
would be an ineluctable key issue.
Unlike a plethora of XYZ states have been observed in

charmonium energy region [5,6,21], only two Zb states
were reported in bottomonium spectrum [22]. There is also
no unanimous conclusion on what the Zbð10610Þ and
Zbð10650Þ really are [5], but one promising interpretation
about the two charged bottomoniumlike states is molecular
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conjecture which are composed of BB̄� and B�B̄�, respec-
tively [23–27]. Stimulated by the continuously experimen-
tal observations of novelly hidden heavy flavor exotic states
over the past decade, the interactions between heavy
meson-heavy antimeson systems have been intensively
investigated. For example, before Zbð10610Þ was observed
in 2011, Liu et al. had predicted a loosely bound S-wave
BB̄� molecular state in the framework of one boson
exchange (OBE) model [12], and later, the BB̄� and
B�B̄� systems were again studied with OBE model [24–
26,28,29]. In Ref. [30], the pion-mediated interaction
associated with coupled-channel effect is exploited to study
the BB̄� and B�B̄� systems. And some other related works
such as QCD sum rule [31], Bethe-Salpeter approach [32],
coupled-channel model [33], and so on.
Asmentioned above, up to now, the observed exotic states

aremainly composed ofQQ̄qq̄ orQQ̄qqq (whereQ denotes
b or c quark, and q stands for u or d quark) [5]. Whereas,
nowadays, the exotic clusters with double charm or bottom
still conceal themselves from the field of our view.
Fortunately, LHCb Collaboration reported the observation
of doubly charmed baryon Ξþþ

cc very recently [34], which
triggered many discussions on whether the stable QQq̄ q̄
tetraquark states can exist in nature. For instance, inRef. [35],
Karliner et al. predicted a doubly bottomed tetraquark bbū d̄
with JP ¼ 1þ at 10389� 12 MeV, which lies far below the
B−B̄� and electromagnetic decay B−B̄0γ thresholds. Eichten
et al. also found the double-beauty state with constituent
quarks bbū d̄ is stable against strong interactions [36]. Based
on the quark-diquark symmetry and the input of the mass of
Ξþþ
cc , Ref. [37] indicated the existence of a stable double-

bottom tetraquark state in I ¼ 0 channel.
Actually, the exploration on the existence of stable

QQq̄ q̄ tetraquark states is always an intriguing topic.
Many meaningful works, including the quark model
potential, QCD sum rule, color-magnetic interaction, and
Lattice QCD, have been utilized to study bbū d̄ systems.
Dating back to 1985, in the framework of the nonrelativistic
potential model, Ref. [38] found the state with quark
contents bbū d̄ to be bound. Later, Barnes et al. [39]
investigated B̄ B̄, B̄B̄�, and B̄�B̄� intermeson interactions in
the quark model potential, and after solving two-meson
Schrödinger equations, they found that the I ¼ 0 BB�
(½bq̄�½bq̄�) channel is attractive (for other related works, see
Refs. [40–44]). In Refs. [45–52], the potential between the
two Bmesons as a function of two static b quark distance is
calculated in quenched Lattice QCD (for a review, see
Ref. [53]), and especially in Refs. [50–52], the binding
energy region of the bbū d̄ system is evaluated to be 20–
200 MeV, which is compatible with phenomenological
models predictions [35,36].
Inspired by the observation of doubly charmed baryon

Ξþþ
cc [34] and many theoretical works as mentioned before,

in this work we use chiral effective field theory (χEFT) to
study the physically allowed B̄ð�ÞB̄ð�Þð½bq̄�½bq̄�Þ (see

Table I), i.e., B̄ B̄, B̄B̄�, and B̄�B̄� intermeson interactions,
to see in which channel the potential is attractive and to
search for the possible bound states.
χEFT has been widely employed to study the inter-

actions of nucleon-nucleon (N-N) and meson-meson
(M-M) systems with flying colours. For the successful
application of χEFT in N-N systems, one can see some
important works in Refs. [54–57] and the references
therein, or see Ref. [58] for an introduction to χEFT.
Here, we give a short review about the use of χEFT inM-M
systems, mainly focus on heavy meson sectors. In
Ref. [10], AlFiky et al. proposed an approach with
respecting the heavy quark symmetry and chiral symmetry
to deal with Xð3872Þ as a molecular state of D0D̄�0.
Similarly, there are also an abundance of investigations
onDD̄�ðBB̄�Þ systems with χEFT, concerning the molecu-
lar assumptions of Xð3872Þ and two Zb states [59–69]
(or see Refs. [5,6] for a review). In addition to utilizing
χEFT to study heavy meson-heavy antimeson systems,
applying χEFT to heavy meson-heavy meson systems
(such as Dð�ÞDð�Þ, Dð�ÞB̄ð�Þ and Bð�ÞBð�Þ) is also an
interesting topic. In our two previous works, first in
Ref. [70], we gave a tentative usage of χEFT in B̄ B̄
system, and obtained the strong interaction potentials in
momentum space. Then in Ref. [71], we calculated S-wave
DD� potential at one-loop level, noticed in the 0ð1þÞ
channel it is attractive, and obtained a bound state with the
binding energy ΔEDD� ¼ −15.6þ14.7

−19.2 MeV. We also notice
that in Ref. [72], both open charm and bottom states
(Dð�ÞB̄ð�Þ) are studied with heavy meson chiral effective
field theory (HMχEFT).
Based on Refs. [70,71], we naturally extend our study to

B̄ð�ÞB̄ð�Þ systems, and for these kinds of states their typical
quark configuration is ½bq̄�½bq̄�. To inquire whether there
exist such heavy flavor molecular states with double
bottom or not, in our work we consider the S-wave
(L ¼ 0) interactions of different B̄ð�ÞB̄ð�Þ systems.

TABLE I. The physically allowed B̄ B̄, B̄B̄�, and B̄�B̄� states
[39], where Itot and Stot designates the total isospin and total spin
of two B mesons, respectively. Due to the constraints of
symmetry, the quantum numbers of B̄ B̄ and B̄�B̄� systems must
satisfy the selection rule Lþ Stot þ Itot þ 2i ¼ Evennumber,
where L is the orbital angular momentum between two Bmesons,
and i denotes the isospin of one B meson, which is 1=2.

Total isospin Total spin

System Itot Stot ¼ 0 Stot ¼ 1 Stot ¼ 2

B̄ B̄ 1 Even L
0 Odd L

B̄B̄� 1 All L
0 All L

B̄�B̄� 1 Even L Odd L Even L
0 Odd L Even L Odd L
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According to the selection rule listed in Table I, the IðJPÞ
numbers for the physically allowed states are: 1ð0þÞ for
B̄ B̄; 1ð1þÞ and 0ð1þÞ for B̄B̄�; 1ð0þÞ, 1ð2þÞ, and 0ð1þÞ for
B̄�B̄�. In order to get the interaction potentials for these
different channels in coordinate space, we first calculate the
amplitudes in momentum space with SUð2Þ HMχEFT up
to one-loop level, where the amplitudes include the con-
tributions from four-body contact interaction (FBCI), one-
loop corrections to four-body contact interaction, one-pion
exchange (OPE) contributions, one-loop corrections to one-
pion exchange parts, and two-pion exchange (TPE) con-
tributions. After subtracting the two-particle reducible
(2PR) contributions in some typical Feynman diagrams,
we make the Fourier transformation on the potentials in
momentum space, and thus the potentials in coordinate
space can be obtained. Finally, by solving the nonpertur-
bative equations such as Schrödinger equation, Lippmann-
Schwinger equation, and so on (in this paper, the
Schrödinger equation is solved numerically), one cannot
only recover the 2PR contributions, but also get the binding
energy ΔE in the attractive channels. In this way, we can
predict the possible molecular states in B̄ð�ÞB̄ð�Þ systems
and make a comparison with other phenomenological
models [39,73].
This paper is organized as follows. After the introduc-

tion, we show the effective Lagrangians used in this work
and the Weinberg’s formalism in Sec. II. The calculations
of effective potentials and the analyses are represented in
Sec. III, the contributions of the low-energy constants at the
next-to-leading order are estimated in Sec. IV, the results
are summarized in Sec. V, and some needful formulas are
given in the Appendix.

II. EFFECTIVE LAGRANGIANS AND
WEINBERG’S FORMALISM

A. Effective Lagrangians

In the framework of HMχEFT, the scattering ampli-
tudes can be expanded order by order with a small
parameter ϵ ¼ q=Λχ, where q is either the momentum
of Goldstone bosons or the residual momentum of heavy
mesons, and Λχ represents either the chiral breaking scale
or the mass of a heavy meson. Except for B̄ B̄, the
scattering amplitudes of both B̄B̄� and B̄�B̄� channels
at leading order Oðϵ0Þ have the contributions from FBCI
and OPE, which are described by the leading effective
Lagrangians in Eq. (1) [10,61,70] and Eq. (2) [74–76],
respectively,

Lð0Þ
4H¼DaTr½HγμH̄�Tr½HγμH̄�þDbTr½Hγμγ5H̄�Tr½Hγμγ5H̄�

þEaTr½Hγμτ
aH̄�Tr½HγμτaH̄�

þEbTr½Hγμγ5τ
aH̄�Tr½Hγμγ5τaH̄�; ð1Þ

where Da, Db, Ea, and Eb are four independent low-
energy constants (LECs), which are determined later. τa

represents the Pauli matrix,

Lð1Þ
Hϕ ¼ −hðiv · ∂HÞH̄i þ hHv · ΓH̄i þ ghH=uγ5H̄i

−
1

8
ΔhHσμνH̄σμνi; ð2Þ

where v ¼ ð1; 0⃗Þ is the four-velocity of heavy mesons, and
H denotes the degenerated B and B� doublet in heavy
quark limit, which can be expressed as

H ¼ 1þ =v
2

ðP�
μγ

μ þ iPγ5Þ;

H̄ ¼ γ0H†γ0 ¼ ðP�†
μ γμ þ iP†γ5Þ

1þ =v
2

: ð3Þ
P ¼ ðB−; B̄0Þ; P�

μ ¼ ðB�−; B̄�0Þ: ð4Þ
The last term in Eq. (2) accounts for the mass shift of B
and B�, which will not vanish in chiral limit, and Δ is the
mass difference of ðB;B�Þ doublet. The tensor σμν is
defined as i½γμ; γν�=2. Besides, the chiral connection Γμ

and axial vector current uμ are illustrated as follows,

Γμ ¼
i
2
½ξ†; ∂μξ�; uμ ¼

i
2
fξ†; ∂μξg; ð5Þ

where ξ ¼ expðiϕ=2fÞ. f is the pion decay constant, and
the triplet pion field ϕ is defined as

ϕ ¼
ffiffiffi
2

p � π0ffiffi
2

p πþ

π− − π0ffiffi
2

p

�
:

As indicated in Ref. [70], other forms of FBCI at the
leading order with different Lorentz structures are not
independent, such as Tr½HγμH̄HγμH̄�, Tr½HH̄�Tr½HH̄�, and
Tr½HσμνH̄�Tr½HσμνH̄�, which can be expressed as the linear
combinations of the terms involved in Eq. (1). Some terms
like Tr½Hγ5H̄�Tr½Hγ5H̄� and Tr½Hγ5τ

aH̄�Tr½Hγ5τaH̄� van-
ish in heavy quark limit.
At the next-to-leading order, i.e., Oðϵ2Þ, the scattering

amplitudes can be decomposed into four parts, one-loop
corrections to FBCI and OPE, TPE, and the tree diagrams
governed by Oðϵ2Þ Lagrangians. In our calculations, we
introduce the Oðϵ2Þ FBCI Lagrangians to renormalize the
Oðϵ2Þ loop diagrams, which read [70,71]

Lð2;hÞ
4H ¼ Dh

aTr½HγμH̄�Tr½HγμH̄�TrðχþÞ þDh
bTr½Hγμγ5H̄�Tr½Hγμγ5H̄�TrðχþÞ

þ Eh
aTr½Hγμτ

aH̄�Tr½HγμτaH̄�TrðχþÞ þ Eh
bTr½Hγμγ5τ

aH̄�Tr½Hγμγ5τaH̄�TrðχþÞ; ð6Þ
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Lð2;vÞ
4H ¼ fDv

a1Tr½ðv ·DHÞγμðv ·DH̄Þ�Tr½HγμH̄� þDv
a2Tr½ðv ·DHÞγμH̄�Tr½ðv ·DHÞγμH̄�

þDv
a3Tr½ðv ·DHÞγμH̄�Tr½Hγμðv ·DH̄Þ� þDv

a4Tr½ððv ·DÞ2HÞγμH̄�Tr½HγμH̄�
þDv

b1Tr½ðv ·DHÞγμγ5ðv ·DH̄Þ�Tr½Hγμγ5H̄� þ � � � þ Ev
a1Tr½ðv ·DHÞγμτaðv ·DH̄Þ�Tr½HγμτaH̄� þ � � �

þ Ev
b1Tr½ðv ·DHÞγμγ5τaðv ·DH̄Þ�Tr½Hγμγ5τaH̄� þ � � �g þ H:c:; ð7Þ

Lð2;qÞ
4H ¼ fDq

1Tr½ðDμHÞγμγ5ðDνH̄Þ�Tr½Hγνγ5H̄� þDq
2Tr½ðDμHÞγμγ5H̄�Tr½ðDνHÞγνγ5H̄�

þDq
3Tr½ðDμHÞγμγ5H̄�Tr½Hγνγ5ðDνH̄Þ� þDq

4Tr½ðDμDνHÞγμγ5H̄�Tr½Hγνγ5H̄�
þ Eq

1Tr½ðDμHÞγμγ5τaðDνH̄Þ�Tr½Hγνγ5τaH̄� þ � � �g þ H:c:;…; ð8Þ

where

χ̃� ¼ χ� −
1

2
Tr½χ��; χ� ¼ ξ†χξ† � ξχξ; χ ¼ m2

π: ð9Þ

The large amounts of LECs appeared in Eqs. (6)–(8) contain
both the finite and infinite parts, and the infinite parts can be
used to cancel the divergences of the loop diagrams atOðϵ2Þ.
Nevertheless, the finite parts cannot be fitted due to the lack
of enough data right now, and thus we neglect the contri-
butions from Oðϵ2Þ tree diagrams that governed by the
Lagrangians in Eqs. (6)–(8) in our computations for the
moment. However, an estimation of the errors caused by
the Oðϵ2Þ tree graphs is presented in Sec. IV.

B. Weinberg’s formalism

Before formally carrying out our calculations, we give a
brief introduction to Weinberg’s power counting scheme
[77,78] since it is the core of the theoretical calculations in
this work.
We take the two-nucleon scattering process as an

example. Considering the one-loop Feynman diagrams
displayed in Fig. 1, in the nonrelativistic limit, the scatter-
ing amplitude of Fig. 1(a) is proportional to

i
Z

dDl
ð2πÞD

1

ð−l0 þ iεÞðl0 þ iεÞðl2 −m2
π þ iεÞ : ð10Þ

Inspecting the above loop integral, we can find that the
integration over l0 is ill defined because it has poles above
and below the real axis at l0 ¼ �iε (which is always called

as pinch singularity [56,78]). This problem can be cured by
including the kinetic energy of the nucleon in the leading
terms but not treating it as a perturbation. Then the pole
positions of the two nucleons’ propagators will be shifted to

l0 ¼ �ðE − l⃗2=2MNÞ � iε;

where E ¼ p⃗2=2MN , andMN is the mass of the nucleon. As
is pointed out by Weinberg [77,78], after the l0 integration
being performed with residue theorem the contribution
from the pole of nucleon is enhanced by a large factor
MN=jp⃗j, and this strong enhancement explicitly breaks the
naive power counting with which the l0 integral should
have been of Oð1=jp⃗jÞ.
With the formalism given in Ref. [78], we concentrate on

the effective potential (i.e., the irreducible graphs) but do
not directly calculate the scattering amplitudes. Namely,
removing the 2PR part contributions that originate from
intermediate on-shell nucleon states (“infrared enhance-
ment”), the irreducible diagrams that make up the effective
potential can then be calculated perturbatively. The 2PR
part will be automatically recovered when the effective
potential (or kernel) is inserted into the Schrödinger
equation (or Lippmann-Schwinger equation).
We will encounter the same problem as discussed above

when studying the interactions of two B mesons with
HMχEFT. We follow the ideas in studying the N-N system
[78]; i.e., we calculate the effective potentials of two B
mesons first. One can find more details of calculations in
Appendix A.

III. EFFECTIVE POTENTIALS
OF B̄ð�ÞB̄ð�Þ SYSTEMS

A. B̄ B̄ system

The B̄ B̄ system has been studied in Ref. [70] with
HMχEFT, but in Ref. [70] the four LECs were unevaluated

q+

( , )pE p ( , )pE p−

(a) (b)

FIG. 1. Two types of 2PR Feynman diagrams of N-N scatter-
ing, which will also appear in this work.
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and only the TPE contributions in momentum space were
shown, and thus the behavior of the total potential is still
ambiguous. Therefore, in this part, we revisit this system
and give a more intuitional form of the potential in
coordinate space to see whether a bound state can exist
in B̄ B̄ system.
From Table I, one can see that only 1ð0þÞ B̄ B̄ state

survives under S-wave interaction, which corresponds to
the B−ðp1ÞB−ðp2Þ → B−ðp3ÞB−ðp4Þ elastic scattering
process. At the leading order Oðϵ0Þ, OPE is excluded
and the amplitude only receive contribution from the FBCI,
by expanding the Lagrangian in Eq. (1), one can easily get

Yð0ÞFBCI
I¼1 ¼ 8ðDa þ EaÞ: ð11Þ

At Oðϵ2Þ, the amplitudes receive both the one-loop
diagrams for FBCI corrections and TPE diagrams which
are illustrated in Figs. 2 and 3, respectively. The amplitudes
correspond to the diagrams in Fig. 2 are listed in
Eqs. (12)–(16),

Yg1.1 ¼ Cg1.1
g2

f2
fðD − 1ÞJ g

22grðmπ; E − Δ; E − ΔÞ; ð12Þ

Yg1.2 ¼ Cg1.2
g2

f2
fðD − 1ÞJ g

22grðmπ; E − Δ; E − ΔÞ; ð13Þ

Yh1.1 ¼ Ch1.1
g2

f2
fðD − 1ÞJ h

22grðmπ; E − Δ; E − ΔÞ; ð14Þ

Yh1.2 ¼ Ch1.2
g2

f2
fðD − 1ÞJ h

22grðmπ; E − Δ; E − ΔÞ; ð15Þ

Yz1.1 ¼ Cz1.1
g2

f2

�
ðD − 1Þ ∂

∂xJ
a
22

�
r
ðmπ; xÞjx→E−Δ; ð16Þ

where the coefficients Cx are flavor and LECs dependent,
their concrete values are

Cg1.1 ¼ Cg1.2 ¼−4ð3Da−Db−Ea−5EbÞ;
Ch1.1 ¼ Ch1.2 ¼ 4ðDbþEbÞ; Cz1.1 ¼−6ðDaþEaÞ: ð17Þ

Various scalar functionsJ y
x are defined in Appendix A 1,

mπ is the mass of pion, D is the dimension where the loop
integral is performed and approaches 4 at last. E represents
the residual energy of B̄ and B̄� mesons, and is defined as
E ¼ EB̄ð�Þ −MB̄ð�Þ . fXgr denotes the finite part of X [70],

fXgr¼ lim
D→4

�
X−L

∂
∂LX

�
þ 1

16π2
lim
D→4

� ∂
∂D

∂
∂LX

�
; ð18Þ

which is equivalent to make use of the modified minimal
subtraction (MS) scheme.
The amplitudes of the diagrams F1.1, T1.1, T1.2, B1.1, and

R1.1 in Fig. 3 are illustrated in Eqs. (19)–(23), respectively,

YF1.1 ¼ −
1

4f4
fq20ðJ F

0 þ 4J F
11 þ 4J F

21Þ þ 4J F
22grðmπ; qÞ;

ð19Þ

YT1.1 ¼ −
g2

2f4
fðD − 1Þ½q0ðJ T

21 þ 2J T
31Þ þ 2J T

34�

− q0q⃗2ðJ T
11 þ 3J T

22 þ 2J T
32Þ

− 2q⃗2ðJ T
24 þ J T

33Þgrðmπ; E − Δ; qÞ; ð20Þ

YT1.2 ¼ −
g2

2f4
fðD − 1Þ½q0ðJ T

21 þ 2J T
31Þ þ 2J T

34�

− q0q⃗2ðJ T
11 þ 3J T

22 þ 2J T
32Þ

− 2q⃗2ðJ T
24 þ J T

33Þgrðmπ; E − Δ; qÞ; ð21Þ

YB1.1 ¼ −
g4

4f4
fðD2 − 1ÞJ B

41 − q⃗2½2ðDþ 1Þ

× ðJ B
31 þ J B

42Þ þ J B
21� þ ðq⃗2Þ2

× ðJ B
22 þ 2J B

32 þ J B
43Þgrðmπ; E − Δ; E − Δ; qÞ;

ð22Þ

YR1.1 ¼ −
5g4

4f4
fðD2 − 1ÞJ R

41 − q⃗2½2ðDþ 1ÞðJ R
31 þ J R

42Þ

þ J R
21� þ ðq⃗2Þ2ðJ R

22 þ 2J R
32 þ J R

43Þgr
× ðmπ; E − Δ; E − Δ; qÞ: ð23Þ

Here, we need to stress that in the rigorous heavy quark
limit; i.e., when the mass difference Δ ¼ 0, the amplitudes
induced by the diagrams h1.1, h1.2, and B1.1 in Figs. 2 and 3
would approach to infinity. Thus, in order to get the correct

1.1( )g 1.2( )g
1.1( )h 1.2( )h 1.1( )z

FIG. 2. One-loop corrections to the contact vertex atOðϵ2Þ. The
thin solid, thick solid, and dashed lines represent B̄ meson, B̄�
meson, and pion, respectively.

1.1( )F 1.1( )T
1.2( )T 1.1( )B 1.1( )R

FIG. 3. Two pion exchange diagrams at Oðϵ2Þ. There is one
football diagram (F1.1), two triangle diagrams (T1.1 and T1.2), one
box diagram (B1.1), and one crossed diagram (R1.1). Notations
same as in Fig. 2.
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potential, we employ Weinberg’s formalism to subtract the
2PR contributions that stem from the double poles of the
two intermediate heavy vector mesons. The contributions
from the B� meson poles are enhanced in the 1=MB
expansion and repeat the results of the iterated OPE
diagrams, and thus we only need to consider the contri-
bution from pion poles. The related details are shown in
Appendixes A 2 and A 3.
The effective potential V can be derived from the 2PI

amplitude Y2PI by the relation

V ¼ −
1

4
Y2PI; ð24Þ

where the factor −1=4 comes from OBE model [28,73],
which originates from Breit approximation.
The parameters used in the calculations are Δ ¼ 0.045,

mπ ¼ 0.139, f ¼ 0.092 GeV, g ¼ 0.52 [79–81], and the
renormalization scale λ ¼ 4πf. For simplicity, as in the
OBE model [12], the transferred energy q0 and residual
energy E of heavy mesons are both set to be zero.
By calculating Eqs. (12)–(16), we obtain the result of

one-loop corrections to FBCI,

Yð2ÞFBCI
I¼1 ¼ 4ð−0.18Db þ 0.1Ea − 0.08EbÞ: ð25Þ

We can see the contribution of Da vanishes, while Db and
Eb emerge at Oðϵ2Þ. In addition, the result in Eq. (25) is
about one order of magnitude smaller than that of Eq. (11),
which manifests the convergence of chiral correction is
very good.
Because the FBCI and one-loop corrections to FBCI

describe the short distance interactions, and they are
independent of the transferred momentum jq⃗j. Thus, the
jq⃗j dependent part can only come from TPE. The result of
TPE in momentum space is displayed in Fig. 4(a). We can
see that the potential is negative when jq⃗j is varied from 0 to
300 MeV, which indicates the TPE part supplies the

attractive potential, and this potential would be deeper if
jq⃗j becomes larger.
Because the potential in coordinate space can give more

intuitive information, we make the Fourier transformation
on the potential in momentum space in the following way:

VðrÞ ¼
Z

d3q
ð2πÞ3 e

−iq·rVðqÞF ðqÞ: ð26Þ

We should note that, because the potential VðqÞ is
expanded as the power series of the transferred momentum
q in χEFT, we need to regularize VðqÞ to suppress the
contributions from high momentum to avoid the ultraviolet
divergence of the integral, which is the manifestation of
the fact that χEFT is valid only for q ≪ Λχ. Different
approaches in Refs. [82–96] were developed to regularize/
renormalize VðqÞ nonperturbatively. In this work, as in
Refs. [71,97–99], we adopt a simple Gauss regulator
F ðqÞ ¼ expð−q2n=Λ2nÞ, and we set n ¼ 2 as in
Ref. [99]. The value of the cutoff parameter Λ is commonly
below the mass of ρmeson in theN-N case [100], so we use
a moderate value Λ ¼ 0.7 GeV as adopted in Ref. [71] to
give predictions.
If we want to get the numerical results of the effective

potential in coordinate space, we have to know the concrete
values of the four LECs [see Eq. (1)]. The values of the
LECs have been determined in Ref. [71] by exploiting the
resonance saturation model [101–103], which read (all in
units of GeV−2),

Da ¼ −6.62� 0.15; Db ¼ 0� 1.96;

Ea ¼ −5.74� 0.45; Eb ¼ 0� 1.89: ð27Þ

With the preparations above, the effective potential of
1ð0þÞ B̄ B̄ system in coordinate space is given in Fig. 4(b).
From the figure, we can read that although the TPE
potential is attractive, the contribution from FBCI is

(a) (b)

FIG. 4. (a) Represents the TPE potential of 1ð0þÞ B̄ B̄ system in momentum space. The potentials in coordinate space are shown in (b),
where the dot-dashed line describes the TPE potential, the dotted line denotes the sum of FBCI potentials at Oðϵ0Þ and Oðϵ2Þ, and the
solid line stands for the total potential.

BO WANG, ZHAN-WEI LIU, and XIANG LIU PHYS. REV. D 99, 036007 (2019)

036007-6



dominantly repulsive, and thus the total potential is
undoubtedly repulsive. This result indicates that it is
impossible to find a bound state solution in 1ð0þÞ B̄ B̄
system, which is in coincidence with the calculations of
Lattice QCD [50].

B. B̄B̄� system

For the S-wave B̄B̄� system, there are two different
isospin states, i.e., 1ð1þÞ and 0ð1þÞ B̄B̄� states. At the
leading order, both FBCI and OPE diagrams contribute to
the scattering amplitudes, which are illustrated in Fig. 5, at
the next-to-leading order, the amplitude is composed of
one-loop corrections to FBCI and OPE diagrams, and TPE
diagrams, which are shown in Figs. 6–8, respectively.

According to the effective Lagrangians given in Eqs. (1)
and (2), we can easily get the amplitudes of the elastic
scattering process B̄ðp1ÞB̄�ðp2Þ → B̄ðp3ÞB̄�ðp4Þ from the
diagrams H2.1 and X2.1 in Fig. 5,

YX2.1
I¼1 ¼ 8ð−Da þDb − Ea þ EbÞðϵ2 · ϵ�4Þ; ð28Þ

YH2.1
I¼1 ¼ −

g2

f2
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

; ð29Þ

where the subscript I denotes the isospin of the channel, q
is the transferred momentum carried by pion, ϵ2 and ϵ�4
designate the polarization vectors of initial B̄� and final B̄�,
respectively. In this section, we only give the amplitudes of
I ¼ 1 channel, and the amplitudes of I ¼ 0 channel are
shown in Appendix B.
For the amplitudes of the one-loop corrections to FBCI

of B̄B̄� system in Fig. 6, similar to B̄ B̄ case, we also write
them out in the following,

Yg2.1
I¼1 ¼ Cg2.1

g2

f2
ðϵ2 · ϵ�4ÞfJ g

22grðmπ; E; EÞ; ð30Þ

Yg2.2
I¼1 ¼

g2

f2
ðϵ2 · ϵ�4ÞfCg2.2J g

22grðmπ; E − Δ; E − ΔÞ; ð31Þ

2.1( )H
2.1( )X

FIG. 5. The diagrams for B̄B̄� system at Oðϵ0Þ, where X2.1
depicts the contact interaction, and H2.1 is OPE diagram.
Notations same as in Fig. 2.

2.1( )g 2.2( )g 2.3( )g 2.4( )g
2.7( )g2.5( )g

2.6( )g

2.1( )h
2.2( )h

2.4( )h2.3( )h 2.1( )z 2.2( )z
2.3( )z

FIG. 6. One-loop corrections to the FBCI of B̄B̄� system at Oðϵ2Þ, which include the corrections to the B̄B̄�B̄B̄� contact vertex
(g2.1 ∼ h2.4), and wave function renormalizations of external legs (z2.1 ∼ z2.3). Notations same as in Fig. 2.

2.1( )p 2.1( )c 2.2( )c 2.3( )c 2.4( )c 2.5( )c

2.6( )c
2.7( )c 2.8( )c 2.9( )c 2.10(  )c 2.11(  )c

FIG. 7. One-loop corrections to the OPE diagram of B̄B̄� system at Oðϵ2Þ, which include the renormalizations of pion line (p2.1),
B̄B̄�π vertex (c2.1 ∼ c2.6, c2.10 ∼ c2.11), and external legs (c2.7 ∼ c2.9). Notations same as in Fig. 2.
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Yg2.3
I¼1 ¼ Cg2.3

g2

f2
ðϵ2 · ϵ�4ÞfJ g

22grðmπ; E þ Δ; E − ΔÞ; ð32Þ

Yg2.4
I¼1 ¼ Cg2.4

g2

f2
ðϵ2 · ϵ�4ÞfJ g

22grðmπ; E; E − ΔÞ; ð33Þ

Yg2.7
I¼1 ¼ Cg2.7

g2

f2
ðϵ2 · ϵ�4ÞfJ g

22grðmπ; E þ Δ; E þ ΔÞ; ð34Þ

Yh2.1
I¼1 ¼ Ch2.1

g2

f2
ðϵ2 · ϵ�4ÞfJ h

22grðmπ; E þ Δ; E − ΔÞ; ð35Þ

Yh2.2
I¼1 ¼ 0; ð36Þ

Yz2.1
I¼1 ¼ Cz2.1

g2

f2
ðϵ2 · ϵ�4Þ

� ∂
∂xJ

a
22

�
r
ðmπ; xÞjx→E ; ð37Þ

Yz2.2
I¼1 ¼ Cz2.2

g2

f2
ðϵ2 · ϵ�4Þ

� ∂
∂xJ

a
22

�
r
ðmπ; xÞjx→EþΔ; ð38Þ

Yz2.3
I¼1 ¼ Cz2.3

g2

f2
ðϵ2 · ϵ�4Þ

�
ðD − 1Þ ∂

∂xJ
a
22

�
r
ðmπ; xÞjx→E−Δ;

ð39Þ

where the values of Cx are

Cg2.1 ¼ 4ð3Da −Db − Ea − 5EbÞ;
Cg2.2 ¼ 2½Dð3Da −Db − Ea − 5EbÞ

− 2ðDa −Db − 3Ea − 5EbÞ�;
Cg2.3 ¼ −8ðDb þ EbÞ; Cg2.4 ¼ 8ðDb − 3EbÞ;
Cg2.7 ¼ 8ðDa þ EaÞ; Ch2.1 ¼ 2ðDa −Db þ Ea − EbÞ;

Cz2.1 ¼ 12ðDa −Db þ Ea − EbÞ; Cz2.2 ¼ Cz2.3 ¼ 1

2
Cz2.1 ;

ð40Þ

and the amplitudes of diagrams g2.5, g2.6, h2.3, and h2.4 can
be obtained by the following relations,

Yg2.5
I¼1 ¼ Yg2.3

I¼1; Yg2.6
I¼1 ¼ Yg2.4

I¼1;

Yh2.3
I¼1 ¼ Yh2.1

I¼1; Yh2.4
I¼1 ¼ Yh2.2

I¼1: ð41Þ

The amplitudes of one-loop corrections to OPE diagram
(Fig. 7) are illustrated as follows,

Yp2.1
I¼1 ¼ −

g2

f2
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

ΣðmπÞ; ð42Þ

Yc2.1
I¼1 ¼

g2

3f4
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

fJ c
0grðmπÞ; ð43Þ

Yc2.3
I¼1 ¼

−g4

4f4
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

fJ g
22grðmπ; E þ Δ; E − ΔÞ;

ð44Þ

Yc2.4
I¼1 ¼

g4

2f4
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

fJ g
22grðmπ; E; E − ΔÞ; ð45Þ

Yc2.7
I¼1 ¼

3g4

4f4
ðq · ϵ2Þðq · ϵ�4Þ

q2−m2
π

�
ðD−1Þ ∂∂xJ

a
22

�
r
ðmπ;xÞjx→E−Δ;

ð46Þ

Yc2.8
I¼1 ¼

3g4

4f4
ðq · ϵ2Þðq · ϵ�4Þ

q2−m2
π

� ∂
∂xJ

a
22

�
r
ðmπ;xÞjx→EþΔ; ð47Þ

Yc2.9
I¼1 ¼

3g4

2f4
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

� ∂
∂xJ

a
22

�
r
ðmπ; xÞjx→E ; ð48Þ

Yc2.10
I¼1 ¼ Yc2.11

I¼1 ¼ 0; ð49Þ

where ΣðmπÞ ¼ ½m2
π=ð24π2f2Þ� lnðm2

π=λ2Þ [58], the ampli-
tudes of diagrams c2.2, c2.5, and c2.6 can be obtained by the
relations

Yc2.2
I¼1 ¼ Yc2.1

I¼1; Yc2.5
I¼1 ¼ Yc2.3

I¼1; Yc2.6
I¼1 ¼ Yc2.4

I¼1: ð50Þ

Here we list the amplitudes of the diagrams F2.1 ∼ B2.3 in
Fig. 8. The amplitudes of the diagrams R2.1 ∼ R2.3 can be
related to the ones of B2.1 ∼ B2.3, respectively. For con-
ciseness, the terms that involve q0 have been omitted since
q0 is set to be zero in our calculations. One can find the
unabridged forms in Ref. [71].

YF2.1
I¼1 ¼

1

f4
ðϵ2 · ϵ�4ÞfJ F

22grðmπ; qÞ; ð51Þ

2.1( )F
2.1( )T 2.2( )T 2.3( )T 2.1( )B 2.2( )B 2.3( )B 2.1( )R 2.2( )R 2.3( )R

FIG. 8. Two-pion exchange diagrams of B̄B̄� system at Oðϵ2Þ. Notations same as in Fig. 2.
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YT2.1
I¼1 ¼

g2

f4
fðϵ2 · ϵ�4ÞJ T

34 þ ðq · ϵ2Þðq · ϵ�4ÞðJ T
24 þ J T

33Þgrðmπ; E þ Δ; qÞ; ð52Þ

YT2.2
I¼1 ¼

g2

f4
fðϵ2 · ϵ�4Þ½2J T

34 − q⃗2ðJ T
24 þ J T

33Þ� − ðq · ϵ2Þðq · ϵ�4ÞðJ T
24 þ J T

33Þgrðmπ; E; qÞ; ð53Þ

YT2.3
I¼1 ¼

g2

f4
fðϵ2 · ϵ�4Þ½ðD − 1ÞJ T

34 − q⃗2ðJ T
24 þ J T

33Þ�grðmπ; E − Δ; qÞ; ð54Þ

YB2.1
I¼1 ¼

g4

4f4
fðϵ2 · ϵ�4Þ½−q⃗2½ðDþ 5ÞðJ B

31 þ J B
42Þ − q⃗2ðJ B

22 þ 2J B
32 þ J B

43Þ þ J B
21� þ 2ðDþ 1ÞJ B

41�

− ðq · ϵ2Þðq · ϵ�4Þ½ðDþ 3ÞðJ B
31 þ J B

42Þ − q⃗2ðJ B
22 þ 2J B

32 þ J B
43Þ þ J B

21�grðmπ; E − Δ; E; qÞ; ð55Þ

YB2.2
I¼1 ¼

g4

4f4
fðϵ2 · ϵ�4Þ½ðDþ 1ÞJ B

41 − q⃗2ðJ B
31 þ J B

42Þ� þ ðq · ϵ2Þðq · ϵ�4Þ½ðDþ 3ÞðJ B
31 þ J B

42Þ þ J B
21

− q⃗2ðJ B
22 þ 2J B

32 þ J B
43Þ�grðmπ; E þ Δ; E − Δ; qÞ; ð56Þ

YB2.3
I¼1 ¼

g4

4f4
f½ðϵ2 · ϵ�4Þq⃗2 þ ðq · ϵ2Þðq · ϵ�4Þ�J B

21grðmπ; E − Δ; E; qÞ: ð57Þ

When q0 ¼ 0, the amplitude structures of diagrams
R2.1 ∼ R2.3 resemble the ones of B2.1 ∼ B2.3, correspond-
ingly. Hence we can get the amplitudes of diagrams R2.1 ∼
R2.3 by multiplying the proper coefficients to the ampli-
tudes of diagrams B2.1 ∼ B2.3, and substituting the loop
integral J B

x with J R
x accordingly. One can readily verify

the following correlations,

YR2.1
I¼1 ¼ 5YB2.1

I¼1jJ B
x→J R

x
; YR2.2

I¼1 ¼ 5YB2.2
I¼1jJ B

x→J R
x
;

YR2.3
I¼1 ¼ −5YB2.3

I¼1jJ B
x→J R

x
: ð58Þ

In order to get the numerical results, some procedures are
the same as we calculate the B̄ B̄ system; i.e., Eq. (24)
should be used, and the 2PR part in diagrams h2.1, h2.3, and
B2.2 must be subtracted with the aid of Weinberg’s
formalism. However, some additional steps still needed,
such as the pion decay constant f its bare value 0.086 GeV
[71] should be adopted. Since we only consider the S-wave
interaction, the terms ðϵ2 · ϵ�4Þ and ðq · ϵ2Þðq · ϵ�4Þ appeared
in above equations should be replaced by [28,71,73]

ðϵ2 · ϵ�4Þ ↣ −1; ðq · ϵ2Þðq · ϵ�4Þ ↣
1

3
q⃗2: ð59Þ

We first list the results of one-loop corrections to FBCI in
I ¼ 1 and I ¼ 0 channel, respectively.

Yð2ÞFBCI
I¼1 ¼ 4ð0.086Db−0.086Ea−0.21EbÞðϵ2 · ϵ�4Þ;

Yð2ÞFBCI
I¼0 ¼ 4ð−0.21Dbþ0.63Eaþ0.79EbÞðϵ2 · ϵ�4Þ: ð60Þ

By comparing with Eqs. (28) and (B1), the results again
show the convergence of chiral correction is very good.

The effective potentials of 1ð1þÞ and 0ð1þÞ B̄B̄� systems
in momentum space and coordinate space are shown in
Figs. 9 and 10, respectively.
From Figs. 9(a) and 10(a), we can see that the Oðϵ0Þ

OPE potential is attractive for both I ¼ 1 and I ¼ 0

channels, and the Oðϵ0Þ OPE potential in I ¼ 0 channel
is more attractive than that of I ¼ 1 channel. The Oðϵ2Þ
potential generated by one-loop corrections to OPE dia-
gram is very small compared with theOðϵ0ÞOPE potential,
which demonstrates that the convergence of chiral correc-
tions to OPE diagram is also good. The behavior of TPE
potential is totally different between these two channels. In
I ¼ 1 channel, TPE potential is attractive and it intends to
be more attractive when jq⃗j becomes larger. In I ¼ 0

channel, TPE potential is repulsive, and would be more
repulsive when jq⃗j becomes larger.
Because the OPE and TPE potentials are all attractive in

I ¼ 1 channel, the total potential of I ¼ 1 channel is
attractive without the doubt. Although OPE provides an
attractive potential in I ¼ 0 channel, the TPE potential is
repulsive and the absolute value of TPE potential is larger
than OPE potential, which gives rise to a repulsive total
potential in I ¼ 0 channel.
Although the sum of OPE and TPE potentials of I ¼ 1

channel in momentum space is attractive, we still cannot
conclude that there may exist a bound state in I ¼ 1
channel, because the contribution from the contact
term is independent on jq⃗j, and not included in Figs. 9(a)
and 10(a). The results in Figs. 9(b) and 10(b) are very
interesting, because the inclusion of the contributions from
FBCI totally reversed the sign of the results in momentum
space. Although both the OPE and TPE potentials are
attractive in I ¼ 1 channel, the FBCI potential is largely
repulsive, and thus the total potential of I ¼ 1 channel in
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coordinate space is repulsive. For the I ¼ 0 channel, we
notice that much of potential generated from FBCI is
canceled by the one of TPE approximately, and thus the
residual part of FBCI potential plus the contribution from
OPE play very important role, since both of them are
attractive and thus the total potential is also attractive.
Moreover, we find a bound state in the 0ð1þÞ B̄B̄� system
by solving the Schrödinger equation numerically. We
obtain the binding energy is ΔEB̄B̄� ≃ −12.6þ9.2

−12.9 MeV,
and the corresponding root-mean-square radius is
1.0þ0.5

−0.2 fm. Analogously, the OBEmodel [73], quark model
potential [39], and Lattice QCD [52] all demonstrated that
0ð1þÞ B̄B̄� system can form the molecular state. Our results
are qualitatively consistent.
There are some other remarks on Fig. 10(b). One can

notice that there exists a subtle cancellation between TPE
and FBCI potentials in Fig. 10(b), and this phenomenon
makes OPE alone be enough to bind B̄ and B̄�. Although
TPE is model independent, the LECs involved in the FBCI

potential are determined with resonance saturation model,
thus the cancellation in Fig. 10(b) is model dependent more
or less. However, this result should be reasonable. B̄B̄�

interactions could be related to those of BB̄� if we ignore
the annihilation effect in BB̄� channel at very short distance
[104]. The authors in Refs. [61,62,105] investigated DD̄�

and BB̄� systems with χEFT extensively. They noticed that
Oðϵ0Þ contact-range interactions are crucial, and the
inclusion of OPE only gives rise to minor modifications
of the numerical results. As we have seen in Fig. 10(b), this
is indeed the case; i.e., the attractive potential provided by
the FBCI is stronger than that of OPE. The consistency tells
us that the values of the LECs we adopted in this work are
reasonable, and the predictions given with the moderate
cutoff value Λ ¼ 0.7 GeV are reliable. In the following, we
talk about the Λ dependence of the total potentials.
We also need to stress that in Eq. (26), we introduce a

Gauss regulator F ðqÞ to regularize the potential VðqÞ, and
the function F ðqÞ contains a cutoff parameter Λ. In theory,

(a) (b)

FIG. 9. (a) Represents the OPE and TPE potentials of 1ð1þÞ B̄B̄� system in momentum space, where the dashed line denotes the OPE
potential at Oðϵ0Þ, the dotted line is the OPE potential at Oðϵ2Þ, the dot-dashed line describes the TPE potential, and the sum of these
three parts are depicted by the solid line. (b) shows the potentials in coordinate space, where the dashed line stands for the sum of OPE
potentials at Oðϵ0Þ and Oðϵ2Þ, and other basic notations are the same as in Fig. 4.

(a) (b)

FIG. 10. The OPE and TPE potentials of 0ð1þÞ B̄B̄� system in momentum space (a) and the effective potentials in coordinate space (b).
Notations same as in Fig. 9.
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the binding energy should be independent of the regulari-
zation schemes adopted in Eq. (26), the scale dependence
in Eq. (26) can be compensated by that of LECs. However,
in practical calculations, it is difficult to remove the
influences of Λ on observable. Therefore, we investigate
the dependence of the total potentials for the 0ð1þÞ B̄B̄�

system on cutoff parameter Λ, and the results are illustrated
in Fig. 11. We can read that the binding in the short range
would be deeper when the value of Λ is increased, but
the results are not very sensitive to Λ. By solving the
Schrödinger function, we find when Λ ¼ 600, 700, and
770 MeV (mρ), the corresponding binding energies are
ΔEB̄B̄� ≃ −8.1, −12.6, and −15.6 MeV, respectively. The
result indicates that our predictions obtained at Λ ¼
700 MeV are stable; i.e., there exists a bound state in
0ð1þÞ B̄B̄� system when the cutoff is near by mρ.
Bound 0ð1þÞ B̄B̄� means this state is stable against

strong interactions, it cannot decay into its components due
to the constraints of phase space. However, we notice that
the mass of this state lies above the threshold of electro-
magnetic decay mode B̄ B̄ γ; thus, it can be constructed via
electromagnetic interactions at experiments.

C. B̄�B̄� system

Like the B̄ B̄ system, the quantum numbers of B̄�B̄�
system must be constrained by the selection rules given in
Table I. With S wave, the physically allowed B̄�B̄� states
are 1ð0þÞ, 1ð2þÞ and 0ð1þÞ, respectively. The diagrams at
the Oðϵ0Þ are displayed in Fig. 12, and the diagrams at
Oðϵ2Þ are illustrated in Figs. 13–15.
For the scattering process B̄�ðp1ÞB̄�ðp2Þ →

B̄�ðp3ÞB̄�ðp4Þ, we first list the amplitudes of the diagrams
in Fig. 12 (we only give the amplitudes of I ¼ 1 channel in
this section, and the amplitudes of I ¼ 0 channel can be
found in Appendix C),

FIG. 11. The dependence of the total potentials for the 0ð1þÞ
B̄B̄� system on cutoff parameter Λ, where three different results
with Λ ¼ 0.6, 0.7, and 0.77 GeV are illustrated.

3.1( )H3.1( )X

FIG. 12. The diagrams for B̄�B̄� system at Oðϵ0Þ. Notations
same as in Fig. 2.

3.1( )g 3.2( )g 3.3( )g 3.4( )g
3.1( )h

3.6( )h3.3( )h

3.2( )h

3.4( )h 3.5( )h 3.1( )z 3.2( )z

FIG. 13. One-loop corrections to the FBCI of B̄�B̄� system at Oðϵ2Þ. Notations same as in Fig. 2.

3.1( )p 3.1( )c 3.2( )c 3.3( )c 3.4( )c 3.5( )c 3.6( )c 3.7( )c 3.8( )c

FIG. 14. One-loop corrections to the OPE diagram of B̄�B̄� system at Oðϵ2Þ. Notations same as in Fig. 2.
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YX3.1
I¼1 ¼ 8½ðDa −Db þ Ea − EbÞðε1 þ ε2Þ

þ 2ðDb þ EbÞε3�; ð61Þ

YH3.1
I¼1 ¼ −

g2

f2
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

; ð62Þ

where we define

ε1 ¼ ðϵ1 · ϵ�3Þðϵ2 · ϵ�4Þ; ε2 ¼ ðϵ1 · ϵ�4Þðϵ2 · ϵ�3Þ;
ε3 ¼ ðϵ1 · ϵ2Þðϵ�3 · ϵ�4Þ; εa2 ¼ ðq · ϵ�3Þðq · ϵ2Þðϵ1 · ϵ�4Þ;
εb2 ¼ ðq · ϵ1Þðq · ϵ�4Þðϵ2 · ϵ�3Þ; εa3 ¼ ðq · ϵ�3Þðq · ϵ�4Þðϵ1 · ϵ2Þ;
εb3 ¼ ðq · ϵ1Þðq · ϵ2Þðϵ�3 · ϵ�4Þ; ð63Þ

and

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ ¼ q⃗2ðε2 − ε3Þ þ ðεa2 − εa3Þ þ ðεb2 − εb3Þ:
ð64Þ

The amplitudes of the diagrams in Fig. 13 are given as

Yg3.1
I¼1 ¼

g2

f2
½Cg3.11 ðε1þ ε2ÞþCg3.12 ε3�fJ g

22grðmπ;E;EÞ; ð65Þ

Yg3.2
I¼1 ¼

g2

f2
½Cg3.2ðε1þ ε2Þ�fJ g

22grðmπ;EþΔ;EþΔÞ; ð66Þ

Yg3.3
I¼1 ¼

g2

f2
½Cg3.3ðε1þ ε2−2ε3Þ�fJ g

22grðmπ;E;EþΔÞ; ð67Þ

Yh3.1
I¼1 ¼

g2

f2
½Ch3.11 ðε1þ ε2ÞþCh3.12 ε3�fJ h

22grðmπ;E;EÞ; ð68Þ

Yh3.2
I¼1 ¼

g2

f2
ðCh3.2ε3ÞfJ h

22grðmπ; E þ Δ; E þ ΔÞ; ð69Þ

Yh3.3
I¼1 ¼ 0; ð70Þ

Yz3.1
I¼1 ¼

g2

f2
½Cz3.11 ðε1 þ ε2Þ þ Cz3.12 ε3�

� ∂
∂xJ

a
22

�
r
ðmπ; xÞjx→E ;

ð71Þ

Yz3.2
I¼1¼

g2

f2
½Cz3.11 ðε1þε2ÞþCz3.12 ε3�

� ∂
∂xJ

a
22

�
r
ðmπ;xÞjx→EþΔ;

ð72Þ

where the forms of the coefficients Cx are

Cg3.11 ¼−4ð7Da−5Dbþ3Ea−9EbÞ;
Cg3.12 ¼ 8ðDa−3Dbþ5EaþEbÞ;
Cg3.2 ¼−4ð3Da−Db−Ea−5EbÞ; Cg3.3 ¼−8ðDb−3EbÞ;
Ch3.11 ¼−2ðDa−DbþEa−EbÞ;
Ch3.12 ¼ 4ðDaþDbþEaþEbÞ;
Ch3.2 ¼ 4ðDbþEbÞ; Cz3.11 ¼−24ðDa−DbþEa−EbÞ;

Cz3.12 ¼−48ðDbþEbÞ; Cz3.21 ¼ 1

2
Cz3.11 ; Cz3.22 ¼ 1

2
Cz3.12 :

ð73Þ

The amplitudes of diagrams g3.4, h3.4, h3.5, and h3.6 can be
obtained by the relations

Yg3.4
I¼1 ¼ Yg3.3

I¼1; Yh3.4
I¼1 ¼ Yh3.1

I¼1;

Yh3.5
I¼1 ¼ Yh3.2

I¼1; Yh3.6
I¼1 ¼ Yh3.3

I¼1: ð74Þ

The amplitudes of the diagrams in Fig. 14 are shown as
follows,

Yp3.1
I¼1 ¼ −

g2

f2
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

ΣðmπÞ; ð75Þ

Yc3.1
I¼1 ¼

2g2

3f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

fJ c
0grðmπÞ; ð76Þ

Yc3.2
I¼1 ¼

g4

2f4
Gðq;ϵ1;ϵ2;ϵ�3;ϵ�4Þ

q2−m2
π

fJ g
22grðmπ;EþΔ;EÞ; ð77Þ

Yc3.3
I¼1 ¼

g4

2f4
Gðq;ϵ1;ϵ2;ϵ�3;ϵ�4Þ

q2−m2
π

fJ g
22grðmπ;EþΔ;EÞ; ð78Þ

Yc3.4
I¼1 ¼ −

g4

2f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

fJ g
22grðmπ; E; EÞ; ð79Þ

3.1( )F 3.1( )T 3.2( )T 3.1( )B 3.3( )B3.2( )B 3.1( )R 3.2( )R 3.3( )R

FIG. 15. Two-pion exchange diagrams of B̄�B̄� system at Oðϵ2Þ. Notations same as in Fig. 2.
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Yc3.5
I¼1 ¼

3g4

8f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

� ∂
∂xJ

a
22

�
r
ðmπ; xÞjx→EþΔ;

ð80Þ

Yc3.6
I¼1 ¼

3g4

4f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

� ∂
∂xJ

a
22

�
r
ðmπ; xÞjx→E ;

ð81Þ

Yc3.7
I¼1 ¼ Yc3.8

I¼1 ¼ 0: ð82Þ

The amplitudes of the TPE diagrams in Fig. 15 read,

YF3.1
I¼1 ¼ −

1

f4
ε1fJ F

22grðmπ; qÞ; ð83Þ

YT3.1
I¼1 ¼

g2

f4
f½εa1 þ 2ε1q⃗2 þ εb1�ðJ T

24 þ J T
33Þ − 4ε1J T

34grðmπ; E; qÞ; ð84Þ

YT3.2
I¼1 ¼ −

g2

f4
f½εa1 þ εb1�ðJ T

24 þ J T
33Þ þ 2ε1J T

34grðmπ; E þ Δ; qÞ; ð85Þ

YB3.1
I¼1 ¼ −

g4

4f4
f½ε1q⃗4 þ εa1q⃗

2 þ εb1q⃗
2 þ εc1�ðJ B

22 þ 2J B
32 þ J B

43Þ − ½8ε1q⃗2 þ 6εa1 þ 6εb1 − εa2 − εb2 − εa3�ðJ B
31 þ J B

42Þ

− ½ε1q⃗2 þ εa1 þ εb1 − εa3�J B
21 þ ½6ε1 þ ε2 þ ε3�J B

41 þ εa3J
B
31 þ εb3J

B
42grðmπ; E; E; qÞ; ð86Þ

YB3.2
I¼1 ¼ −

g4

4f4
fεc3ðJ B

22 þ 2J B
32 þ J B

43Þ þ ½εa1 þ εb1 þ εa2 þ εb2 þ εb3�ðJ B
31 þ J B

42Þ þ ½ε1 þ ε2 þ ε3�J B
41

þ εb3ðJ B
21 þ J B

31Þ þ εa3J
B
42grðmπ; E þ Δ; E þ Δ; qÞ; ð87Þ

YB3.3
I¼1 ¼ −

g4

4f4
f½εa1q⃗2 þ εb1q⃗

2 þ 2εc3�ðJ B
22 þ 2J B

32 þ J B
43Þ þ ½−5εa1 − 5εb1 þ 2ε1q⃗2 þ 2εa2 þ 2εb2 þ 2εa3 þ 2εb3�ðJ B

31 þ J B
42Þ

þ ½−εa1 − εb1 þ εa2 þ εb2�J B
21 þ ½−8ε1 þ 2ε2 þ 2ε3�J B

41grðmπ; E; E þ Δ; qÞ: ð88Þ

For succinctness, we also define

εa1 ¼ ðq · ϵ1Þðq · ϵ�3Þðϵ2 · ϵ�4Þ; εb1 ¼ ðq · ϵ2Þðq · ϵ�4Þðϵ1 · ϵ�3Þ;
εc1 ¼ ðq · ϵ1Þðq · ϵ�3Þðq · ϵ2Þðq · ϵ�4Þ;
εc3 ¼ ðq · ϵ1Þðq · ϵ2Þðq · ϵ�3Þðq · ϵ�4Þ: ð89Þ

Analogous to the B̄B̄� case [see Eq. (58)], the unlisted
amplitudes of the diagrams R3.1 ∼ R3.3 can be achieved by
the following relations,

YR3.1
I¼1 ¼ 5YB3.1

I¼1

���
J B

x→J R
x

; YR3.2
I¼1 ¼ 5YB3.2

I¼1

���
J B

x→J R
x

;

YR3.3
I¼1 ¼ 5YB3.3

I¼1

���
J B

x→J R
x

: ð90Þ

To obtain the numerical results, some terms like ðϵi ·ϵjÞ×
ðϵk ·ϵlÞ, ðϵi · ϵjÞðq · ϵkÞðq · ϵlÞ and ðq·ϵiÞðq·ϵjÞðq·ϵkÞðq·ϵlÞ
(where ϵi; � � � ; ϵl denotes either the polarization vector of
initial state or final state) appeared in Eqs. (61)–(88) must
be reexpressed as a constant or a function of q⃗. Resembling
the OBE model [13], under S-wave interactions, the values
of the term ðϵi · ϵjÞðϵk · ϵlÞ have been given in Table II. For
the terms containing q, one can make the following
substitutions,

ðϵi · ϵjÞðq · ϵkÞðq · ϵlÞ ↣ −
1

3
q⃗2ðϵi · ϵjÞðϵk · ϵlÞ;

ðq · ϵiÞðq · ϵjÞðq · ϵkÞðq · ϵlÞ ↣
1

9
q⃗4ðϵi · ϵjÞðϵk · ϵlÞ: ð91Þ

The 2PR contributions in diagrams h3.1, h3.4 and B3.1 must
be removed, and other parameters are the same as we
calculating the B̄B̄� system.
The resulting potentials of I ¼ 1 and I ¼ 0 B̄�B̄� system

are depicted in Figs. 16–18, respectively.
For the 1ð0þÞ B̄�B̄� system, from Fig. 16 we can see that

the OPE potential is repulsive and the TPE potential is
slightly attractive, but the contribution from FBCI is

TABLE II. The values of the products of polarization vectors
under S-wave interactions [13]. For example, in our calculations,
the term ðϵ1 · ϵ2Þðϵ�3 · ϵ�4Þ should be replaced by 3, 0, and 0 if the
total spin Stot equals to 0, 1, and 2, respectively.

Terms Stot ¼ 0 Stot ¼ 1 Stot ¼ 2

ðϵ1 · ϵ2Þðϵ�3 · ϵ�4Þ 3 0 0
ðϵ1 · ϵ�3Þðϵ2 · ϵ�4Þ 1 1 1
ðϵ1 · ϵ�4Þðϵ2 · ϵ�3Þ 1 −1 1
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repulsive and largely dominant, which generates a fully
repulsive potential for the 1ð0þÞ B̄�B̄� system. Thus, no
bound state can be found in the 1ð0þÞ B̄�B̄� channel in our
calculations.

We show the effective potential of 1ð2þÞ B̄�B̄� system in
Fig. 17. The behavior of TPE potential is similar to the
1ð0þÞ case. The line-shape of OPE potential is totally
reversed, that is, the OPE potential is shallowly attractive

(a) (b)

FIG. 17. The OPE and TPE potentials of 1ð2þÞ B̄�B̄� system in momentum space (a) and the effective potentials in coordinate space
(b). Notations same as in Fig. 9.

(a) (b)

FIG. 16. The OPE and TPE potentials of 1ð0þÞ B̄�B̄� system in momentum space (a) and the effective potentials in coordinate space
(b). Notations same as in Fig. 9.

(a) (b)

FIG. 18. The OPE and TPE potentials of 0ð1þÞ B̄�B̄� system in momentum space (a) and the effective potentials in coordinate space
(b). Notations same as in Fig. 9.
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for 1ð2þÞ B̄�B̄� system. Like the 1ð0þÞ case, the potential
resulted from FBCI is also repulsive and dominant. Thus,
the total potential of 1ð2þÞ B̄�B̄� system is also repulsive.
So we can conclude that no bound state of B̄�B̄� can exist in
I ¼ 1 channel.
At last, we analyze the potential of 0ð1þÞ B̄�B̄� system

shown in Fig. 18. In rigorous heavy quark limit, B̄ and B̄�
mesons would be totally degenerate, so the potential
of B̄B̄� and B̄�B̄� systems should be similar if they carry
the same quantum number. By comparing Figs. 18 and 10,
we can see that the potentials of 0ð1þÞ B̄B̄� and 0ð1þÞ B̄�B̄�
indeed have the same behaviors. The OPE and TPE
potentials are attractive and repulsive for the 0ð1þÞ B̄�B̄�
system, respectively, and the FBCI supplies a dominantly
attractive potential, so the total potential is also attractive.
By solving the schrödinger equation, we find a bound
state in 0ð1þÞ B̄�B̄� channel with the binding energy
ΔEB̄�B̄� ≃ −23.8þ16.3

−21.5 MeV, and the corresponding root-
mean-square radius is 0.81þ0.33

−0.13 fm.

We get the mass of 0ð1þÞ B̄�B̄� system also being above
the threshold of B̄ B̄ γγ. Therefore, it is detectable through
electromagnetic interactions. In addition, we could resort to
its weak decay modes as well, such as J=ψBþK0, with J=ψ
and Bþ being fully reconstructible from J=ψ → lþl−

and Bþ → D̄0πþ.

D. The results in strict heavy quark limit

It is also very interesting to study the behaviors of
effective potentials in strict heavy quark limit. As is
discussed below Eq. (23), if Δ ¼ 0, the diagrams h2.1 ∼
h2.4 and B2.1 ∼ B2.3 in Figs. 6 and 8 would contribute to the
2PR parts of the B̄B̄� scattering amplitudes. Similarly, for
B̄�B̄� interactions, the diagrams h3.1 ∼ h3.6 and B3.1 ∼ B3.3
in Figs. 13 and 15 also contain both 2PR and 2PI
contributions. In order to get the potentials, the contribu-
tions from the 2PR parts must be eliminated by using
Weinberg’s formalism (see Appendix A 3 for more details).

Under heavy quark limit, we find the main features of the
potentials in different channels remain unchanged, so for
simplicity, we only give the results of two representative
states, i.e., 0ð1þÞ B̄B̄� and B̄�B̄�. The corresponding results
are plotted in Fig. 19. Comparing the potentials with and
without Δ ¼ 0 for 0ð1þÞ B̄B̄� and B̄�B̄� systems, we can
find the corresponding potentials are only marginally
shifted, this phenomenon indicates the heavy quark sym-
metry holds well for B mesons. Additionally, the effect
caused by Δ only happens at Oðϵ2Þ, and our calculations
shown before have given the convergence of chiral cor-
rections is very good. Furthermore, the mass difference of
B̄ and B̄� lies far below the mass of pion mπ,; thus, the
influence of Δ is largely suppressed. However, for D and
D� systems, the mass shift Δ > mπ , one can expect more
explicit effects of Δ in DD� and D�D� systems.
B̄ and B̄� would degenerate in heavy quark limit, so we

anticipate the appearances of the potentials in B̄B̄� and
B̄�B̄� systems should be identical if they have the same
quantum number. This is vividly reflected from Fig. 19(a)
and 19(b). We can see that the model independent parts,
namely, OPE and TPE potentials are exactly the same for
the two systems. For the model-dependent parts, i.e.,
contact interactions, at Oðϵ0Þ the contributions for B̄B̄�

and B̄�B̄� are equal, and the only difference comes from the
loop corrections. Because at Oðϵ2Þ, different contact
structures with various combinations of LECs are involved
into the loop diagrams.
At last, we list the binding energies and root-mean-

square radii of 0ð1þÞ B̄B̄� and B̄�B̄� systems in the heavy
quark limit, respectively.

ΔEB̄B̄� ≃ −18.0þ10.3
−12.9 MeV; rB̄B̄� ≃ 0.87þ0.24

−0.12 fm;

ΔEB̄�B̄� ≃ −32.3þ15.1
−17.4 MeV; rB̄�B̄� ≃ 0.73þ0.14

−0.08 fm:

The result is in agreement with the patterns shown by cc̄
and bb̄ spectra; i.e., the binding would be deeper when the
mass of the components is increased.

(a) (b)

FIG. 19. The effective potentials of 0ð1þÞ B̄B̄� (a) and B̄�B̄� (b) systems in strict heavy quark limit. Notations same as in Fig. 9.
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IV. ESTIMATION OF THE Oðϵ2Þ LECs
CONTRIBUTIONS

In Sec. III, we discard the contributions of Oðϵ2Þ LECs
since no enough data are available now to fit all of them. In
this section, we pick these LECs up to see the influences on
our numerical results. For this purpose, two different
strategies are put to use. Although the estimations are
rough and we are not trying to provide the very accurate
LECs, they still can tell us some useful information about
the reliability of the obtained results and how much the
errors from the uncertainty of LECs at Oðϵ2Þ are.

A. Strategy A

We first adopt the nonanalytic dominance approximation
to give an estimation of LECs contributions [106,107], This
approximation is based on the fact that the scattering matrix
can be decomposed into analytic and nonanalytic part in
chiral perturbation theory. The nonanalytic contributions
can only be obtained from loop diagrams. However, the
analytic terms can originate from both tree and loop graphs,
and they are the polynomials of the expanding parameter ϵ.
The analytic terms from loop diagrams can be absorbed by
the LECs at the same order. Therefore, we can use the
nonanalytic contributions to discuss the convergence of
potentials since the Oðϵ2Þ LECs cannot be fixed now.
In the nonanalytic dominance approximation, we assume

there is a large cancellation between the analytic terms of
loop diagrams and the finite parts of Oðϵ2Þ LECs in
Eqs. (6)–(8). With this approximation, we redo the calcu-
lation and give the binding energies of 0ð1þÞ B̄B̄� and B̄�B̄�
with Λ ¼ 0.7 GeV in the third column of Table III. The
result given with the nonanalytic dominance approximation
shows chiral expansion works well. However, one also
needs to note that, in this strategy, we perhaps under-
estimate the effects of Oðϵ2Þ LECs.

B. Strategy B

TheOðϵ2Þ scattering amplitudes of 0ð1þÞ B̄B̄� and B̄�B̄�
generated from the Lagrangians in Eq. (6) can be written as

YB̄B̄�
I¼0 ¼ 32m2

π½−Dh
a −Dh

b þ 3ðEh
a þ Eh

bÞ�ðϵ2 · ϵ�4Þ; ð92Þ

YB̄�B̄�
I¼0 ¼ 32m2

π½Dh
a þDh

b − 3ðEh
a þ Eh

bÞ�ðε1 − ε2Þ: ð93Þ

By dimensional analysis, we can naively get

Dh
a∼

Da

Λ2
χ
; Dh

b∼
Db

Λ2
χ
; Eh

a∼
Ea

Λ2
χ
; Eh

b∼
Eb

Λ2
χ
; ð94Þ

where Λχ ≃ 1 GeV.
Expanding the Lagrangians in Eqs. (7) and (8), we notice

the contributions from these two equations will be propor-
tional to E2 and k2 (where E is the residual energy, and k is
the residual momentum), respectively. In our calculations,
the incoming and outgoing heavy mesons are on-shell, so
we can assume the contributions of Oðϵ2Þ tree diagrams
mainly come from the ones governed by Eq. (6).
With the relations in Eq. (94) and the values given in

Eq. (27), we can roughly estimate the numerical values of
Dh

a, � � �, Eh
b to examine the influence of the LECs at Oðϵ2Þ.

The corresponding results are listed in the last column of
Table III.
InTable III, the difference between the results of “Strategy

A” (or “Strategy B”) and “NoOðϵ2Þ LECs” can be regraded
as an evaluation of the errors resulted from the uncertainty of
LECs at Oðϵ2Þ. Although the two strategies used above are
crude, the results in Table III show that the contributions of
Oðϵ2Þ LECs should be small. Neglecting the Oðϵ2Þ tree
diagrams is safe within the allowable range of errors at the
early stage of the study. These LECs at Oðϵ2Þ would be
determined in a complete analysis in future when more
experimental data are available.

V. SUMMARY

In summary, we have systematically investigated the
intermeson interactions of double-beauty B̄ B̄, B̄B̄�, and
B̄�B̄� systems with HMχEFT. In addition to the Oðϵ0Þ
FBCI and OPE diagrams, we also include the Oðϵ2Þ TPE
diagrams and one-loop corrections to FBCI and OPE
diagrams. The effective potentials are calculated with
Weinberg’s formalism [77,78]; i.e., we do not calculate
the scattering matrix directly since the 2PR contributions
will spoil the correct power counting, and instead, we only
take into account the 2PI parts of Feynman diagrams to
derive the effective potentials. Moreover, with the aid of
simple Gauss cutoff, we make the Fourier transformation to
obtain the effective potentials with more visualized form in
coordinate space, and then by iterating the potentials into
Schrödinger equation, we not only can look for the bound
state solutions but also can recover the 2PR contributions
that we subtract before.
We only consider the S-wave B̄ð�ÞB̄ð�Þ systems in this

work, and thus based on the selection rules in Table I, the
physically allowed states are: 1ð0þÞ B̄ B̄; 1ð1þÞ and 0ð1þÞ
B̄B̄�; 1ð0þÞ, 1ð2þÞ, and 0ð1þÞ B̄�B̄�. The potentials of
these six channels with different IðJPÞ quantum numbers

TABLE III. The binding energies of 0ð1þÞ B̄B̄� and B̄�B̄� states
obtained with different strategies in units of MeV. “No Oðϵ2Þ
LECs” represents the results obtained without considering the
contributions from the finite part of Oðϵ2Þ contact terms in
Eqs. (6)–(8).

Binding energy No Oðϵ2Þ LECs Strategy A Strategy B

ΔEB̄B̄� −12.6þ9.2
−12.9 −10.4þ7.2

−9.7 −15.9þ9.7
−12.7

ΔEB̄�B̄� −23.8þ16.3
−21.5 −20.1þ14.5

−20.0 −28.2þ18.6
−23.6
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are studied and discussed in detail. We find the conver-
gences of chiral corrections are all very good in these six
channels, and the FBCI, which depicts the short-range
interaction, plays the crucial role in determining the
behaviors of the total potentials.
For 1ð0þÞ B̄ B̄ and B̄�B̄� systems, the total potentials are

both repulsive, and thus we conclude that no bound states
can exist in these two channels. The same situation also
holds for the 1ð1þÞ B̄B̄� and 1ð2þÞ B̄�B̄� systems.
While for the 0ð1þÞ B̄B̄� and B̄�B̄� systems, our results are

very interesting because the total potentials of these two
channels are both attractive. By solving the Schrödinger
equation,we find twobound states in these two channelswith
the corresponding binding energy ΔEB̄B̄�≃−12.6þ9.2

−12.9MeV
and ΔEB̄�B̄� ≃ −23.8þ16.3

−21.5 MeV, respectively. We predict
their masses to be

mB̄B̄� ≃10591.4þ9.2
−12.9 MeV; mB̄�B̄� ≃10625.5þ16.3

−21.5 MeV:

Our result can qualitatively confirm the conclusions drawn
by the OBE model [73], quark model potential [39], and
Lattice QCD [52].
It will be an intriguing topic to search for the exotic

double-beauty molecular states in 0ð1þÞ channels exper-
imentally. These two molecular candidates cannot directly
decompose into their components due to the constraints of
phase space. However, the B̄� meson can decay into B̄γ via
electromagnetic interaction. We find the masses of 0ð1þÞ
B̄B̄� and B̄�B̄� states both lie above the thresholds for

decaying into B̄ B̄ γ and B̄ B̄ γγ, and thus they are recon-
structible in their electromagnetic decay modes.
Our results and the above typical decay modes provide

important information to future search in experiments.
Additionally, the analytical chiral structures of the effective
potentials between B mesons are very useful for the
extrapolations of the B meson pair interactions in Lattice
QCD calculations.
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APPENDIX A: LOOP INTEGRAL

1. Definitions of J functions

The various J functions that appeared in the amplitudes
of the previous sections are defined in the following, and
they can be obtained by calculating the loop integrals in D
dimensions.

i
Z

dDlλ4−D

ð2πÞD
f1; lα; lαlβg
l2 −m2 þ iε

≡ fJ c
0; 0; g

αβJ c
21gðmÞ; ðA1Þ

i
Z

dDlλ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγg

ðv · lþ ωþ iεÞðl2 −m2 þ iεÞ≡ fJ a
0; v

αJ a
11; v

αvβJ a
21 þ gαβJ a

22; ðg∨vÞJ a
31 þ vαvβvγJ a

32gðm;ωÞ; ðA2Þ

i
Z

dDlλ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγg

ðv · lþ ωþ iεÞ½ðþ=−Þv · lþ δþ iε�ðl2 −m2 þ iεÞ
≡ fJ g=h

0 ; vαJ g=h
11 ; vαvβJ g=h

21 þ gαβJ g=h
22 ; ðg∨vÞJ g=h

31 þ vαvβvγJ g=h
32 gðm;ω; δÞ; ðA3Þ

i
Z

dDlλ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγg

ðl2 −m2 þ iεÞ½ðlþ qÞ2 −m2 þ iε�≡ fJ F
0 ; q

αJ F
11; q

αqβJ F
21 þ gαβJ F

22; ðg∨qÞJ F
31 þ qαqβqγJ F

32gðm; qÞ;

ðA4Þ

i
Z

dDlλ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγ; lαlβlγlδg

ðv · lþ ωþ iεÞðl2 −m2 þ iεÞ½ðlþ qÞ2 −m2 þ iε�
≡ fJ T

0 ; q
αJ T

11 þ vαJ T
12; g

αβJ T
21 þ qαqβJ T

22 þ vαvβJ T
23 þ ðq∨vÞJ T

24; ðg∨qÞJ T
31 þ qαqβqγJ T

32 þ ðq2∨vÞJ T
33

þ ðg∨vÞJ T
34 þ ðq∨v2ÞJ T

35 þ vαvβvγJ T
36; ðg∨gÞJ T

41 þ ðg∨q2ÞJ T
42 þ qαqβqγqδJ T

43 þ ðg∨v2ÞJ T
44 þ vαvβvγvδJ T

45

þ ðq3∨vÞJ T
46 þ ðq2∨v2ÞJ T

47 þ ðq∨v3ÞJ T
48 þ ðg∨q∨vÞJ T

49gðm;ω; qÞ; ðA5Þ
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i
Z

dDlλ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγ; lαlβlγlδg

ðv · lþωþ iεÞ½ðþ=−Þv · lþδþ iε�ðl2−m2þ iεÞ½ðlþqÞ2−m2þ iε�
≡fJ R=B

0 ;qαJ R=B
11 þvαJ R=B

12 ;gαβJ R=B
21 þqαqβJ R=B

22 þvαvβJ R=B
23 þðq∨vÞJ R=B

24 ;ðg∨qÞJ R=B
31 þqαqβqγJ R=B

32

þðq2∨vÞJ R=B
33 þðg∨vÞJ R=B

34 þðq∨v2ÞJ R=B
35 þvαvβvγJ R=B

36 ;ðg∨gÞJ R=B
41 þðg∨q2ÞJ R=B

42 þqαqβqγqδJ R=B
43

þðg∨v2ÞJ R=B
44 þvαvβvγvδJ R=B

45 þðq3∨vÞJ R=B
46 þðq2∨v2ÞJ R=B

47 þðq∨v3ÞJ R=B
48 þðg∨q∨vÞJ R=B

49 gðm;ω;δ;qÞ; ðA6Þ

where the representation X∨Y∨Z∨ � � � denotes the sym-
metrized tensor structure of XαYβZγ � � � þ � � �, and can be
written as

q∨v≡qαvβþqβvα; g∨q≡gαβqγþgαγqβþgγβqα;

g∨v≡gαβvγ þgαγvβþgγβvα;

q2∨v≡qβqγvαþqαqγvβþqαqβvγ;

q∨v2≡qγvαvβþqβvαvγþqαvβvγ;

g∨g≡gαβgγδþgαδgβγ þgαγgβδ;

g∨q2≡qαqβgγδþqαqδgβγþqαqγgβδþqγqδgαβþqβqδgαγ

þqβqγgαδ;

g∨v2≡vαvβgγδþvαvδgβγþvαvγgβδþvγvδgαβþvβvδgαγ

þvβvγgαδ;

q3∨v≡qβqγqδvαþqαqγqδvβþqαqβqδvγ þqαqβqγvδ;

q∨v3≡qδvαvβvγ þqγvαvβvδþqβvαvγvδþqαvβvγvδ;

q2∨v2≡qγqδvαvβþqβqδvαvγ þqαqδvβvγþqβqγvαvδ

þqαqγvβvδþqαqβvγvδ;

g∨q∨v≡qβvαgγδþqαvβgγδþqδvαgβγ þqγvαgβδ

þqαvδgβγþqαvγgβδþqδvγgαβþqδvβgαγ

þqγvδgαβþqγvβgαδþqβvδgαγþqβvγgαδ:

2. Calculations of J functions

For the loop integral J c
x andJ F

x defined in Eqs. (A1) and
(A4), one can easily obtain their results with dimensional
regularization [108], such as

J c
0ðmÞ≡i

Z
dDlλ4−D

ð2πÞD
1

l2−m2þiε

¼ λ4−D

ð4πÞD=2Γ
�
1−

D
2

��
1

m2

�
1−D

2 ¼2m2Lþ m2

16π2
ln
m2

λ2
;

ðA7Þ
where

L ¼ 1

16π2

�
1

D − 4
þ 1

2
ðγE − 1 − ln 4πÞ

	
: ðA8Þ

Here, γE is the Euler-Mascheroni constant 0.5772157.

For J F
0 , just one more step, i.e., Feynman parametriza-

tion, is needed,

J F
0 ðm;qÞ≡ i

Z
dDlλ4−D

ð2πÞD
1

ðl2−m2þ iεÞ½ðlþqÞ2−m2þ iε�

¼ i
Z

1

0

dx
Z

dDlλ4−D

ð2πÞD
1

½ðlþxqÞ2−Δ�2 ; ðA9Þ

where Δ ¼ xðx − 1Þq2 þm2 − iε. Performing a shift of
integration variables l → l − xq so that there remain no
terms linear in l in the denominator, and repeating the same
step as in Eq. (A7), we can get

J F
0 ðm; qÞ ¼ 2Lþ 1

16π2

Z
1

0

dx

�
1þ ln

Δ
λ2

�
: ðA10Þ

Next, we outline the deductions of J a
0 [Eq. (A2)], which

serves as a starting point for more complicated loop
integrals, such as J T

x . The calculations are slightly different
with the integrals containing only pion propagators. We
should use the following Feynman trick to combine the
denominators [58],

1

ABn ¼ 2

Z
∞

0

dy
n

ð2yAþ BÞnþ1
: ðA11Þ

Setting A ¼ v · lþ ωþ iε, B ¼ l2 −m2 þ iε, and n ¼ 1,
we get

J a
0 ¼ 2i

Z
∞

0

dy
Z

dDlλ4−D

ð2πÞD
1

ðl2þ2yv · lþ2yω−m2þ iεÞ2 :

The terms linear in l and y in above equation can be
eliminated via shifting the integrationvariables: (1) perform-
ing a shift l→l−yv, and making use of v2 ¼ 1, (2) shifting
the integration variable y → yþ ω. Finally, we obtain

J a
0 ¼ 2i

Z
∞

−ω
dy

Z
dDlλ4−D

ð2πÞD
1

ðl2 − y2 −m2 þ ω2 þ iεÞ2 :

ðA12Þ

We should notice that the range of y integration now changes
to ½−ω;∞Þ, and we split this range into two parts, ½−ω; 0Þ
and ½0;∞Þ. The first part can be easily obtained with
dimensional regularization, which reads
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4ωLþ 1

8π2

Z
0

−ω
dy

�
1þ ln

Δ̃
λ2

�
; ðA13Þ

where Δ̃ ¼ y2 þm2 − ω2. For the second part, we first use β
function to integrate out the y variables, then use dimen-
sional regularization to integrate out l, and thus the result
reads

1

8π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ω2

p
: ðA14Þ

Finally, we can get the full form of J a
0,

J a
0 ¼ 4ωLþ 1

8π2

Z
0

−ω
dy

�
1þ ln

Δ̃
λ2

�
þ 1

8π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2−ω2

p
:

ðA15Þ

If one wants to obtain the results of J a
11;J

a
21;J

a
22…,

the shifts on integration variables l and ymade above should
be kept in mind, because the integration variables that
appeared in the numerator also have to be shifted accordingly.
The calculations of J T

x are very similar to J a
x as

illustrated above, and the concrete procedures are
(1) Using Feynman’s trick to combine the denominators

of two pions propagators, then shifting l → l − xq,
and making use of v · q ¼ 0.

(2) Using Eq. (A11) to combine the denominators of
heavy meson and the combined pion propagators.

(3) Then just repeating the subsequent procedures what
we have done for calculating J a

x .
At last, we list the expressions of the used J functions in

our calculations, and these functions are calculated numeri-
cally in this work.

J a
22ðm;ωÞ ¼ 2ω

�
m2 −

2

3
ω2

�
Lþ 1

16π2

Z
0

−ω
Δ̃ ln

Δ̃
λ2

dyþ 1

24π
Ã3=2; where Δ̃ ¼ y2 þm2 − ω2; Ã ¼ m2 − ω2: ðA16Þ

J g
22ðm;ω; δÞ ¼

� 1
δ−ω ½J a

22ðm;ωÞ − J a
22ðm; δÞ� if ω ≠ δ

− ∂
∂xJ a

22ðm; xÞjx→ωðorδÞ if ω ¼ δ
: ðA17Þ

J F
22ðm; qÞ ¼

�
m2 −

q2

6

�
Lþ 1

32π2

Z
1

0

Δ̄ ln
Δ̄
λ2

dx; where Δ̄ ¼ xðx − 1Þq2 þm2: ðA18Þ

J T
21ðm;ω; qÞ ¼ 2ωLþ 1

16π2

Z
1

0

dx
Z

0

−ω

�
1þ ln

Δ
λ2

�
dyþ 1

16π

Z
1

0

A1=2dx; ðA19Þ

J T
22ðm;ω; qÞ ¼ 1

8π2

Z
1

0

dx
Z

0

−ω

x2

Δ
dyþ 1

16π

Z
1

0

x2A−1=2dx; ðA20Þ

J T
24ðm;ω; qÞ ¼ −Lþ 1

8π2

Z
1

0

dx
Z

0

−ω

xðyþ ωÞ
Δ

dy −
1

16π2

Z
1

0

x

�
1þ ln

A
λ2

�
dxþ ω

16π

Z
1

0

xA−1=2dx; ðA21Þ

J T
31ðm;ω; qÞ ¼ −ωL −

1

16π2

Z
1

0

dx
Z

0

−ω
x

�
1þ ln

Δ
λ2

�
dy −

1

16π

Z
1

0

xA1=2dx; ðA22Þ

J T
32ðm;ω; qÞ ¼ −

1

8π2

Z
1

0

dx
Z

0

−ω

x3

Δ
dy −

1

16π

Z
1

0

x3A−1=2dx; ðA23Þ

J T
33ðm;ω; qÞ ¼ 2

3
L −

1

8π2

Z
1

0

dx
Z

0

−ω

x2ðyþ ωÞ
Δ

dyþ 1

16π2

Z
1

0

x2
�
1þ ln

A
λ2

�
dx −

ω

16π

Z
1

0

x2A−1=2dx; ðA24Þ

J T
34ðm;ω; qÞ ¼

�
m2 −

q2

6
− 2ω2

�
L −

1

16π2

Z
1

0

dx
Z

0

−ω
ðyþ ωÞ

�
1þ ln

Δ
λ2

�
dy −

ω

16π

Z
1

0

A1=2dxþ 1

32π2

Z
1

0

A ln
A
λ2

dx;

ðA25Þ

J T
36ðm;ω; qÞ ¼

�
−2m2 þ q2

3
þ 8ω2

�
L −

1

8π2

Z
1

0

dx
Z

0

−ω

ðyþ ωÞ3
Δ

dy −
ω3

16π

Z
1

0

xA−1=2dx

−
1

16π2

Z
1

0

xA ln
A
λ2

dxþ 3ω

16π

Z
1

0

xA1=2 þ 3ω2

16π2

Z
1

0

x

�
1þ ln

A
λ2

�
dx; ðA26Þ
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J T
41ðm;ω; qÞ ¼ ω

�
m2 −

q2

6
−
2

3
ω2

�
Lþ 1

32π2

Z
1

0

dx
Z

0

−ω
Δ ln

Δ
λ2

dyþ 1

48π

Z
1

0

A3=2dx; ðA27Þ

J T
42ðm;ω; qÞ ¼ 2

3
ωLþ 1

16π2

Z
1

0

dx
Z

0

−ω
x2
�
1þ ln

Δ
λ2

�
dyþ 1

16π

Z
1

0

x2A1=2dx; ðA28Þ

J T
43ðm;ω; qÞ ¼ 1

8π2

Z
1

0

dx
Z

0

−ω

x4

Δ
dyþ 1

16π

Z
1

0

x4A−1=2dx; ðA29Þ

where Δ ¼ y2 þ A, A ¼ xðx − 1Þq2 þm2 − ω2.

J R
x ðm;ω; δ; qÞ ¼

� 1
δ−ω ½J T

x ðm;ω; qÞ − J T
x ðm; δ; qÞ� if ω ≠ δ

− ∂
∂xJ T

x ðm; x; qÞjx→ωðorδÞ if ω ¼ δ
: ðA30Þ

3. Removing the 2PR contributions
from J h

x and J B
x functions

We cannot directly calculate the full expressions of J h
x

and J B
x functions as defined in Eqs. (A3) and (A6),

respectively, because they contain both 2PR and 2PI
contributions. The 2PR part will be recovered when the

effective potential is inserted into Schrödinger equation, and
thus this part has to be removed when we calculate the
potentials. In the following part, we illustrate how to subtract
the 2PR contributions by utilizing theWeinberg’s formalism
(one can find amore convenient approach inRef. [109]), and
take the J B

21 as an example.

i
Z

dDlλ4−D

ð2πÞD
lαlβ

ðv · lþ p⃗2−⃗l2

2M1
þ ωþ iεÞð−v · lþ p⃗2−⃗l2

2M2
þ δþ iεÞðl2 −m2 þ iεÞ½ðlþ qÞ2 −m2 þ iε�

¼ i
Z

1

0

dx
Z

dDlλ4−D

ð2πÞD
ðl − xqÞαðl − xqÞβ

ðv · lþ p⃗2−⃗l2

2M1
þ ωþ iεÞð−v · lþ p⃗2−⃗l2

2M2
þ δþ iεÞðl2 −M2 þ iεÞ2

; ðA31Þ

where M2 ¼ xðx − 1Þq2 þm2, and we have used
v · q ¼ 0. The kinetic term ðp⃗2 − ⃗l2Þ=2Mi (Mi is the mass
of heavy meson) is included in the denominators of heavy
mesons propagators for avoiding the pinch singularity
whenω ¼ δ ¼ 0 (cf. discussions in Ref. [78]). In Eq. (A31),
the pion poles contribute, and there is also a contribution
from the double heavy meson poles. The contribution from
the latter one is enhanced in the 1=MB expansion and
gives the result of the iteratedOðϵ0ÞOPE diagram, which is
just the 2PR part that we need to eliminate. In other words,
only the contribution from the pion poles accounts for the
effective potential. The pion poles are located at

l01 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗l2 þM2

q
þ iε; l02 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗l2 þM2

q
− iε:

Picking out lαlβ term in the second line of Eq. (A31) and
substituting it with gαβðl20 − ⃗l2Þ=D, then we can get the
scalar function J B

21 defined in Eq. (A6). Closing the l0
contour integral in the lower half-plane with the pole of

interest located at l0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗l2 þM2

p
− iε, the 2PI part of J B

21

can be easily obtained by using residue theorem and

dimensional regularization in D − 1 dimensions, the cor-
responding result is written as

½J B
21�2PI ¼

�
1

4D

�Z
1

0

dx
Z

dD−1lλ4−D

ð2πÞD−1

�
1

ðl2 þM2 − iεÞ3=2

−
3l2

ðl2 þM2 − iεÞ5=2
	

¼ Lþ 1

64π2

Z
1

0

dx
�
3þ 2 ln

M2

λ2

�
: ðA32Þ

In the following, we write out the used 2PI parts of J h
x

and J B
x functions in these calculations:

½J h
22�2PI ¼ m2Lþ m2

64π2

�
1þ 2 ln

m2

λ2

�
; ðA33Þ

½J B
22�2PI ¼

1

8π2

Z
1

0

x2

M2
dx; ðA34Þ

½J B
31�2PI ¼ −

1

2
L −

1

64π2

Z
1

0

x

�
3þ 2 ln

M2

λ2

�
dx; ðA35Þ
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½J B
32�2PI ¼ −

1

8π2

Z
1

0

x3

M2
dx; ðA36Þ

½J B
41�2PI¼

1

3

�
m2−

q2

6

�
Lþ 1

288π2

Z
1

0

M2

�
2þ3ln

M2

λ2

�
dx;

ðA37Þ

½J B
42�2PI ¼

1

3
Lþ 1

64π2

Z
1

0

x2
�
3þ 2 ln

Δ
λ2

�
dx; ðA38Þ

½J B
43�2PI ¼

1

8π2

Z
1

0

x4

M2
dx: ðA39Þ

APPENDIX B: THE AMPLITUDES
OF THE 0ð1+ Þ B̄B̄� STATE

The I ¼ 0 amplitudes that come from Fig. 5 are

YX2.1
I¼0 ¼ 8½−Da −Db þ 3ðEa þ EbÞ�ðϵ2 · ϵ�4Þ; ðB1Þ

YH2.1
I¼0 ¼ −

3g2

f2
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

: ðB2Þ

The I ¼ 0 amplitudes that come from Fig. 6 are

Yg2.1
I¼0 ¼ Cg2.1

g2

f2
ðϵ2 · ϵ�4ÞfJ g

22grðmπ; E; EÞ; ðB3Þ

Yg2.2
I¼0 ¼

g2

f2
ðϵ2 · ϵ�4ÞfCg2.2J g

22grðmπ; E − Δ; E − ΔÞ; ðB4Þ

Yg2.3
I¼0 ¼ Cg2.3

g2

f2
ðϵ2 · ϵ�4ÞfJ g

22grðmπ; E þ Δ; E − ΔÞ; ðB5Þ

Yg2.4
I¼0 ¼ 0; ðB6Þ

Yg2.7
I¼0 ¼ Cg2.7

g2

f2
ðϵ2 · ϵ�4ÞfJ g

22grðmπ; E þ Δ; E þ ΔÞ; ðB7Þ

Yh2.1
I¼0 ¼ Ch2.1

g2

f2
ðϵ2 · ϵ�4ÞfJ h

22grðmπ; E þ Δ; E − ΔÞ; ðB8Þ

Yh2.2
I¼0 ¼ Ch2.2

g2

f2
ðϵ2 · ϵ�4ÞfJ h

22grðmπ; E; E − ΔÞ; ðB9Þ

Yz2.1
I¼0 ¼ Cz2.1

g2

f2
ðϵ2 · ϵ�4Þ

� ∂
∂xJ

a
22

�
r
ðmπ; xÞ

���
x→E

; ðB10Þ

Yz2.2
I¼0 ¼ Cz2.2

g2

f2
ðϵ2 · ϵ�4Þ

� ∂
∂xJ

a
22

�
r
ðmπ; xÞ

���
x→EþΔ

; ðB11Þ

Yz2.3
I¼0 ¼ Cz2.3

g2

f2
ðϵ2 · ϵ�4Þ

�
ðD − 1Þ ∂

∂xJ
a
22

�
r
ðmπ; xÞ

���
x→E−Δ

;

ðB12Þ

where

Cg2.1 ¼ 12ðDa−DbþEa−EbÞ;
Cg2.2 ¼ 6½DðDa−DbþEa−EbÞþ2ðDbþEbÞ�;
Cg2.3 ¼ 12ðDbþEbÞ; Cg2.7 ¼ 12ðDaþEaÞ;
Ch2.1 ¼ 6ðDaþDb−3Ea−3EbÞ; Ch2.2 ¼ 24ðDb−3EbÞ;
Cz2.1 ¼ 12ðDaþDb−3Ea−3EbÞ;

Cz2.2 ¼ Cz2.3 ¼ 1

2
Cz2.1 : ðB13Þ

Note that the coefficients Cx appeared here should not be
confused with those for the I ¼ 1 channels.
The amplitudes of diagrams g2.5, g2.6, h2.3, and h2.4 can

be obtained by the relations

Yg2.5
I¼0 ¼ Yg2.3

I¼0; Yg2.6
I¼0 ¼ Yg2.4

I¼0;

Yh2.3
I¼0 ¼ Yh2.1

I¼0; Yh2.4
I¼0 ¼ Yh2.2

I¼0:

The I ¼ 0 amplitudes that come from Fig. 7 are:

Yp2.1
I¼0 ¼ −

3g2

f2
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

ΣðmπÞ; ðB14Þ

Yc2.1
I¼0 ¼

g2

f4
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

fJ c
0grðmπÞ; ðB15Þ

Yc2.3
I¼0 ¼ −

3g4

4f4
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

fJ g
22grðmπ; E þ Δ; E − ΔÞ;

ðB16Þ

Yc2.4
I¼0 ¼

3g4

2f4
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

fJ g
22grðmπ; E; E − ΔÞ; ðB17Þ

Yc2.7
I¼0 ¼

9g4

4f4
ðq · ϵ2Þðq · ϵ�4Þ

q2−m2
π

�
ðD−1Þ ∂∂xJ

a
22

�
r
ðmπ;xÞ

���
x→E−Δ

;

ðB18Þ

Yc2.8
I¼0 ¼

9g4

4f4
ðq · ϵ2Þðq · ϵ�4Þ

q2 −m2
π

� ∂
∂xJ

a
22

�
r
ðmπ; xÞ

���
x→EþΔ

;

ðB19Þ

Yc2.9
I¼0 ¼

9g4

2f4
ðq · ϵ2Þðq · ϵ�4Þ

q2−m2
π

� ∂
∂xJ

a
22

�
r
ðmπ;xÞ

���
x→E

; ðB20Þ

Yc2.10
I¼0 ¼ Yc2.11

I¼0 ¼ 0: ðB21Þ

The amplitudes of diagrams c2.2, c2.5, and c2.6 can be
obtained by the relations

Yc2.2
I¼0 ¼ Yc2.1

I¼0; Yc2.5
I¼0 ¼ Yc2.3

I¼0; Yc2.6
I¼0 ¼ Yc2.4

I¼0:
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The I ¼ 0 amplitudes that come from Fig. 8 are

YF2.1
I¼0 ¼ −

3

f4
ðϵ2 · ϵ�4ÞfJ F

22grðmπ; qÞ; ðB22Þ

YT2.1
I¼0 ¼ −

3g2

f4
fðϵ2 · ϵ�4ÞJ T

34 þ ðq · ϵ2Þðq · ϵ�4ÞðJ T
24 þ J T

33Þgrðmπ; E þ Δ; qÞ; ðB23Þ

YT2.2
I¼0 ¼ −

3g2

f4
fðϵ2 · ϵ�4Þ½2J T

34 − q⃗2ðJ T
24 þ J T

33Þ� − ðq · ϵ2Þðq · ϵ�4ÞðJ T
24 þ J T

33Þgrðmπ; E; qÞ; ðB24Þ

YT2.3
I¼0 ¼ −

3g2

f4
fðϵ2 · ϵ�4Þ½ðD − 1ÞJ T

34 − q⃗2ðJ T
24 þ J T

33Þ�grðmπ; E − Δ; qÞ; ðB25Þ

YB2.1
I¼0 ¼

9g4

4f4
fðϵ2 · ϵ�4Þ½−q⃗2½ðDþ 5ÞðJ B

31 þ J B
42Þ − q⃗2ðJ B

22 þ 2J B
32 þ J B

43Þ þ J B
21� þ 2ðDþ 1ÞJ B

41�

− ðq · ϵ2Þðq · ϵ�4Þ½ðDþ 3ÞðJ B
31 þ J B

42Þ − q⃗2ðJ B
22 þ 2J B

32 þ J B
43Þ þ J B

21�grðmπ; E − Δ; E; qÞ; ðB26Þ

YB2.2
I¼0 ¼

9g4

4f4
fðϵ2 · ϵ�4Þ½ðDþ 1ÞJ B

41 − q⃗2ðJ B
31 þ J B

42Þ� þ ðq · ϵ2Þðq · ϵ�4Þ½ðDþ 3ÞðJ B
31 þ J B

42Þ þ J B
21

− q⃗2ðJ B
22 þ 2J B

32 þ J B
43Þ�grðmπ; E þ Δ; E − Δ; qÞ; ðB27Þ

YB2.3
I¼0 ¼ −

9g4

4f4
f½ðϵ2 · ϵ�4Þq⃗2 þ ðq · ϵ2Þðq · ϵ�4Þ�J B

21grðmπ; E − Δ; E; qÞ: ðB28Þ

When q0 ¼ 0, the amplitudes of the diagrams R2.1 ∼ R2.3
can be obtained by the relations

YR2.1
I¼0 ¼ −

1

3
YB2.1

I¼0

���
J B

x→J R
x

; YR2.2
I¼0 ¼ −

1

3
YB2.2

I¼0

���
J B

x→J R
x

;

YR2.3
I¼0 ¼

1

3
YB2.3

I¼0

���
J B

x→J R
x

: ðB29Þ

APPENDIX C: THE AMPLITUDES
OF THE 0ð1+ Þ B̄�B̄� STATE

The I ¼ 0 amplitudes that come from Fig. 12 are

YX3.1
I¼0 ¼ 4½Da þDb − 3ðEa þ EbÞ�ðε1 − ε2Þ; ðC1Þ

YH3.1
I¼0 ¼ 3g2

f2
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

: ðC2Þ

The I ¼ 0 amplitudes that come from Fig. 13 are

Yg3.1
I¼0 ¼ Cg3.1

g2

f2
ðε1 − ε2ÞfJ g

22grðmπ; E; EÞ; ðC3Þ

Yg3.2
I¼0 ¼ Cg3.2

g2

f2
ðε1− ε2ÞfJ g

22grðmπ;EþΔ;EþΔÞ; ðC4Þ

Yg3.3
I¼0 ¼ 0; ðC5Þ

Yh3.1
I¼0 ¼ Ch3.1

g2

f2
ðε1 − ε2ÞfJ h

22grðmπ; E; EÞ; ðC6Þ

Yh3.2
I¼0 ¼ 0; ðC7Þ

Yh3.3
I¼0 ¼ Ch3.3

g2

f2
ðε1 − ε2ÞfJ h

22grðmπ; E þ Δ; EÞ; ðC8Þ

Yz3.1
I¼0 ¼ Cz3.1

g2

f2
ðε1 − ε2Þ

� ∂
∂xJ

a
22

�
r
ðmπ; xÞ

���
x→E

; ðC9Þ

Yz3.2
I¼0 ¼ Cz3.2

g2

f2
ðε1− ε2Þ

� ∂
∂xJ

a
22

�
r
ðmπ;xÞ

���
x→EþΔ

; ðC10Þ

where

Cg3.1 ¼−12ð3DaþDbþ3EaþEbÞ;
Cg3.2 ¼−12ðDa−DbþEa−EbÞ;
Ch3.1 ¼−6ðDaþDb−3Ea−3EbÞ; Ch3.3 ¼−24ðDb−3EbÞ;

Cz3.1 ¼−24ðDaþDb−3Ea−3EbÞ; Cz3.2 ¼1

2
Cz3.1 ; ðC11Þ

and the amplitudes of diagrams g3.4, h3.4, h3.5, and h3.6 can
be obtained by the relations
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Yg3.4
I¼0 ¼ Yg3.3

I¼0; Yh3.4
I¼0 ¼ Yh3.1

I¼0;

Yh3.5
I¼0 ¼ Yh3.2

I¼0; Yh3.6
I¼0 ¼ Yh3.3

I¼0:

The I ¼ 0 amplitudes that come from Fig. 14 are

Yp3.1
I¼0 ¼

3g2

f2
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

ΣðmπÞ; ðC12Þ

Yc3.1
I¼0 ¼ −

2g2

f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

fJ c
0grðmπÞ; ðC13Þ

Yc3.2
I¼0 ¼ −

3g4

2f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

fJ g
22grðmπ; E þ Δ; EÞ;

ðC14Þ

Yc3.3
I¼0 ¼ −

3g4

2f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

fJ g
22grðmπ; E þ Δ; EÞ;

ðC15Þ

Yc3.4
I¼0 ¼

3g4

2f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

fJ g
22grðmπ; E; EÞ; ðC16Þ

Yc3.5
I¼0 ¼ −

9g4

8f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

� ∂
∂xJ

a
22

�
r
ðmπ; xÞ

���
x→EþΔ

;

ðC17Þ

Yc3.6
I¼0 ¼ −

9g4

4f4
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

� ∂
∂xJ

a
22

�
r
ðmπ; xÞ

���
x→E

;

ðC18Þ
Yc3.7

I¼0 ¼ Yc3.8
I¼0 ¼ 0; ðC19Þ

The I ¼ 0 amplitudes that come from Fig. 15 are

YF3.1
I¼0 ¼

3

f4
ε1fJ F

22grðmπ; qÞ; ðC20Þ

YT3.1
I¼0 ¼ −

3g2

f4
f½εa1 þ 2ε1q⃗2 þ εb1�ðJ T

24 þ J T
33Þ

− 4ε1J T
34grðmπ; E; qÞ; ðC21Þ

YT3.2
I¼0¼

3g2

f4
f½εa1þεb1�ðJ T

24þJ T
33Þþ2ε1J T

34grðmπ;EþΔ;qÞ;

ðC22Þ

YB3.1
I¼0 ¼ −

9g4

4f4
f½ε1q⃗4 þ εa1q⃗

2 þ εb1q⃗
2 þ εc1�ðJ B

22 þ 2J B
32 þ J B

43Þ − ½8ε1q⃗2 þ 6εa1 þ 6εb1 − εa2 − εb2 − εa3�ðJ B
31 þ J B

42Þ

− ½ε1q⃗2 þ εa1 þ εb1 − εa3�J B
21 þ ½6ε1 þ ε2 þ ε3�J B

41 þ εa3J
B
31 þ εb3J

B
42grðmπ; E; E; qÞ; ðC23Þ

YB3.2
I¼0 ¼ −

9g4

4f4
fεc3ðJ B

22 þ 2J B
32 þ J B

43Þ þ ½εa1 þ εb1 þ εa2 þ εb2 þ εb3�ðJ B
31 þ J B

42Þ þ ½ε1 þ ε2 þ ε3�J B
41

þ εb3ðJ B
21 þ J B

31Þ þ εa3J
B
42grðmπ; E þ Δ; E þ Δ; qÞ; ðC24Þ

YB3.3
I¼0 ¼ −

9g4

4f4
f½εa1q⃗2 þ εb1q⃗

2 þ 2εc3�ðJ B
22 þ 2J B

32 þ J B
43Þ þ ½−5εa1 − 5εb1 þ 2ε1q⃗2 þ 2εa2 þ 2εb2 þ 2εa3 þ 2εb3�ðJ B

31 þ J B
42Þ

þ ½−εa1 − εb1 þ εa2 þ εb2�J B
21 þ ½−8ε1 þ 2ε2 þ 2ε3�J B

41grðmπ; E; E þ Δ; qÞ; ðC25Þ

YR3.1
I¼0 ¼ −

1

3
YB3.1

I¼0jJ B
x→J R

x
; YR3.2

I¼0 ¼ −
1

3
YB3.2

I¼0jJ B
x→J R

x
; YR3.3

I¼0 ¼ −
1

3
YB3.3

I¼0jJ B
x→J R

x
: ðC26Þ
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