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A distinctive feature observed in lattice simulations of confining non-Abelian gauge theories, such as
quantum chromodynamics, is the presence of a dynamical mass for the gauge field in the low-energy
regime of the theory. In the Gribov-Zwanziger framework in the Landau gauge, such mass is a consequence
of the generation of the dimension-two condensates (A%A%) and (P43 — @2 w?’), where A is the gluon
field and the fields @, ¢, @, and @ are Zwanziger’s auxiliary fields. In this work, we show that, in the
recently developed BRST-invariant version of the refined Gribov-Zwanziger theory, these condensates can
be introduced in a BRST-invariant way for a family of R, gauges. Their values are explicitly computed
to first order and turn out to be independent of the gauge parameters contained in the gauge-fixing
condition, as expected from the BRST invariance of the formulation. This fact supports the possibility of a
gauge-parameter independent nonzero infrared gluon mass, whose value is the same as the one in the

Landau gauge.
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I. INTRODUCTION

For more than fifty years, the standard way to perform the
quantization of a gauge field theory in the continuum has
been the Faddeev-Popov procedure [1]. One of the main
features of this approach is that the quantization is effectively
performed only if some given gauge condition is imposed.
The most popular choices of gauge conditions in the study of
the strong interaction include not only covariant and color-
symmetric gauges, such as the Landau, the linear covariant,
and the R: gauges [2,3], but also noncovariant ones, such as
the Coulomb gauge [4-6]. Another category of gauges
includes those in which color symmetry is not explicitly
enforced, such as the maximal Abelian gauge [7-9]. For an
interesting discussion about several issues that may appear in
the use of different gauges, see [10].

Each of these gauge choices can, at least in principle,
facilitate the understanding of some given physical aspect
of the theory. In any case, one expects that the actual
physical observables do not depend on the choice of the
gauge condition, so that every gauge choice should lead to
the same physical results. Although this has been shown to
be true in perturbative calculations, the proof of gauge
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equivalence is not as straightforward at the nonperturbative
level. Finally, although it is possible to successfully
formulate a gauge-invariant version of Yang-Mills theory
on a discretized spacetime in the nonperturbative regime
[11], continuum approaches still rely on the aforemen-
tioned gauge-fixing procedure.

As discussed by Gribov in his seminal work [12], the
Faddeev-Popov procedure is consistent only at the pertur-
bative level. For definiteness, let us consider the Landau
gauge [13]. As one considers physical processes at lower
and lower energies, the strong coupling becomes larger
and the gauge field configurations may depart from the
vicinity of A = 0. As a result, the Faddeev-Popov operator
[M(A)]* in the Landau gauge, 9,A% =0,

M(A)]* = —0,Di> = =6°°0* + gf**°ALD,. (1)
whose determinant appears in the path integral formulation,
acquires zero modes, i.e., eigenfunctions with vanishing
eigenvalues, rendering thus the quantization procedure ill
defined. The presence of these zero modes indicates that
some gauge copies were not removed by the Faddeev-
Popov procedure. In other words, the gauge-fixing pro-
cedure has not fully eliminated the multiple counting of
physical states in the path integral due to gauge invariance.
This is called the Gribov problem.

A solution to the Gribov problem would be to evaluate
the path integral in such a way that only one representative
for each gauge orbit is accounted for. This subset of the
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gauge field configuration space is the fundamental modular
region, whose practical implementation has not yet been
achieved. In order to take into account the existence of the
gauge copies, a partial solution was proposed by Gribov
himself in the Landau gauge, amounting to constrain the
functional integration over the gauge fields to a subset of all
field configurations so that the Faddeev-Popov operator M,
Eq. (1), has only positive eigenvalues. This subset is called
the Gribov region, and its boundary is called the Gribov
horizon.

A practical way to implement the restriction of the path
integral to the Gribov region has been proposed by
Zwanziger in [14]. The overall procedure can be seen as
the use of the Lagrange multiplier method with the addition
of an extra term to the action to enforce the constraint of the
Gribov region. This term is the horizon function, given by

FH(A) = 1'¢? / dxdly A (x) M(A) e (x. )
x fodeAd(y) 2)

in the Landau gauge, where y is the Gribov parameter,
which is not a free parameter, but rather fixed self-
consistently from a gap equation, called the horizon
condition, see [14,15]. In an initially scale-invariant theory,
as is the case of Landau-gauge Yang-Mills, the Gribov
parameter can be shown to be proportional to the renorm-
alization-group invariant scale that appears as a conse-
quence of conformal anomaly, leading to a nonperturbative
infrared effective action, known as the Gribov-Zwanziger
action. Since (2) contains the inverse of a field-dependent
differential operator, the horizon function is a nonlocal
functional of the fields. In order to write the resulting
effective field theory with the horizon constraint as a local
field theory, it is necessary to introduce auxiliary bosonic
fields, ¢ and ¢, and fermionic fields, @ and w [14,15].
With these ingredients, one can write down the Gribov-
Zwanziger (GZ) action in local form in Euclidean space for
the Landau gauge, namely

Sz = Sep + Sh» (3)

1 : =a a
Spp = /ddx [Z F& F4, +ib"0,A% +¢c*0,Debct | (4)

is the Faddeev-Popov Lagrangian in the Landau gauge and
S1= [ dixlag M)<oi? - g M) “a

+ igr fC AL (@he + b)) (5)

is the local version of the horizon function in terms of
Zwanziger’s auxiliary fields.

An interesting feature of the gluon propagator in the GZ
framework is that it violates reflection positivity, which is
one of the Osterwalder-Schrader axioms of Euclidean field
theory [16,17]. Actually, the so-called positivity violation
has been interpreted as a sign of confinement [18-20].
However, the gluon GZ propagator still lacks an important
feature: according to several results from different
nonperturbative methods—such as lattice numerical sim-
ulations, functional renormalization group and Dyson-
Schwinger equations—the gluon propagator should be
finite at zero momentum and the ghost propagator should
behave as p~2 as one approaches the infrared. This is
known as the decoupling solution [21-29]. The GZ gluon
propagator, on its turn, vanishes in the infrared and the
ghost propagator behaves as p~ for p — 0, which is called
the scaling behavior [20]. This is an indication that the GZ
action is still plagued by some nonperturbative instability.
In fact, it turns out that the condensation of mass dimension
d,, = 2 operators, such as A% and (p¢p — @w) takes place
[26,30], resulting in a gluon propagator which is non-
vanishing at p = 0. Since these condensates are nonzero, it
is possible to include them directly in the infrared action,
which is equivalent to give mass to the gluon and to the
Zwanziger auxiliary fields. The resulting action is
called the refined Gribov-Zwanziger (RGZ) theory in the
Landau gauge:

Srcz = Skp + S
m>
+ / d'x {TA;A,? + M (it — gt ag?) |
(6)

In spite of the success of the RGZ approach in the
Landau gauge, its original formulation does not allow for
an extension to other gauges such as the linear covariant
gauges or the R; gauges. The main reason for that is the
lack of BRST invariance of both GZ and RGZ actions,
Egs. (3) and (6), respectively. Recently, however, an
equivalent formulation of the theory was developed which
possesses full BRST invariance, making the extension
to other gauges possible [31]. Indeed, some features of
the GZ and the RGZ theories in the linear covariant gauge
have already been explored, for example, in [32-34].
Furthermore, as discussed in [35], the horizon function
of a large class of covariant and color invariant gauge
conditions, which are continuously connected to the
Landau gauge, can be expressed in a unified manner. As
a consequence of this new formulation, correlation func-
tions of gauge invariant operators become independent of
gauge parameters and are given by their values in the
Landau gauge [35].

In this work, we explore the instability of the Gribov-
Zwanziger theory that gives rise to the refined GZ theory in
a gauge-parameter independent manner. We do this by
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considering a R: gauge, which can be understood as a
generalization of the linear covariant gauge. In Sec. II, we
review the BRST invariant local formulation of the Gribov-
Zwanziger effective theory [32] and formulate it in the R;
gauge. Next, in Sec. III, we calculate the vacuum energy in
the GZ effective theory at leading order and show that it is
independent of the gauge parameters. Finally, in Sec. IV,
we show that the gauge invariant dimension-two conden-
sates (A"A") and (pp — @w) are generated by the GZ
dynamics, leading to the finite mass terms present in the
RGZ effective theory. Final remarks are gathered in Sec. V.

II. THE BRST-INVARIANT GRIBOV-ZWANZIGER
FRAMEWORK

According to the gauge principle, a crucial step towards a
well-defined theory at the quantum level is the establish-
ment of the BRST invariance of the action. Let us briefly
review the BRST-invariant formulation of the Gribov-
Zwanziger action, which will allow us to extend previous
results in the Landau gauge to a family of other gauges
continually connected to it. Following [32,36,37], we start
by introducing a composite SU(N) gauge field

(AM), = KT Ah+ éh"ﬁﬂh, (7)

where
h(x) = exp (ig&"(x)T*) (8)

is a matrix valued field, with 7¢ (a = 1, ..., N> — 1) being
the generators of SU(N) and the field ¢ is related to the
well-known Stueckelberg field [37]. With such a definition,
it is possible to define a consistent nilpotent set of BRST
transformations such that s(A”") i = 0, as described in more
details in the Appendix.

An important property of the field A" is that, in the
Landau gauge, it may be effectively replaced by the gauge
field A in any perturbative calculation, since the
Stueckelberg field propagator (&%(p)£P(—p)) vanishes in
this case [32]. In addition, the BRST invariant field A" field
can be employed to obtain a BRST invariant expression for
Zwanziger’s horizon function [31,32], namely

= [ atalggM@n gt - g IMAN gt
+ igR fe (AN e + b)), )

whose sole difference with respect to (2) is the replacement
A — A", Due to the properties of the field A”, both
expressions (5) and (9) turn out to be equivalent in the
Landau gauge. Given the BRST invariance of A", it is
consistent to define the auxiliary fields @, ¢, @, and w as

BRST singlets, so that the new horizon function (9) is itself
BRST invariant.

This now allows us to generalize the GZ theory in other
gauges different from the Landau gauge, i.e., the linear
covariant gauge [31,33,38,39], and the more general family
of covariant, color-preserving gauge-fixing conditions
introduced in [35].

Since the horizon function displays BRST invariance, it
follows immediately that the new Gribov-Zwanziger action

S/GZ - SFP + S;l (10)

is BRST invariant. As a consequence, correlation functions
of BRST-invariant operators are independent of gauge
parameters, as discussed in [35]. In particular, we can
consider the class of Lorentz and color invariant gauges
known as the R; gauges [7]. Its gauge fixing action is
given by

R: =s / e (aﬂAg — 25— igba>
_ / dx (ibaa,,A; — ETMEP(A)ct — ipPbrge

+ ety (€)ch +gb“ba>, (11)

where (u?, @) are gauge parameters and M (A) is the
Faddeev-Popov operator in the R; gauge

M (A) = -0,Db(A), (12)
where
DEP(A) = 5900, — gf e AS, (13)

is the covariant derivative in the adjoint representation
of SU(N). The field functional ¢g°* (£) is defined in Eq. (A5)
in the Appendix A and is derived from the BRST trans-
formation of the Stueckelberg field &.

Note that the g — 0 limit corresponds to the linear
covariant gauge, in which a@ — 0 is the Landau gauge. The
massive parameter u (roughly a ghost mass) works as an
infrared regulator for the Stueckelberg field &. This feature
is especially useful for a # 0. For the Landau gauge, the
Stueckelberg field ¢ decouples, since all its propagators
vanish [32] and no infrared problems involving this
auxiliary field appear.

Putting all ingredients in a single action, we obtain the
BRST-invariant Gribov-Zwanziger action in the R; gauge
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SGZ:/d x4 ﬂbFﬂD+R§
_’_/ddx((pszab(Ah)(p’l;c_

L g fene / X(AM) (e — )

@ZcMab(Ah)wlljc)

v / x(i7°0, (AT + 7 M (AP, (14)

It is important to point out here that the expression
above, Eq. (14), is BRST invariant. As such, the Gribov
parameter 7> acquires a potential physical meaning, being
associated to a nontrivial BRST-invariant quantity, as
expressed by

aSGZ abc a
o= o [ atsaty (ol

for any local field polynomial A. Expression (15) ensures
that y? is independent of the gauge parameters (a, u?)
entering the gauge R, condition.

Finally, let us point out that the auxiliary field z in
expression (14) is necessary to ensure the transversality of
A", a feature that is crucial for the renormalizability of the
GZ action (14) [40]. Also, the new couple of ghosts (7, 7})
takes into account the Jacobian arising from the integration
over 7 [40].

ohe) #sA, (15)

Squadr — /d“x(i(aﬂA,‘j _ayAz)Z _ —zhaZ ab +wab82 ab +g]/ ( -0 éa)faln(

TP+ 70, A + 5 b
2

m
+ (Al

D) - aﬂga)(

Within the quadratic approximation (19), the vacuum
energy (18) can be calculated by simply integrating out the
fields iteratively using the standard formula [2]

/ [Dg]exp [— / d

— (detA)"2exp G [ i@t y>J<y>),
(20)

x%(qﬁ-ﬁ-d))—l—/ddxf-qﬁ}

where G, is the Green’s function of the operator A.

-0 é:a) +M2((p/4 Qo/z a)abw

) (19

III. THE VACUUM ENERGY AT LEADING ORDER
IN THE PRESENCE OF CONSTANT SOURCES

In order to study the dynamical generation of the
condensates (A"A") and (p¢p — @w), we introduce the
corresponding operators in the GZ action, through constant
sources m? and M2, so that

m’ 4o Ah h
S:SGZ—F?/d x(AM)a (A"

+M2/d4 ((pﬂ (pﬂ ab ab). (16)

In the presence of the sources m”> and M?, the partition
function of the theory reads

Z= / [Dle=S = e~VEue, (17)

where [D¢| = [DA][Db][DE|[Dc][Dp|[Dy][D&][Dw][D]
[DE|[D7)[Dn] represents the functional measure including
all fields present in the action and &, is the energy density
of the vacuum state of the GZ theory, in the presence of the
source terms, as in Eq. (16). Therefore,

1 1 -
=——logZ =1 Deple=5. 1
Evie = =y 108Z = og/[ ple (18)

In order to show that nonzero condensates appear already
at leading order, let us consider the quadratic terms in the
action (14),

- i) + it*(0,A% — 9*E)

_ i”Zbaé:a + EaaZCa _MZE.aca

|

It is convenient to start with the auxiliary fields z, 77 and
n, which are related to the constraint on the transversality
of A”. Next, one may integrate out the Stueckelberg field &
and then Zwanziger’s auxiliary fields @, ¢, @ and o,
followed by the gauge fixing fields b, ¢ and c. At the end
of this procedure, we are left with an integral over the
gauge field A

Z = / [DA] det(a)~'/? det(—=0? + p?)e~Ss,  (21)

where
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1 2¢°N .y
— d . pAa sab 2 2 ¢
SA_E/d XALO K—a + +_aer 5 ) P

-é (1 ”;2> 0 a] (22)

with the transverse projector

_, _00,

P =08, ="

v

(23)

After the final integration in the gluon field, the gauge-
dependent terms present in the longitudinal part of the
gluon action (22) precisely cancel the determinants
in (21) and the vacuum energy density is, in the quadratic
approximation,

) N2—1 dip A*
gl _Ne =Ly / log ( p?+m?
ac D) ( ) (277;)d og\p +m +p2 —|—M2

N2—1 [ d%p

where A* = 2¢g>N y*. Let us remark that the independence
of (24) with respect to the gauge parameters a and y? is an
explicit consequence of the exact BRST invariance of the
present formulation of the Gribov-Zwanziger framework
(14). Note that this property would not be true for the
original Gribov-Zwanziger framework, in which the BRST
symmetry is softly broken. This is the first important
feature of the proposed action (14) that we wish to show
in this paper.

IV. TWO GAUGE INVARIANT CONDENSATES
AND THE INSTABILITY OF THE GZ ACTION

Now that we have calculated the vacuum energy density
in the quadratic approximation, we may proceed to calcu-
late the condensates

(angany) = [IDBAgange s @5)
and
@itest - agtar) =, [IDB(aar - affage o

(26)

Note that these condensates are calculated within the
BRST invariant formulation of the Gribov-Zwanziger
theory, hence the action S;z, Eq. (14), in the definitions
above. An important property of both condensates is that
they correspond to expectation values of BRST invariant
operators, as briefly reviewed in Appendix A. They can
furthermore be expressed in terms of the vacuum energy as

8(c;vac
((AMEA")) =2 (27)
m m2=M?=0
and
—ab . a ~ab .a aSVaC
(@il = @i oil) = Fap Y

Note that the sources m> and M? are taken to zero at the
end of the calculation. This is analogous to considering
the appearance of a spontaneous magnetization in a spin
model: first, one considers the interaction of the magnetic
moments in the presence of some external magnetic field
and then, at the last step of the calculation, the external field
is taken to zero. A resulting nonzero value of the con-
densates (A"A") or (pp — @w) starting from the GZ action
(14) is somewhat analogous to a spontaneous magnetiza-
tion in a spin model [41].

Even though our calculation already shows that the
condensates (A"A") and (p¢ — @w) are nonzero, a fuller
calculation would require the construction of effective
potential for the expectation values of these two operators,
a task which can be faced by means of the local composite
operator (LCO) formalism [42,43], see [30,44-46] for
previous attempts in the context of the RGZ theory in
the Landau gauge and [47] for recent developments.

From the expression (24) for the vacuum energy and
formulas (27) and (28), the condensates can be immediately
calculated, leading to

(M =1)(d-1) [ dp 1
2 _ —
= e DE=D (29)
and
(@ g — o o)
(N2 -1)(d-1

) / dd p2 —A4
2 (27)9 p* + A* (p* + M?)?| )
2 _ _
RELICRLIN 0

where we used the decomposition

1 1 A?

== -0 (31)
pr+ Pt PPt +AY)
and the dimensional regularization formula
d'p 1
[ ki=o (32)
(27)" p
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which is valid for d > 2. For the final expressions, we also
used the results

a? A A?
I4(A) = / (27501]72(]74 +A4) :@ (d=4)
- o0 (d=2). (33)

Note that, for d = 2, the integral (33) is IR divergent, so
that the condensates do not show up, as could be antici-
pated by the Mermin-Wagner-Coleman theorem [48,49]. In
d =4 and in d = 3, these leading-order results for the
condensates vanish if one does not consider the restriction
to the Gribov region, i.e., if y = 0 (or, equivalently, A = 0).
It is important to note that it has been shown in pure Yang-
Mills theories in Landau gauge that the (A?) condensate is
generated by the non-Abelian interaction, even in the
absence of the Gribov horizon [44.,45]. This finding is
compatible with our quadratic analysis because in our
approximation we neglect the direct effect of interactions,
considering only the presence of the nonperturbative back-
ground brought about by the constraint of the Gribov
horizon condition. A full fledged effective potential cal-
culation would therefore reveal that the ((A")q(A"))
condensate has a nonzero limit as the Gribov parameter
vanishes.

Let us finally note that the Gribov parameter is inde-
pendent of the gauge parameters and is thus allowed to
enter explicitly findings for physical observables. This can
be immediately seen from the defining equation of y, the
gap equation [12]

agvac
Oy?

=0, (34)

where &, is the vacuum energy (24), which is explicitly
independent of the gauge parameters a and u.

Due to the BRST invariance, it turns out that the
condensates ((A")¢(AM)a) and (@Pes? — @it wil), (29)
and (30), are also independent of the gauge parameters
a and p appearing in the gauge condition. This is a direct
consequence of the BRST-invariant formulation of the
Gribov-Zwanziger theory put forward in [31,32,38]. It is
also interesting to note that, due to the independence of the
energy density on the gauge parameters, if the condensation
of these operators happens for some value of « and p (for
example, for the Landau gauge), it will happen for any
values of the gauge parameters. This property indicate that
indeed these condensates may have a genuine physical
meaning. Furthermore, the RGZ parameters m> and M?>
related to the condensates do not depend on the gauge
parameters and are thus given by their Landau gauge values.
Finally, although the gluon propagator (A%(p)AL(—p)) is

gauge dependent, the two-point correlation point of the A"
composite field is gauge independent, being equal to the
Landau gauge gluon propagator. Thus, it is possible to use
this idea to predict how the gluon propagator deviates from
the Landau gauge value as one considers nonzero values for
the gauge parameters « and u for some generic R: gauges.

V. FINAL REMARKS

In this work, we have extended previous discussions on
the generation of dimension-two condensates in the Landau
gauge Gribov-Zwanziger framework to a two-parameter
family of gauges, namely, the R gauges, parametrized by
the parameters « and p. In the limit 4 — 0, one recovers the
linear covariant gauge, so that with (4, «) — 0 one achieves
the Landau gauge. We have explicitly shown that the
instability of the GZ action observed in the Landau gauge
is actually a universal property in this large class of gauges,
suggesting a genuine physical meaning for the refinement
of the GZ action in the infrared regime. In particular,
we have shown that the GZ action is unstable with respect
to the formation of the BRST invariant condensates
((AM)a(AM)a) and (pgPeL? — @b wi?), which were com-
puted at leading order. These condensates are proportional
to the Gribov parameter y?, which is also independent of the
choice of the gauge parameters contained in the R: gauges.

Such gauge independence reinforces the fact that both
Gribov parameter and condensates enter the correlation
functions of physical operators, i.e., the correlation func-
tions of local gauge invariant quantity as, for example, the
glueball spectrum (cf. e.g., [50,51]). The results presented
here are therefore a step forward in proving that the RGZ
framework can provide a physically meaningful description
of the infrared regime of Yang-Mills theories.

An interesting point raised by these developments is
whether one can probe directly these gauge-invariant
dimension-two condensates on the lattice. For that, one
would need to write these nonlocal operators in terms of
lattice variables, a task which is not straightforward.
Nevertheless, as we have emphasized, the current descrip-
tion of the RGZ formalism in R; gauges implies that the
numerical results for expectation values of BRST-invariant
operators must be identical to those in the Landau gauge,
which is already accessible by lattice methods. Indeed there
are indications of a nonzero (A?) in lattice Yang-Mills
simulations for the Landau gauge [52,53] and we expect to
report on direct comparisons between the RGZ predictions
and the lattice results in the future.
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APPENDIX: THE BRST TRANSFORMATIONS
AND THE GAUGE INVARIANCE
OF THE GZ ACTION

For completeness, let us introduce the BRST trans-
formations of the fields present in the GZ action (14) in
order to show that such an action [as well as its version with
sources, Eq. (16)] is BRST invariant. The BRST trans-
formations of the fields are

_ b b
sAy = —=Dy’c
a :Q abc b .c
sc 2f c’c
scd = ib“
sb® =0, (A1)

as in standard perturbative Yang-Mills theories, supple-

mented by the trivial transformations of the auxiliary fields
s® =0, (A2)

where @ is any of the fields p, ¢, @, @, 7, ij, n. The field A"
is, by construction, BRST invariant, so that

s(AM)¢ = 0. (A3)
From the definition (7) of A", the condition (A3) leads to

the particular BRST transformation of the Stueckelberg
field & [32]

ab .b
9

&' = g*c (Ad)

where

2
gab(g) — _5ab _|_gfabc§c _%famrfmbnggr + 0(53)

(AS)

As is well-known, the Faddeev-Popov action

1
Skp = /ddeFﬂvFﬂv + Rév (A6)

is invariant under the BRST transformations (A1), where
R; is the gauge-fixing action in (11). Furthermore, with
the BRST transformations (A2) and (A3) one can
immediately check that the Gribov-Zwanziger action
(14) 1is invariant under BRST transformations, as
advertised.

Finally, note that the addition of the BRST-invariant
sources ((A")4(A")4) and (@i @i’ — aiwi?) does not
spoil the BRST invariance of the action (16).
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