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The Rényi entanglement entropy (REE) of the states excited by local operators in two-dimensional
irrational conformal field theories (CFTs), especially in Liouville field theory (LFT) and N ¼ 1 super-
Liouville field theory (SLFT), has been investigated. In particular, the excited states obtained by acting on the
vacuumwith primary operatorswere considered.We start from evaluating the secondREE in a compact c ¼ 1

free boson field theory at generic radius,which is an irrationalCFT.Thenwe focus on the two special irrational
CFTs, e.g., LFTand SLFT. In these theories, the secondREEof such local excited states becomes divergent in
early and late time limits. For simplicity, we study the memory effect of REE for the two classes of the local
excited states in LFTand SLFT. In order to restore the quasiparticles picture, we define the difference of REE
between target and reference states, which belong to the same class. The variation of the difference of REE
between early and late time limits always coincides with the log of the ratio of the fusion matrix elements
between target and reference states. Furthermore, the locally excited states by acting generic descendent
operators on the vacuum have been also investigated. The variation of the difference of REE is the summation
of the log of the ratio of the fusion matrix elements between the target and reference states and an additional
normalization factor. Since the identity operator (or vacuum state) does not live in theHilbert space of LFTand
SLFT and no discrete terms contribute to REE in the intermediate channel, the variation of the difference of
REE between target and reference states is no longer the log of the quantum dimension which is shown in the
1þ 1-dimensional rational CFTs (RCFTs).

DOI: 10.1103/PhysRevD.99.026005

I. INTRODUCTION

One can define some observables to detect the property
of the vacuum or excited states in a local quantum field
theory. For example, entanglement entropy (EE) and the
Rényi entanglement entropy (REE) are helpful quantities
to use when studying global or nonlocal structures in
QFTs. For a subsystem, the entanglement entropy and
Rényi entropy, both of them are defined as a function of the
reduced density matrix ρA, which can be obtained by
tracing out the degrees of freedom of the complement of
A in the original density matrix ρ.
One might wonder whether there is a kind of topological

contribution to the entanglement entropy even for gapless
theories, e.g., conformal field theories (CFTs) (e.g.,

computing topological contributions in entanglement
entropy called topological entanglement entropy [1] can
quantify some topological properties). Authors of an earlier
work [2] pointed out a connection between the topological
entanglement entropy and boundary entropy. Furthermore,
the connection between the boundary entropy and entan-
glement entropy was explored in [3]. Previously, the
authors of [4] found that the entanglement entropy of local
excited states has a connection with the quantum dimension
in rational CFTs. In this paper, we would like to check
whether the Rényi and von Neumann entropies of locally
excited states are still topological quantities or not in two-
dimensional irrational CFTs.

The nth Rényi entanglement entropy SðnÞA is defined by

SðnÞA ¼ log Tr½ρnA�=ð1 − nÞ. By analytical continuation of n,

the SðnÞA coincides with the von Neumann entropy in the
limit n → 1. By using the so-called standard replica trick,
one can calculate the entanglement entropy in field theory.
One can extend [3] from vacuum states to locally excited
states in CFTs. The computations of entanglement entro-
pies for local excited states have been carried out in [5–7]
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in various dimensional field theories. The entanglement
entropy for free scalar fields has been investigated in [7–9].
In large n CFTs with holographic dual, the entanglement
entropy for locally excited states has been studied in
[10,11]. This study mainly focuses on the variation of

Rényi entropy SðnÞA between excited states and a reference
state, where the excited states are acquired by acting
primary or descendent fields on the vacuum in irrational

CFTs. The variation of n-th REE is denoted by ΔSðnÞA .
In 2D rational CFTs, it was found [4] that, for the locally

primary excited states, the variation of nth Rényi entangle-
ment entropy is related to the quantum dimension [12,13]
of the associated primary operator. The quantum dimension
is the measure of the effective degrees of freedom of a
local operator and it is a kind of topological quantity. In
various dimensional CFTs, REE has been studied in [14–34]
from various perspectives. The papers [16,17,19,20]
mainly concentrated on entanglement entropy in higher-
dimensional field theory. The authors of [18] have found
the REE of local excited states in large central charge
1þ 1-dimensional CFTs from holography. In particular,
the authors of [14,20] have provided a perspective from
which to study Rényi entanglement entropy from string
theory and it provides us with a one loop correction to the
large black hole entropy. In [21,22], the entanglement
entropy of a local excited state in some specific quantum
Lifshitz models has been presented. More recently, the
authors of [35] mainly studied the local states of the product
form of local operators in rational CFTs and they found that
the variation of REE is consistent with the scattering
process during entanglement propagation in RCFTs.
In this research, the previous study [4,15,36] on the

Rényi entanglement entropy for the primary and descend-
ent states has been generalized to irrational CFTs, espe-
cially for Liouville field theory (LFT) and super-Liouville
field theory (SLFT). Previously, the authors of [37] studied
the memory effect of REE in a compact c ¼ 1 free boson
theory at a generic radius, which is an irrational CFT. There
are two main motivations driving the research in LFT and
SLFT. The first one is that the representation of the spectra
will be infinite dimensional in irrational CFTs; therefore,
extracting entanglement entropy for local excited states will
be highly nontrivial. A priori, one cannot expect that the
variation of REE will still be the log of the quantum
dimension. Furthermore, the quantum dimension of a local
primary operator in irrational CFTs will be quite different
from that in the 1þ 1-dimensional rational CFTs.
Discovering how to measure the variation of REE in
irrational CFTs in a precise, robust way is our main aim.
The second is that LFT can be reformulated as 3D Chern
Simons theory [38] or 3D gravity theory. In the large central
charge limit, the Liouville field theory might have AdS/
CFT-like connections [39–41] with 3D gravity. Basically,
the boundary conditions in Chern-Simons theory are
associated with the Virasoro conformal blocks. The
Liouville primary fields can be regarded as monodromy

defects, which was proposed in [42]. To understand
whether or not these connections are AdS/CFT-like, we
would like to work out the large central charge properties of
local excited states by primary fields in LFT or SLFT;
because EE and REE can be probed on the field theory side
and the holographic side, both of them will be good objects
with which to test the properties of these connections. In
this sense, the large c universal properties from these data
can be generated to compare with the holographic expect-
ation [10] of REE.
In this paper, we evaluate the second REE in a compact

c ¼ 1 free boson field theory at generic radius, which is
an irrational CFT, as a preliminary exercise to test the
memory effect of REE. Then we mainly study the 1þ 1-
dimensional LFT and SLFT to show how to extract the
variation of REE for locally excited states between the early
time limit and the late time limit. The second REE of local
primary excited states by using CFT techniques is shown in
a precise way; then these calculations can be extended to
the nth REE of primary and descendent states following
[4,36]. From these studies, we find that the REE of local
excited states in LFT and SLFT is divergent, which is
consistent with the classifications of local operators in LFT
[43]. By choosing an appropriate reference state Vαr j0i, we
redefine a new quantity ΔSðnÞEE ½Vαj0i; Vαr j0i� as the differ-
ence of REE between target and reference states to measure
the time evolution of REE in LFT and SLFT, which is
consistent with the quasiparticle picture given in rational
CFTs. This difference of REE ΔSðnÞEE ½Vαj0i; Vαr j0i� can be

reduced to theΔSðnÞEE [4] given in rational CFTs by choosing
the vacuum state as a reference state. Finally, the variation
of the difference of REE ΔSðnÞEE ½Vαj0i; Vαr j0i�ðt → ∞Þ −
ΔSðnÞEE ½Vαj0i; Vαr j0i�ðt → 0Þ depends on the ratio of the
fusion matrix elements associated with Vα, Vαr in LFT and
SLFT, unlike that of rational CFTs, which cannot be
identified with the quantum dimension. That is to say,

ΔSðnÞEE ½Vαj0i;Vαr j0i�ðt→∞Þ−ΔSðnÞEE ½Vαj0i;Vαr j0i�ðt→ 0Þ
will depend on the details of LFT and SLFT.
The outline of this paper is as follows. In Sec. II, we

give the 1þ 1-dimensional setup and study the second
REE in a precise way in LFT and N ¼ 1 SLFT. The
difference of REE between the target state and reference

state ΔSð2ÞEE ½Vαj0i; Vαr j0i� has been calculated. In Sec. III,
we extend the above calculation of second Rényi entropy to
the nth REE in LFT to show that the variations of REE are
the log of the fusion matrix elements ratio, which are quite
different from those in the rational CFTs. In Sec. IV, the

difference of REE ΔSðnÞEE ½Vαj0i; Vαr j0i� between states
generated by acting descendent operators on the vacuum
state in this setup is studied. Finally, we devote Sec. V to
the conclusions and discussions and also mention some
likely future problems. In the Appendices, we list some
relevant notations and techniques which are necessary to
our analysis.
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II. THE SECOND RÉNYI
ENTANGLEMENT ENTROPY

A. Setup in 2D CFT

An excited state is defined by an operator Oa acting
on the vacuum j0i in a two-dimensional CFT. The operator
can be primary or descendent. We can make use of the
Euclidean formulation and introduce the complex coordinate
ðw; w̄Þ ¼ ðxþ iτ; x − iτÞ on R2 such that τ and x denote
Euclidean time and space, respectively. We introduce oper-
ator Oa at x ¼ −l < 0 initially and investigate its real time
evolution from time 0 to t under the Hamiltonian H. We
develop the setup shown in Fig. 1 and the corresponding
density matrix reads as follows:

ρðtÞ ¼ Ca · e−iHte−ϵHOað−lÞj0ih0jO†
að−lÞe−ϵHeiHt

¼ Ca ·Oaðw2; w̄2Þj0ih0jO†
aðw1; w̄1Þ; ð1Þ

where Ca is determined by requiring Tr ρðtÞ ¼ 1. Here we
can define coordinates as

w1 ¼ iðϵ − itÞ − l; w2 ¼ −iðϵþ itÞ − l; ð2Þ
w̄1 ¼ −iðϵ − itÞ − l; w̄2 ¼ iðϵþ itÞ − l: ð3Þ

ϵ is an infinitesimal positive parameter as an ultraviolet
regulator. Until the end of the calculations, we treat ϵ� it as
purely imaginary numbers as in [4,7,8].
To calculatevariationof thenthREEΔSðnÞA , we employ the

replica method in the path-integral formalism1 by general-
izing the formulation for the ground states [3] to excited
states [7]. In this paper, we choose the subsystem A to be an
interval 0 ≤ x ≤ L at τ ¼ 0. For simplification, we only
consider L → ∞ throughout. It leads to an n-sheeted
Riemann surface Σn with 2n operators Oa inserted.
Finally, the ΔSðnÞA can be calculated as

ΔSðnÞA ¼ 1

1−n
½loghO†

aðw1;w̄1ÞOaðw2;w̄2Þ���Oaðw2n;w̄2nÞiΣn

−nloghO†
aðw1;w̄1ÞOaðw2;w̄2ÞiΣ1

�; ð4Þ
where ðw2kþ1; w2kþ2Þ for k ¼ 1; 2;…; n − 1 are n − 1
replicas of ðw1; w2Þ in the kth sheet of Σn. The term in
the first line in Eq. (4) is given by a 2n-point correlation
function on Σn. Here Δa is the (chiral and antichiral)
conformal dimension of the operator Oa. One should note
that ΔSðnÞA can be well defined once the vacuum state
belongs to the Hilbert space. That is to say, one can choose
the vacuum state as a good reference state to measure
ΔSðnÞA ¼ ΔSðnÞA ½Vαj0i; j0i� between excited states and the
vacuum state in rational CFTs [4]. Otherwise, one has to
choose an appropriate reference state Vαr j0i to measure

ΔSðnÞA ½Vαj0i; Vαr j0i�, e.g., in Liouville field theory.2

B. Convention

Firstly, we study n ¼ 2, i.e., the second Rényi entangle-

ment entropy, in detail. The calculation of ΔSð2ÞA is reduced
to four-point functions in CFTs.
For n ¼ 2, one can connect the coordinate wi with zi by a

conformal mapping wi ¼ z2i , which looks like

w1 ¼ iϵþ t − l≡ reiθ1 ¼ ðz1Þ2;
w2 ¼ −iϵþ t − l≡ seiθ2 ¼ ðz2Þ2;
w3 ¼ ðiϵþ t − lÞe2πi ≡ reið2πþθ1Þ ¼ ðz3Þ2;
w4 ¼ ð−iϵþ t − lÞe2πi ≡ seið2πþθ2Þ ¼ ðz4Þ2: ð5Þ

Thus one can find

z1 ¼ −z3 ¼
ffiffiffiffiffiffi
w1

p ¼ ffiffiffi
r

p
eiθ1=2 ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l − t − iϵ

p
;

z2 ¼ −z4 ¼
ffiffiffiffiffiffi
w2

p ¼ ffiffiffi
s

p
eiθ2=2 ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l − tþ iϵ

p
: ð6Þ

If readers are interested in the finite size formula, please
refer to [4].
We will follow the standard procedure of the analytical

continuation of Euclidean theory into its Lorentzian version.
The most important and subtle point is that we should treat
�iϵþ t as a pure imaginary number in all algebraic
calculations. Finally, we take t to be real only in the final
expression of the variation of entropy. Here we identify

ðr cos θ1; r sin θ1Þ ¼ ð−l; ϵ − itÞ;
ðs cos θ2; s sin θ2Þ ¼ ð−l;−ϵ − itÞ; ð7Þ

which leads to

FIG. 1. This figure is to show our basic setup in the two-
dimensional plane w ¼ xþ it. We consider the subsystem A,
0 < x < L, with L → ∞. We just put the local operators at
x ¼ −l, t ¼ 0. The local operators will trigger left- and right-
moving quasiparticles with time evolution.

1More precisely, the replicamethod for the local operator excited
states in field theory has been explicitly shown in Sec. 2.2 of [35].

2We will explain the details at the end of this section.
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r¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þðϵ− itÞ2

q
; s¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þð−ϵ− itÞ2

q
;

rs¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2þϵ2− t2Þ2þ4ϵ2t2

q
;

r2þs2¼2ðl2þϵ2− t2Þ;

cosðθ1−θ2Þ¼2cos2
�
θ1−θ2

2

�
−1

¼ l2−ϵ2− t2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2þϵ2− t2Þ2þ4ϵ2t2

p : ð8Þ

To get REE, we solely focus on the conformal cross
ratio

z ¼ z12z34
z13z24

¼ −ðl − tÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − tÞ2 þ ϵ2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − tÞ2 þ ϵ2

p ;

z̄ ¼ z̄12z̄34
z̄13z̄24

¼ −ðlþ tÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ tÞ2 þ ϵ2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ tÞ2 þ ϵ2

p ; ð9Þ

where zij ¼ zi − zj.

It is useful to note the relationship

1 − z ¼ z14z23
z13z24

: ð10Þ

We are interested in the two limits (i) l ≫ t ≫ ϵ (early
time) and (ii) t ≫ l ≫ ϵ (late time), and from (9) we can
know that they separately correspond to

ðiÞ z ≃ z̄ ≃
ϵ2

4l2
ð→ 0Þ;

ðiiÞ z ≃ 1 −
ϵ2

4t2
ð→ 1Þ; z̄ ≃

ϵ2

4t2
ð→ 0Þ: ð11Þ

Note that the late time limit is quite nontrivial, which
originates from our analytical continuation of t.

C. The variation of second Rényi
entanglement entropy

The four-point function on Σ2 is mapped onto that of R2

by the conformal map w ¼ z2. Thus we find

hOaðw1; w̄1ÞOaðw2; w̄2ÞOaðw3; w̄3ÞOaðw4; w̄4ÞiΣ2
¼

Y4
i¼1

���� dwi

dzi

����
−2Δ

hOaðz1; z̄1ÞOaðz2; z̄2ÞOaðz3; z̄3ÞOaðz4; z̄4ÞiΣ1

¼ 2−8Δjz1z2z3z4j−2Δ · hOaðz1; z̄1ÞOaðz2; z̄2ÞOaðz3; z̄3ÞOaðz4; z̄4ÞiΣ1

¼ 2−8Δ · ðrsÞ−2Δ · hOaðz1; z̄1ÞOaðz2; z̄2ÞOaðz3; z̄3ÞOaðz4; z̄4ÞiΣ1
; ð12Þ

where Δ is the chiral conformal dimension of the operator Oa.
The two-point function looks like

hOaðw1; w̄1ÞOaðw2; w̄2ÞiΣ1
¼ Ca

jw12j4Δ
¼ Ca

ð2ϵÞ4Δ ; ð13Þ

where Ca represents normalization. Note that the four-point function is proportional to C2
a and the ΔSð2ÞA is of course

independent of Ca. Thanks to the conformal symmetry, the four-point function on R2 can be expressed as

hOaðz1; z̄1ÞOaðz2; z̄2ÞOaðz3; z̄3ÞOaðz4; z̄4ÞiΣ1
¼ jz13z24j−4Δ · Gðz; z̄Þ; ð14Þ

where ðz; z̄Þ are given by (9).
In the late time limit (ii), we finally find that the ratio in (16) is expressed in terms of the four-point function on R2:

Trρ2A ¼ hOaðw1; w̄1ÞOaðw2; w̄2ÞOaðw3; w̄3ÞOaðw4; w̄4ÞiΣ2

ðhOaðw1; w̄1ÞOaðw2; w̄2ÞiΣ1
Þ2 ≃

1

C2
a
·

�
ϵ2

t

�
4Δ

· hOaðz1; z̄1ÞOaðz2; z̄2ÞOaðz3; z̄3ÞOaðz4; z̄4ÞiΣ1

≃
1

C2
a
jz4Δð1 − zÞ4ΔjGðz; z̄Þ ≃ 1

C2
a
·

�
ϵ2

4t2

�
4Δ

·Gðz; z̄Þ: ð15Þ

In rational CFTs, we can calculate ΔSðnÞA between local excited states and the vacuum state as follows:

ΔSðnÞA ¼ SðnÞA ðOaj0iÞ − SðnÞA ð1j0iÞ ¼ 1

1 − n
log

�hOaðw1; w̄1ÞOaðw2; w̄2Þ � � �Oaðw2n; w̄2nÞiΣn

ðhOaðw1; w̄1ÞOaðw2; w̄2ÞiΣ1
Þn

�
: ð16Þ

Here Σn denotes the n-sheeted Euclidean surface given by the metric

ds2 ¼ dρ2 þ ρ2ðdθÞ2; ð17Þ
where θ has the 2πn periodicity θ ∼ θ þ 2πn.
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Extra care should be taken when we generalize (16) to
the case of LFT and SLFT. We note that normally the
vacuum expectation value of n operators is defined as

hOaðw1; w̄1ÞOaðw2; w̄2Þ � � �Oaðw2n; w̄2nÞiΣn
≡ Zn

Z0n
; ð18Þ

where Zn, Z0n are the partition functions with or without
operators inserted on Σn. Following the replica method in
the Euclidean path-integral formalism3 [35], we can express

the reduced density as Trρn ¼ Zn=Zn
1 . As a resultΔS

ðnÞ
A can

be written as

ΔSðnÞA ¼ 1

1 − n
ðlog Trρn − log Trρn0Þ

¼ 1

1 − n

�
log

Zn

Z0n
− n log

Z1

Z01

�
: ð19Þ

One can see that (16) follows when identity operator 1
belongs to the Hilbert space of the theory; however, in
Liouville field theory, the n-point function is defined by the
path integral and therefore it is not normalized:

hVα1ðw1; w̄1ÞVα2ðw2; w̄2Þ � � �Vαnðw2n; w̄2nÞiΣn
≡ Zn:

ð20Þ

Because α ∈ fQ=2þ ipjp ∈ Rg ⋃ fQ > α > 0gg in
LFT and SFLT, one cannot take all V’s to be the
identity operator, i.e., analytically continue α ¼ Q

2
þ ip

to p ¼ iQ=2.
In other words, (16) applies to the case of Liouville field

theory, which gives the Rényi entanglement entropy

SðnÞA ðjVαiÞ:

SðnÞA ½Vαj0i�ðtÞ ¼
1

1 − n
log

hV†
ᾱðw1; w̄1ÞVαðw2; w̄2Þ…V†

ᾱðw2n−1; w̄2n−1ÞVαðw2n; w̄2nÞiΣn

ðhV†
ᾱðw1; w̄1ÞVαðw2; w̄2ÞiΣ1

Þn : ð21Þ

In the LFT and SLFT considered in this paper, the identity
operator does not belong to the Hilbert space and the
vacuum state [44] cannot be considered a good reference
state4 such as that in rational CFTs. Therefore, the

SðnÞA ð1j0iÞ in Eq. (16) cannot be applied in LFT and SLFT.

We can define the difference ΔSðnÞA ½Vαj0i; Vαr j0i�ðtÞ be-
tween the two excited states. Here Vαj0i and Vαr j0i are the
target state and reference state, respectively. Alternatively,

we calculate SðnÞA ðOaj0iÞ in the early time and the late time

limits and define the difference of REE between the
two states,

ΔSðnÞA ½Vαj0i; Vαr j0i�ðtÞ ¼ SðnÞA ½VαðtÞ�j0iðtÞ
− SðnÞA ½VαrðtÞj0i�ðtÞ; ð22Þ

to study time evolution. For later convenience, we divide
the primary operators in LFT and SLFT are divided into
two classes in terms of the Liouville momentum5:

α and αr ∈

8>><
>>:

fαjα ¼ Q=2þ ip; p ∈ Rg ⋃ fαjQ=2 > ReðαÞ > Q=4g
⋃ fαjQ=4 > ReðαÞ > 0g;
fαjReðαÞ ¼ Q=4; ImðαÞ ≠ 0g Marginal case:

ð23Þ

D. The second REE in c= 1 free boson field theory

To begin with the analysis of REE in special irrational CFTs, the compact free boson theory with generic radius is a
simple irrational theory to see the time evolution of the second REE.6 Following [37], the second the REE is as follows:

S2 ¼
πcL
2β

− log½2−2c=3ðzz̄Þc=12�ð1 − zÞð1 − z̄Þ�−c=24ZðτðzÞ; τ̄ðz̄ÞÞ� þ c
2
log

β

2πϵ
; ð24Þ

3The replica method for the local operator excited states in field theory has been explained explicitly in Sec. 2.2 of [35].
4The existence of the translation invariant normalizable vacuum is not self-consistent with the classical equation of motion of

Liouville field theory, which has been shown in [44]. The nonexistence of the SLð2; CÞ invariant vacuum in the spectrum has an
important consequence: the identity operator does not belong to the whole Hilbert space; this means that the external Liouville
momentum α cannot be vanishing.

5The main reason to choose reference and target states from the same class in LFT and SLFT is to calculate a well-defined quantity to
restore the quasiparticle picture.

6The authors of [37] called it the memory effect of REE.
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where

Zðτ; τ̄Þ ¼ Tr exp

�
2πiτ

�
L0 −

c
24

�
− 2πiτ̄

�
L̄0 −

c
24

��
:

ð25Þ
The partition function can be calculated with the torus
modulus, which is defined by

z ¼ θ2ðτÞ4
θ3ðτÞ4

; τ ¼ i
Kð1 − zÞ
KðzÞ : ð26Þ

Here, KðzÞ ¼ π
2 2F1ð; 12 ; 1; z2Þ.

For z → 0, the relation is

z ¼ 16
ffiffiffi
q

p þOðqÞ; q≡ e2πiτ: ð27Þ
For z → 1, the relation is

1 − z ¼ 16
ffiffiffiffi
q0

p
þOðq0Þ; q0 ≡ e−2πi=τ: ð28Þ

We can analyze the two light cone singularities of the
second Reyni entropy of this theory explicitly, via the torus
partition function [30]

ZðRÞ ¼ 1

ηðτÞη̄ðτ̄Þ
X
e;m∈Z

qhe;m q̄h̄e;m ; ð29Þ

where η denotes the Dedekind eta function. The conformal
weights are as follows:

he;m ¼ 1

2

�
e
R
þmR

2

�
2

h̄e;m ¼ 1

2

�
e
R
−
mR
2

�
2

: ð30Þ

Here e, m are integer numbers. When R2 is irrational, there
is no degeneracy in the weights and the theory is irrational
CFT. In the early time limit τ → i∞, τ̄ → −i∞, q → 0,
q̄ → 0þ, the partition function behaves as

Zðτ; τ̄Þ ∼ q−c=24q̄−c=24 ∼ 22c=3z−c=12z̄−c=12: ð31Þ
Then the second REE is as follows:

Sð2Þ ¼ πcL
2β

þ c
2
log

β

2πϵ
: ð32Þ

In the late time limit τ → i0−, τ̄ → −i∞, q → 1, q̄ → 0þ,
the partition function behaves as

ZðRÞ ¼ 1

ηðτÞη̄ðτ̄Þ ð1þ qhmin q̄h̄min þ � � �Þ: ð33Þ

We have used the following properties:

ηð−1=τÞ ¼
ffiffiffiffiffiffiffi
−iτ

p
ηðτÞ; η̄ðτ̄Þ ¼

ffiffiffiffiffi
−i
τ̄

r
η̄ðτ̄0Þ: ð34Þ

Thus

ZðRÞ ∼ q−1=24q̄−1=24: ð35Þ
Then, the late time limit of the second REE in c ¼ 1

compact free boson theory is

Sð2Þ ¼ πcL
2β

− logð2−2c
3 Þ þ c

2
log

β

2πϵ
: ð36Þ

The second term in (24) does not vanish in the late time limit.
Finally, the variation of the second REE between the

early time and the late time is

ΔSð2Þ ¼ 2

3
log 2: ð37Þ

Here we have chosen c ¼ 1.
The compact free boson theory on generic radius as

“nearly rational” theory and the entanglement entropy has
quasiparticle behavior, which is consistent with the cri-
terion of a quasiparticle picture [37]. In the remaining parts
of this paper, we will calculate REE in Liouville and super-
Liouville field theories, which have different Hilbert space
structures. The first difference is that the vacuum state is not
contained in the Hilbert space of LFT and SLFT and the
second one is that the spectra in LFT and SLFT are
continuous. Due to these two differences, the above
calculations cannot be applied to LFT and SLFT directly.
We will show later what will happen to REE in LFT and
SLFT in more detail.

E. The second REE in Liouville field theory

We are mainly interested in the second REE here,
which is associated with the four-point function in terms
of Eq. (15). The four-point functions in LFT have been
reviewed in Appendix A. In our setup, the interested
hV ᾱVαV ᾱVαiΣ1

is given by Eq. (A11). In LFT, the
four-point Green function of primary operator Vα in the
s-channel can be expressed by

hVα1Vα2Vα3Vα4iΣ1
¼ jz13j−4Δjz24j−4ΔG1234ðz; z̄Þ

¼ 1

2
jz13j−4Δjz24j−4Δ

Z
R

dp
2π

C

�
α1;α2;

Q
2
þ ip

�
C

�
α3;α4;

Q
2
− ip

�
FsðΔi¼1;2;3;4;Δp;zÞFsðΔi¼1;2;3;4;Δp; z̄Þ:

ð38Þ

The Δi¼αiðQ−αiÞ is the conformal dimension of external Liouville momentum αi ∈ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃
fαjQ=2 > ReðαÞ > Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g. The integration over intermediate momentum p stands for contour
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integration over p ∈ R. FsðΔi¼1;2;3;4;Δp; zÞ and FsðΔi¼1;2;3;4;Δp; z̄Þ are the holomorphic and antiholomorphic conformal
blocks, respectively. The Dorn-Otto and Zamolodchikov-Zamolodchikov (DOZZ) formulas Cðᾱ; α; O

2
þ ipÞ are given in

Appendix A 1. More precisely, for αi ∈ ð0; QÞ, the G1234ðz; z̄Þ in the s-channel can be modified and expressed as follows:

G1234ðz; z̄Þ¼
X
α0s∈D

Dα0sðz; z̄Þþ
Z

dp
2π

C

�
α1;α2;

Q
2
þ ip

�
C

�
α3;α4;

Q
2
− ip

�
FsðΔi¼1;2;3;4;Δp;zÞFsðΔi¼1;2;3;4;Δp; z̄Þ; ð39Þ

where D denotes the discrete terms (A68)7 reviewed in Appendices A 5 and A 6.
First, let us calculate the REE in the early time limit. One can make use of the s-channel expression in Eq. (A11) for

hV ᾱVαV ᾱVαi:

Gᾱαᾱαðz; z̄Þ ¼
1

2

Z 0

R

dp
2π

C

�
ᾱ; α;

Q
2
þ ip

�
C

�
ᾱ; α;

Q
2
− ip

�
FsðΔi¼ᾱ;α;ᾱ;α;Δp; zÞFsðΔi¼ᾱ;α;ᾱ;α;Δp; z̄Þ ð40Þ

¼ 1

2

Z
R

dp
2π

�
C

�
ᾱ; α;

Q
2
þ ip

�
C

�
ᾱ; α;

Q
2
− ip

�
z̄ΔQ=2þip−2Δαð1þ � � �ÞzΔQ=2þip−2Δαð1þ � � �Þ

�
: ð41Þ

We have shown the asymptotic behavior of the early time limit in the last step in (41).
Once we take the early time limit of Eq. (41), then

lim
ðz;z̄Þ→ð0;0Þ

hV ᾱVαV ᾱVαiΣ1
≃ jz13j−4Δjz24j−4Δ

d2fαðpÞ
dp2

����
p→0

Z
R
jzj−4Δαþ2ΔQ=2þipp2dp≃

ffiffiffi
π

p
8×2!

d2fαðpÞ
dp2

����
p→0

jzj−2ð2Δα−ΔQ=2Þln−3
2j1=zj;

ð42Þ

where we define

fαðpÞ ¼ C

�
ᾱ; α;

Q
2
þ ip

�
C

�
ᾱ; α;

Q
2
− ip

�
: ð43Þ

Here we have used the saddle point approximation pre-
sented in Appendix A 6 to obtain the leading behavior in
the early time limit. The two-point Green function for the
primary operator in LFT is as follows:

hVαðx1ÞVαðx2ÞiΣ1
¼ SðαÞδð0Þ

ðx12x̄12Þ2Δα1
: ð44Þ

The δð0Þ is proportional to the volume of the dilation group
VolðdilatonÞ ¼ R

∞
0

dλ
λ ¼ ∞. Then using the “reflection

relationship” [45] Vα ¼ SðαÞVQ−α, one can obtain

hV ᾱðx1ÞVαðx2ÞiΣ1
¼ δð0Þ

ðx12x̄12Þ2Δα1
: ð45Þ

In terms of Eq. (15) and the early time limit, the ratio
becomes

Rð2Þ
EE ≃

ðz;z̄Þ→ð0;0Þ
lim

ðz;z̄Þ→ð0;0Þ
hV ᾱVαV ᾱVαiΣ2

hV ᾱVαi2Σ1

≃
ðz;z̄Þ→ð0;0Þ

ffiffiffi
π

p
8 × 2!

1

δ2ð0Þ
d2fαðpÞ
dp2

jp→0jzj2ΔQ=2 ln−
3
2 j1=zj:

One can choose the appropriate normalization condition to
remove the δ2ð0Þ dependence.8
Then

Sð2ÞEE ≃
ðz;z̄Þ→ð0;0Þ

− logðRð2Þ
EEÞ

≃
ðz;z̄Þ→ð0;0Þ

− log

� ffiffiffi
π

p
8 × 2!

1

δ2ð0Þ

×
d2fαðpÞ
dp2

jp→0jzj2ΔQ=2 ln−
3
2j1=zj

�
: ð46Þ

Since the second REE is associated with hV ᾱVαVᾱVαi, the
identity operator cannot contribute to the intermediate
channels. When the external Liouville momenta of the
four-point function are αi ∈ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃
fαjQ=2 > ReðαÞ > Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g, the
primary operators will not fuse into the identity operator.9

Therefore, the vacuum block in the intermediate channel
will not contribute to the four-point function in the second

7In our setup of REE, the four-point Green function does not
involve any discrete terms.

8Following standard regularization from Eq. (5.13) in [46], the
normalization factor can absorb δ2ð0Þ. Here, we just keep the
factor δ2ð0Þ like in [38].

9Generally speaking, if Reðα1 þ α2Þ < Q=2, and there are
discrete terms (A68) presented, then the identity operator
will contribute to the four-point function as an intermediate
channel operator. Since the second REE is associated with
hV ᾱð0ÞVαðzÞV ᾱð1ÞVαð∞Þi and Reðα1 þ α2Þ ≥ Q=2, the discrete
terms (52) will not contribute to the second REE.
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REE. To restore the quasiparticle picture [4,7] and
make a well-defined quantity to show the memory
effect of REE, we have to choose an appropriate reference
state Vαr j0i, which is not a vacuum state as given in (23).

In this paper, we choose a reference state which lives
in the same class of target states and we can define the
difference of the second REE in the early time limit as
follows:

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → 0Þ ¼ Sð2ÞEE ½Vαj0i�ðt → 0Þ − Sð2ÞEE ½Vαr j0i�ðt → 0Þ ¼ − log
�

f00αðpÞ
fαr

00ðpÞ
�����

p→0

;

α; αr ∈ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃ fαjQ=2 > ReðαÞ > Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g: ð47Þ

Here one can see that the ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → 0Þ is
finite. Explicitly, one can choose αr ¼ α and the

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → 0Þwill be vanishing, which shows
that the quasiparticle picture has been restored. For αr ≠ α,

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → 0Þ is finite with time evolution,
which does not contradict the quasiparticle picture. When
α; αr do not stay in the same class given by (23), the early and

late time limits of ΔSð2ÞEE ½Vαj0i; Vαr j0i� cannot be finite
due to the different divergent powers of log divergence,
e.g., (46) and (49).10

Generally speaking, for the four-point function
hVα1ð0ÞVα2ðzÞVα3ð1ÞVα4ð∞ÞiΣ1

with external legs αi with
ReðαiÞ ∈ ð0; Q=2Þ, we have to consider the discrete terms’
contributions which have been reviewed in Appendices A 5
and A 6. In our setup hV ᾱð0ÞVαðzÞV ᾱð1ÞVαð∞ÞiΣ1

,11 there
is a marginal case:

(i) ReðαÞ ¼ Q=4, ImðαÞ ≠ 0 (marginal case).
Since the factor Cðᾱ; α; αsÞCðᾱ; α; Q − αsÞ in

Eq. (38) does not vanish at αs ¼ Q=2, we have

hVαð0ÞVαðzÞVαð1ÞVαð∞ÞiΣ1

≃
ðz;z̄Þ→ð0;0Þ

C

�
ᾱ; α;

Q
2

�
2
Z
R
jzj−2ð2Δα−Δ2αÞ−2p2

dp

≃
ðz;z̄Þ→ð0;0Þ

ffiffiffi
π

p
2

C

�
ᾱ; α;

Q
2

�
2

jzj−2ð2Δα−ΔQ=2Þln−1
2j1=zj:

ð48Þ
The ratio for the second REE in the early time limit
reads

Rð2Þ
EE ≃

ðz;z̄Þ→ð0;0Þ

ffiffiffi
π

p
2

1

δ2ð0ÞC
�
ᾱ; α;

Q
2

�
2

jzj2ΔQ=2 ln−
1
2j1=zj:

Then

Sð2ÞEE ½Vαj0i�ðt → 0Þ ≃
ðz;z̄Þ→ð0;0Þ

− log

� ffiffiffi
π

p
2

1

δ2ð0ÞC
�
ᾱ;α;

Q
2

�
2

jzj2ΔQ=2 ln−
1
2j1=zj

�
: ð49Þ

The second REE has the divergent factor ln−
1
2 j1=zj, which can be canceled by choosing the reference state Vαr j0i,

αr ∈ fa ∈ CjReðaÞ ¼ Q=4; ImðaÞ ≠ 0g to obtain a finite ΔSð2ÞEE ½Vαj0i; Vαr j0i�. In the early time limit, the difference
of the second REE between the target states and the reference state is

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → 0Þ ¼ Sð2ÞEE ½Vαj0i�ðt → 0Þ − Sð2ÞEE ½Vαr j0i�ðt → 0Þ ¼ − log

�
fαðpÞ
fαrðpÞ

�����
p→0

;

α; αr ∈ fa ∈ CjReðaÞ ¼ Q=4; ImðaÞ ≠ 0g: ð50Þ

Now we will calculate the late time limit ðz; z̄Þ → ð1; 0Þ of the second REE. In this limit, applying the bootstrap equation
to holomorphic conformal blocks will be convenient when extracting the correct late time behavior. The four-point function
of primary fields in LFT can be expressed by holomorphic t-channel conformal blocks as given in Appendix A 1:

hV ᾱVαV ᾱVαiΣ1
¼ 1

2
jz13j−4Δα jz24j−4Δα

Z 0

R

dp
2π

C

�
ᾱ; α;

Q
2
þ ip

�
C

�
ᾱ; α;

Q
2
− ip

�

× FsðΔi¼ᾱ;α;ᾱ;α;Δt; z̄Þ
Z
S
dαtFL

αsαt

hᾱ
α

α

ᾱ

i
FtðΔi¼ᾱ;α;ᾱ;α;Δt; zÞ: ð51Þ

10In the remaining part of this paper, one can refer to the divergent piece of Sð2ÞEE ½Vαj0i� in the early and late time limits, respectively.
11Here we have chosen α1 ¼ ᾱ ¼ Q − α, α2 ¼ α, ReðαiÞ ∈ ð0; Q=2Þ; therefore, the discrete term will not be involved.
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The prime of integration over intermediate momentum p stands for contour integration over reals with some additional
so-called discrete terms’ contributions. The integral inαt is overS ¼ Q

2
þ iRþ.FL

αsαt ½ᾱα α
ᾱ� is the fusionmatrix associatedwith the

transformation from the s-channel to the t-channel and it has been revisited in Appendix A 7.More precisely, theGᾱ;α;ᾱ;αðz; z̄Þ
can be expressed by the holomorphic t-channel conformal block in terms of the conformal bootstrap equation as follows:

Gᾱ;α;ᾱ;αðz; z̄Þ ¼
X
α0s∈D

D̃α0sðz; z̄Þ þ
Z
Rþ

dp
2π

C

�
ᾱ; α;

Q
2
þ ip

�
C

�
ᾱ; α;

Q
2
− ip

�

× FsðΔi¼ᾱ;α;ᾱ;α;Δt; z̄Þ
Z
S
dαtFL

αsαt

hᾱ
α

α

ᾱ

i
FtðΔi¼ᾱ;α;ᾱ;α;Δt; zÞ; ð52Þ

where D̃ is the finite set of discrete terms that have been reviewed inAppendicesA 5 andA 6. TheD is the set of double poles12

induced by the factors Cðᾱ; α; αsÞCðᾱ; α; ᾱsÞ and D̃α0sðz; z̄Þ is given by the last line in Eq. (A60).
In the late time limit, the leading contributions to the REE will be as follows:

hV ᾱVαV ᾱVαiΣ1
≃

ðz;z̄Þ→ð1;0Þ
1

2
jz13j−4Δjz24j−4Δ

Z 0

R

dp
2π

C
�
ᾱ; α;

Q
2
þ ip

�
C
�
ᾱ; α;

Q
2
− ip

�
z̄Δp−2Δ

Z
S
dαtFL

αsαt

hᾱ
α

α

ᾱ

i
ð1 − zÞΔt−2Δ

≃
ðz;z̄Þ→ð1;0Þ

1

2
jz13j−4Δjz24j−4Δ

Z
R

dp
2π

C

�
ᾱ; α;

Q
2
þ ip

�
C

�
ᾱ; α;

Q
2
− ip

�

× z̄Δp−2Δ
Z
S
dαtFL

αsαt

hᾱ
α

α

ᾱ

i
ð1 − zÞΔt−2Δ þ jz13j−4Δjz24j−4Δ

X
α0s∈D

D̃α0sðz; z̄Þ: ð53Þ

For the external Liouville momentum α∈fαjα¼Q=2þip;p∈Rg⋃fαjQ=2>ReðαÞ>Q=4g⋃fαjQ=4>ReðαÞ>0g
and p ≠ 0, we take the late time limit of Eqs. (53) and (15) will be

lim
ðz;z̄Þ→ð1;0Þ

hV ᾱVαV ᾱVαiΣ1
≃

ðz;z̄Þ→ð1;0Þ
π

64 × 2!
ffiffiffi
π

p d2fαðpsÞ
dp2

s

����
ps→0

2ðs0bðQÞÞ2 F
L
Q=2;Q=2½ᾱα α

ᾱ�
jsbðQÞj2

× ð1 − zÞΔQ=2−2Δα z̄ΔQ=2−2Δα ln−3=2
�

1

ð1 − zÞ
�
ln−3=2

�
1

z̄

�
: ð54Þ

We have used the late time limit ðz; z̄Þ → ð1; 0Þ and saddle point approximation to extract the leading contribution from the
relevant terms αs ¼ Q=2, αt ¼ Q=2.
In this limit, the ratio becomes

Rð2Þ
EE ≃

ðz;z̄Þ→ð1;0Þ
lim

ðz;z̄Þ→ð1;0Þ
hV ᾱVαV ᾱVαiΣ2

hV ᾱVαi2Σ1

≃
ðz;z̄Þ→ð1;0Þ

π

64 × 2!
ffiffiffi
π

p 1

δ2ð0Þ
d2fαðpsÞ

dp2
s

����
ps→0

2ðs0bðQÞÞ2 F
L
Q=2;Q=2½ᾱα α

ᾱ�
jsbðQÞj2 ð1 − zÞΔQ=2 z̄ΔQ=2 ln−3=2

�
1

ð1 − zÞ
�
ln−3=2

�
1

z̄

�
: ð55Þ

We use same normalization for the two-point Green function given in Eq. (45).
Then the second REE in the late time limit reads

Sð2ÞEE ½Vαj0i�ðt → ∞Þ ≃
ðz;z̄Þ→ð1;0Þ

− log

�
π

64 × 2!
ffiffiffi
π

p 1

δ2ð0Þ
d2fαðpÞ
dp2

����
p→0

2ðs0bðQÞÞ2 F
L
Q=2;Q=2½ᾱα α

ᾱ�
jsbðQÞj2

× ð1 − zÞΔQ=2 z̄ΔQ=2 ln−3=2
�

1

ð1 − zÞ
�
ln−3=2

�
1

z̄

��
: ð56Þ

In the late time limit, the difference of the second REE between the target state and the reference state is

12For external Liouville momentum α∈fαjα¼Q=2þip;p∈Rg⋃fαjQ=2>ReðαÞ>Q=4g⋃fαjQ=4>ReðαÞ>0g, there are no
discrete terms.
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ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → ∞Þ ¼ Sð2ÞEE ½Vαj0i�ðt → ∞Þ − Sð2ÞEE ½Vαr j0i�ðt → ∞Þ ¼ − log

�
f00αðpÞFL

Q=2;Q=2½ᾱα α
ᾱ�

fαr
00ðpÞFL

Q=2;Q=2½ᾱrαr
αr
ᾱr
�
�����

p→0

;

α; αr ∈ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃ fαjQ=2 > ReðαÞ > Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g: ð57Þ
Additionally, we have to consider the marginal case:
(i) ReðαÞ ¼ Q=4, ImðαÞ ≠ 0 (marginal case).

Since Cðᾱ;α;αsÞCðᾱ;α; Q − αsÞ does not vanish at αs ¼ Q=2, the late time of the four-point function behaves as
follows:

hV ᾱð0ÞVαðzÞV ᾱð1ÞVαð∞ÞiΣ1

≃
ðz;z̄Þ→ð1;0Þ

C

�
ᾱ; α;

Q
2

�
2
Z
R
FL
αs¼Q=2þips;αt¼Q=2þipt

hα
α

α

α

i
ð1 − zÞΔ2α−2Δαþp2

s ðz̄ÞΔ2α−2Δαþp2
t dpsdpt

≃
ðz;z̄Þ→ð1;0Þ

π

32
C

�
ᾱ; α;

Q
2

�
2

2ðs0bðQ=2ÞÞ2 F
L
Q=2;Q=2½ᾱα α

ᾱ�
jsbðQ=2Þj2 ð1 − zÞΔQ=2−2Δαðz̄ÞΔQ=2−2Δα ln−

1
2

�
1

ð1 − zÞ
�
ln−

3
2

�
1

z̄

�
: ð58Þ

In the late time limit, the ratio for the second REE is

Rð2Þ
EE ≃

ðz;z̄Þ→ð1;0Þ
π

32

1

δ2ð0ÞC
�
ᾱ; α;

Q
2

�
2

2ðs0bðQ=2ÞÞ2 F
L
Q=2;Q=2½ᾱα α

ᾱ�
jsbðQ=2Þj2 ð1 − zÞΔQ=2ðz̄ÞΔQ=2 ln−

1
2

�
1

ð1 − zÞ
�
ln−

3
2

�
1

z̄

�
: ð59Þ

Then

Sð2ÞEE ½Vαj0i�ðt → ∞Þ

≃
ðz;z̄Þ→ð1;0Þ

− log

�
π

32

1

δ2ð0ÞC
�
ᾱ; α;

Q
2

�
2

2ðs0bðQ=2ÞÞ2 F
L
Q=2;Q=2½ᾱα α

ᾱ�
jsbðQ=2Þj2 ð1 − zÞΔQ=2 z̄ΔQ=2 ln−

1
2

�
1

ð1 − zÞ
�
ln−

3
2

�
1

z̄

��
; ð60Þ

and the difference of the second REE between the target state and the reference state in the late time limit is

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → ∞Þ ¼ Sð2ÞEE ½Vαj0i�ðt → ∞Þ − Sð2ÞEE ½Vαr j0i�ðt → ∞Þ ¼ − log

�
fαðpÞFL

Q=2;Q=2½ᾱα α
ᾱ�

fαrðpÞFL
Q=2;Q=2½ᾱrαr

αr
ᾱr
�
�����

p→0

α; αr ∈ fa ∈ CjReðaÞ ¼ Q=4; ImðaÞ ≠ 0g: ð61Þ
F. The second REE in super-Liouville field theory

In this section, we would like to consider the states excited by local operators in super-Liouville field theory. For the sake
of consistent notation, we review the corresponding contents of SLFT in Appendix A 2. The four-point Green function for
the André Neveu and John Henry Schwarz (NS-NS) operator V ᾱ, Vα with the s-channel intermediate states given in
Eq. (A28) is as follows:

hV ᾱVαV ᾱVαiΣ1
¼ jz13j−4Δjz24j−4ΔG1̄23̄4ðz; z̄Þ

¼ jz13j−4Δjz24j−4Δ
�Z 0

S
dαsCNSðᾱ; α; αsÞCNSðᾱ;α; ᾱsÞFe

sðΔi¼1;2;3;4;Δp; z̄ÞFe
sðΔi¼1;2;3;4;Δp; zÞ

þ
Z 0

S
dαsC̃NSðᾱ; α; αsÞC̃NSðᾱ; α; αsÞFo

s ðΔi¼1;2;3;4;Δp; z̄ÞFo
s ðΔi¼1;2;3;4;Δp; zÞ

�
: ð62Þ

The four-point green function for the Pierre Ramond (R-R) operator Rᾱ, Rα reads similarly:

hRᾱRαRᾱRαiΣ1
¼ jz13j−4Δjz24j−4ΔG1̄23̄4ðz; z̄Þ

¼ jz13j−4Δjz24j−4Δ
�Z 0

S
dαsCRðᾱ; α; αsÞCRðᾱ; α; ᾱsÞFe

sðΔi¼ᾱ;α;ᾱ;α;Δp; z̄ÞFe
sðΔi¼ᾱ;α;ᾱ;α;Δp; zÞ

þ
Z 0

S
dαsC̃Rðᾱ; α;αsÞC̃Rðᾱ; α; αsÞFo

s ðΔi¼ᾱ;α;ᾱ;α;Δp; z̄ÞFo
s ðΔi¼ᾱ;α;ᾱ;α;Δp; zÞ

�
: ð63Þ
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All the calculations of REE for the NS-NS states can be directly generalized to states excited by the R-R operators and hence
we only carry out the analysis in the former case (62).
We start with the external super-Liouville momentum αi ¼ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃ fαjQ=2 > ReðαÞ >

Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g. With saddle point approximation, the early time behavior of Eq. (62) is as follows:

lim
ðz;z̄Þ→ð0;0Þ

hV ᾱVαV ᾱVαiΣ1
≃

ðz;z̄Þ→ð0;0Þ
1

2!

d2fαNSðpÞ
dp2

����
p→0

Z
R
jzj−2ð2Δα−ΔQ=2Þþ2p2

p2dp

≃
ðz;z̄Þ→ð0;0Þ

ffiffiffi
π

p
4 × 2!

d2fαNSðpÞ
dp2

����
p→0

jzj−2ð2Δα−ΔQ=2Þln−3
2j1=zj; ð64Þ

where fαNSðpsÞ ¼ CNSðᾱ; α; αsÞCNSðᾱ; α; ᾱsÞ and
f̃αNS ¼ C̃NSðᾱ; α; αsÞC̃NSðᾱ; α; αsÞ. In the early time limit
ðz; z̄Þ → ð0; 0Þ, we have used the fact that the leading
intermediate state in the parity odd conformal block
Fo
s ðΔi¼ᾱ;α;ᾱ;α; Δp; z̄ÞFo

s ðΔi¼ᾱ;α;ᾱ;α; Δp; zÞ in (62) is
G−1=2G̃−1=2Vαs and hence its contribution will be smaller
by a factor of z1=2 compared to the even conformal block
(see [47] for more details). As a result we can make the
contribution from the parity-even conformal block [48]. For
the R-R sector, we directly replace CNSðα1;α2; α3Þ with
CRðα1; α2; α3Þ. The structure constant CRðα1; α2; αsÞ has
the simple pole at αs ¼ Q=2 as CNSðα1; α2; αsÞ, which is
from ϒNSðα3Þ in the numerator of (A23) and (A29);
therefore, the analysis of the local excited states associated
with the R-R operator is the same as those with a NS-NS
operator.

The two-point Green function for the primary operator in
the NS sector is as follows:

hVαðx1ÞVαðx2ÞiΣ1
¼ DNSðαÞδð0Þ

ðx12x̄12Þ2Δα
; ð65Þ

with

DNSðαÞ ¼
�
πμγ

�
bQ
2

��ðQ−2αÞ
b b2γðbα − 1

2
− b2

2
Þ

γð1
2
þ b−2

2
− αb−1Þ : ð66Þ

Then using the “reflection relationship” Vα¼DNSðαÞVQ−α,
one can obtain

hV ᾱðx1ÞVαðx2ÞiΣ1
¼ δð0Þ

ðx12x̄12Þ2Δα
: ð67Þ

The associated ratio in the early time limit is

Rð2Þ
EE ≃

ðz;z̄Þ→ð0;0Þ
hV ᾱVαV ᾱVαiΣ2

hV ᾱVαi2Σ1

≃
ðz;z̄Þ→ð0;0Þ

ffiffiffi
π

p
8 × 2!

1

δ2ð0Þ
d2fαNSðpÞ

dp2

����
p→0

jzj2ΔQ=2 ln−
3
2j1=zj:

As we have done in LFT, we also keep the normalization factor with a delta function in explicit form.
Then

Sð2ÞEEðt → 0Þ ¼ − logðRð2Þ
EEÞ ≃

ðz;z̄Þ→ð0;0Þ
− log

� ffiffiffi
π

p
8 × 2!

1

δ2ð0Þ
d2fαNSðpÞ

dp2

����
p→0

jzj2ΔQ=2 ln−
3
2j1=zj

�
:

Finally, the early time of the difference of the second REE between Vαj0i and Vαr j0i is

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → 0Þ ¼ Sð2ÞEE ½Vαj0i�ðt → 0Þ − Sð2ÞEE ½Vαr j0i�ðt → 0Þ ¼ − log

�
fαNS00ðpÞ
fαrNS

00ðpÞ
�����

p→0

;

α;αr ∈ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃ fαjQ=2 > ReðαÞ > Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g: ð68Þ

Additionally, we have to consider the marginal case:
(i) ReðαÞ ¼ Q

4
, ImðαÞ ≠ 0 (marginal case).

This case is similar to that mentioned above, except that CNSðᾱ; α; αs; ÞCNSðᾱ; α; Q − asÞ does not vanish at
αs ¼ Q=2, so we have
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hV ᾱð0ÞVαðzÞV ᾱð1ÞVαð∞ÞiΣ1
≃

ðz;z̄Þ→ð0;0Þ
CNS

�
ᾱ; α;

Q
2

�
2
Z
R
jzj−2ð2Δ2α−ΔαÞþ2p2

dp

≃
ðz;z̄Þ→ð0;0Þ

ffiffiffi
π

p
2

CNS

�
ᾱ; α;

Q
2

�
2

jzj−2ðΔα−ΔQ=2Þln−1
2j1=zj: ð69Þ

The ratio for the second REE in the early time limit is

Rð2Þ
EE ≃

ðz;z̄Þ→ð0;0Þ

ffiffiffi
π

p
2

1

δ2ð0ÞCNS

�
ᾱ; α;

Q
2

�
2

jzj2ΔQ=2 ln−
1
2j1=zj: ð70Þ

Then

Sð2ÞEE ½Vαj0i�ðt → 0Þ ≃
ðz;z̄Þ→ð0;0Þ

− log
� ffiffiffi

π
p
2

1

δ2ð0ÞCNS

�
ᾱ;α;

Q
2

�
2

jzj2ΔQ=2 ln−
1
2j1=zj

�
: ð71Þ

The second REE has a divergent factor ln−
1
2 j1=zj, which can be canceled by choosing the reference state Vαr j0i,

αr ∈ fa ∈ CjReðaÞ ¼ Q=4; ImðaÞ ∈ R; ImðαÞ ≠ 0g. Finally, the early time of the difference of the second REE
between Vαj0i and Vαr j0i is

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → 0Þ ¼ Sð2ÞEE ½Vαj0i�ðt → 0Þ − Sð2ÞEE ½Vαr j0i�ðt → 0Þ ¼ − log

�
CNSðᾱ; α; Q2Þ2
CNSðᾱr; αr; Q2Þ2

�

α; αr ∈ fa ∈ CjReðaÞ ¼ Q=4; ImðaÞ ∈ R; ImðαÞ ≠ 0g: ð72Þ

Secondly, we consider the second REE in SLFT in the late time limit. For convenience in the late time limit, we have to
use a conformal bootstrap equation to express the four-point function G1234ðz; z̄Þ, which is similar to the procedures shown
in LFT. The four-point function can be expressed as follows:

hVα1ð0; 0ÞVα2ðz; z̄ÞVα3ð1; 1ÞVα4ð∞;∞ÞiΣ1
¼ G1234ðz; z̄Þ

¼ 1

2

�Z 0

S
dαsCNSðα1; α2;αsÞCNSðα3; α4; ᾱsÞFe

sðΔi¼1;2;3;4;Δαs ; z̄Þ

×
Z

dαt
X
ρ¼e;o

FSL
αsαt

hᾱ
α

α

ᾱ

i
e

ρ
Fρ
t ðΔi¼1;2;3;4;Δαt ; zÞ

þ
Z 0

S
dαsC̃NSðα1; α2; αsÞC̃NSðα3; α4; ᾱsÞFo

s ðΔi¼1;2;3;4;Δαs ; z̄Þ

×
Z

dαt
X
ρ¼e;o

FSL
αsαt

hα3
α4

α2
α1

i
o

ρ
Fρ
t ðΔi¼1;2;3;4;Δαt ; zÞ

�
: ð73Þ

In the late time limit of Eq. (73) with saddle point approximation, the four-point function becomes

lim
ðz;z̄Þ→ð1;0Þ

hV ᾱVαV ᾱVαiΣ1

≃
ðz;z̄Þ→ð1;0Þ

1

2!

d2fαNSðpsÞ
dp2

s

����
ps→0

Z
R
FSL
αs¼Q=2þips;αt¼Q=2þipt

hᾱ
α

α

ᾱ

i
e

e
ð1 − zÞΔQ=2−2Δαþp2ðz̄ÞΔQ=2−2Δαþp2

sp2
sdpsdpt:

≃
ðz;z̄Þ→ð1;0Þ

π

64 × 2!

d2fαNSðpsÞ
dp2

s

����
ps→0

2ðs0NSðQÞÞ2 F
SL
Q=2;Q=2½ᾱα α

ᾱ�ee
jsNSðQÞj2 ð1 − zÞΔQ=2−2Δα z̄ΔQ=2−2Δα ln−3=2

�
1

ð1 − zÞ
�
ln−3=2

�
1

z̄

�
; ð74Þ

where the exact expression for FSL
Q=2;Q=2½ᾱα α

ᾱ� is revisited in Appendix A 8. We have used the late time limit to extract the
leading contribution in the final step of Eq. (74). One can show that the contribution from the odd parity part of the
conformal block Fo

t ðΔi¼1;2;3;4;Δp; zÞ in the late time limit will be subleading [48] and we drop the subleading contributions
in Eq. (74).
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Then the ratio associated with the second REE in super-Liouville field theory can be defined as follows:

Rð2Þ
EE ¼ lim

z→1;z̄→0

hV ᾱVαV ᾱVαiΣ2

hV ᾱVαi2Σ1

≃
ðz;z̄Þ→ð1;0Þ

π

64 × 2!

d2fαNSðpsÞ
dp2

s

����
ps→0

1

δ2ð0Þ 2ðs
0
NSðQÞÞ2 F

SL
Q=2;Q=2½ᾱα α

ᾱ�ee
jsNSðQÞj2

× ð1 − zÞΔQ=2 z̄ΔQ=2 ln−3=2
�

1

ð1 − zÞ
�
ln−3=2

�
1

z̄

�
: ð75Þ

Then the corresponding second REE in the late time limit is

Sð2ÞEE ½Vαj0i�ðt → ∞Þ ≃
ðz;z̄Þ→ð1;0Þ

− log

�
π

64 × 2!

1

δ2ð0Þ
d2fαNSðpsÞ

dp2
s

����
ps→0

2ðs0NSðQÞÞ2 F
SL
Q=2;Q=2½ᾱα α

ᾱ�ee
jsNSðQÞj2

×

�
1 − zÞΔQ=2 z̄ΔQ=2 ln−3=2

�
1

ð1 − zÞ
�
ln−3=2

�
1

z̄

��
: ð76Þ

Choosing the same corresponding reference state that we used in the early time situation, the late time of the difference

ΔSð2ÞEE ½Vαj0i; Vαr j0i� is

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → ∞Þ ¼ Sð2ÞEE ½Vαj0i�ðt → ∞Þ − Sð2ÞEE ½Vαr j0i�ðt → ∞Þ;

¼ − log
� fα00NSðpÞFSL

Q=2;Q=2½ᾱα α
ᾱ�

fαr
00
NSðpÞFSL

Q=2;Q=2½ᾱrαr
αr
ᾱr
�
�����

p→0

;

α; αr ∈ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃fαjQ=2 > ReðαÞ > Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g: ð77Þ
Additionally, we have to consider the marginal case:

(i) ReðαÞ ¼ Q
4
, ImðαÞ ≠ 0 (marginal case).

This case is similar to that mentioned above, except that CNSðᾱ; α; Q2Þ2 does not vanish at αs ¼ Q=2, so we have

hV ᾱð0ÞVαðzÞV ᾱð1ÞVαð∞ÞiΣ1

≃
ðz;z̄Þ→ð1;0Þ

CNS

�
ᾱ;α;

Q
2

�
2
Z
R
FSL
αs¼Q=2þips;αt¼Q=2þipt

hα
α

α

α

i
e

e
ð1−zÞΔ2α−2Δαþp2

s ðz̄ÞΔ2α−2Δαþp2
t dpsdpt

≃
ðz;z̄Þ→ð1;0Þ

π

16×2
CNS

�
ᾱ;α;

Q
2

�
2

2ðs0NSðQÞÞ2F
SL
Q=2;Q=2½αααα�ee
sNSðQÞ2

×ð1−zÞΔ2α−2Δαðz̄ÞΔ2α−2Δα ln−
1
2

�
1

ð1−zÞ
�
ln−

3
2

�
1

z̄

�
: ð78Þ

For ReðαÞ ¼ Q
4
, in the late time limit, the ratio for the second REE reads

Rð2Þ
EE ≃

ðz;z̄Þ→ð1;0Þ
π

16 × 2

1

δ2ð0ÞCNS

�
ᾱ; α;

Q
2

�
2

2ðs0NSðQÞÞ2 F
SL
Q=2;Q=2½αα α

α�ee
sNSðQÞ2 ð1 − zÞΔQ=2 z̄ΔQ=2 ln−

1
2

�
1

ð1 − zÞ
�
ln−

3
2

�
1

z̄

�
: ð79Þ

Then

Sð2ÞEE ½Vαj0i�ðt → ∞Þ ≃
ðz;z̄Þ→ð1;0Þ

− log

�
π

16 × 2

1

δ2ð0ÞCNS

�
ᾱ; α;

Q
2

�
2

2ðs0NSðQÞÞ2 F
SL
Q=2;Q=2½αα α

α�ee
sNSðQÞ2

ð1 − zÞΔQ=2 z̄ΔQ=2 ln−
1
2

�
1

ð1 − zÞ
�
ln−

3
2

�
1

z̄

��
: ð80Þ

Finally,

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðt → ∞Þ ¼ Sð2ÞEE ½Vαj0i�ðt → ∞Þ − Sð2ÞEE ½Vαr j0i�ðt → ∞Þ ¼ − log

� fαNSðpÞFSL
Q=2;Q=2½ᾱα α

ᾱ�
fαrNSðpÞFSL

Q=2;Q=2½ᾱrαr
αr
ᾱr
�
�����

p→0

α; αr ∈ fa ∈ CjReðaÞ ¼ Q=4; ImðaÞ ∈ R; ImðαÞ ≠ 0g: ð81Þ
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One can show that we have to choose an appropriate
reference state in terms of classification (23) in LFT and
SLFT. Then the early time and late time behavior of

ΔSð2ÞEE ½Vαj0i; Vαr j0i�ðtÞ can be well defined and the quasi-
particle picture can be restored. That also means that the
divergent behavior of REE of local excited states in LFT
and SLFT is quite different from that in the vacuum state,
although the vacuum state is excluded in LFT and SLFT, as
argued in [44]. Our calculations have classified the diver-
gent behaviors of the entanglement entropy of local excited
states, especially in LFT and SLFT.

III. THE nth REE IN LFT AND SLFT

In the previous section, we computed the second REE of
the local excited states. In this subsection, we use the n-
point conformal block and operator product expansion

(OPE) to obtain the nth Rényi entanglement entropy of the
local excited states. Here we give a sketch of the nth REE
following [4], which is similar to the procedure for rational
CFTs, albeit with slight modification. First we define the
following matrix elements Fαsαt [similar to the F matrix in
Eq. (2.10) in [49] ] by

Fðαsj1 − zÞ ¼
Z
αt

Fαsαt · FðαtjzÞ; ð82Þ

where FðαjzÞ is the conformal block for the four-point
function hV ᾱðz1; z̄1Þ · · · Vαðz4; z̄4Þi. One should note that
the fusion matrix is of infinite dimension which is different
from that in rational CFTs.
In the late time limit, the dominant contribution from the

intermediate channel in Eq. (82) is denoted by Fα and it is
defined as follows:

Fα ∼ FL;SL
αs¼Q=2;αt¼Q=2

hᾱ
α

α

ᾱ

i

×

8>><
>>:

ð1 − zÞΔQ=2 z̄ΔQ=2 ln−3=2ð 1
ð1−zÞÞln−3=2ð1z̄Þ α ∈ fαjα ¼ Q=2þ ip; p ∈ Rg

⋃ fαjQ=2 > ReðαÞ > Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g;
ð1 − zÞΔQ=2 z̄ΔQ=2 ln−

1
2ð 1
ð1−zÞÞln−

3
2ð1z̄Þ α ∈ fαjReðαÞ ¼ Q=4; ImðαÞ ≠ 0g;

ð83Þ

where ∼ denotes neglect of the normalization factors of two-point functions and the factors associated with structure
constants Cðα1; α2; α3Þ and CNSðα1; α2; α3Þ in LFT and SLFT, respectively.13

The nth Rényi entanglement entropy can be obtained from the formula (16). We find

hV ᾱðw1; w̄1ÞVαðw2; w̄2Þ � � �Vαðw2n; w̄2nÞiΣn
¼ n−4nΔ · ðrsÞ−2ðn−1ÞΔ · hV ᾱðz1; z̄1ÞVαðz2; z̄2Þ � � �Vαðz2n; z̄2nÞiΣ1

; ð84Þ

where we define

jz2kþ1jn ¼ r; jz2kþ2jn ¼ s: ð85Þ

We normalize the two-point function14

hV ᾱðw1; w̄1ÞVαðw2; w̄2ÞiΣ1
¼ 1

jw12j4Δ
¼ 1

ð2ϵÞ4Δ : ð86Þ

Then we get

hV ᾱðw1; w̄1ÞVαðw2; w̄2Þ � � �Vαðw2n; w̄2nÞiΣn

ðhV ᾱðw1; w̄1ÞVαðw2; w̄2ÞiΣ1
Þn ¼

�
2ϵ

n

�
4Δn

· ðrsÞ−2ðn−1ÞΔ · hV ᾱðz1; z̄1ÞVαðz2; z̄2Þ � � �Vαðz2n; z̄2nÞiΣ1

→

�
2ϵ

nt
n−1
n

�
4Δn

· hVαðz1; z̄1ÞVαðz2; z̄2Þ � � �Vαðz2n; z̄2nÞiΣ1
; ð87Þ

where we take the late time limit in the final expression.

13Refer to Eqs. (54) and (58) in LFT and Eqs. (74) and (78) in SLFT. All these factors are divergent in the late time limit,
namely, ðz; z̄Þ → ð1; 0Þ.

14For the sake of simplicity, we have omitted the normalization factor associated with δð0Þ, which does not affect the final
conclusions.
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The 2n points z1;z2;…;zn in the z coordinate are given by

z2kþ1 ¼ e2πi
k
nðiϵþ t − lÞ1n ¼ e2πi

kþ1=2
n ðl − t − iϵÞ1n

z2kþ2 ¼ e2πi
k
nð−iϵþ t − lÞ1n ¼ e2πi

kþ1=2
n ðl − tþ iϵÞ1n;

z̄2kþ1 ¼ e−2πi
k
nð−iϵ − t − lÞ1n ¼ e−2πi

kþ1=2
n ðlþ tþ iϵÞ1n

z̄2kþ2 ¼ e−2πi
k
nðiϵ − t − lÞ1n ¼ e−2πi

kþ1=2
n ðlþ t − iϵÞ1n: ð88Þ

In the early time limit t ≪ l we find

z2kþ1 → z2kþ2; z̄2kþ1 → z̄2kþ2; ð89Þ
for all k. On the other hand, if we take the late time limit
t ≫ l, we find the asymmetric limit:

z2kþ1 → z2kþ4; z̄2kþ1 → z̄2kþ2; ð90Þ
for all k.
If we can regard the 2n-point functions as n products of

two-point functions (86) in the late time limit, we have

hV ᾱðz1; z̄1Þ � � �Vαðzn; z̄nÞiΣ1

→ hV ᾱðz1; z̄1ÞVαðz2; z̄2ÞiΣ1
⊗ hV ᾱðz3; z̄3ÞVαðz4; z̄4ÞiΣ1

⊗ � � � ⊗ hV ᾱðz2n−1; z̄2n−1ÞVαðz2n; z̄2nÞiΣ1
; ð91Þ

which respects the late limit in the antiholomorphic
sectors and ⊗ denotes that we only consider the dominant
contribution with a divergent factor. In the holomorphic
sector, we would like to take the late time limit. To this end,
we need to exchange some of the zi’s with zj’s as

ðz1;z2Þðz3;z4Þ � � �ðz2n−1;z2nÞ→ ðz1;z4Þðz3;z6Þ� � � ðz2n−1;z2Þ:
ð92Þ

This transformation is realized by applying the F-
transformation n − 1 times.
We can estimate the difference in the late time limit as

follows:

z2kþ1 − z2kþ4 ≃ −e2πi
kþ1=2

n ·
2iϵtð1=n−1Þ

n
;

z̄2kþ1 − z̄2kþ2 ≃ e−2πi
kþ1=2

n ·
2iϵtð1=n−1Þ

n
: ð93Þ

Their absolute values are all the same and are given by

δ≡ 2ϵ

nt
n−1
n

: ð94Þ

Thus we can estimate the 2n-point function in the late
time limit as follows:

hV ᾱðz1; z̄1ÞVαðz2; z̄2Þ � � �Vαðz2n; z̄2nÞiΣ1

≃ ðFαÞn−1 ·
h

lim
jz2kþ1−z2kþ2j¼δ→0

hV ᾱðz1; z̄1ÞVαðz2; z̄2Þ

� � �Vαðz2n; z̄2nÞiΣ1

i

≃ ðFαÞn−1 · δ−4Δn: ð95Þ
Then

hV ᾱðw1; w̄1ÞVαðw2; w̄2Þ � � �Vαðw2n; w̄2nÞiΣn

ðhV ᾱðw1; w̄1ÞVαðw2; w̄2ÞiΣ1
Þn ¼ ðFαÞn−1:

ð96Þ
The late time limit of the difference of the nth REE

ΔSðnÞA ½Vαj0i; Vαr j0i� is

ΔSðnÞA ½Vαj0i; Vαr j0i�ðt → ∞Þ

¼

8>>>>><
>>>>>:

− log

�
f00αðpÞFL

Q=2;Q=2½ᾱααᾱ�
f00αr ðpÞFL

Q=2;Q=2½ᾱrαr
αr
ᾱr
�

�����
p→0

α ∈ fαjα ¼ Q=2þ ipjp ∈ Rg ⋃ fQ=2 > ReðαÞ > Q=4g

⋃ fQ=4 > ReðαÞ > 0g;

− log

�
fαðpÞFL

Q=2;Q=2½ᾱααᾱ�
fαr ðpÞFL

Q=2;Q=2½ᾱrαr
αr
ᾱr
�

�����
p→0

α ∈ fαjReðαÞ ¼ Q=4; ImðαÞ ≠ 0g:

ð97Þ

Then the variation of the difference ΔSðnÞA ½Vαj0i; Vαr j0i� between the early time and late time limit is

ΔSðnÞA ½Vαj0i; Vαr j0i�ðt → ∞Þ − ΔSðnÞA ½Vαj0i; Vαr j0i�ðt → 0Þ

¼

8>>>>><
>>>>>:

− log

�
FL
Q=2;Q=2½ᾱααᾱ�

FL
Q=2;Q=2½ᾱrαr

αr
ᾱr
�

�����
p→0

α ∈ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃ fQ=2 > ReðαÞ > Q=4g

⋃ fQ=4 > ReðαÞ > 0g;

− log

�
FL
Q=2;Q=2½ᾱααᾱ�

FL
Q=2;Q=2½ᾱrαr

αr
ᾱr
�

�����
p→0

α ∈ fαjReðαÞ ¼ Q=4; ImðαÞ ≠ 0g:

ð98Þ

Here we have restored the structure constants in Fα defined by Eq. (98).
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This is the main difference between LFT and rational
CFTs. In Appendices A 7 and A 8, unlike that in rational
CFTs, one can show that Eq. (83) cannot be identified as a
quantum dimension [4], which is associated with modular
invariance [34]. Therefore, Eq. (98) is no longer associated
with a topological quantity.
To close this section, we would like to comment on how

to extend the calculation of ΔSðnÞA ½Vαj0i; Vαr j0i�ðt → ∞Þ −
ΔSðnÞA ½Vαj0i; Vαr j0i�ðt → 0Þ in generic CFTs. In terms of

the main result, Eq. (98), ΔSðnÞA ½Vαj0i; Vαr j0i�ðt → ∞Þ −
ΔSðnÞA ½Vαj0i; Vαr j0i�ðt → 0Þ depends on the ratio of the
fusion matrix elements associated with target states and
reference states. Technically speaking, these fusion matrix
elements come from the intermediate dominant channel in

the late time limit. Then theΔSðnÞA ½Vαj0i; Vαr j0i�ðt → ∞Þ −
ΔSðnÞA ½Vαj0i; Vαr j0i�ðt → 0Þ can be obtained directly in
generic CFTs. In this sense, to obtain the memory effect
of REE in generic CFTs, we only care about the fusion
matrix element associated with the intermediate dominant
holomorphic channel in the late time limit.

IV. THE nth REE FOR GENERIC
DESCENDENT STATES

In the previous sections, we computed the nth REE of
two classes of local excited states in LFT and SLFT,

respectively. In this section, we would like to extend the
analysis to states generated by generic descendent operators
in LFT following [36]. In the late time limit, the authors of
[36] showed that the difference of the nth REE only
depends on the most singular term in the two-point function
and the 2n-point function. One can define the following
generic descendent operator:

Ṽðw; w̄Þ ¼ Lð−ÞVαðw; w̄Þ; ð99Þ
whereLð−Þ is a complicated product formof the holomorphic
generators; Vαðw; w̄Þ is a primary operator of conformal
dimension h; and Ṽðw; w̄Þ is a quasiprimary operator. The
operator Lð−Þ has a fixed conformal dimension m:

½L0; Lð−Þ� ¼ mLð−Þ: ð100Þ
The conformal transformation for the descendant

operators can be derived from the energy-momentum tensor
and the conformal transformation from the z plane to the w
plane is

L−mjw1
¼ L−mjz1

�∂z1
∂w1

�
n
þ � � � ð101Þ

where the ellipsis denotes the terms of lower conformal
dimensions leading to less divergent terms in the limit ϵ → 0.
By the conformal transformation, the four-point function is
transformed as follows:

hṼþðw1; w̄1ÞṼðw0
1; w̄

0
1ÞṼþðw2; w̄2ÞṼðw0

2; w̄
0
2Þi

¼
�∂w1

∂z1
�

hþm
�∂w̄1

∂z̄1
�

hþm̄
�∂w2

∂z2
�

hþm
�∂w̄2

∂z̄2
�

hþm̄
�∂w0

1

∂z01
�

hþm
�∂w̄0

1

∂z̄01
�

hþm̄
�∂w0

2

∂z02
�

hþm
�∂w̄0

2

∂z̄02
�

hþm̄

hṼþðz1; z̄1ÞṼðz01; z̄01ÞṼþðz2; z̄2ÞṼðz02; z̄02Þi þ less divergent terms: ð102Þ

The coefficient for the leading term is the same as that for the primary operator. The termswith lower conformal dimensions do
not change the final result.
The two-point function for V can be expressed as follows:

hðLð−ÞVαÞþðzÞ; Lð−ÞVαðz0Þi ¼
ð−1ÞmhhjLð−Þ†Lð−Þjhi

ðz − z0Þ2ðhþmÞ : ð103Þ

In the late time limit, ðz1; z02Þ ðz2; z01Þ ðz̄1; z̄01Þ ðz̄2; z̄02Þ approach each other. The four-point correlation function of V can be
transformed to

hṼþðz1; z̄1ÞṼðz01; z̄01ÞṼþðz2; z̄2ÞṼðz02; z̄02Þi
¼ DhV ᾱðz1; z̄1ÞVαðz01; z̄01ÞV ᾱðz2; z̄2ÞVαðz02; z̄02Þi

¼ D
Z 0

m
cmhV ᾱðz1ÞVαðz01ÞjmV ᾱðz2ÞVαðz02ÞihV ᾱðz̄1ÞVαðz̄01ÞjmV ᾱðz̄2ÞVαðz̄02Þi

¼ D
Z 0

m;n
cm;nhV ᾱðz1ÞVαðz02ÞjmV ᾱðz2ÞVαðz01ÞihV ᾱðz̄1ÞVαðz̄01ÞjnV ᾱðz̄2ÞVαðz̄02Þi

¼
Z 0

m;n
cm;nhLð−ÞVþ

α ðz1ÞLð−ÞVαðz02ÞjmLð−ÞVþ
α ðz2ÞLð−ÞVαðz01ÞihV ᾱðz̄1ÞVαðz̄01ÞjnV ᾱðz̄2ÞVαðz̄02Þi: ð104Þ
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Here hV ᾱðz1ÞVαðz01ÞjmV ᾱðz2ÞVαðz02Þi denotes the conformal
block expansion with the Virasoro module [m], which
exhibits a continuous spectrum in Liouville field theory,
and [m] contains the dominant contribution satisfying the
fusion rule.15 The correlation function of four descendant
operators has been transformed into the differential operator
D acting on the correlation function of corresponding
primaries in the first equality. In the second equality, the
partition function is expanded by the conformal blocks and
here cm denotes theOPE coefficients. In the third equality, the
holomorphic part can be expressed by the t-channel like in [4]
in the late time limit. In the fourth equality, we pull the
differential operator back into the Virasoro operators acting

on the primaries in the correlation function. InLFTand SLFT,
we have shown that the dominant contribution to REE in the
late time limit comes from the intermediate channel with
m ¼ Q=2, n ¼ Q=2 in primed contour integration overm, n
in Eq. (104).
In Secs. II and III, we have already found that the

most divergent term comes from the intermediate operator
with the minimal conformal dimension of the operator in
the intermediate fusion channel and cMinðαsÞ;MinðαtÞ ¼
ðFL

MinðαsÞ;MinðαtÞ½ᾱα α
ᾱ�Þ−1 ¼ 1

FL;SL
α

,16 which is similar to that

in rational CFTs [4]. We use upper index L, SL to
distinguish the quantities in LFT and SLFT. The most
divergent term is as follows:

hṼþðz1; z̄1ÞṼðz01; z̄01ÞṼþðz2; z̄2ÞṼðz02; z̄02Þi ¼
1

FL;SL
MinðαsÞ;MinðαtÞ½ᾱα α

ᾱ�
hLð−ÞVþ

α ðz1ÞLð−ÞVαðz02Þi ⊗ hLð−ÞVþ
α ðz2ÞLð−ÞVαðz01Þi

⊗ hV ᾱðz̄1ÞVαðz̄01Þi ⊗ hV ᾱðz̄2ÞVαðz̄02Þi þ less divergent terms: ð105Þ
So the four-point function in the w-coordinate keeping the most divergent term is

hṼþðw1; w̄1ÞṼðw0
1; w̄

0
1ÞṼþðw2; w̄2ÞṼðw0

2; w̄
0
2Þi ¼

1

FL;SL
MinðαsÞ;MinðαtÞ½ᾱα α

ᾱ�
hLð−ÞVþ

α ðw1ÞLð−ÞVαðw0
2Þi ⊗ hLð−ÞVþ

α ðw2ÞLð−ÞVαðw0
1Þi

⊗ hV ᾱðw̄1ÞVαðw̄0
1Þi ⊗ hV ᾱðw̄2ÞVαðw̄0

2Þi þ less divergent terms: ð106Þ

Therefore, for a quasiprimary operator, we still have
Sð2Þ½Ṽj0i�ðt → ∞Þ ¼ − logFL;SL

MinðαsÞ;MinðαtÞ½ᾱα α
ᾱ�,17 which is

defined by Eq. (83) in LFT and SLFT.
Finally, we present the main results with the more

generic descendent operators:

Ṽ ¼
X
m;j;r;k

dm;j;r;k∂mLð−;jÞ∂̄rL̄ð−;kÞVαðz; z̄Þ: ð107Þ

Here j and k denote the quasiprimary operators and Vα is
the primary operator. Lð−;jÞL̄ð−;kÞOaðw; w̄Þ is a quasipri-
mary operator and Lð−;jÞ (L̄ð−;kÞ) is a combination of
holomorphic (or antiholomorphic) Virasoro generators with
fixed conformal dimension ½L0; Lð−;jÞ� ¼ pjLð−;jÞ.
We do not repeat the calculation in detail here as this has

been analyzed in [36]. The differences have already been
presented in Eq. (104). Here we provide the final result as
follows:

Sn½Ṽj0i�ðt → ∞Þ

¼ logFL
MinðαsÞ;MinðαtÞ

hᾱ
α

α

ᾱ

i
−

1

n − 1
log Trρn0

¼ Sprimary
n −

1

n − 1
log Trρn0; ð108Þ

with the normalized density matrix ρ0 ¼ ρ
Trρ, where

Sprimary
n ½Vαj0i�ðt → ∞Þ ¼ − logFL

MinðαsÞ;MinðαtÞ
hᾱ
α

α

ᾱ

i
ð109Þ

is the REE of the local excited state Vαj0i. The density
matrix is defined as

ρ ¼ BMB†M†; ð110Þ

and these matrices are associated with coefficients in
Eq. (107):

Bfm;jg;fr;kg ¼ d�m;j;r;k;

Mfm;jg;fr;kg ¼ hhjLð−;jÞ†Lð−;jÞjhiδj;kir−m: ð111Þ

As we see from Eq. (108), Sn½Vαj0i�ðt → ∞Þ has a
similar structure in LFT and SLFT with that in rational
CFTs. Sn½Vαj0i�ðt → ∞Þ makes two main contributions.
The first contains the universal part depending on the fusion

15Due to the fusion rule in LFT or SLFT, [m] is not a vacuum
module, which does not belong to the spectrum of LFT or SLFT.

16Here the FL;SL
α contains the divergent piece shown in

Eq. (83), and MinðαsÞ, MinðαtÞ are the minimal conformal
dimensions of the intermediate operator involved in the fusion
process.

17Precisely, here we have neglected the normalization factors
and associated DOZZ factors.
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matrix element of the corresponding primary operator and it is divergent due to the divergent component [Eq. (83)] in the
first term. The other comes from the normalization scheme of the local descendent operator. Finally, we can see that the

variation of the difference ΔSðnÞEE ½Vαj0i; Vαr j0i� between the early time and the late time is

ΔSðnÞEE ½Vαj0i; Vαr j0i�ðt → ∞Þ − ΔSðnÞEE ½Vαj0i; Vαr j0i�ðt → 0Þ

¼

8>>>>><
>>>>>:

− log

�
FL
Q=2;Q=2½ᾱααᾱ�

FL
Q=2;Q=2½ᾱrαr

αr
ᾱr
�

�����
p→0

− 1
n−1 log

trρn
0

trρ̃n
0

α ∈ fαjα ¼ Q=2þ ip; p ∈ Rg ⋃ fQ=2 > ReðαÞ > Q=4g

⋃ fQ=4 > ReðαÞ > 0g;

− log

�
FL
Q=2;Q=2½ᾱααᾱ�

FL
Q=2;Q=2½ᾱrαr

αr
ᾱr
�

�����
p→0

− 1
n−1 log

trρn
0

trρ̃n
0

α ∈ fαjReðαÞ ¼ Q=4; ImðαÞ ≠ 0g;

ð112Þ

where we choose ρ̃0 defined by the reference state (107) associated with primary operator Vαr.

V. DISCUSSIONS AND CONCLUSIONS

In this paper, the time evolution of the difference

ΔSðnÞEE ½Vαj0i; Vαr j0i�ðtÞ of REE between locally excited
states Vαj0i and the reference states Vαr j0i has been studied
in 1þ 1-dimensional irrational CFT, especially in Liouville
field theory and super-Liouville field theory. In rational
CFTs, there are finite primary operators and one needs to
undertake the finite summation to extract the difference of
REE shown in [4]. Furthermore, the reference states Vαr j0i
can be chosen as a vacuum state 1j0i. In irrational CFTs,
there are infinite-dimensional and continuous spectra which
are also highly degenerate. One might doubt that the
differences of REE in irrational CFTs have very different
structures compared with that [4] in rational CFTs.
To answer this question, we calculate the second REE

in a compact c ¼ 1 boson at a generic radius which is an
irrational CFTas a preliminary exercise. Because the Hilbert
spaces of LFT and SLFTare very special in irrational CFTs,
they are especially chosen as playgrounds to calculate the

difference of REE ΔSðnÞEE ½Vαj0i; Vαr j0i�ðtÞ between two
excited states, e.g., Vαr j0i and Vαr j0i. Furthermore, there
is no well-studied holographic dual of the local primary
operator in integrable rational CFTs [50] and one cannot
make use of AdS/CFT to calculate REE in this case.
Although the holographic dual of LFT or SLFT is not clear,
it is interesting to extract the large c universal properties

thereof. One can study the time evolution of REE SðnÞEE ½Vαj0i�
by applying the replica trick in LFTand SLFTand one might
obtain some properties of large c CFTs.
To understand these properties, the second REE

Sð2ÞEE ½Vαj0i� of local excited states is calculated in LFT and
SLFT. For a state excited by a local primary operator Vα, the
REE is divergent both in the early and late time limits. The

divergent behaviors of REE Sð2ÞEE ½Vαj0i�ðtÞ in the early and
late time limits are different, which seems to contradict the
quasiparticle picture proposed in rational CFTs [4,7]. That

also means that Sð2ÞEE ½Vαj0i�ðt → ∞Þ − Sð2ÞEE ½Vαj0i�ðt → 0Þ is

divergent.18 The identity operator does not live in the Hilbert
space of LFT and SLFT and no discrete terms contribute to
the REE; the vacuum block does not make a contribution to
REE. That is the main reason leading to the different
divergent behavior of REE in the early and late time limits.

To define finite quantities, e.g.,ΔSðnÞA ½Vαj0i; Vαr j0i�ðtÞ, one
has to classify all locally excited states in LFTand SLFT. The
zero point of the structure constant (DOZZ formula) pre-
sented in the second REE has been estimated to classify the
primary operators inLFTandSLFT. These primary operators
have been divided into two classes in terms of the real part
of Liouville momentum α, e.g., α ∈ fαjα ¼ Q=2þ ip;p ∈
Rg ⋃ fαjQ=2 > ReðαÞ > Q=4g ⋃ fαjQ=4 > ReðαÞ > 0g
and α ∈ fαjReðαÞ ¼ Q=4; ImðαÞ ≠ 0g. Due to the fact that
the second REE of excited states is divergent, one has to
choose an appropriate reference state Vαr j0i which lives in
the same class as the target states Vαj0i. The difference

ΔSð2ÞA ½Vαj0i; Vαr j0i�ðtÞ of the second REE between target
states Vαj0i and reference states Vαr j0i will be finite in both
the early and late limits. One can study the time evolution

behavior of ΔSð2ÞA ½Vαj0i; Vαr j0i�ðtÞ. The difference of the

REE ΔSð2ÞA ½Vαj0i; Vαr j0i� between the early time limit and
the late time limit always coincides with the log of the ratio
Fαs¼Q=2;αt¼Q=2½ᾱααᾱ�
Fαs¼Q=2;αt¼Q=2½ᾱrαr

αr
ᾱr
� of the fusion matrix element between two

excited states, e.g.,Vαj0i,Vαr j0i. The precise expression has
been listed in Eq. (112). Following [4], one can also directly
extend this analysis to the generic nth REE. The difference

ΔSðnÞA ½Vαj0i; Vαr j0i�ðtÞ between the early and late time is
independent of n and it still contains the log of the ratio of

fusion matrix elements Fαs¼Q=2;αt¼Q=2½ᾱααᾱ�
Fαs¼Q=2;αt¼Q=2½ᾱrαr

αr
ᾱr
� between the target

and reference state. Finally, REE of the generic descendent
states following [36] has been investigated. Comparing
this with the case of primary states, the difference

18Equivalently, ΔSðnÞA ½Vαj0i;1j0i�ðt→∞Þ−ΔSðnÞA ½Vαj0i;1j0i�×ðt→0Þ is divergent.
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ΔSðnÞA ½Ṽαj0i; Ṽαr j0i�ðtÞ in descendent states Ṽαj0i, Ṽαr j0i in
LFTor SLFT now contains one more additional term which
is associated with the normalization factor of the descendent
operator.
How can one understand the different divergence behav-

iors ofΔSðnÞA ½Ṽαj0i; Ṽαr j0i� in the two classes of local excited
states? In terms of [43], they define the states Vαj0i as the
Liouville momentum α ∈ fQ=2þ ip; p ∈ Rg as normal-
izable and the states Vαj0i with 0 < α < Q=2 are non-
normalizable states. The normalizable states correspond to
nonlocal operators which create macroscopic holes in the
surface. In this paper, we have confirmed the difference
between the normalizable states and non-normalizable states
from the memory effect of the REE perspective.
Finally, one can apply these techniques to calculate the

out-of-time-ordered correlation function (OTOC) to check
whether the superintegrability of LFT is consistent with the
chaotic proposal [51]. Recently, the authors of [52] proposed
a correspondence between 1þ 1-dimensional Liouville field
theory and theone-dimensional conformal quantummechan-
ics Sachdev-Ye-Kitaev (SYK) model. One can compare the
OTOC in Liouville field theory with the late time behavior of
the two-point function of bilocal operators in SYK and then
check the correspondence [52] between LFTand SYK.More
recently, the authors of [53–55] proposed the Liouville field
theory action as the optimization of the complexity of static
states in conformal field theory. Also, the associated mea-
surements of the complexity in generic field theory and the
holographic aspects thereof have been proposed in [56–62],
respectively. One can extend the study of the complexity of
local excited states in conformal field theory to define the
optimization procedure. Hopefully, some progress in these
directions can be reported in the near future.
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APPENDIX: NOTATIONS AND TECHNIQUES

1. The Notations of LFT

The full Liouville action (see a review in [46]) is

SL ¼ 1

4π

Z
d2ξ

ffiffiffi
g

p ½∂aϕ∂bϕgab þQRϕþ 4πμe2bϕ�; ðA1Þ

where Q ¼ bþ 1
b. The conformal dimension of the corre-

sponding primary operator e2αϕ is

Δðe2αϕÞ ¼ Δ̄ðe2αϕÞ ¼ αðQ − αÞ: ðA2Þ

The stress tensor is

TðzÞ ¼ −ð∂ϕÞ2 þQ∂2ϕ; ðA3Þ
and the central charge of the conformal algebra is

cL ¼ 1þ 6Q2 ¼ 1þ 6ðbþ b−1Þ2: ðA4Þ
The three-point function of the primary operator in

LFT is

hVα1ðz1; z̄1ÞVα2ðz2; z̄2ÞVα3ðz3; z̄3Þi ¼
Cðα1;α2; α3Þ

jz12j2ðΔ1þΔ2−Δ3Þjz13j2ðΔ1þΔ3−Δ2Þjz23j2ðΔ2þΔ3−Δ1Þ ; ðA5Þ

with zij ¼ zi − zj. The function Cðα1; α2; α3Þ is called structure constants associated with dynamical data of any CFT.
The DOZZ formula is an analytic expression for C in LFT from [63,64]. The DOZZ formula gives the three-point
function

Cðα1; α2; α3Þ ¼ λðQ−
P

3

i¼1
αiÞ=b ϒ0

bð0Þϒbð2α1Þϒbð2α2Þϒbð2α3Þ
ϒbðα1 þ α2 þ α3 −QÞϒbðα1 þ α2 − α3Þϒbðα2 þ α3 − α1Þϒbðα3 þ α1 − α2Þ

; ðA6Þ

where

ϒbðxÞ ¼
1

ΓbðxÞΓbðQ − xÞ ðA7Þ

and

λ ¼ πμγðb2Þb2−2b2 : ðA8Þ
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The ΓbðxÞ is given by Eq. (A31). In this paper, we need the four-point function of the primary operator, which reads

hVα1ðz1; z̄1ÞVα2ðz2; z̄2ÞVα3ðz3; z̄3ÞVα4ðz4; z̄4Þi¼ jz13j2ðΔ4−Δ1−Δ2−Δ3Þjz14j2ðΔ2þΔ3−Δ1−Δ4Þjz24j−4Δ2 jz34j2ðΔ1þΔ2−Δ3−Δ4ÞG1234ðz; z̄Þ;
ðA9Þ

with the harmonic cross ratio z defined as

z ¼ z12z34
z13z24

; ðA10Þ

and G1234ðz; z̄Þ as

G1234ðz; z̄Þ ¼
1

2

Z
∞

−∞

dp
2π

Cðα1; α2; Q=2þ ipÞRLðαsÞCðα3;α4; Q=2 − ipÞF1234ðΔi;Δp; zÞF1234ðΔi;Δp; z̄Þ: ðA11Þ

Here Δp ¼ p2 þQ2=4, and the functions F1234ðzÞ and
F1234ðz̄Þ are the Virasoro conformal block. In this paper,
we follow the notation for the four-point Green function
given in [45] with respect to the normalization of the two-
point function.

2. The Notations of SLFT

The N ¼ 1 supersymmetric Liouville field theory may
be defined by the action (see a review in [46])

SSL ¼ 1

4π

Z
d2ξ

ffiffiffi
g

p 1

2π
gab∂aφ∂bφ

þ 1

2π
ðψ ∂̄ψ þ ψ̄∂ψ̄Þ þ 2iμb2ψ̄ψebφ þ 2πμ2b2e2bφ;

ðA12Þ

where φ is a bosonic and ψ a fermionic field, μ denotes a
two-dimensional cosmological constant, and b is a
Liouville coupling constant.
The theory has N ¼ 1 superconformal symmetry.

The energy-momentum tensor and the superconformal
current are

T ¼ −
1

2
ð∂φ∂φ −Q∂2φþ ψ∂ψÞ;

G ¼ iðψ∂φ −Q∂ψÞ;
and the superconformal algebra is

½Lm; Ln� ¼ ðm − nÞLmþn þ
c
12

mðm2 − 1Þδmþn; ðA13Þ

½Lm;Gk� ¼
m − 2k

2
Gmþk; ðA14Þ

fGk;Glg ¼ 2Llþk þ
c
3

�
k2 −

1

4

�
δkþl: ðA15Þ

The central charge in SLFT is given by

c ¼ 3

2
þ 3Q2: ðA16Þ

The NS-NS primary fields eαφðz;z̄Þ in the N ¼ 1 SLFT
have conformal dimensions

ΔNS
α ¼ 1

2
αðQ − αÞ: ðA17Þ

As before, physical states have α ¼ Q
2
þ ip with

Q ¼ bþ 1
b. The R-R primary field is defined as

Rϵ
αðz; z̄Þ ¼ σϵðz; z̄Þeαφðz;z̄Þ; ðA18Þ

where σ is the spin field and ϵ ¼ � is the fermion parity.
For simplicity we can take all ϵ ¼ þ and drop this index.
The dimension of the R-R operator is

ΔR
α ¼ 1

16
þ 1

2
αðQ − αÞ: ðA19Þ

To consider both NS and R sectors, we will need
various functions defined differently for each sector.
Here we use the notations Ci, ϒi, Γi, where i ¼ 1 mod
2 forCNS,ϒNS, ΓNS and i ¼ 0mod 2 for R. One can refer to
Appendix A 4 to find out the exact definition of these
special functions.
The four-point function for the NS-NS operator is

G4ðz; z̄Þ ¼ hVα4ð∞;∞ÞVα3ð1; 1ÞVα2ðz; z̄ÞVα1ð0; 0Þi;
ðA20Þ

which can be written in the “s-channel” representation:

G4ðz; z̄Þ¼
Z

Q
2
þiRþ

dαs
i

h
Cðα4;α3;αsÞ

×Cðᾱs;α2;α1ÞjFe
αs

hα3
α4

α2
α1

i
ðzÞj2 ðA21Þ

−C̃ðα4; α3; αsÞC̃ðᾱs; α2; α1ÞjFo
αs

hα3
α4

α2
α1

i
ðzÞj2

i
: ðA22Þ
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The e,o in Fe
αs and Fo

αs denote N ¼ 1 Neveu-Schwarz blocks with even and odd fermion parity as in [65,66].
Following [67,68] the structure constants have the following explicit form (here, α stands for α1 þ α2 þ α3):

Cðα1; α2; α3Þ ¼
�
πμγ

�
Qb
2

�
b1−b

2

�ðQ−αÞ=b ϒ0
NSð0ÞϒNSð2α1ÞϒNSð2α2ÞϒNSð2α3Þ

ϒNSðα −QÞϒNSðα1þ2−3ÞϒNSðα2þ3−1ÞϒNSðα3þ1−2Þ

C̃ðα1; α2; α3Þ ¼
�
πμγ

�
Qb
2

�
b1−b

2

�ðQ−αÞ=b 2iϒ0
NSð0ÞϒNSð2α1ÞϒNSð2α2ÞϒNSð2α3Þ

ϒRðα −QÞϒRðα1þ2−3ÞϒRðα2þ3−1ÞϒRðα3þ1−2Þ
; ðA23Þ

where we define αiþj−k ¼ αi þ αj − αk for short and

ϒ1ðxÞ≡ϒNSðxÞ ¼ ϒb

�
x
2

�
ϒb

�
xþQ
2

�
¼ 1

ΓNSðxÞΓNSðQ − xÞ ; ðA24Þ

Γ1ðxÞ≡ ΓNSðxÞ ¼ Γb

�
x
2

�
Γb

�
xþQ
2

�
: ðA25Þ

Functions for the R sector are defined differently. For example, we have

Γ0ðxÞ≡ ΓRðxÞ ¼ Γb

�
xþ b
2

�
Γb

�
xþ b−1

2

�
: ðA26Þ

The four-point function for R-R operators,

G4ðz; z̄Þ ¼ hRα4ð∞;∞ÞRα3ð1; 1ÞRα2ðz; z̄ÞRα1ð0; 0Þi; ðA27Þ

can be also written in a similar form:

G4ðz; z̄Þ ¼
Z

Q
2
þiRþ

dαs
i

½Cþ
R ðα4; α3jαsÞCþ

R ðα2; α1jᾱsÞjFe
αs ½
α3
α4

α2
α1
�ðzÞj2−C̃þ

R ðα4; α3jαsÞC̃þ
R ðα2; α1jᾱsÞjFo

αs ½
α3
α4

α2
α1
�ðzÞj2�: ðA28Þ

The corresponding structure constants become

Cϵ
Rðα1; α2jα3Þ ¼

�
πμγ

�
Qb
2

�
b1−b

2

�ðQ−αÞ=b
×

�
ϒ0

NSð0ÞϒRð2α1ÞϒRð2α2ÞϒNSð2α3Þ
ϒRðα −QÞϒRðα1þ2−3ÞϒNSðα2þ3−1ÞϒNSðα3þ1−2Þ

þ ϵϒ0
NSð0ÞϒRð2α1ÞϒRð2α2ÞϒNSð2α3Þ

ϒNSðα −QÞϒNSðα1þ2−3ÞϒRðα2þ3−1ÞϒRðα3þ1−2Þ
�

ðA29Þ

C̃ϵ
Rðα1; α2jα3Þ ¼ −

iϵ
2
½ðp2

1 þ p2
2ÞCϵ

Rðα1; α2jα3Þ − 2p1p2C−ϵ
R ðα1; α2jα3Þ�: ðA30Þ

3. The function ΓbðxÞ
The function ΓbðxÞ is a close relative of the double gamma function studied in [69]. It can be expressed by means of the

integral representation

logΓbðxÞ ¼
Z

∞

0

dt
t

�
e−xt − e−Qt=2

ð1 − e−btÞð1 − e−t=bÞ −
ðQ − 2xÞ2

8et
−
Q − 2x

t

�
: ðA31Þ

Important properties of ΓbðxÞ are listed as follows:

functional relation Γbðxþ bÞ ¼
ffiffiffiffiffiffi
2π

p
bbx−

1
2Γ−1ðbxÞΓbðxÞ: ðA32Þ

analyticity ΓbðxÞ is a meromorphic function and it has poles only
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at x ¼ −nb −mb−1; n; m ∈ Z≥0: ðA33Þ

Further properties are listed in [70].
In terms of the functional relation in Eq. (A32), one can

find the residues near by various pole as follows:

ΓbðxÞ ¼
ΓbðQÞ
2πx

þOðxÞ; x → 0: ðA34Þ

4. Double Sine Function

In terms of ΓbðxÞ, the double sine function is given as
follows:

SbðxÞ ¼
ΓbðxÞ

ΓbðQ − xÞ : ðA35Þ

We will use the properties

Self-duality SbðxÞ ¼ Sb−1ðxÞ; ðA36Þ

Functional relation Sbðxþ b�1Þ ¼ 2 sinðπb�1xÞSbðxÞ;
ðA37Þ

Reflection relation SbðxÞSbðQ − xÞ ¼ 1: ðA38Þ

The asymptotics behavior of SbðxÞ is

Sbðx ¼ x0 þ ix1Þ ∼
8<
:

eπx1ð
b
2
þ 1

2b−x0Þeiπð
b2
12
þ 1

12b2
−bx0

2
−x0
2bþ

x2
0
2
−
x2
1
2
þ1

4
Þ for jxj → ∞; x1 < 0;

e−πx1ð
b
2
þ 1

2b−x0Þe−iπð
b2
12
þ 1

12b2
−bx0

2
−x0
2bþ

x2
0
2
−
x2
1
2
þ1

4
Þ for jxj → ∞; x1 > 0:

ðA39Þ

We define the following functions:

ϒbðxÞ ¼
1

ΓbðxÞΓbðQ − xÞ ; SbðxÞ ¼
ΓbðxÞ

ΓbðQ − xÞ ; GbðxÞ ¼ e−
iπ
2
xðQ−xÞSbðxÞ; ðA40Þ

and, in SFLT, we follow notations from [71] to denote

ΓNSðxÞ ¼ Γb

�
x
2

�
Γb

�
xþQ
2

�
; ΓRðxÞ ¼ Γb

�
xþ b
2

�
Γb

�
xþ b−1

2

�
; ðA41Þ

ϒNSðxÞ ¼ ϒb

�
x
2

�
ϒb

�
xþQ
2

�
; ϒRðxÞ ¼ ϒb

�
xþ b
2

�
ϒb

�
xþ b−1

2

�
; ðA42Þ

etc. Using relations, basic properties of these functions can
be established easily:

ΓNSð2αÞ
ΓNSð2α −QÞ ¼ WNSðαÞλ

Q−2α
2b ; ðA43Þ

ΓRð2αÞ
ΓRð2α −QÞ ¼ WRðαÞλ

Q−2α
2b ; ðA44Þ

whereWNSðαÞ,WRðαÞ are defined in (A45) and (A46), and
λ ¼ πμγðbQ

2
Þb1−b2 . The functions Wi are defined as

WNSðαÞ ¼
2ðπμγðbQ=2ÞÞ−Q−2α

2b πðα −Q=2Þ
Γð1þ bðα −Q=2ÞÞΓð1þ 1

b ðα −Q=2ÞÞ ;

ðA45Þ

WRðαÞ¼
2πðπμγðbQ=2ÞÞ−Q−2α

2b

Γð1=2þbðα−Q=2ÞÞΓð1=2þ 1
bðα−Q=2ÞÞ :

ðA46Þ

In the literature, one can define the following equations for
convenience:

S1ðxÞ≡ SNSðxÞ ¼
ΓNSðxÞ

ΓNSðQ − xÞ ; ðA47Þ

S0ðxÞ≡ SRðxÞ ¼
ΓRðxÞ

ΓRðQ − xÞ : ðA48Þ

They have the following relations with SNS;R functions:

SNSð2xÞ
SNSð2x −QÞ ¼ WNSðxÞWNSðQ − xÞ; ðA49Þ

SRð2xÞ
SRð2x −QÞ ¼ WRðxÞWRðQ − xÞ: ðA50Þ

In the paper we used the following:
(i) Reflection properties:

SNSðxÞSNSðQ − xÞ ¼ SRðxÞSRðQ − xÞ ¼ 1 ðA51Þ
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(ii) Locations of zeros and poles can be obtained from Eq. (A41):

SNSðxÞ ¼ 0 ⇔ x ¼ Qþmbþ nb−1; m; n ∈ Z≥0; mþ n ∈ 2Z; ðA52Þ
SRðxÞ ¼ 0 ⇔ x ¼ Qþmbþ nb−1; m; n ∈ Z≥0; mþ n ∈ 2Zþ 1; ðA53Þ
SNSðxÞ−1 ¼ 0 ⇔ x ¼ −mb − nb−1; m; n ∈ Z≥0; mþ n ∈ 2Z; ðA54Þ

SRðxÞ−1 ¼ 0 ⇔ x ¼ −mb − nb−1; m; n ∈ Z≥0; mþ n ∈ 2Zþ 1: ðA55Þ
(iii) Basic residue:

lim
x→0

xSNSðxÞ ¼
1

π
: ðA56Þ

5. Poles Structure and Discrete Terms

Following the Appendix about the LFT in [72], the four-point functions of primary operators are

hVα1ð0ÞVα2ðzÞVα3ð1ÞVα4ð∞Þi ¼
Z
iRþQ

2

Cðα1; α2; αsÞCðα3; α4; ᾱsÞjFsðΔαi¼1;2;3;4
;Δαs ; zÞj2dαs; ðA57Þ

where Reðα1Þ;…;Reðα4Þ ¼ Q=2. For αi ∈ ð0; Q=2Þ cases, Eq. (A57) needs to be extended. The proper way to integrate
should preserve the crossing symmetry with the assumptions given in [73–75].
The integrand of (A57), as a function of α ∈ C, has many poles. The two structure constants Cðα1; α2; αsÞ and

Cðα3; α4; ᾱsÞ in (A57) have poles and these poles comes from the zeros of theϒ’s in the denominator of the DOZZ formula
in LFT.19 These poles are as follows:

1 2 3 4 5 6 7 8

Q− αs −L αs þL 2Q− αs −L −Qþ αs þL αd −L −αd þQþL −αd −L αd þQþL

where αs ≡ α1 þ α2;αd ≡ α1 − α2; for LFT∶ L ¼ fbmþ b−1n∶m;n ∈ Z≥0g;
for SLFT NS sector∶ L¼ fbmþ b−1n∶mþ n ∈ 2Z≥0g;
for SLFT R sector∶ L ¼ fbmþ b−1n∶mþ n ∈ 2Z≥0 þ 1g: ðA58Þ

Note that rows 1 and 2 are related by α ↦ Q − α symmetry
and so are 3 and 4, etc. The poles coming from Cðα2;α3; ᾱÞ
are obtained by replacing 1;2→3;4 in the above equations.
If ReðαiÞ ¼ Q

2
, the real part of the poles belongs to the

intervals ð−∞; 0� ∪ ½Q;þ∞Þ and the intervals do not
intersect with the integration contour Q=2þ iR (A57).
When ReðαsÞ ¼ Reðα1 þ α2Þ starts to decrease fromQ into
the interval ð0; QÞ, the poles start to move on the plane αs.
One can show that only the rows 1 and 2 may cross the line
Q=2þ iR. When ReðαsÞ decreases to Q=2, row 1 crosses
the line from its left, and row 2 cross the line from it right.
As ReðαsÞ further decreases, several poles from those rows
in the table will have crossed the line. These poles are

Pþ ≡ fx ∈ Q − ðα1 þ α2Þ − L∶ReðxÞ ∈ ðQ=2; QÞg;
P− ≡ fx ∈ α1 þ α2 þ L∶ReðxÞ ∈ ð0; Q=2Þg: ðA59Þ

To extend analytically the integral (A57), the integration
contour has to be deformed to avoid the poles from crossing
it. Using the Cauchy formula, this amounts to adding �2πi
times the residues of the integrand of (A57) at points in P�,
respectively. These terms are the so-called discrete terms
[73–75] known in the literature.
Using the αs ↦ Q − αs symmetry of ϒ, the contribution

of Pþ equals that of P−. Then, the poles from α2;3 can be
similarly treated. For the LFT four-point function for
values of ReðαiÞ ∈ ð0; Q=2Þ, the resulting form is as
follows [72]:

hVα1ð0ÞVα2ðzÞVα3ð1ÞVα4ð∞Þi

¼
Z

Q
2
þiR

Cðα1; α2; αsÞCðα3; α4; ᾱsÞjFsðΔαi ;Δαs ; zÞj2dαs

þ −2
X
p∈P−

Resαs→p½Cðα1; α2; αsÞCðα3; α4; ᾱsÞ�j

× FsðΔαi ;Δαs ; zÞj2 þ ½ð1; 2Þ ↔ ð3; 4Þ�: ðA60Þ
19The similar structure constant in SLFT is given in the above

Appendix A 2 and we just list the relevant results.
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In this paper, we will use asymptotic form of the
conformal block as z → 0, or z → 1. The z → 0 series
expansion of the conformal block is

FsðΔαi ;Δαs ;zÞ¼z−Δα1
−Δα2

þΔαs

×

�
1þðΔα2−Δα1þΔαsÞðΔα3−Δα4þΔαsÞ

2Δαs

z

þOðz2Þ
�
: ðA61Þ

Once s-channel blocks are known, t-channel blocks can
be obtained by a permutation of the arguments, while
taking global conformal symmetry into account, and this
becomes [76]

FtðΔαi ;Δαt ; zÞ ¼ ð1 − zÞΔ2þΔ3−Δ1−Δ4FsðΔαi ;Δαs ; 1 − zÞ:
ðA62Þ

In this paper, to compute the dominant asymptotic behavior
of (A59) as z → 0 or z → 1 is very important. We need
to consider the internal charges αs ∈ Pþ ∪ ðQ=2þ iRÞ
involved and find the smallest scaling dimension
Δα ¼ αðQ − αÞ. In this paper, we will make use of these
details to obtain REE. Some further calculations have been
given in Appendix A 6.

6. To Calculate the Dominant Contribution
in Early Time

In this section, we would like to show some details about
how to do the early time integral appearing in the four-point
function in LFT. The early time limit ðz; z̄Þ → ð0; 0Þ is a
short distance limit, or equivalently z1 → z2 or z3 → z4.
Hence one can insert a corresponding OPE [74,75] in
Eq. (A57). If the OPE would be given by a sum as in
rational CFTs, the dominant contribution trivially would be
realized by the contribution of the r.h.s. operator with the
lowest conformal dimension. In LFT, we have an integral as
given in formula (1.10) of [74].
For Reðα1 þ α2Þ > Q=2 [74], the integral is

hVα1ð0ÞVα2ðzÞVα1ð1ÞVα2ð∞Þi ≃
ðz;z̄Þ→ð0;0Þ

Z
∞

0

ðzz̄ÞP2

fðPÞdP

ðA63Þ

whose asymptotics for z → 0 is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

− log z

r
fð0Þ
2

þ 1

2 log z
f0ð0Þ þ

ffiffiffi
π

p

8ð− log zÞ32 f
00ð0Þ þ � � �

ðA64Þ

One can apply the following OPE [74]:

Vα1ð0ÞVα2ðzÞ ¼
Z 0 dP

4π
Cðα1; α2; αsÞðzz̄ÞΔQ=2þiP−Δα1

−Δα2

× ½VQ=2þiPð0Þ�: ðA65Þ

The integration contour here is the real axis if α1
and α2 are in the basic domain jQ=2 − Reðα1Þj þ
jQ=2 − Reðα2Þj < Q=2. In this case, one can find that

1

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

− logðzz̄Þ
r

ðzz̄ÞQ2

4
−Δ1−Δ2C

�
α1;α2;

Q
2

�
VQ=2ð0Þ þ � � �

ðA66Þ

But we have to take into account that Cðα1; α2; Q2Þ ¼ 0.
The function fðPÞ is Cðα1; α2; Q2 þ iPÞCðα1; α2; Q2 − iPÞ.
Due to fð0Þ ¼ 0, the first nonvanishing term is the one with
f00ð0Þ, which is then

hVα1ð0ÞVα2ðzÞVα1ð1ÞVα2ð∞Þi

≃
ðz;z̄Þ→ð0;0Þ

ffiffiffi
π

p
8

f00ð0Þðzz̄ÞQ2

4
−Δ1−Δ2ð− logðzz̄ÞÞ−3

2: ðA67Þ

This conclusion corresponds to a statement by Seiberg in
[43]; see the comment after his Eq. (4.15).20

For α1 and α2 that stay outside of the basic domain [74],
we can use the following OPE:

Vα1ð0ÞVα2ðzÞ ¼
1

2
ðzz̄Þ−2α1α2 ½Vα1þα2ð0Þ�

þ 1

2
ðzz̄Þ−2α1α2Sðα1 þ α2Þ½VQ−α1−α2ð0Þ�

þ 1

2

Z
dP
4π

Cðα1; α2; αsÞðzz̄ÞΔQ=2þiP−Δα1
−Δα2

× ½VQ=2þiPð0Þ�: ðA68Þ

The integral has again an asymptotics as above
Eq. (A64). The first two terms in Eq. (A68) are the so-
called discrete terms. But now the more dominant term is
given by the contribution of the discrete term, i.e.,

hVα1ð0ÞVα2ðzÞVα1ð1ÞVα2ð∞Þi
≃

ðz;z̄Þ→ð0;0Þ
Cðα1; α2; α1 þ α2ÞCðα1; α2; Q − α1 − α2Þ

ðzz̄ÞΔα1þΔα2
−Δ1−Δ2Vα1þα2ð0Þ ðA69Þ

Depending on the value of α1 and α2, other discrete terms
can take over, as discussed in [74].
To calculate the late time limit of hVα1ð0ÞVα2ðzÞ×

Vα1ð1ÞVα2ð∞Þi, we have to use conformal boostrap equa-
tions firstly and following the above procedures in this

20The fact that the author writesQ2=8 instead ofQ2=4 is due to
different normalizations.
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subsection. We have presented the main results and will not
repeat all the details here.

7. The Fusion Matrix in Liouville Field Theory

In this subsection, we will see how to associate with the
quantum dimension defined in LFT. For the late time limit
of the second REE, the fusion matrix element FL

Q=2;Q=2½ᾱα α
ᾱ�

will be presented. This matrix element cannot be identified
as the quantum dimension in LFT. Following the definition

of the quantum dimension [40] LFT, we will show that the
FL
0;0½ᾱα α

ᾱ� will be the quantum dimension.
Just to follow the convention in [77–79], we introduce

FL
αsαt ½α3α4

α2
α1
� as follows:

FL
αsαt

hα3
α4

α2
α1

i
¼ Nðαs; α2; α1ÞNðα4; α3; αsÞ

Nðαt; α3; α2ÞNðα4; αt;α1Þ
FPT
αsαt

hα3
α4

α2
α1

i
;

ðA70Þ

where

Nðα3; α2;α1Þ ¼
Γbð2Q − 2α3ÞΓbð2α2ÞΓbð2α1ÞΓbðQÞ

Γbð2Q − α1 − α2 − α3ÞΓbðQ − α1 − α2 þ α3ÞΓbðα1 þ α3 − α2ÞΓbðα2 þ α3 − α1Þ
: ðA71Þ

The b − 6j symbol has the explicit form

FPT
αsαt ½

α3
ᾱ4

α2
α1
� ¼ Sbðα2 þ αs − α1ÞSbðαt þ α1 − α4Þ

Sbðα2 þ αt − α3ÞSbðαs þ α3 − α4Þ
jSbð2αtÞj2

Z
C
duSbð−α2 � ðα1 −Q=2Þ þ uÞSbð−α4 � ðα3 −Q=2Þ þ uÞ

× Sbðα2 þ α4 � ðαt −Q=2Þ − uÞSbðQ� ðαs −Q=2Þ − uÞ; ðA72Þ
where the following notation has been used: Sbðα� uÞ ≔ Sbðαþ uÞSbðα − uÞ. The function SbðxÞ is defined by Eq. (A35)
in Appendix A 4. The integral can be performed using the identity

Z
iR
dz

Y3
i¼1

Sbðμi − zÞSbðνi þ zÞ ¼
Y3
i;j¼1

Sbðμi þ νjÞ; ðA73Þ

where the balancing condition is
P

3
i¼1 μi þ νi ¼ Q. We are interested in the FPT

αsαt ½ᾱα α
ᾱ� which has been shown in Sec. II E.

In terms of the notation of [80], the 6j symbols correspond to FPT
αsαt ½α3α4

α2
α1
� ¼ fα1α3

α2
α4
j αsαtganb and the canonical 6j symbols are

defined as

nα1
α3

α2
α4

��� αs
αt

o
b
¼ Mðαs; α2; α1ÞMðα4; α3; αsÞ

Mðαt; α3; α2ÞMðα4; αt; α1Þ
nα1
α3

α2
α4

��� αs
αt

o
an

b
;

ðA74Þ
with

Mðα3; α2; α1Þ ¼ ðSbð2Q − α1 − α2 − α3ÞSbðQ − α1 − α2 þ α3ÞSbðα1 þ α3 − α2ÞSbðα2 þ α3 − α1ÞÞ−1
2: ðA75Þ

With following relation given in [80],
nα1
α3

α2
α4

αs
αt

o
b
¼

nα1
α3

α2
ᾱ4

��� αs
αt

o
b
; ᾱ4 ≔ Q − α4; ðA76Þ

one can obtain that

FPT
αsαt

hα3
α4

α2
α1

i
¼ Mðα4; αt; α1ÞMðᾱ4; α3; αsÞ

Mðᾱ4; αt; α1ÞMðα4; α3; αsÞ
FPT
αsαt

hα3
ᾱ4

α2
α1

i
: ðA77Þ
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Then

FL
αsαt

hᾱ
α

α

ᾱ

i
¼ Γbð2αsÞ

ΓbðαsÞ
ΓbðαtÞ
Γbð2αtÞ

Γbð2Q − 2αsÞΓbðQ − αtÞ3
Γbð2α − αsÞΓbðQ − αsÞ3

Γbð2α − αtÞΓbð−2αþQþ αtÞΓbð2α −Qþ αtÞ2
Γbð−2αþQþ αsÞΓbð2α −Qþ αsÞ2Γbð2Q − 2αtÞ

×
ΓbðαtÞ
ΓbðαsÞ

ΓbðQ − αsÞΓbð2α −Qþ αsÞΓbð−2αþ 2Q − αtÞ
Γbð−2αþ 2Q − αsÞΓbðQ − αtÞΓbð2α −Qþ αtÞ

ΓbðαsÞΓbð−2αþQþ αsÞΓbð2α −Qþ αsÞ
Γbð2α − αsÞΓbðQ − αsÞΓbð−2αþ 2Q − αsÞ

× jSbð2αtÞj2: ðA78Þ

The factor in the second line of (A78) comes from the four normalization factors Nðα3; α2; α1Þ in Eq. (A70), the factor in the
third line of (A78) is from the four factors associated withMðα3; α2; α1Þ in Eq. (A77), and the factor in the last line of (A78) is
mainly from FPT

αsαt ½α3α4
α2
α1
� in Eq. (A72). We have already made use of Eq. (A73) to do the u integration to obtain the simple

expression (A78). From (A78) and themeromorphic property ofΓbðαÞ shown in theAppendix, one can see that there is no pole
structure in FL

αsαt ½ᾱα α
ᾱ� for αs → 0. We then obtain the following expansion near αs → 0,

FL
0αt

hα2
α2

α1
α1

i
¼ 1

2
jSbð2αtÞj2

ΓbðαtÞ2
Γbð2αtÞ

Γbð2QÞΓbðQ−αtÞ2Γbð−2αþ2Q−αtÞ
ΓbðQÞ3Γbð2Q−2αÞ2

Γbð2α−αtÞΓbð−2αþQþαtÞΓbð2α−QþαtÞ
Γbð2αÞ2Γbð2Q−2αtÞ

:

ðA79Þ

The factor jSbð2αtÞj2 can be taken care of using

jSbðαÞj2 ¼ −4 sin πbð2α −QÞ sin πb−1ð2α −QÞ;

but we will temporarily keep it. The only divergence is from the simple pole of ΓbðαtÞ in Eq. (A34),

ΓbðxÞ ∼
ΓbðQÞ
2πx

; ðA80Þ

and the residue is given by the simple pole of FL
0αt→0½ᾱα α

ᾱ�,

FL
0αt→0

hᾱ
α

α

ᾱ

i
¼ 1

2π
jSbðαÞj2:

ΓbðQ − 2αÞΓbð2α −QÞ
Γbð2αÞΓbð2Q − 2αÞ ¼ 1

2π
jSbðαÞj2:

Sbð2α −QÞ
Sbð2αÞ

: ðA81Þ

With the help of the following identity from Eq. (A37),

Sbðxþ b�1Þ ¼ 2 sinðπb�1xÞSbðxÞ; ðA82Þ

we can express the residue as [where we also use SbðxÞ ¼ Sb−1ðxÞ]

F0αt→0

hᾱ
α

α

ᾱ

i
¼ 1

2παt

jSbð2αtÞj2Sbð2α −QÞ
4 sin½πbð2α −Qþ 1

bÞ� sin½πb−1ð2α −QÞ�Sbð2α −QÞ ¼
1

2παt

sin πbQ sin πb−1Q
sin½πbð2α −QÞ� sin½πb−1ð2α −QÞ� :

ðA83Þ

By comparing the definition of the quantum dimension [40] in LFT, we will show that the FL
0;0½ᾱα α

ᾱ� will be the quantum
dimension.

8. The Fusion Matrix in Super-Liouville Field Theory

Similar to Appendix A 7, wewould like to comment on the quantum dimension and fusion matrix presented in the second
REE in SLFT. Generically, the fusion matrices take the form i, j ¼ 1, 2, which correspond to the parity of e and o,
respectively [48]:
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Fαs;αt

�
α3 α2

α4 α1

�i
j

¼ Γið2Q − αt − α2 − α3ÞΓiðQ − αt þ α3 − α2ÞΓiðQþ αt − α2 − α3ÞΓiðα3 þ αt − α2Þ
Γjð2Q − α1 − αs − α2ÞΓjðQ − αs − α2 þ α1ÞΓjðQ − α1 − α2 þ αsÞΓjðαs þ α1 − α2Þ

×
ΓiðQ − αt − α1 þ α4ÞΓiðα1 þ α4 − αtÞΓiðαt þ α4 − α1ÞΓiðαt þ α1 þ α4 −QÞ
ΓjðQ − αs − α3 þ α4ÞΓjðα3 þ α4 − αsÞΓjðαs þ α4 − α3ÞΓjðαs þ α3 þ α4 −QÞ

×
ΓNSð2Q − 2αsÞΓNSð2αsÞ

ΓNSðQ − 2αtÞΓNSð2αt −QÞ
1

i

Z
i∞

−i∞
dτJαs;αt

�
α3 α2

α4 α1

�i
j

: ðA84Þ

We will consider i ¼ j ¼ 1, which gives the fusion matrix for the NS sector. In this case, we have

Jαs;αt

�
α3 α2

α4 α1

�
1

1

¼ SNSðQþ τ − α1ÞSNSðτ þ α4 þ α2 − α3ÞSNSðτ þ α1ÞSNSðτ þ α4 þ α2 þ α3 −QÞ
SNSðQþ τ þ α4 − αtÞSNSðτ þ α4 þ αtÞSNSðQþ τ þ α2 − αsÞSNSðτ þ α2 þ αsÞ

þ SRðQþ τ − α1ÞSRðτ þ α4 þ α2 − α3ÞSRðτ þ α1ÞSRðτ þ α4 þ α2 þ α3 −QÞ
SRðQþ τ þ α4 − αtÞSRðτ þ α4 þ αtÞSRðQþ τ þ α2 − αsÞSRðτ þ α2 þ αsÞ

; ðA85Þ

where SNS;R are defined by Eq. (A41). In terms of the
explicit form of

Fαs;αt

�
α3 α2

α4 α1

�

in Eq. (A84), we can show that

Fαs;αt

�
ᾱ α

α ᾱ

�
1

1

¼ Fαs;αt

�
α α

α α

�
1

1

: ðA86Þ

Alternatively, it can be shown that for αs ¼ 0, the fusion
matrix becomes

F0;αt

�
α3 α1

α3 α1

�
1

1

¼CNSðαt;α1;α3Þ

×
WNSðQÞWNSðαtÞ

πWNSðQ−α1ÞWNSðQ−α3Þ
; ðA87Þ

whereWNS is defined in (A45) and (A46). It is not difficult
to see that near αt ∼ 0 (and α1 ¼ α3 ¼ α), the DOZZ
function has a single pole,

CNSðαt; α; αÞ ∼ λðQ−2αÞ=b ϒ
0
NSð0ÞϒNSð2αtÞϒNSð2αÞ
ϒNSð2α −QÞϒNSðαtÞ2

;

∼
ϒ0

NSð0ÞϒNSð2αtÞWNSðQ − αÞ
WNSðαÞϒ2

NSðαtÞ

∼
2WNSðQ − αÞ
WNSðαÞπαt

; ðA88Þ

where in the second line we use

ΓNSðxÞ ∼
ΓNSðQÞ

πx
⇒ ϒNSðxÞ ∼

πx
Γ2
NSðQÞ : ðA89Þ

In the second line of (A88) we use

ϒNSð2xÞ
ϒNSð2x −QÞ ¼ GNSðxÞλ−

Q−2x
b ¼ WNSðQ − xÞ

WNSðxÞ
λ−

Q−2x
b :

ðA90Þ

We also need the values of the derivative ϒ0
NSð0Þ:

ϒ0
NSð0Þ ¼

π

Γ2
NSðQÞ : ðA91Þ

We have made use of the definition of ΓNS, ΓR given in
Eq. (A41). Substituting (A88) back into (A87) and with the
help of the identity

WNSðxÞWNSðQ−xÞ¼−4sinπbðx−Q=2Þsinπ 1
b
ðx−Q=2Þ;

ðA92Þ

we obtain the pole structure of the fusion matrix:

F0;αt

�
α α

α α

�
1

1

¼ 2

π2αt

sinπ
2
bQsinπ

2
b−1Q

sinπbðα−Q=2Þsinπb−1ðα−Q=2Þ :

ðA93Þ

So we can again relate the entanglement entropy due to the
local operator to its quantum dimension

Resαt¼0F00 ∼ sin πbðα −Q=2Þ sin πb−1ðα −Q=2Þ: ðA94Þ

Similar to the situation in LFT, the fusion matrix element
for FSL

Q=2;Q=2½αα α
α�ee presented in the second REE (56) in SLFT

cannot be identified as a quantum dimension.
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