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In this paper we explore the computation of topological susceptibility and η0 meson mass in Nf ¼ 2

flavor QCD using lattice techniques with a physical value of the pion mass as well as larger pion mass
values. We observe that the physical point can be reached without a significant increase in the statistical
noise. The mass of the η0 meson can be obtained from both fermionic two point functions and topological
charge density correlation functions, giving compatible results. With the pion mass dependence of the η0

mass being flat we arrive at Mη0 ¼ 772ð18Þ MeV without an explicit continuum limit. For the topological

susceptibility we observe a linear dependence onM2
π , however, with an additional constant stemming from

lattice artifacts.

DOI: 10.1103/PhysRevD.99.034511

I. INTRODUCTION

Due to the persisting 3– 5σ deviation in the anomalous
magnetic moment of the muon aμ between theory and
experiment, there is considerable interest in the decays
η → γ⋆γ⋆ and η0 → γ⋆γ⋆ because a better knowledge of the
corresponding transition form factors could help to reduce
the uncertainty in the hadronic light-by-light contribution
to aμ; see for instance Ref. [1]. Moreover, η and η0 mesons
are interesting from a theoretical point of view because the
large mass of the η0 meson is explained by the anoma-
lously broken UAð1Þ axial symmetry in QCD. The η, η0
mixing pattern and the aforementioned transition form
factors can be computed nonperturbatively using lattice
techniques.
There has been considerable progress in studying η and

η0 mesons from lattice QCD. In Refs. [2,3] the correspond-
ing mixing has been studied for three values of the lattice
spacing and a large, but still unphysical, range of pion mass

values in Nf ¼ 2þ 1þ 1 flavor QCD. After extrapolation
to the physical pion mass value excellent agreement to
experiment was found. Further lattice results for η, η0 can be
found in Refs. [4–8].
Through the anomaly, the mass of the η0 is also tightly

connected to topology and in particular the topological
susceptibility χtop. The latter quantity must decrease as M2

π

toward the chiral limit, if the η0 is not a Goldstone boson
[9]. For recent lattice studies of the topological suscep-
tibility see for instance [10,11]. There is now particular
interest in χtop due to its connection to axion dark matter;
see for instance Refs. [12–14].
In this paper we attempt to study the η0 meson and the

topological susceptibility directly at the physical point,
however, in a first step in Nf ¼ 2 flavor QCD. In Nf ¼ 2

flavor QCD there exist a pion triplet and one flavor singlet,
which is related to the aforementioned anomaly. We will
denote it as the η2 meson to distinguish it from the η0 meson
in full QCD, which is only approximately a flavor
eigenstate. The η2 and the η0 meson have in common that
both receive significant fermionic disconnected contribu-
tions. In an earlier study [15] their masses have been found
to differ only by 200 MeV, with the additional strange
quark introducing only a moderate shift in the mass. In
particular, both are expected to have a similar dependence
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on the light quark mass. The most recent lattice QCD
studies of the η2 meson can be found in Refs. [16,17].
We investigateMη2 using fermionic correlation functions

and in addition topological charge density correlators. The
topological susceptibility is studied using gradient flow
techniques [18]. Studying the η2 meson and the topological
susceptibility at the physical point will reveal, on the one
hand, important qualitative information on the implemen-
tation of the anomaly in QCD. On the other hand, it
represents a feasibility study for a later investigation of η
and η0 in Nf ¼ 2þ 1þ 1 QCD at the physical point [19].
The results obtained here are also important prerequisites
for an exploratory study of η2 → γ⋆γ⋆.
The paper is organized as follows: in the following two

sections we discuss the lattice details of our computation. In
Sec. IV we present the analysis methods and in Sec. V the
results. We close with a discussion and summary. For a first
account of this work we refer to Ref. [20].

II. LATTICE ACTION

The results presented in this paper are based on the gauge
configurations generated by the ETMC with Wilson clover
twisted mass quark action at maximal twist [21]. We
employ the Iwasaki gauge action [22]. The measurements
are performed on a set of Nf ¼ 2 ensembles with the pion
mass ranging from its physical value to 340 MeV. In Table I
we list all the ensembles together with the relevant input
parameters, the lattice volume, and the number of con-
figurations. The lattice spacing is a ¼ 0.0931ð2Þ fm for all
five ensembles. More details about the ensembles are
presented in Ref. [21].
The sea quarks are described by the Wilson clover

twisted mass action. The Dirac operator for the light quark
doublet consists of the Wilson twisted mass Dirac operator
[23] combined with the clover term

Dl ¼ D − iγ5τ3

�
Wcr þ

i
4
cswσμνF μν

�
þ μl; ð1Þ

which acts on a flavor doublet spinor ψ ¼ ðu; dÞT. In
Eq. (1) we have D ¼ γμð∇�

μ þ∇μÞ=2 with ∇μ and ∇�
μ the

forward and backward lattice covariant derivatives, and the
Wilson term Wcr ¼ −ra∇�

μ∇μ þmcr with the critical mass
mcr, the Wilson parameter r ¼ 1, and the lattice spacing a.
The average up/down (twisted) quark mass is denoted by
μl, while csw is the so-called Sheikoleslami-Wohlert
improvement coefficient [24] multiplying the clover term.
It is in our case not used for OðaÞ improvement but serves
to significantly reduce the effects of isospin breaking [21].
The critical mass has been determined as described in

Refs. [25,26]. This guarantees automatic OðaÞ improve-
ment [27], which is one of the main advantages of the
Wilson twisted mass formulation of lattice QCD.

III. OBSERVABLES

As a smearing scheme in the computation of fermionic
correlation functions we use the stochastic Laplacian
Heaviside (sLapH) method [28,29]. The details of our
sLapH parameter choices for a set of Nf ¼ 2þ 1þ 1
Wilson twisted mass ensembles are given in Ref. [30].
The parameters for the ensembles used in this work are the
same as those for Nf ¼ 2þ 1þ 1 ensembles with the
corresponding lattice volume.

A. η2 and pion correlation functions

In Nf ¼ 2 flavor QCD there is the neutral pion,
corresponding to the neutral of the three pions in the
triplet, and the η2, the flavor singlet pseudoscalar meson
related to the axial UAð1Þ anomaly. Since up and down
quarks are mass degenerate, there is no mixing among the
neutral pion and the η2 with our action. We employ the
following pseudoscalar interpolating operators projected to
zero momentum, which are all local and Hermitian,

P3ðtÞ ¼ 1ffiffiffi
2

p
X
x

ψ̄ iγ5τ3ψðx; tÞ;

P0ðtÞ ¼ 1ffiffiffi
2

p
X
x

ψ̄ iγ51fψðx; tÞ: ð2Þ

Here, τ3 is the third Pauli and 1f the unit matrix, both acting
in flavor space. From those one builds the correlation
functions

Cπ0ðt − t0Þ ¼ hP3ðtÞðP3ðt0ÞÞ†i; ð3Þ

Cη2ðt − t0Þ ¼ hP0ðtÞðP0ðt0ÞÞ†i; ð4Þ

which allow one to determine the massesMπ0 andMη2 from
their decay in Euclidean time. Both correlation functions in
Eqs. (3) and (4) do have a fermionic connected and a
fermionic disconnected contribution, the latter of which
vanishes exactly in case of the neutral pion in an isospin
symmetric theory. Since this is not the case for Wilson
twisted mass fermions, we have to take the disconnected
contributions into account also for the π0.
For the disconnected part of Cη2 we consider the loop

hψ̄uiγ5ψuðxÞ þ ψ̄diγ5ψdðxÞiF
¼ −iTrfγ5Gxx

u g − iTrfγ5Gxx
d g

¼ −iTrfγ5Gxx
u g − iTrfðGxx

u Þ†γ5g
¼ −2iReTrfγ5Gxx

u g: ð5Þ

Here, we have used the γ5 Hermiticity property Dd ¼
γ5D

†
uγ5. Gxy

u=d represents the up or down propagator.
Similarly, one shows for Cπ0
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hψ̄uiγ5ψuðxÞ − ψ̄diγ5ψdðxÞiF ¼ 2ImTrfγ5Gxx
u g: ð6Þ

The fermionic connected contribution is identical for the
two correlation functions Eqs. (3) and (4). With similar
arguments as for the loops one finds

Cconnðt − t0Þ ¼ ReTrfγ5Gtt0
u γ5Gt0t

u g; ð7Þ

where we have suppressed the spatial indices. From
Eqs. (5)–(7) we infer the expressions for the π0 and η2
correlation functions as follows:

Cπ0ðt − t0Þ ¼ Trfγ5Gtt0
u γ5Gt0t

u g þ 2ImTrfγ5Gtt
ug

· ImTrfγ5Gt0t0
u g;

Cη2ðt − t0Þ ¼ Trfγ5Gtt0
u γ5Gt0t

u g − 2ReTrfγ5Gtt
ug

· ReTrfγ5Gt0t0
u g: ð8Þ

For completeness, the correlation function of the charged
pion is constructed as

Cπ�ðt − t0Þ ¼ hPþðtÞðPþðt0ÞÞ†i ð9Þ

with

PþðtÞ ¼
X
x

ψ̄ iγ5
τ1 þ iτ2

2
ψðx; tÞ ð10Þ

and τ1 and τ2 the first and second Pauli matrices,
respectively.

B. Topological charge density correlations
and susceptibility

The naive field theoretical definition of the topological
charge density given by

qðxÞ ¼ −
1

32π2
εμνρσTrFμνðxÞFρσðxÞ ð11Þ

defines the topological charge density point-to-point cor-
relator

Cqqðx − yÞ ¼ hqðxÞqðyÞi: ð12Þ

The topological susceptibility, which is a measure for the
fluctuations of the topological charge, is defined as

χtop ¼
1

V

Z
dx

Z
dy hqðxÞqðyÞi; ð13Þ

where V is the spacetime volume. Due to the pseudoscalar
nature of the topological charge density the topological
charge density correlator is strictly negative for finite
separations, Cqqðx − y > 0Þ < 0. On the other hand, it is

clear that the susceptibility is strictly positive, because
V · χtop ¼ hQ2i > 0, where Q ¼ R

dx qðxÞ is the total
topological charge of the gauge field. This apparent contra-
diction is resolved by recalling that Cqq suffers from
contact-term singularities at x − y ¼ 0 which need to be
renormalized in order for the susceptibility to make
physical sense. Hence, the physics of the topological
susceptibility is intricately hidden in the difference between
the contact-term contribution of the correlator at jx−yj ¼ 0
and the contributions at jx − yj > 0.
Another interesting property of the topological charge

density correlator is that it couples to the flavor singlet
pseudoscalar mesons. It is in fact this coupling which is
thought to be responsible for the large mass of the η2. As a
consequence, the behavior of the topological charge density
point-to-point correlator is dominated by the single boson
propagator for the η2 meson and therefore follows the form
of the scalar propagator [12,31]

Cqqðx; yÞ ∼
M

jx − yjK1ðM · jx − yjÞ; ð14Þ

where K1 is the modified Bessel function of the first kind,
andM is the mass of the lightest particle in the pseudoscalar
meson sector, i.e., the mass Mη2 of the η2 meson.
On the lattice the topological charge density is discre-

tized with a clover-type discretization of the field strength
tensor Fμν which extends over a distance of 2a in lattice
units. Hence the contact-term contributions to the topo-
logical charge density correlator are also distributed over
the distance jx − yj ∼ 2a. Moreover, since the discretized
field strength tensor is constructed from smeared gauge
links in order to remove ultraviolet fluctuations of the
gauge field, the positive contact-term contributions to the
correlator are spread over a range R0 which depends on
the details of the smoothing scheme. However, the behavior
of the correlator for jx − yj ≫ R0 should be independent of
the details of the smearing scheme, and hence any
smoothing scheme is supposed to yield the same physics,
i.e., the same mass Mη2 .
For the topological charge density correlator we use the

array processor experiment (APE) smearing scheme [32]
with various smearing levels ranging up to 90 iterative
smearing steps. This is in order to check for the independ-
ence of the results from the smearing scheme. To compute
the topological susceptibility χtop we employ the gradient
flow technique as introduced for lattice QCD in Ref. [18]. It
has the advantage of yielding a renormalized topological
susceptibility at finite flow time t [33]; in particular it
renormalizes the contact term singularities in the con-
tinuum limit at any fixed, physical value of t. Since the
renormalized susceptibility is scale invariant, i.e., indepen-
dent of the renormalization scale, χtop becomes independent
of the flow time t at sufficiently large t toward the
continuum limit. This is indeed what we observe in our
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calculation. However, we note that lattice artifacts might
well be very different for the susceptibility at different
values of t. Instead of calculating the topological suscep-
tibility via the lattice version of Eq. (13), we first obtain the
topological charge at flow time t from the topological
charge density qtðxÞ evaluated on the flown gauge field
configuration,

QðtÞ ¼ a4
X
x

qtðxÞ; ð15Þ

and then the susceptibility via χtopðtÞ ¼ hQðtÞ2i=V. We
choose t ¼ 3t0 where t0 is the usual gradient flow reference
scale defined through the renormalized action density [18]
on the corresponding ensemble. In addition, we also make
use of the related reference scale t1 in order to facilitate the
comparison of our results with those in Ref. [34].

IV. ANALYSIS METHOD

In the following Secs. IVA and IV B we will first give
more details on the analysis of the fermionic correlation
function, before we turn to the discussion for the gluonic
correlators in Sec. IV C.
The fermionic correlation function data are generally

analyzed using the blocked bootstrap procedure with R ¼
10 000 bootstrap samples. Depending on the ensemble, we
have chosen the block size such that at least ≳100 blocked
data points are left. The relevant masses are computed from
correlated fits to the correlation function data.
The gluonic correlation function data are analyzed using

a jackknife procedure. It turns out that the correlators at
separate distances are highly correlated even for large
separations, such that the covariance matrix cannot be
taken into account reliably in the fitting procedure; see
further details below. The data for the topological charge
susceptibility (and the gluonic scales t0 and t1) are analyzed
using a blocked bootstrap procedure with R ¼ 1000 boot-
strap samples and block sizes such that ≳30 blocked data
points are left. The so obtained error is compared to the
naive one corrected by the integrated autocorrelation time
τint, and the larger of the two is always chosen as the final
error. Since these calculations are inexpensive, we use at

least double the number of configurations indicated in
Table I.

A. Excited state subtraction

In particular for the η2 meson, the fermionic discon-
nected contributions are very noisy. As a consequence, the
signal is lost relatively early in Euclidean time. For this
reason we have in the past applied a method to subtract
excited states [2,3,17,35], originally proposed in Ref. [36].
It actually works very well, and we will apply it here again
for the η2 meson. It consists of subtracting excited states
from the connected contribution only. This is feasible,
because the connected part—representing a pion correla-
tion function—has a signal for all Euclidean time values.
Therefore, we can fit to it at large enough Euclidean times
such that excited states have decayed sufficiently. Next, we
replace the connected correlation function at small times by
the fitted (ground state) function. Thereafter, the so
subtracted connected contribution is summed according
to Eq. (8) to the full η2 correlation functions.
The underlying assumption is that disconnected contri-

butions are large for the ground state, i.e., the η2, but not for
excited states. If this assumption is correct, the effective
mass

Meff ¼ − log
Cη2ðtÞ

Cη2ðtþ 1Þ ð16Þ

should show a plateau from very early Euclidean times on.
We have found in Refs. [2,3,17] that this approach works
very well for the η2 meson in Nf ¼ 2 flavor QCD as well as
for η and η0 mesons in Nf ¼ 2þ 1þ 1 flavor QCD.

B. Shifted correlation functions

The expected time dependence of the fermionic corre-
lation functions considered here reads as follows:

CðtÞ ¼ jh0jOj0ij2 þ
X
n

jh0jOjnij2
2En

ðe−Ent þ e−EnðT−tÞÞ;

ð17Þ

where O ¼ Pþ, P3, P0, and n labels the states with the
corresponding quantum numbers. The time independent
first term on the right-hand side corresponds to the vacuum
expectation value (VEV). Using the symmetries of our
action one can show that for Pþ and P0 the VEV must be
zero, while this is not the case for P3. We deal with the
VEV by building the shifted correlation function

C̃ðtÞ ¼ CðtÞ − Cðtþ 1Þ: ð18Þ

The difference cancels the constant VEV contribution,
while also changing the time dependence to be antisym-
metric in time,

TABLE I. The gauge ensembles used in this study. The labeling
of the ensembles follows the notations in Ref. [21]. In addition to
the relevant input parameters we give the lattice volume ðL=aÞ3 ×
T=a and the number of evaluated configurations Nconf .

Ensemble β csw aμl ðL=aÞ3 × T=a Nconf

cA2.09.48 2.10 1.575 51 0.009 483 × 96 615
cA2.30.48 2.10 1.575 51 0.030 483 × 96 352
cA2.30.24 2.10 1.575 51 0.030 243 × 48 352
cA2.60.32 2.10 1.575 51 0.060 323 × 64 337
cA2.60.24 2.10 1.575 51 0.060 243 × 48 424
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C̃ðtÞ ∝ ðe−Ent − e−EnðT−tÞÞ: ð19Þ

As an alternative, one can also compute the VEV jh0jOj0ij2
from the data and subtract it explicitly.
Since the VEV has to be zero for P0 up to statistical

fluctuations, strictly speaking we do not need to use the
shifting procedure for the η2 meson. However, as has been
argued in Ref. [37] and first investigated in Ref. [38], there
is an additive finite volume effect to Cη2 constant in
Euclidean time of the form

∝
a5

T

�
χtop þ

Q2

V

�
ð20Þ

proportional to the topological susceptibility χtop and the
squared topological charge Q2. If present, such a term will
cause the η2 correlation function to stay finite at large
Euclidean times. Depending on the sign of the coefficient in
front of the finite volume effect, the correlation function
may even turn negative at relatively small Euclidean times.
Clearly, a finite volume effect of this type can be subtracted
again using the shifting procedure, which has first been
proposed and applied in Ref. [3].

C. Topological charge density correlators

For the computation of the topological charge density
correlator we make use of the full translational invariance.
In order to do so, we obtain the topological charge density
correlator in Eq. (12) by Fourier transforming the topo-
logical charge density on each gauge field configuration,
calculating the correlator in Fourier space and transforming
it back to coordinate space. In this sense the evaluation is
exact, in contrast to the computation of the disconnected
contributions to the fermionic correlators in Eqs. (3) and
(4), which can only be evaluated stochastically.
The employed smearing level has several effects on the

correlation function Cqqðx − yÞ. First, it reduces the stat-
istical errors because the smearing suppresses ultraviolet
fluctuations. Hence, with increasing smearing levels the
signal can be followed over larger and larger separations
x − y. Second, the increased smearing enhances the con-
tribution of the ground state in the correlation function, i.e.,
in this case the contribution of the η2 state. Third, with an
increasing smearing level the contact term is distributed
over larger distances and hence distorts the correlation
function up to larger and larger separations. Obviously,
these effects compete with each other with respect to the
optimal fit range.
In principle, the choice of the fit ranges should be

determined by the quality of the fits. Unfortunately, here
this is not possible, because the correlators at separate
distances r and r0 are highly correlated. We illustrate this in
Fig. 1 where we show the covariance CovðCqqðrÞ; Cqqðr0ÞÞ
of the correlation functions as a function of ðr − r0Þ=a for

different values of r and smearing level n ¼ 90.1 We are
essentially looking at separate columns of the covariance
matrix. For ease of comparison we normalize the covari-
ance by CovðCqqðrÞ; CqqðrÞÞ, and in addition bin the data
into bins of size Δr=a ¼ 0.125.
We see that the Cqq’s are positively correlated for

ðr0 − rÞ=a≲ 4.5 and become more and more strongly
anticorrelated until a maximum of anticorrelation is
reached at around ðr0 − rÞ=a ∼ 7.5. Since this correlation
is essentially independent of r, the columns of the covari-
ance matrix are highly linear dependent and the matrix
itself is very ill-conditioned. As a consequence, it cannot
be taken into account for reliably estimating the quality of
the χ2-fits.
We note that all the above conclusions hold independ-

ently of the bin size and the smearing level, and we suspect
that the peculiar behavior is due to some underlying
structure in the topology of the gauge fields.

V. RESULTS

In Table II we show results for the pion and ηferm2 masses
which have been computed from fermionic correlation
functions, the ηgl2 masses obtained from the gluonic
topological charge density correlation functions, as well
as the gluonic gradient flow lattice scale t1=a2 and the
topological susceptibility χtop. For the charged pion we will
always use the shorthand Mπ , while for the neutral pion
Mπ0 and Mπ0c

refer to the full and quark-connected masses,
respectively. In the following we discuss these results in
more detail.

0 5 10 15
(r-r')/a

-0.4
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C
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FIG. 1. Covariance of the binned correlation functions as a
function of ðr − r0Þ=a for different values of r and smearing level
n ¼ 90 on ensemble cA2.09.48.

1The data for the other smearing levels look very similar.
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A. Neutral pion

In contrast to the η2 meson discussed later, the signal for
the neutral pion can be resolved for all values of t=a. In the
left panel of Fig. 2 we show the shifted correlation function
C̃ðtÞ for the neutral pion as well as the individual quark-
connected and quark-disconnected contributions. Note that
in this case the function shift is required to remove the
offset from the vacuum expectation value in the quark-
disconnected contribution. Clearly the signal in the quark-
disconnected part is well behaved even for the largest
values of t=a. For comparison the charged pion has been
included in the plot as well.
As already visible from the left panel of Fig. 2, charged

and neutral pions appear to have very similar mass values.
This is even more apparent from the right panel where the
neutral pion mass values are plotted versus the charged pion
mass values, both in physical units, for all the ensembles
considered here. The points fall almost on the bisecting
line, which indicates no mass splitting between neutral and
charged pion mass. This finding, which we pointed out

already in Ref. [21], is rather important: this mass splitting
is basically the only large a2 lattice artifact that was found
for simulations with Wilson twisted fermions at maximal
twist (see also Refs. [39,40]). Including the clover term
appears to reduce its size drastically. We refer to Ref. [41]
for a systematic investigation of this splitting for simu-
lations without the clover term.

B. η2 meson mass from fermionic correlators

In Fig. 3 we show Cη2 and its shifted version C̃η2 as
functions of Euclidean time t=a, in the left panel for the
physical point ensemble cA2.09.48 and in the right panel
for cA2.60.32. For the physical point (left panel) we
observe a sign change in Cη2 around t=a ¼ 8. However,
from even slightly earlier values of t=a, the correlation
function is compatible with zero, at least within two sigma.
The point errors are large compared to the observed
fluctuations between different t=a values indicating large
correlations. The shifting has two effects. First, the error
bars are dramatically decreased in C̃η2 compared toCη2 with

FIG. 2. Overview of results for the pions. Left panel: Shifted correlation functions C̃ðtÞ for the charged and the neutral pion on
ensemble cA2.09.48 with physical quark mass. In the case of the neutral pion we show the full correlation function as well as individual
quark-connected and quark-disconnected contributions. Right panel: Mass of the (full) neutral pion as a function of the charged
pion mass.

TABLE II. Results for the masses of the charged and the neutral pion (full and quark-connected only), the η2 meson in lattice units
(from fermionic and gluonic correlators), the gluonic gradient flow lattice scale t1=a2, and the topological susceptibility in units of t1 for
the five ensembles considered.

Ensemble aMπ aMπ0 aMπ0c aMferm
η2 aMgl

η2
t1=a2 103 · t21χtop

cA2.09.48 0.06211(06) 0.0576(25) 0.1196(02) 0.361(14) 0.369(10) 6.890(08) 0.48(3)
cA2.30.48 0.11199(06) 0.0976(35) 0.1521(01) 0.376(11) 0.356(17) 6.761(08) 0.56(5)
cA2.30.24 0.11461(37) 0.1110(95) 0.1519(29) 0.425(22) 0.386(45) 6.828(30) 0.46(4)
cA2.60.32 0.15783(12) 0.1555(64) 0.1883(03) 0.396(10) 0.379(14) 6.562(08) 0.78(4)
cA2.60.24 0.15908(28) 0.1347(86) 0.1883(11) 0.399(12) 0.345(48) 6.550(17) 0.79(7)
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at the same time strongly reduced correlations. Second, C̃η2
turns negative only at t=a ¼ 18 and stays compatible with
zero within two sigma from then on.
In the right panel of Fig. 3 for Mπ ≈ 340 MeV the

unshifted correlation function does not show a sign change.
Still, the shifted correlation function exhibits significantly
smaller error bars due to largely reduced correlations.
In Fig. 4 we focus on the physical point ensemble

cA2.09.48. We show in a half logarithmic plot the con-
nected, disconnected, and full η2 correlation function

versus t=a. We recall that the full correlation function is
obtained as the difference between the connected and
disconnected contribution; cf. Eq. (8). In the left panel
we show the unshifted correlators and in the right panel the
corresponding shifted correlators. While the observations
are the same as obtained from Fig. 3, the effect of the shift is
better visible due to the logarithmic scale on the y axis.
Moreover, one sees from Fig. 4 that the signal-to-noise

ratio of the connected only contribution stays approximately
constant until close to t ¼ T=2. Therefore, the connected

FIG. 3. η2 correlation function Cη2 and its shifted version C̃η2 as a function of t=a. For better visibility of the tail some of the
numerically very large data points at small values of t=a are not included in the plot. Left panel: Ensemble cA2.09.48. Right panel:
Ensemble cA2.60.32.

FIG. 4. Connected, disconnected, and full η2 correlation function versus t=a for the physical point ensemble cA2.09.48. Left panel:
Original correlation function Cη2 . Right panel: Shifted correlation function C̃η2 .
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correlation function can be fitted at large Euclidean times
using the ansatz

f�ðt;A;MÞ ¼ Aðe−Mt � e−MðT−tÞÞ; ð21Þ

where the � depends on whether the shifted or unshifted
correlation function is analyzed. Additionally, one learns
from Fig. 4 that the error on the full correlation functions
mainly stems from the disconnected contribution.
Once the connected-only part is fitted with the ansatz

above, we can apply the excited state subtraction as
explained earlier. We denote the corresponding subtracted
and shifted η2 correlation function as C̃sub

η2 ðtÞ. In Fig. 5 we
show the effective masses computed from C̃sub

η2 ðtÞ as a
function of t=a. In the left panel we show the data for the
physical point ensemble cA2.09.48, in the right panel for
cA2.60.32. In both cases we observe a plateau in the
effective masses from t=a ¼ 2 or even t=a ¼ 1 on. The
result of a fit to the correlation function is indicated by the
horizontal lines, indicating also the fit range. The end
points of the fit ranges lie outside the plotted region,
because we obtain a signal in the correlation function
further out in t=a. For comparison, we also show the
effective masses computed from C̃η2 without excited state
subtraction, for which a plateau can clearly not be identified
with confidence.
The final values for Mη2 are determined from a fit of

ansatz Eq. (21) to C̃sub
η2 ðtÞ. The corresponding results are

compiled in Table II.

C. η2 meson mass from topological
charge density correlators

When determining the fit range in fitting the form in
Eq. (14) to the topological charge density correlators Cqq,
one needs to take into account the range over which the
contact term is smeared, as discussed above. For this
reason, we show in the left panel of Fig. 6 the correlators
on ensemble cA2.09.48 for different smearing levels

n ¼ 15, 30, 45, 60, 75, 90. Since the maximum of the
correlator at distance r ¼ 0 is suppressed with an increased
smearing level and varies by an order of magnitude
between smearing levels n ¼ 15 and n ¼ 90, we normalize
the correlators by Cqqðr ¼ 0Þ. The smearing range can be
described by the two characteristic scales R0 and Rmin,
defined by the conditions Cqqðr ¼ R0Þ ¼ 0 and Cqqðr ¼
RminÞ where the correlator has its minimum value. The
dependence of these smearing ranges on the smearing
levels is displayed in the right panel of Fig. 6 for the
correlators on ensemble cA2.09.48 together with fits of the
form c0 þ c1 logðnÞ þ c2 logðnÞ2.
In Fig. 7 we show the long distance behavior of the

correlators on a logarithmic scale for the various smearing
levels. It is comforting to see that the correlators start to
asymptotically fall on top of each other for increasing
smearing level. Smearing levels n ¼ 75 and 90 for example
are statistically indistinguishable for r=a≳ 11. Note that
since the asymptotic form of the correlator in Eq. (14) is

CqqðrÞ ∼
ffiffiffiffiffi
M
r

r
1

r
e−Mr

�
1þO

�
1

Mr

��
for large r; ð22Þ

rather than purely exponential, the choice of the optimal fit
range cannot be guided by an effective mass plot. From
Fig. 7 we infer that for the lowest smearing level n ¼ 15 the
signal is essentially lost after r=a≳ 16, while for the largest
smearing level n ¼ 90 the fit range is limited to r≳ 12 due
to the contamination by the smeared-out contact term.
Consequently, the intermediate smearing levels seem to
provide the longest fit ranges when both restrictions are
taken into account.
When trying to maximize the fit range ½rmin; rmax� for the

different smearing levels, we notice that the fit results are
not particularly sensitive to the choice of rmax as long as
rmax ≳ 16. On the other hand, the error depends strongly on
the choice of rmin. This is illustrated in the left panel of
Fig. 8 where we show the fit results for aM as a function of
rmin=a while keeping rmax=a ¼ 20 fixed. As we lower rmin

FIG. 5. Lattice data for effective masses computed from C̃η2 without and from C̃sub
η2 with excited states subtracted. The result for the

mass and its error from a correlated fit to the correlator data of C̃sub
η2 has been included. Note that the end points of the fit ranges lie

outside of the plots, because we fit to the correlation function and not to the effective masses. Left panel: Ensemble cA2.09.48. Right
panel: Ensemble cA2.60.32.
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the error becomes smaller, but at some point the fit result
starts to change due to the influence of the smeared contact
term, and possibly also excited state contributions.
Consequently, for each smearing level we minimize
rmin=a while making sure that the result is still stable
under a variation of rmin=a. In Fig. 9 we give an example
for such a fit. The left panel shows the correlation function
on ensemble cA2.09.48 at smearing level n ¼ 45 together
with the fit function from a fit using rmin=a ¼ 10 and
rmax=a ¼ 20, while the right panel shows the differences
between the fit function and the data points. In this example
we get aMη2 ¼ 0.3791ð71Þ and χ2=dof ¼ 0.61 with 299

(correlated) degrees of freedom. This result is very stable
under a large variation of the fit range.
Our choice for the rmin=a values are rmin=a ∼ 9.5, 10.0,

10.0, 11.0, 12.0, 13.0 for smearing level n ¼ 15, 30, 45, 60,
75, 90, respectively, and in the right panel of Fig. 8 we
display the final fit result for each smearing level.
Finally, we choose as our final value the weighted

average between the three smearing levels n ¼ 60, 75,
and 90, at which the fit results seem to stabilize, and we use
the statistical error from the result at level n ¼ 75 which
also roughly covers the systematic error from varying n.
Our final result

aMgl
η2 ¼ 0.3687ð98Þ ð23Þ

is displayed in the right panel of Fig. 8 as the vertical
orange band. We note that this is well compatible with the
result from the fermionic correlators in Sec. V B, but it is
here obtained from smeared topological charge density
correlators which are significantly cheaper to calculate.
Repeating this procedure for the other ensembles yields

the results for aMgl
η2 compiled in Table II. We note that the

values on the smaller lattice volumes have a significantly
larger error. This is mainly due to two reasons. First and
foremost, the calculations on the smaller lattices cannot
benefit from self-averaging as much as the ones on the
larger lattices. Second, due to the smaller lattice extent, the
fitting ranges, in particular rmax, are more restricted leading
to a larger variation of the fitted masses with the smearing
levels and hence to a larger systematic error.
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FIG. 7. Long distance behavior of the topological charge
density correlator for various APEn smearing on ensemble
cA2.09.48.
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FIG. 6. Topological charge density correlator for various APEn smearing with levels n ¼ 15; 30;…; 90 for ensemble cA2.09.48. Left
panel: Zoom of the normalized correlator CqqðrÞ=Cqqð0Þ as a function of the separation r. Right panel: Scales characterizing the
smearing range of the contact term as a function of the smearing levels.
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D. Topological susceptibility

In Table II we have also compiled our results for the
topological susceptibility evaluated at flow time t ¼ 3t0 as
discussed in Sec. III B, and the gradient flow scale t1=a2.
The values for t0=a2 can be found in Ref. [21]. We express
the susceptibility in units of t1 in order to facilitate
comparison with Ref. [34] and display the values in
Fig. 10 as a function of t1M2

π . In leading order Wilson
chiral perturbation theory one expects the following
dependence of χtop on the lattice spacing and the pion
mass [34] written in units of the gradient flow scale t1:

t21χtop ¼
1

8
t21f

2
πM2

π0
þ a2

c2
t1
: ð24Þ

Apart from the ensemble with too small volume cA2.30.24,
our data are nicely compatible with this expectation: the
solid line in Fig. 10 represents a fit of the function

gðM2
πÞ ¼ c1t1M2

π þ a2
c2
t1

to the data with fit parameters c1 and c2. Note that we use
the charged pion mass, because charged and neutral pion
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6 8 10 12 14 16
r
min
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FIG. 8. Fit results for different APEn smearings on ensemble cA2.09.48. Left panel: As a function of rmin=a for fixed rmax=a ¼ 20.
Right panel: Variation of the fit result with the smearing level.
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FIG. 9. Example for a fit of the topological charge density correlation function with APE45 smearing on ensemble cA2.09.48. Left
panel: Fit function and data. Right panel: Differences between fit function and data.
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masses are degenerate within errors. The best fit parameter
for c1 is compatible with t1f2π=8. Note that ensemble
cA2.30.24 has a very small volume explaining the outlier
in Fig. 10.

The fitted value for c2 can be compared to the results of
Ref. [34] using Wilson clover fermions. They obtain
c2 ¼ 5.1ð7Þ × 10−3, while our value reads c2 ¼ 2.86ð26Þ ×
10−3 indicating a sizable reduction of the corresponding
lattice artifact.

VI. DISCUSSION

In Fig. 11 we show Mferm
η2 in units of the Sommer

parameter r0 as a function of ðr0MπÞ2, with the value of
r0=a ¼ 5.317ð48Þ from ensemble cA2.09.48 taken from
Ref. [21]. The outlier in our data points stems again from
the ensemble cA2.30.24, which has a very small value of
MπL. We compare the results presented in this paper
determined from the fermionic correlators to other lattice
determinations available in the literature: the two UKQCD
results stem from Ref. [42], the PACS-CS result from
Ref. [43], and the DWF result from Ref. [44]. The twisted
mass results without clover are taken from Ref. [17].
From this figure we conclude that there is overall very

good agreement between the different determinations. Even
if the different investigations do not cover a wide range in
the lattice spacing, there is no room for sizable lattice
artifacts. The results presented in this work complete the
picture toward the physical point, with a value

r0Mη2 ¼ 1.92ð8Þ

0 0.05 0.1 0.15 0.2 0.25

t
1
 Mπ

2

0

0.5

1

1.5

10
3  t 12

χ to
p

L/a = 48
L/a = 24
L/a = 32

FIG. 10. Topological susceptibility χtop as a function of the
squared pion mass, both in appropriate units of t1. The solid line
with shaded error band indicates a fit to the data according to
Eq. (24).

FIG. 11. Compilation of literature values for theNf ¼ 2 η0 meson: r0Mη2 as a function of ðr0MπÞ2. The two UKQCD results stem from
Ref. [42] with the filled symbol for r0=a ¼ 5.04 and the open symbol for r0=a ¼ 5.32, the PACS-CS result from Ref. [43] with
r0=a ¼ 4.49, the DWF result from Ref. [44] with r0=a ¼ 4.28, the CLQCD result from Ref. [16] with r0=a ¼ 4.22, and the ETMC
results from Ref. [17] with filled symbols for r0=a ¼ 5.22 and open symbols for r0=a ¼ 6.61.
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at the physical point. Using r0 ¼ 0.4907ð86Þ from
Ref. [21] we arrive at

Mη2 ¼ 772ð18Þ MeV;

where the scale setting error has been propagated into the
final error estimate. While the result is a bit lower than what
is quoted in Ref. [17], the flat dependence of Mη2 on the
light quark mass is confirmed. Interestingly, this value
agrees very well with an estimate from Ref. [15], where a
phenomenological analysis of the full η, η0 mixing matrix
has been performed to arrive at Mη2 ≈ 776 MeV.
With this determination ofMη2 at the physical pion mass

value it is almost certain that the η2 meson will have a finite
mass in the chiral limit, agreeing with the picture that the η2
is not a Goldstone boson. It implies that the topological
susceptibility must decrease as M2

π toward the chiral
limit [9].

VII. SUMMARY

In this paper we have presented results for the η2 meson
related to the axial anomaly and the topological suscep-
tibility in two-flavor QCD. The results have been obtained
using Nf ¼ 2 lattice QCD ensembles generated by ETMC
with the Wilson twisted clover discretization [21]. Pion
mass values reach from the physical value up to 340MeVat
a single lattice spacing value of a ¼ 0.0931ð2Þ fm. For the
η2 we could confirm the almost constant extrapolation in
M2

π toward the physical point. Errors are significantly
reduced compared to previous calculations. Lattice artifacts
seem to be not larger than our statistical uncertainty.
Regarding a future study of the η and η0 at physical quark

masses in the Nf ¼ 2þ 1þ 1 theory we conclude that
such a calculation should now be feasible assuming a
roughly similar signal-to-noise ratio as in the two-flavor
case. Since it is known from earlier Nf ¼ 2þ 1þ 1

simulations at unphysical quark masses that the total error
is dominated by the error on the light quark disconnected
loops, such an assumption seems reasonable. While the
nondegenerate heavy quark doublet will require additional
inversions, it should only lead to a moderate increase in the
total computational cost. An additional complication in the

Nf ¼ 2þ 1þ 1 case arises from the technically more
involved analysis because—unlike the η2—the η0 is not
a ground state. However, all the relevant analysis methods
have been developed and successfully applied previously in
Refs. [2,3] in a study of the η, η0 at unphysical quark
masses, and the analysis at physical quark masses can be
done in the same way.
We complement the determination ofMη2 at the physical

point from fermionic correlation functions with one from
the topological charge density correlator. We find that with
the number of APE smearing steps larger than or equal to
60 the estimated value of Mη2 becomes stable. The so
determined value for Mη2 is fully compatible with the one
from fermionic correlators and has an even smaller stat-
istical uncertainty. It is straightforward to apply this
methodology in the Nf ¼ 2þ 1þ 1 theory in order to
determine the mass of the η0 meson: except for the mixing
with the η, which can be taken into account by appropri-
ately modifying the fit function, we do not expect any
additional complications.
The topological susceptibility has been computed using

the gradient flow. As expected, χtop is proportional to M2
π

(for smallM2
π) up to an additive lattice artifact independent

of Mπ . Even if we are not able to finally confirm this with
only a single lattice spacing at hand, this constant term
should be of Oða2Þ. The size of this artifact appears to be
significantly smaller than what is observed with Wilson
clover fermions in Ref. [34].

ACKNOWLEDGMENTS

We thank the members of ETMC for the most enjoyable
collaboration. We thank G. Rossi for valuable comments on
the manuscript. The computer time for this project was
made available to us by the John von Neumann-Institute for
Computing (NIC) on the Jureca and Juqueen systems in
Jülich and the HPC Cluster in Bern. This project was
funded by the DFG as a project in the Sino-German
CRC110. U.W. acknowledges support from the Swiss
National Science Foundation. The open source software
packages TMLQCD [45–47], LEMON [48], DDαAMG [49],
and R [50] have been used.

[1] F. Jegerlehner, Eur. Phys. J. Web Conf. 118, 01016 (2016).
[2] C. Michael, K. Ottnad, and C. Urbach (ETM Collaboration),

Phys. Rev. Lett. 111, 181602 (2013).
[3] K. Ottnad and C. Urbach (ETM Collaboration), Phys. Rev.

D 97, 054508 (2018).
[4] N. H. Christ, C. Dawson, T. Izubuchi, C. Jung, Q. Liu, R. D.

Mawhinney, C. T. Sachrajda, A. Soni, and R. Zhou (RBC

and UKQCD Collaborations), Phys. Rev. Lett. 105, 241601
(2010).

[5] J. J. Dudek, R. G. Edwards, B. Joó, M. J. Peardon, D. G.
Richards, and C. E. Thomas (Hadron Spectrum Collabora-
tion), Phys. Rev. D 83, 111502 (2011).

[6] E. B. Gregory, A. C. Irving, C. M. Richards, and C. McNeile
(UKQCD Collaboration), Phys. Rev. D 86, 014504 (2012).

P. DIMOPOULOS et al. PHYS. REV. D 99, 034511 (2019)

034511-12

https://doi.org/10.1051/epjconf/201611801016
https://doi.org/10.1103/PhysRevLett.111.181602
https://doi.org/10.1103/PhysRevD.97.054508
https://doi.org/10.1103/PhysRevD.97.054508
https://doi.org/10.1103/PhysRevLett.105.241601
https://doi.org/10.1103/PhysRevLett.105.241601
https://doi.org/10.1103/PhysRevD.83.111502
https://doi.org/10.1103/PhysRevD.86.014504


[7] J. J. Dudek, R. G. Edwards, P. Guo, and C. E. Thomas
(Hadron Spectrum Collaboration), Phys. Rev. D 88, 094505
(2013).

[8] H. Fukaya, S. Aoki, G. Cossu, S. Hashimoto, T. Kaneko,
and J. Noaki (JLQCD Collaboration), Phys. Rev. D 92,
111501 (2015).

[9] H. Leutwyler and A. Smilga, Phys. Rev. D 46, 5607 (1992).
[10] S. Aoki, G. Cossu, H. Fukaya, S. Hashimoto, and T. Kaneko

(JLQCD Collaboration), Prog. Theor. Exp. Phys. (2018),
043B07.

[11] C. Alexandrou, A. Athenodorou, K. Cichy, M. Constantinou,
D. P. Horkel, K. Jansen, G. Koutsou, and C. Larkin, Phys.
Rev. D 97, 074503 (2018).

[12] N. J. Dowrick and N. A. McDougall, Phys. Lett. B 285, 269
(1992).

[13] G. D. Moore, Eur. Phys. J. Web Conf. 175, 01009 (2018).
[14] P. Di Vecchia, G. Rossi, G. Veneziano, and S. Yankielowicz,

J. High Energy Phys. 12 (2017) 104.
[15] C. McNeile and C. Michael (UKQCD Collaboration), Phys.

Lett. B 491, 123 (2000).
[16] W. Sun, L.-C. Gui, Y. Chen, M. Gong, C. Liu, Y.-B. Liu, Z.

Liu, J.-P. Ma, and J.-B. Zhang (CLQCD Collaboration),
Chin. Phys. C 42, 093103 (2018).

[17] K. Jansen, C. Michael, and C. Urbach (ETM Collaboration),
Eur. Phys. J. C 58, 261 (2008).

[18] M. Lüscher, J. High Energy Phys. 08 (2010) 071; 03 (2014)
092(E).

[19] C. Alexandrou et al., Phys. Rev. D 98, 054518 (2018).
[20] C. Helmes et al. (ETM Collaboration), Eur. Phys. J. Web

Conf. 175, 05025 (2018).
[21] A. Abdel-Rehim et al. (ETM Collaboration), Phys. Rev. D

95, 094515 (2017).
[22] Y. Iwasaki, Nucl. Phys. B258, 141 (1985).
[23] R. Frezzotti, P. A. Grassi, S. Sint, and P. Weisz (ALPHA

Collaboration), J. High Energy Phys. 08 (2001) 058.
[24] B. Sheikholeslami and R. Wohlert, Nucl. Phys. B259, 572

(1985).
[25] T. Chiarappa, F. Farchioni, K. Jansen, I. Montvay, E. E.

Scholz, L. Scorzato, T. Sudmann, and C. Urbach, Eur. Phys.
J. C 50, 373 (2007).

[26] R. Baron et al. (ETM Collaboration), J. High Energy Phys.
06 (2010) 111.

[27] R. Frezzotti and G. C. Rossi, J. High Energy Phys. 08
(2004) 007.

[28] M. Peardon, J. Bulava, J. Foley, C. Morningstar, J. Dudek,
R. G. Edwards, B. Joó, H.-W. Lin, D. G. Richards, and K. J.
Juge (Hadron Spectrum Collaboration), Phys. Rev. D 80,
054506 (2009).

[29] C. Morningstar, J. Bulava, J. Foley, K. J. Juge, D. Lenkner,
M. Peardon, and C. H. Wong, Phys. Rev. D 83, 114505
(2011).

[30] C. Helmes, C. Jost, B. Knippschild, L. Liu, C. Urbach, M.
Ueding, M. Werner, C. Liu, J. Liu, and Z. Wang (ETM
Collaboration), J. High Energy Phys. 09 (2015) 109.

[31] E. V. Shuryak and J. J. M. Verbaarschot, Phys. Rev. D 52,
295 (1995).

[32] M. Albanese et al. (APE Collaboration), Phys. Lett. B 192,
163 (1987).

[33] M. Lüscher and P. Weisz, J. High Energy Phys. 02 (2011)
051.

[34] M. Bruno, S. Schaefer, and R. Sommer (ALPHA Collabo-
ration), J. High Energy Phys. 08 (2014) 150.

[35] L. Liu et al., Phys. Rev. D 96, 054516 (2017).
[36] H. Neff, N. Eicker, T. Lippert, J. W. Negele, and K.

Schilling, Phys. Rev. D 64, 114509 (2001).
[37] S. Aoki, H. Fukaya, S. Hashimoto, and T. Onogi, Phys. Rev.

D 76, 054508 (2007).
[38] G. S. Bali, S. Collins, S. Dürr, and I. Kanamori, Phys. Rev.

D 91, 014503 (2015).
[39] K. Jansen, C. McNeile, C. Michael, K. Nagai, M. Papinutto,

J. Pickavance, A. Shindler, C. Urbach, and I. Wetzorke
(XLF Collaboration), Phys. Lett. B 624, 334 (2005).

[40] P. Dimopoulos, R. Frezzotti, C. Michael, G. C. Rossi, and C.
Urbach, Phys. Rev. D 81, 034509 (2010).

[41] G. Herdoiza, K. Jansen, C. Michael, K. Ottnad, and C.
Urbach, J. High Energy Phys. 05 (2013) 038.

[42] C. R. Allton, A. Hart, D. Hepburn, A. C. Irving, B. Joó, C.
McNeile, C. Michael, and S. V. Wright (UKQCD Collabo-
ration), Phys. Rev. D 70, 014501 (2004).

[43] V. I. Lesk et al. (CP-PACS Collaboration), Phys. Rev. D 67,
074503 (2003).

[44] K. Hashimoto and T. Izubuchi, Prog. Theor. Phys. 119, 599
(2008).

[45] K. Jansen and C. Urbach, Comput. Phys. Commun. 180,
2717 (2009).

[46] A. Deuzeman, K. Jansen, B. Kostrzewa, and C. Urbach,
Proc. Sci., LATTICE2013 (2014) 416.

[47] A. Abdel-Rehim et al., Proc. Sci., LATTICE2013 (2014)
414.

[48] A. Deuzeman, S. Reker, and C. Urbach (ETM Collabora-
tion), Comput. Phys. Commun. 183, 1321 (2012).

[49] C. Alexandrou, S. Bacchio, J. Finkenrath, A. Frommer, K.
Kahl, and M. Rottmann, Phys. Rev. D 94, 114509 (2016).

[50] (R Development Core Team), R: A Language and Environ-
ment for Statistical Computing (R Foundation for Statistical
Computing, Vienna, 2005), ISBN: 3-900051-07-0.

TOPOLOGICAL SUSCEPTIBILITY AND η0 … PHYS. REV. D 99, 034511 (2019)

034511-13

https://doi.org/10.1103/PhysRevD.88.094505
https://doi.org/10.1103/PhysRevD.88.094505
https://doi.org/10.1103/PhysRevD.92.111501
https://doi.org/10.1103/PhysRevD.92.111501
https://doi.org/10.1103/PhysRevD.46.5607
https://doi.org/10.1093/ptep/pty041
https://doi.org/10.1093/ptep/pty041
https://doi.org/10.1103/PhysRevD.97.074503
https://doi.org/10.1103/PhysRevD.97.074503
https://doi.org/10.1016/0370-2693(92)91464-K
https://doi.org/10.1016/0370-2693(92)91464-K
https://doi.org/10.1051/epjconf/201817501009
https://doi.org/10.1007/JHEP12(2017)104
https://doi.org/10.1016/S0370-2693(00)01010-8
https://doi.org/10.1016/S0370-2693(00)01010-8
https://doi.org/10.1088/1674-1137/42/9/093103
https://doi.org/10.1140/epjc/s10052-008-0764-6
https://doi.org/10.1007/JHEP08(2010)071
https://doi.org/10.1007/JHEP03(2014)092
https://doi.org/10.1007/JHEP03(2014)092
https://doi.org/10.1103/PhysRevD.98.054518
https://doi.org/10.1051/epjconf/201817505025
https://doi.org/10.1051/epjconf/201817505025
https://doi.org/10.1103/PhysRevD.95.094515
https://doi.org/10.1103/PhysRevD.95.094515
https://doi.org/10.1016/0550-3213(85)90606-6
https://doi.org/10.1088/1126-6708/2001/08/058
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1140/epjc/s10052-006-0204-4
https://doi.org/10.1140/epjc/s10052-006-0204-4
https://doi.org/10.1007/JHEP06(2010)111
https://doi.org/10.1007/JHEP06(2010)111
https://doi.org/10.1088/1126-6708/2004/08/007
https://doi.org/10.1088/1126-6708/2004/08/007
https://doi.org/10.1103/PhysRevD.80.054506
https://doi.org/10.1103/PhysRevD.80.054506
https://doi.org/10.1103/PhysRevD.83.114505
https://doi.org/10.1103/PhysRevD.83.114505
https://doi.org/10.1007/JHEP09(2015)109
https://doi.org/10.1103/PhysRevD.52.295
https://doi.org/10.1103/PhysRevD.52.295
https://doi.org/10.1016/0370-2693(87)91160-9
https://doi.org/10.1016/0370-2693(87)91160-9
https://doi.org/10.1007/JHEP02(2011)051
https://doi.org/10.1007/JHEP02(2011)051
https://doi.org/10.1007/JHEP08(2014)150
https://doi.org/10.1103/PhysRevD.96.054516
https://doi.org/10.1103/PhysRevD.64.114509
https://doi.org/10.1103/PhysRevD.76.054508
https://doi.org/10.1103/PhysRevD.76.054508
https://doi.org/10.1103/PhysRevD.91.014503
https://doi.org/10.1103/PhysRevD.91.014503
https://doi.org/10.1016/j.physletb.2005.08.029
https://doi.org/10.1103/PhysRevD.81.034509
https://doi.org/10.1007/JHEP05(2013)038
https://doi.org/10.1103/PhysRevD.70.014501
https://doi.org/10.1103/PhysRevD.67.074503
https://doi.org/10.1103/PhysRevD.67.074503
https://doi.org/10.1143/PTP.119.599
https://doi.org/10.1143/PTP.119.599
https://doi.org/10.1016/j.cpc.2009.05.016
https://doi.org/10.1016/j.cpc.2009.05.016
https://doi.org/10.22323/1.187.0416
https://doi.org/10.22323/1.187.0414
https://doi.org/10.22323/1.187.0414
https://doi.org/10.1016/j.cpc.2012.01.016
https://doi.org/10.1103/PhysRevD.94.114509

