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Triggered by a recent LHCb measurement and prospects for Belle II, we derive U-spin symmetry
relations between integrated CP asymmetries of three-body Λþ

c and Ξþ
c decays. The sum rules read

ACPðΛþ
c → pK−KþÞ þ ACPðΞþ

c → Σþπ−πþÞ ¼ 0, ACPðΛþ
c → pπ−πþÞ þ ACPðΞþ

c → ΣþK−KþÞ ¼ 0,
and ACPðΛþ

c → Σþπ−KþÞ þ ACPðΞþ
c → pK−πþÞ ¼ 0. No such U-spin sum rule exists between

ACPðΛþ
c → pK−KþÞ and ACPðΛþ

c → pπ−πþÞ. All of these sum rules are associated with a complete
interchange of d and s quarks. Furthermore, there are no U-spin CP asymmetry sum rules which hold to
first order U-spin breaking.

DOI: 10.1103/PhysRevD.99.033005

I. INTRODUCTION

Recently, after establishing the first evidence for CP
violation in beauty baryon decays [1], LHCb measured the
difference of CP asymmetries of the three-body singly
Cabibbo-suppressed (SCS) Λþ

c decays [2],

ACPðΛþ
c → pK−KþÞ − ACPðΛþ

c → pπ−πþÞ
¼ ð0.30� 0.91� 0.61Þ%: ð1Þ

Here, ACP is the CP asymmetry of the rates integrated over
the whole phase space (for details see Ref. [2]), and we give
a formal definition in Eq. (22). Prospects for future
improvements are bright [3], and there is also a rich physics
program with charmed baryons at Belle II [4,5].
For charmed meson decays, sum rules between directCP

asymmetries are known. In the U-spin limit we have for the
direct CP asymmetries (see, e.g., Refs. [6–9])

adirCPðD0 → KþK−Þ þ adirCPðD0 → πþπ−Þ ¼ 0; ð2Þ

adirCPðDþ → KSKþÞ þ adirCPðDþ
s → KSπ

þÞ ¼ 0: ð3Þ

Generalizations including SUð3ÞF breaking effects have
also been discussed in the literature [9–11]. Consequently,
in view of the measurement, Eq. (1), the question arises if

similar U-spin symmetry relations also exist between the
decays involved therein. In this article we address this
question. We focus therefore only on SCS three-body
charmed baryon decays which are related to Λþ

c →
pK−Kþ and Λþ

c → pπ−πþ byU-spin. These are the decays
Ξþ
c → Σþπ−πþ,Λþ

c → Σþπ−Kþ,Ξþ
c → pK−πþ, andΞþ

c →
ΣþK−Kþ, i.e., altogether six decay channels connected by
U-spin.
Naively, one could expect that replacing the D0 by a Λþ

c
and adding a proton in the final states in Eq. (2) would also
give a valid sum rule. As we show, however, the presence of
the spectator quark has nontrivial implications as the three-
body decay allows more combinatorial possibilities for the
flavor-flow diagrams. The d spectator quark can end in the
proton or the pion, but not in the kaon. Therefore, it turns
out that Λþ

c → pπ−πþ has additional independent topo-
logical diagrams which are not present in the case of Λþ

c →
pK−Kþ and there is no U-spin sum rule between the two
respective CP asymmetries. However, we find that analogs
of Eq. (2) still exist and correlate Λþ

c and Ξþ
c decays. These

sum rules share with Eqs. (2) and (3) the feature that they
come from interchanging alld and squarks of a givenprocess
[12–14].
The symmetries of charm decay amplitudes which lead

to correlations between different CP asymmetries can be
expressed in the form of topological diagrams or reduced
matrix elements from group theory. After reviewing the
available literature on charmed baryon decays in Sec. II,
we introduce both parametrizations in Sec. III. We show
that both approaches result in equivalent decompositions.
In Sec. IV we discuss how the pointwise CP asymmetries
are connected to the integrated ones and conclude in Sec. V.
In Appendix we give the U-spin breaking contributions
which show that no CP asymmetry sum rules exist at first
order U-spin breaking.

*yg73@cornell.edu
†ss3843@cornell.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 99, 033005 (2019)

2470-0010=2019=99(3)=033005(8) 033005-1 Published by the American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.033005&domain=pdf&date_stamp=2019-02-12
https://doi.org/10.1103/PhysRevD.99.033005
https://doi.org/10.1103/PhysRevD.99.033005
https://doi.org/10.1103/PhysRevD.99.033005
https://doi.org/10.1103/PhysRevD.99.033005
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


II. LITERATURE REVIEW

A variety of methods has been applied to charm baryon
decays in the literature. Most promising are SUð3ÞF
methods; however, large corrections of Oð30%Þ are
expected from SUð3ÞF breaking. Those symmetry-based
methods have been used for two-body charmed baryon
decays for a long time, including discussions of CP
violation [15–23]; for general reviews see Refs. [24–27].
The connection with the diagrammatic approach for two-
body decays [28–31] and SUð3ÞF breaking [32] has also
been discussed, and even SUð4ÞF has been applied [33,34].
More recent works, which, however, do not discuss CP
violation are Refs. [35–38]. Besides SUð3ÞF there have also
been several other approaches to two-body charmed baryon
decays, such as (covariant) quark models [39–42], pole
and factorization models [43–45], heavy quark effective
theory (HQET) [25,46], and a light-front approach [47].
A comparison of several model-dependent approaches is
provided in Ref. [48]. The CP violating effect from the
interference of charm and neutral kaon decays in two-body
charmed baryon decays has been discussed in Ref. [49].
CP violation in Λc → BP and Λc → BV (where B is a
baryon, P a pseudoscalar meson, and V a vector meson) has
been discussed in Ref. [50], however, not in the context of
SUð3ÞF sum rules. Prospects for decay asymmetry param-
eter measurements at BESIII are given in Ref. [51]. There is
also literature on using SUð3ÞF for decays of baryons with
more than one charm quark; see Refs. [52–57].
Three-body charmed baryon decays have been covered in

the SUð3ÞF approach inRefs. [19,58–60]. A general analysis
of the new physics (NP) sensitivity of different baryonic
decay channels can be found in Ref. [61]. In Ref. [62] a
statistical isospin model has been applied. However, the
Cabibbo-Kobayashi-Maskawa (CKM)–subleading parts
which are essential for CP asymmetries are not studied in
these references.Moreover, wewere unable to find sum rules
forCP asymmetries of three-body charmed baryon decays in
the literature, and this is what we do next.

III. U-SPIN DECOMPOSITION

In this paper we consider only the Standard Model (SM).
Then, the CKM structure of amplitudes of SCS charm
decays can be written as

A ¼ ΣðAs
Σ − Ad

ΣÞ þ ΔAΔ; ð4Þ
where As

Σ, A
d
Σ, and AΔ carry a strong phase only. The CKM

matrix elements appear in the combinations

Σ≡ V�
csVus − V�

cdVud

2
;

Δ≡ V�
csVus þ V�

cdVud

2
¼ −

V�
cbVub

2
; ð5Þ

where we used CKM unitarity for Δ.

As
Σ (Ad

Σ) contains c → s (c → d) quark-level transitions.
Note that for some decays both As

Σ and Ad
Σ are nonzero; see

Table I. We have Δ ≪ Σ; thus, AΣ ≡ As
Σ − Ad

Σ is the CKM-
leading part, whereas AΔ is CKM subleading. Actually, the
contribution of ΔAΔ is negligible for the current and near-
future experimental precision of branching ratio measure-
ments. However, the interference of ΔAΔ with ΣAΣ is
essential for nonvanishing direct charm CP asymmetries.
For deriving the diagrammatic and group-theoretical

parametrizations we use the following conventions for
the quark flavor states of the relevant baryon and meson
states, which are compatible with Refs. [63–66],

jΛþ
c i≡ judci ¼

���� 12 ;
1

2

�
; jΞþ

c i≡ jusci ¼
����12 ;−

1

2

�
;

jpi≡ juudi ¼
���� 12 ;

1

2

�
; jΣþi≡ juusi ¼

����12 ;−
1

2

�
;

jKþi≡ jus̄i ¼
���� 12 ;

1

2

�
; jπþi≡ jud̄i ¼ −

����12 ;−
1

2

�
;

−jπ−i≡ jdūi ¼
���� 12 ;

1

2

�
; −jK−i≡ jsūi ¼

����12 ;−
1

2

�
;

and where we write the states as U-spin doublets. The
operators of the effective Hamiltonian for SCS decays can
be written as a sum of spurions with ΔU ¼ 1 and ΔU ¼ 0,

Heff ∼ Σð1; 0Þ þ Δð0; 0Þ; ð6Þ

where ði; jÞ≡OΔU¼i
ΔU3¼j; see the discussion in Ref. [67]. We

show here the flavor structure with respect to U-spin only,
absorbing any overall factors into the group representations.
The group-theoretical decomposition is obtained by

applying the Wigner-Eckart theorem. For the final states,
we use the order ðB ⊗ P−Þ ⊗ Pþ; i.e., we calculate first the
tensor product of the baryon with the negatively charged
pseudoscalar, and then we calculate the tensor product of
the result with the positively charged pseudoscalar. For the
final state h1

2
j we put a subscript “0” or “1” depending on

whether it comes from the tensor product 0 × 1
2
or 1 × 1

2
,

TABLE I. SCS decays connected to Λc → pπþπ− by U-spin
and their underlying quark level transitions in the nonpenguin
diagrams.

Decay ampl. A c → s c → d

AðΛþ
c → pK−KþÞ ✓ ✓

AðΞþ
c → Σþπ−πþÞ ✓ ✓

AðΛþ
c → Σþπ−KþÞ ⨯ ✓

AðΞþ
c → pK−πþÞ ✓ ⨯

AðΛþ
c → pπ−πþÞ ⨯ ✓

AðΞþ
c → ΣþK−KþÞ ✓ ⨯
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respectively, and we distinguish the corresponding reduced
matrix elements. Our result is shown in Table II.
For the diagrammatic approach, the topological diagrams

are shown in Figs. 1–6. The topological diagrams are

all-order QCD diagrams which capture the flavor flow only.
In each diagram we imply the sum over all possible
combinations to connect the final state up quarks. As we
consider U-spin partners only here, these are the same for

TABLE II. SCS decays connected to Λc → pπþπ− by U-spin and their group-theoretical decomposition.

Decay ampl. A Σh1
2
j
0
1j 1

2
i Σh1

2
j
1
1j 1

2
i Σh3

2
j1j 1

2
i Δh1

2
j
0
0j 1

2
i Δh1

2
j
1
0j 1

2
i

AðΛþ
c → pK−KþÞ − 1ffiffi

6
p 1

3
ffiffi
2

p −
ffiffi
2

p
3

− 1ffiffi
2

p 1ffiffi
6

p

AðΞþ
c → Σþπ−πþÞ 1ffiffi

6
p − 1

3
ffiffi
2

p ffiffi
2

p
3

− 1ffiffi
2

p 1ffiffi
6

p

AðΛþ
c → Σþπ−KþÞ 1ffiffi

6
p 1

3
ffiffi
2

p −
ffiffi
2

p
3

1ffiffi
2

p 1ffiffi
6

p

AðΞþ
c → pK−πþÞ − 1ffiffi

6
p − 1

3
ffiffi
2

p ffiffi
2

p
3

1ffiffi
2

p 1ffiffi
6

p

AðΛþ
c → pπ−πþÞ 0

ffiffi
2

p
3

ffiffi
2

p
3

0
ffiffi
2
3

q
AðΞþ

c → ΣþK−KþÞ 0 −
ffiffi
2

p
3

−
ffiffi
2

p
3

0
ffiffi
2
3

q

FIG. 1. Diagrams in AðΛþ
c → pK−KþÞ ¼ ðΣþ ΔÞð−T − C1Þ þ ð−Σþ ΔÞð−E2Þ þ Δð−P1Þ. All diagrams have been drawn using

JAXODRAW [69,70].

FIG. 2. Diagrams in AðΞþ
c → Σþπ−πþÞ ¼ ð−Σþ ΔÞð−T − C1Þ þ ðΣþ ΔÞð−E2Þ þ Δð−P1Þ.

FIG. 3. Diagrams in AðΛþ
c → Σþπ−KþÞ ¼ ðΣþ ΔÞð−C2Þ þ ð−Σþ ΔÞð−E1Þ þ Δð−P2Þ.
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FIG. 4. Diagrams in AðΞþ
c → pK−πþÞ ¼ ð−Σþ ΔÞð−C2Þ þ ðΣþ ΔÞð−E1Þ þ Δð−P2Þ.

(a) (b) (c) (d)

(e) (f) (g)

FIG. 5. Diagrams in AðΛþ
c → pπ−πþÞ ¼ ð−Σþ ΔÞð−T − C1 − C2 − E1 − E2Þ þ Δð−P1 − P2Þ.

FIG. 6. Diagrams in AðΞþ
c → ΣþK−KþÞ ¼ ðΣþ ΔÞð−T − C1 − C2 − E1 − E2Þ þ Δð−P1 − P2Þ.
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all decay channels. Furthermore, in the case of the penguin
diagram the shown topology is defined as

P≡ Ps þ Pd − 2Pb; ð7Þ
where Pq is the penguin diagram with the down-type quark
q running in the loop; see Eq. (5) and Ref. [11].
Annihilation diagrams with antiquarks from the sea of
the initial state do not play a role here. Our result for the
diagrammatical decomposition is given in Table III, where
we form combinations of the topologies which give linear
independent contributions. Note that the parametrizations
in Tables II and III are equivalent; see also Refs. [63,66,68]
for the same observation for two-body meson decays. Both
of the shown parametrization matrices have rank five, and
we have a one-to-one matching of the independent param-
eter combinations of the two parametrizations on each
other. Explicitly, the mapping of the two parametrizations
reads0
BBBBBBBBBBBBBBBBBB@

�
1
2

����
0

1

���� 12
�

�
1
2

����
1

1

���� 12
�

�
3
2

����1
���� 12
�

�
1
2

����
0

0

���� 12
�

�
1
2

����
1

0

���� 12
�

1
CCCCCCCCCCCCCCCCCCA

¼

0
BBBBBBBBBB@

ffiffi
3
2

q
−

ffiffi
3
2

q ffiffi
3
2

q
0 0

1ffiffi
2

p 1ffiffi
2

p 3ffiffi
2

p 0 0ffiffiffi
2

p ffiffiffi
2

p
0 0 0

0 0 0 1ffiffi
2

p − 1ffiffi
2

p

0 0 0 −
ffiffi
3
2

q
−

ffiffi
3
2

q

1
CCCCCCCCCCA

×

0
BBBBBB@

T þ C1 − E2

C2 þ E2

E1 þ E2

T þ C1 þ E2 þ P1

C2 þ E1 þ P2

1
CCCCCCA
: ð8Þ

Herein, the first three reduced matrix elements correspond
to the CKM-leading part and the last two to the CKM-
subleading part, which is why the translation matrix is
block diagonal. As the coefficient submatrix of the CKM-
leading part has matrix rank three, there are three U-spin

sum rules for the AΣ part, which one can read off directly as

AΣðΛþ
c → pK−KþÞ ¼ −AΣðΞþ

c → Σþπ−πþÞ; ð9Þ
AΣðΛþ

c → Σþπ−KþÞ ¼ −AΣðΞþ
c → pK−πþÞ; ð10Þ

AΣðΛþ
c → pπ−πþÞ ¼ −AΣðΞþ

c → ΣþK−KþÞ: ð11Þ
The sum rules Eqs. (9)–(11) agree with the ones that can be
read off Table XI in Ref. [19]. The CKM-subleading
coefficient submatrix has rank two, so there are four
corresponding U-spin sum rules. Three of them correspond
to the ones for the CKM-leading part, namely

AΔðΛþ
c → pK−KþÞ ¼ AΔðΞþ

c → Σþπ−πþÞ; ð12Þ
AΔðΛþ

c → Σþπ−KþÞ ¼ AΔðΞþ
c → pK−πþÞ; ð13Þ

AΔðΛþ
c → pπ−πþÞ ¼ AΔðΞþ

c → ΣþK−KþÞ: ð14Þ
The additional one is given as

AΔðΛþ
c → pK−KþÞ þ AΔðΛþ

c → Σþπ−KþÞ
¼ AΔðΛþ

c → pπ−πþÞ: ð15Þ
Finally, the full U-spin limit coefficient matrix has rank
five; therefore there is one sum rule for the full amplitudes

AðΛþ
c → pK−KþÞ þAðΞþ

c → Σþπ−πþÞ
þAðΛþ

c → Σþπ−KþÞ þAðΞþ
c → pK−πþÞ

−AðΛþ
c → pπ−πþÞ −AðΞþ

c → ΣþK−KþÞ ¼ 0: ð16Þ

IV. CP ASYMMETRY SUM RULES

We start our discussion in the U-spin limit (later we
consider also U-spin breaking). Furthermore, as [71]

Imð−2Δ=ΣÞ ≈ −6 × 10−4; ð17Þ
disregarding powers of OðΔ2=Σ2Þ is an excellent approxi-
mation. Within this approximation, the CP asymmetry at a
certain point in the Dalitz plot can be written as (see, e.g.,
Refs. [7,72,73])

aCP ≡ jAj2 − jĀj2
jAj2 þ jĀj2 ¼ Im

�
−2Δ
Σ

�
Im

�
AΔ

AΣ

�
: ð18Þ

TABLE III. SCS decays connected to Λc → pπþπ− by U-spin and their diagrammatical decomposition.

Decay ampl. A ΣðT þ C1 − E2Þ ΣðC2 þ E2Þ ΣðE1 þ E2Þ ΔðT þ C1 þ E2 þ P1Þ ΔðC2 þ E1 þ P2Þ
AðΛþ

c → pK−KþÞ −1 0 0 −1 0
AðΞþ

c → Σþπ−πþÞ 1 0 0 −1 0
AðΛþ

c → Σþπ−KþÞ 0 −1 1 0 −1
AðΞþ

c → pK−πþÞ 0 1 −1 0 −1
AðΛþ

c → pπ−πþÞ 1 1 1 −1 −1
AðΞþ

c → ΣþK−KþÞ −1 −1 −1 −1 −1
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Inserting the amplitude sum rules Eqs. (9)–(14) into
Eq. (18) we obtain the pointwise CP asymmetry sum rules

aCPðΛþ
c → pK−KþÞ þ aCPðΞþ

c → Σþπ−πþÞ ¼ 0; ð19Þ

aCPðΛþ
c → Σþπ−KþÞ þ aCPðΞþ

c → pK−πþÞ ¼ 0; ð20Þ

aCPðΛþ
c → pπ−πþÞ þ aCPðΞþ

c → ΣþK−KþÞ ¼ 0: ð21Þ

Next, we move to the discussion of the phase space
integrated CP asymmetry. In the U-spin limit and to linear
order in Δ=Σ it is given as

ACP ≡
R jAj2dp −

R jĀj2dpR jAj2dpþ R jĀj2dp ¼ Im

�
−2Δ
Σ

�
Ip; ð22Þ

with

Ip ¼
R
ImðA�

ΣAΔÞdpR jAΣj2dp
: ð23Þ

Here, the dp integration denotes the integration over all
phase space variables.
In the case of two-body charm meson decays to

pseudoscalars, Eq. (22) gives a trivial integral, and we
have ACP ¼ aCP as it must be. Note that for D0 decays the
CP asymmetries have additional contributions from indi-
rect CP violation due to charm mixing. This additional
complication is not present for baryon decay.
In order to promote a sum rulewhich is valid for pointwise

CP asymmetries, aCP, to a sum rule between CP asymme-
tries of integrated rates, ACP, it is necessary that jIpj agrees
for the involved CP asymmetries. From Eqs. (9)–(14) it is
clear that this criterion is fulfilled by all three pairs of decays
in Eqs. (19)–(21). Thus, the pointwise sum rules can be
promoted to ones for CP asymmetries of the integrated rates

ACPðΛþ
c → pK−KþÞ þ ACPðΞþ

c → Σþπ−πþÞ ¼ 0; ð24Þ

ACPðΛþ
c → Σþπ−KþÞ þ ACPðΞþ

c → pK−πþÞ ¼ 0; ð25Þ

ACPðΛþ
c → pπ−πþÞ þ ACPðΞþ

c → ΣþK−KþÞ ¼ 0: ð26Þ

Moreover, from Tables II and III it is clear that no such sum
rule connectsACPðΛþ

c →pK−KþÞ andACPðΛþ
c → pπ−πþÞ.

Additionally, as we discuss in Appendix, there are not even
pointwise CP asymmetry sum rules at first order U-spin
breaking. This means that Eqs. (19)–(21) and Eqs. (24)–(26)
are expected to get corrections of Oð30%Þ [8,11,67].

V. CONCLUSIONS

We construct U-spin CP asymmetry sum rules between
SCS three-body charmed baryon decays, which we give
in Eqs. (19)–(21) and Eqs. (24)–(26). The sum rules are

valid both pointwise at any point in the Dalitz plot and for
the integrated CP asymmetries. There are no U-spin CP
asymmetry sum rules besides the trivial ones due to the
interchange of all d and s quarks. Furthermore, there is no
U-spin CP asymmetry sum rule which is valid beyond the
U-spin limit. Also, there is no U-spin sum rule connecting
ACPðΛþ

c → pK−KþÞ and ACPðΛþ
c → pπ−πþÞ whose dif-

ference recently has been measured by LHCb [2]. The
dynamic reason for the latter is that the presence of the
spectator quark and the additional combinatorial possibil-
ities due to the three-body decay lead eventually to more
possible topological combinations for Λþ

c → pπ−πþ than
for the Λþ

c → pK−Kþ in both the CKM-leading and the
CKM-subleading parts of the amplitudes. These additional
contributions remain in the sum of the two CP asymmetries
and do not cancel out.
There are more opportunities for studying U-spin sum

rules and their breaking in three-body charm decays by
including also the branching ratios of Cabibbo-favored and
doubly Cabibbo-suppressed decays in the discussion,
which we leave for future work.
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APPENDIX: U-SPIN BREAKING

TheU-spin breaking from the difference of d and s quark
masses gives rise to a triplet spurion operator. For impli-
cations for meson decays see, e.g., Refs. [67,74–76]. In
order to include these corrections within perturbation
theory we perform the tensor products with the unperturbed
Hamiltonian. We have

ð1; 0Þ ⊗ ð1; 0Þ ¼
ffiffiffi
2

3

r
ð2; 0Þ −

ffiffiffi
1

3

r
ð0; 0Þ: ðA1Þ

TABLE IV. Decomposition of the CKM-leading U-spin break-
ing part of the SCS decays which are connected to Λc → pπþπ−
by U-spin.

Decay ampl. AX Σh3
2
j2j 1

2
i Σh1

2
j
0
0j 1

2
i Σh1

2
j
1
0j 1

2
i

AXðΛþ
c → pK−KþÞ − 2

3
ffiffi
5

p 1ffiffi
6

p − 1

3
ffiffi
2

p

AXðΞþ
c → Σþπ−πþÞ − 2

3
ffiffi
5

p 1ffiffi
6

p − 1

3
ffiffi
2

p

AXðΛþ
c → Σþπ−KþÞ − 2

3
ffiffi
5

p − 1ffiffi
6

p − 1

3
ffiffi
2

p

AXðΞþ
c → pK−πþÞ − 2

3
ffiffi
5

p − 1ffiffi
6

p − 1

3
ffiffi
2

p

AXðΛþ
c → pπ−πþÞ 2

3
ffiffi
5

p 0 −
ffiffi
2

p
3

AXðΞþ
c → ΣþK−KþÞ 2

3
ffiffi
5

p 0 −
ffiffi
2

p
3
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Note that there is no triplet present on the right-hand side
in Eq. (A1) as ΔU3 ¼ 0 for both ΔU ¼ 1 operators on the
left-hand side, and the (1,0) in the corresponding product
comes with a vanishing Clebsch-Gordan coefficient. Our
result for the parametrization of the CKM-leading U-spin
breaking contribution AX to the decay amplitudes is given
in Table IV. Combining this result with the CKM-leading

part of the parametrization given in Table II we obtain a
matrix with rank six. That means there are no U-spin sum
rules valid at this order between the SCS decays—neither
for the full amplitudes nor for the CKM-leading part only.
Furthermore, at this order there are not even pointwise CP
asymmetry sum rules, not to mention ones for CP asym-
metries of integrated rates.
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