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We show that for four-dimensional gauge theories in the conformal window, the anomaly, known as the
a function, can be computed from a two-point function of the trace of the energy momentum tensor making
it more amenable to lattice simulations. Concretely, we derive an expression for the a function as an integral
over the renormalization scale of quantities related to two- and three-point functions of the trace of the
energy momentum tensor. The crucial ingredients are that the square of the field strength tensor is an
exactly marginal operator at the Gaussian fixed point and that the relevant three-point correlation function
is finite when resummed to all orders. This allows us to define a scheme for which the three-point
contribution vanishes, thereby explicitly establishing the strong version of the a theorem for this class of

theories.
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I. INTRODUCTION

The conformal anomaly, first known as the central
charge ¢ of the Virasoro algebra, is key to the physics
of conformal field theories (CFTs) as it is a measure of the
number of degrees of freedom. The Weyl anomalies
discovered in the 1970’s (see [1] for a review of the topic)
state that this central charge appears in the trace of the
energy momentum tensor (TEMT) when there is a curved
background, (7% ) cpr = —(B./(247))R, elevating the cen-
tral charge to a f§ function; . = c. The ¢ theorem [2] can be
stated in terms of Cardy’s formula [3]

AP = PV _ pR = 34 / a2 (©x)0(0)), 0. (1)

where 7% )[3, — © and (...). stands for the connected
component of the vacuum expectation value (VEV). It is
assumed that the theory flows from an ultraviolet (UV)
to an infrared (IR) fixed point (FP). The inequality,
AB?P > 0, establishes the irreversibility of the renormali-
zation group (RG) flow and follows from the positivity
of the spectral representation and the finiteness of the
correlator in (1).
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In 4D, the situation is more involved as there are further
terms in the TEMT,

(T7,(x)) = = (PR Eq + BRH? + fEW?) + 4PR0OH.  (2)

Above H=R/(d—1) and as opposed to [4], we have
omitted a cosmological constant term for brevity. In
particular, we denote the coefficients of the geometric
invariants by g functions except the LIR term which is a
Weyl variation of the local R? term. In CFTs, 8, = 0 and
B4, B, and b are the true conformal anomalies.

The a theorem, AB, = YV — R > 0, was conjectured
early on [5], and a proof in flat space uses the four-point
function of the TEMT, anomaly matching and analyticity
[6,7].l A stronger version of the theorem requires an
interpolating function f3,(u) that reduces to 5"~ at the
respective FPs, satisfying monoticity, d, ﬂﬁu > 0, along the
RG flow. A perturbative argument was given in [9] by
finding a function satisfying dy,,f, = (xap + ...)* %,
where the Zamolodchikov metric y,p is positive by
unitarity at the Gaussian FP?

A representation similar to (1) has been proposed
involving two- and three-point functions [11],

'In curved space, ff, can be assessed from a two-point
function [8].

This argument was generalized to conformal perturbations at
interacting FPs in [10]. In both cases, the positivity is controlled
by the smallness of perturbative corrections encoded in the dots.
In 2D, the strong ¢ theorem was proven in the original paper [2]
without reference to perturbation theory.
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The conformal window for supersymmetric (left) and nonsupersymmetric (right) gauge theories for quarks in the matter in the

fundamental (yellow) and two index antisymmetric (green) representation of the SU(N,.) gauge group. The upper boundaries are
dictated by the loss of asymptotic freedom, and the lower boundaries are known in /' = 1 supersymmetric gauge theories thanks to the
electromagnetic duality [12], and for nonsupersymmetric gauge theories, they are debated in lattice simulations, and for the actual
values, we have taken the boundaries given by Dyson-Schwinger equations [13]. Inside the yellow and green bands, the theory is
expected to flow to an conformal IR FP. Below these regions, the chiral symmetry is spontaneously broken in the IR which is the case for

quantum chromodynamics (QCD).

1

A =L ( [ #eweo).

3-28\J,
_2[ : [(x'y)z_xzyzK@(x)@(y)@(o»C), (3)

where [ = d*x. This expression is derived in
Appendix B using conformal anomaly matching. As
alluded above, this expression does not lend itself to
positivity because of the presence of the three-point
function. In this work, we will show that for gauge theories
with gauge couplings only, the three-point function term
drops for theories in the conformal window cf. Fig. 1. This
establishes the positivity with Euclidean methods and
makes the evaluation more amenable to lattice simulations.

A. Executive summary

In the remainder of this introduction, we give an
executive summary of our work leaving the derivation of
equations and definitions of schemes to the main part of the
paper. Our assumptions are (i) that the TEMT assumes the
form

O ~ 4[04] + equation of motion terms (<L = g} 0y),

(4)

(summation over A implied) and (ii) that the beta functions

=4 ; ¢ vanish in the IR and UV.> Above operators

3For gauge theories with chiral symmetry breaking, the
assumption ® ~ 40, breaks down since the goldstone bosons
couple with a term ® ~ [1z?, which cannot be improved since it is
in conflict with chiral symmetry [14,15] leading to subtleties for
flow theorems [4,16].

with square brackets denote renormalized composite
operators, e.g., O, ~G* in the case at hand, where
G* = (G4%,)%, is the standard field strength tensor squared
known from quantum chromodynamics (QCD). Using
these assumptions allows us to derive

1 ©
Ao =7 / Gk WP P® = 2apcWB PP )dIn
(5)

from (3). The f functions are u dependent through the
couplings, and the y’s are the analogues of the
Zamolodchikov metric (cf. Appendix A for definitions
and notational conventions).4 The expression (3) is derived
in Sec. II and is a new result of this paper.

For our work, the crucial input is that the leading order
correction to the noninteracting FP is

Xhee =09, xkz=0(¢")").  (6)

The main focus of this paper will be on asymptotically free
QCD in the conformal window regime where (6) follows by
using the conformal operator product expansion (OPE)
(c.f. Appendix C) and is of course easily established by
direct computation as well. Using (6) and our previous
work on finiteness of two- and three-point functions, we are
able to define a scheme, referred to as the R, scheme, for

which ;(fg’c(u) =0 along the flow. This establishes the
main result of our paper

*Whereas the y’s are dependent on a generic scheme R, the
two flow integrals themselves are scheme independent, cf. [4].
We will refer to y,pc as the three metric throughout in a loose
analogy to the Zamolodchikov metric in two dimensions.
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1 [
3 [ W wppamy

- -123 / #(O(x)0(0), > 0, (7)

valid for the assumptions specified above and satisfying
(6). On a side note, this means that AB, =2Ab=
2(bYY — b®), for the same conditions, since the flow
theorem for b can be expressed in terms of the same
two-point function [4]. This relation was conjectured to
hold for general classically conformal QFTs in [17]. In this
work, we show under what conditions this relation holds. A
case where it fails is when the theory contains scalar
couplings and the three-point function does contribute.
The paper is organized as follows. The cornerstones,

formula (5) and the scheme )(fgc(y) = 0, are established in
Secs. II and I1I, respectively. More precisely, in Sec. III. A,

it is shown that y,%. satisfies (6), used in Sec. IIIB to
derive the finiteness of the counterterm which then allows
the explicit construction of the scheme for which

;(ngc(,u) = 0 in Sec. Il C. Definitions, including notation
from our previous work, are reviewed in Appendix A. The
sum rule (3) is derived in Appendix B, and a more formal
argument for the first equation in (6), underlying the above
mentioned scheme, is given in Appendix C.

II. THE FLOW OF E, (OR g,) AS AN
INTEGRAL OVER THE RG SCALE

It is the aim of this section to derive (5). The presentation
below is similar to the one given for the LIR flow in [4],
where we have shown that’

- 1 1 0
Ab = 3.97 /x x4<®(x)®(0)>c = g/_oo)(z\zBﬁAﬂBdlnﬂ/.

(8)

The starting point is formula (3), which is derived in
Appendix B. Using (8), one may write

- 1.
Ap, =2AD - ZP@Feaa(Pm 20 ] P—" )

where

Cooo(Px> Py) = / / e PP (@(x)0(y)©(0)),,  (10)
xJy
and 13,13 is defined in (BIO).6

>For remarks concerning adding a local term 6 ~ wyR? to the
bare action, with regards to Eqs. (3) and (8), cf. Appendix B.2 or
our previous work [4].

Assummg the IR limit p,, p, — 0 to be regular, we can
choose to approach 0 by taking, for example, p, = —p, = p — 0

and define a function f(p?) = P, Tye(p. —p).

The transformation of the equation above into an
integral representation over the RG scale, necessitates
the discussion of the renormalization prescription. To
regularize, we use dimensional regularization with
d =4 —2¢. The correlator is renormalized by a splitting
of the bare function into a renormalized I'® and a counter-
term L® =", LRe™",

= Tyg(Ps Pys 1) + Lol ()P + Loy ()23,
()

which consists in a Laurent series. Above A3 (Killén
function) and P; are the three- and two-point kinematic
structures,

Feee(l?x, Py)

A3 = py+ py + pt = 2(pips + pipi + pip?),
Py =pi+pi+pl, (12)

where momentum conservation, p.+ p,+ p, =0, is

implied. The quantities Lz]g)%,g (1),L g% (1) are Laurent series

in € depending on the running couplings of the theory.

From (9), it is seen that Ll]}g; is the key quantity which we
analyze by its scale dependence

)e:() d

d
o) = (2e= g VLS00 LS. 13

In the last equality, we used the result of [18] that Leeg is
finite after resummation of divergences. In establishing the
flow formula (5), we follow the logic of [4] and introduce
the so-called momentum space subtraction (MOM)
scheme, defined by

MOM __
Xovo =

d N
P, T ,—D). 14
dlnppzﬂ P o00(P.—D) (14)

By solving the above ordinary differential equation, we
arrive at

13,13F900(9Q(P))=/ ) ZMOMd In !
np/po

Inpu/po
= [ )(G%Mdln,u

np/uy

Py THOM (p /1,92 (1))
+/ )(gggMdln/,t s (15)
Inp/po

L™ (g2 (u))

where the split on the second line is compatible with (13).
In order to pass to the coupling coordinates, one uses the
assumption (4) to write
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oo = ﬁAﬁBﬁCFABC(Pm Py)’ (16)

with

Casc(pepy) = / / 0590, (2)][05()][0c(O)]).
(17)

Renormalization of the above correlator and further defi-
nitions [e.g., )(}BC in (A8)] are reviewed in Appendix A. It
is now possible to define a MOM-scheme relation ana-
logical to (14) for the correlator (17). In this MOM scheme,
we can use the relation y3oM = pAAERCHMNOM | which in
turn follows from substituting (4) into (14).

The final expression for A, is obtained by taking p — 0

limit of (15) and inserting the result to (9)
1

AR —
Bo=1

i e e pdi. (19
Although as it stands, (18) is written in a specific scheme,
just like for Ab [4], scheme independence followed by
observing that a change from a scheme R; to R, is given
by a cohomologically trivial term,

d

2 o 1
dinp” (19)

X 000 :)(Z)?ng —){?9?) =
where w = (fABPACwspc) With wspe parametrizing the
change of scheme, cf. Eq. (A10). This establishes the
representation (5) and completes the aim of this section.
We have also checked that Eq. (18) is consistent with the
MS-scheme formulas of [19] (namely 3.17b and 3.23 in
this reference).

III. THE THREE METRIC y,,, IN
GAUGE THEORIES

In this section, we restrict ourselves to QCD-like theories
with one gauge coupling g and massless fermions. The
generalization of the following result to multiple coupling
theories satisfying (6) is straightforward. Before we pro-
ceed, let us establish the notation. The trace anomaly for
gauge theories reads

0 =70, (20)

dlng
dlnyu

corresponding operator O, is the field strength squared

where f = is the logarithmic beta function. The

0,] = B% Gz], @)

with the somewhat nonstandard treatment of the coupling
constant (and G* has been defined previously). The
mapping to the general expressions (5) and (7) is done

by comparing (4) and (20), which gives O, — O, and
p - % f omitting the superscript g on the # function for
brevity.

In Sec. IIT A, it is shown that y,,, = O(g?), from where it
1s deduced, in Sec. III B, that the counterterm to the three-
point function L, is finite when summed to all orders for
all points along the flow. Based on this, in Sec. IIIC, a
scheme is defined for which ;(Zf; (n) = 0, leading to the
main result of the paper.

A. The vanishing of y,,, at the UV fixed point

Technically, we will show that y,,, = O(g*). The three-
point function can be computed at leading order directly in
momentum space by evaluating the diagram in Fig. 2,
which gives

C(pep) =g [ [ eormi(@aemleon).

9oJx Jy
11 4-2¢ 4-2¢ 4-2¢
:;E (px +py +pz )
1/ 1 ,
+;<—§/13—P3) +O(€,g ), (22)

where the two- and three-point kinematic structures P; and
A3 are defined in (12). It is observed that at leading order in
the coupling there is no divergent contribution to the three-
point function kinematic structure 45; or more precisely, to
the projector P 5, (B10) applied to the correlation function.
The two-point function structure P5 is not relevant for our
work. From (11) and the definition of y,,, (A8), x4y =
O(g?) follows. In principle, this completes the task of this
section, but we think it is instructive to add a few more
comments.

First, as demonstrated in the Appendix C, this can
also be understood from the fact that for an exactly
marginal operator the A; structure vanishes in a CFT
[20]. In the language of [20], the structure P; is referred

[G%o (60

(e G2y [#']: (']
FIG. 2.  (left) Leading order diagram contributing to I'y;, with
no divergence in the three-point structure 45 after Fourier trans-
formation. This is in accordance with (6). (right) Leading order
diagram contributing to the correlator of ¢* operators (23). In
momentum space, this corresponds to a four loop graph and does
lead to divergencies in the 45 structure from where one can infer
that the ¢* coupling acquires a RG running.
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to as semilocal, and that is at least one delta function in
coordinate  space; &(x) % + permutations < p*~2¢1 4+

permutations, in the case (22). For noncoincident points,
the correlation function is indeed proportional to (d — 4),
cf. [21,22]. It is in particular instructive to consider a case
where this fails. An example is a free conformally coupled
scalar field for which ¢* is an operator of scaling dimension
four but since its perturbation 8L ~ A¢* induces an RG
flow, namely f; # 0, it is not exactly marginal. In the
explicit computation, one obtains in coordinate space

(@D OO = . (23)
xyH(x =)

which is clearly not semilocal and will contribute to the 45
structure upon Fourier transformation. On a side note, it is a
remarkable circumstance that from the evaluation (23), one
can infer that the 3, # 0, cf. discussion in Appendix C
and [20].

Second, one might wonder whether something similar
is possible for the two-point function. The answer is no for
the following reasons. If it were possible to set y 5 = 0 in
some scheme then it would also imply that ® =0 by
reflection positivity in (8) which is incompatible with a
nontrivial flow. The explicit straightforward computa-
tion for the two-point function at leading order gives,
([G*(x)][G*(0)]) = 96/x% + O(¢*), a noncontact term
contribution, unlike (22), whose Fourier transform gives
rise to In y-dependent term. Moreover, the formal argument
given in Appendix C does not descend to two-point
functions.

B. Finiteness of the three-point function

Following the analysis in [18], we study the finiteness of
Ly, the resummed Laurent series, after removing the
regulator € = (d —4)/2. This serves as the basis for
defining the R3, scheme in the next section. The quantity
LM; is defined in analogy to Leee in (11). In dimensional
regule71r12at10n, the renormalization group equation (AS8)
reads

- Eﬂ)Lg.‘jgz = (_Zﬁalnas - 6(8lnasﬁ) + 2€)Lg§7§’

(24)

.= (2¢

where we used the d-dimensional logarithmic beta function
p=—c+p and a, = ¢*/(4x)2. This equation allows for
the integral solution

dl
Lif e oy =155 / P W), ne ()

"The quantity ;(Z]%g corresponds to jg,, in the classic paper of
Jack and Osborn [19].

This expression is well-defined for y > 0, convergent for
u' — oo, as we will show shortly for the asymptotically free
and asymptotically safe case. Anticipating the result and
removing the regulator (¢ — 0), the expression becomes
LR
Lojq (as(w),

=5 / P )y, dny

1 as(p) du
- 2 R
=55 | P es)
where the second integral representation in (26) is useful
for practical computation.
(1) In the asymptotically free case (Gaussian FP), the
function and the three metric behave as

H—>00 1

R
~a s a,
ﬂ s In Py X g9 s

1
~—, (27
e 27

in accordance with (6). Inserting this back into the
integral (26), we see that the solution behaves
regularly near the UVFP

Ly =20(1), (28)

since the In y~3 from the integral is cancelled by the
1/ prefactor.

(ii)) We can also apply similar arguments for RG flows
in the vicinity of a nontrivial UVFP YV, which
corresponds to the asymptotically safe scenario (see
[23] for some recent discussion of this possibility).
In this case, the UV behavior is

H—o0 6
ﬂ ~ M y Z;zgg )(gggv (29)

where yp, =%, (aVV) and y* = Oy, Bl, =>01is
the anomalous dimension of [G?] at the FP. One gets

*

) 0 1
B xR )dInp " E — (30)

Inp 3 *

By inserting this back to (26), we find again finite
UV behavior L~ "% O(1). In fact, it is straight-
forward to see that provided y* # 0, for any FP a*
the Eq. (24) always allows for a finite solution

1
LR, * _ *
ngg (as ) O) - _6—}/*ng9' (31)
Let us now turn to the issue of IR convergence. Clearly, the

presence of ; in the solution (26) indicates additional

problems when the IR limit a, — al} is taken. Note

however, that near the IRFP another solution to (24) can
be found

2¢ Iny . dln i
pe [l H
LIy (1).€) e == / PR, () (32)

B J- (')
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well-defined for p < oo. After taking ¢ — 0 [which is
justified for the same reasons as (25)], one gets

Ly (as(w),0 / PP )k, (W' )dIny

1 as(u) d
——5 [ P S e

By repeating the analysis leading to (27) and (28) near the
IRFP, we conclude that (32) is well-defined in the vicinity
of alk.

Assuming that the theory is free from any singularities in
the coupling space, the solutions (25) and (32) should be
compatible on overlapping domains. By subtracting (25)
from (32) (and taking ¢ — O limit), we find a continuity

condition
Inu 3 /
< / / ) P (u ;(gggd Inu
Inp

/ PR dIny = 0. (34)

This is consistent with the vanishing of the three-point
contribution in (5), which can therefore be seen as the direct
consequence of the finiteness and coupling continuity of
Lix. Indeed, in the next section, we will show how the
above results can be used to construct a scheme, where the
three metric vanishes.

C. Constructing the R 3, scheme
for the three metric x4,

A change of scheme, cf. Eq. (A10), is given by a finite
shift ,,,(a,) in the counterterms

1R 1R
Lggg> = Lggg" — wggg(as)' (35)

Using (24), we can deduce that under such a shift the three
metric transforms as

)(;%12(} = Z;illq + (zﬁalna_g + 6(alnal‘ﬂ))wggg' (36)

Since the € — 0 limit of L_g_g’zgz’ is uniform as shown in the

previous section, we can choose

@ yg9(as) = Ly (a5,€ = 0), (37)

to define a new scheme R, for which

Lo (1) =0 (38)

is automatic. This scheme is new to this paper and not to be
confused with the previously discussed MOM scheme.

By using (38) in the general scheme-independent expres-
sion (18), we finally arrive at the desired result

1
Mo =g [ A (39)

We would like to end this section by demonstrating how to
construct such a scheme in perturbation theory. Using the
two-loop formulas of [19], we extract

1 = 2% (~260a,). (40)

where f, is one-loop coefficient of the beta function f =
—poa, + O(a,?), the gluons and N ¢ fermions are assumed
to be in the adjoint and fundamental representation of an
SU(N..) gauge group, respectively (n, = N2 — 1), and MS
denotes the standard minimal subtraction scheme. By
performing a scheme change (36) with

1n
Wggg = _grﬂgz’ (41)
we achieve
o =0+ Ola?), (42)

as expected at this order in the perturbation theory. At the
perturbative Banks-Zaks FP a,® « ff; < 1. Since y,,, is
absent, Af, in this theory can be computed purely by
substituting the known perturbative expressions for the beta
function and y,, in (8) as was done up to five loops in [4]
(see Eq. 60 and the discussion below in this reference).

To find )(g o at higher orders, one would need to use the
two-loop beta function together with the three-loop expres-
sion of y,,,, which is not presently available to the authors.
Nevertheless, using the formulas of this paper, some
general predictions about the behavior of these higher
order corrections can be made (cf. Appendix D).
Recently, )(lg\gg was computed to leading order in the large
Ny expansion in [24] by resumming infinite number of

bubble diagrams. The result reads

ms_ Mg 10 (4o (2 R
ngg_4n23K8K<KH<3K o\y,) @

where K = 2a,N; and

_ (80 —60x + 13x* — x*)xT'(4 — x)
Hx) = 12004 — )T (1 +Hr2 %)

(44)

Since to leading order in N% the f function is a one-loop
exact f=1K(1+4 O(1/Ny)), it is possible to use our
formula (26) together with (37) to find the R, trans-
formation corresponding to (43). The result reads

025006-6
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1 n, HZK) 1
-8 o(—). 45
Yus = T34 K O\N; (45)

The formula above represents an application of our result
beyond perturbation theory. By reexpanding expression
(45) in small K, we find that the leading term agrees
with (41).

IV. CONCLUSIONS AND DISCUSSIONS

Our starting point was the derivation of a formula for the
Euler anomaly or a function as an integral over the RG
scale of a two- and three-point functions of the trace of the
energy momentum tensor (5), valid for theories which are
governed by f functions at both fixed points (4).

For gauge theories in the conformal window, the
formula collapses to the two-point function (7). Our main
assumption for the proof is that the ultraviolet and infrared
solution (25) and (32), of the renormalization group
equation (24), can be matched continuously. This allowed
us to define an explicit prescription, the R3, scheme (37),
for which the three metric vanishes. In particular, our result
means that for those theories, the Euler flow and the CIR
flow are identical (8). The reason this works for gauge
couplings, and not for generic couplings, is that for the
former the three-point function collapses to a two-point
function near the trivial FP (22). This is a consequence of
the vanishing of the leading order contribution to the three
metric (6) and can also be understood from the fact that the
field strength tensor squared is an exactly marginal operator
at zero coupling, cf. Appendix C. An example where this
fails is a scalar free field theory for which ¢* is not an
exactly marginal operator and its nonzero f function
induces a three-point function structure at leading order,
prohibiting the use of the R3, scheme.

In the light of the above remarks, one might wonder,
whether the result can be applied to gauge theories with
supersymmetry including scalar fields such as supersym-
metric QCD (SQCD). The extension is possible owing the
same form of the anomaly (4) in SQCD [25]. In super-
symmetric gauge theories without a superpotential, the
matter and gauge contributions are related through the
Konishi anomaly [26], so that the trace anomaly can be
expressed solely in terms of the field strength tensor
squared up to equation of motion terms. We therefore
expect that the main results of this paper should apply to
N =1 SQCD in the conformal window.”

Another corollary of our analysis is that for the class of
theories studied in this paper, the strong a theorem applies.
One defines the off-critical quantity

¥Some care has to be taken when passing from the dimensional
regularization to SUSY-preserving schemes (see Appendix A of
[27] for some details of how this is to be done).

A(AR) .
281,50
Aﬁnlqu)
A AR' m,' Ag
FIG. 3. The Euler flow, Ag, (7), as a function of the IR cutoff

A on the spacial integral (47). The scale A;' is related to the
running of the # function and can be expected to be of the order of
the scale where the derivative of the § function changes sign
[34,35]. The proposed formula is given in Eq. (48). Note that the
asymptotic value 2A13|mq>0 is a nontrivial quantity whose value is

not yet understood [4]. The determination of the latter would
therefore be an additional benefit of a lattice investigation.

- 1 ©
Ba (ﬂ) = ﬂgv - 1_6[ )(%OM/}ZCZIHM'7 (46)
nu

which reduces to AR in the limit 4 — 0 by (39) and gives a
(scheme dependent) interpolating function between the
fixed points. The monotonicity of this function follows

from the positivity of y}M, established in [4].

Moreover, the perspective of implementing the a theo-
rem in the conformal window on the lattice have improved
since it is related to a two-point function.” Supersymmetric
lattice gauge theories [31] could be a particularly interest-
ing test ground as the Euler anomaly is exactly known [32].
In practice though, lattice Monte Carlo simulation are done
at a finite quark mass, which does not fall into our class of
theories.'” A pragmatic way to deal with this problem is to
choose an infrared cutoff Ay,

1

A(AIR, mq,L) = ﬁ

/ " W), (47)
0

on the integral (7). The function A is expected to plateau

to A, |m,,:o for Afy lower than the inverse quark mass m,,

for which the theory behaves like a massless theory.11

This requires the renormalization of the energy momentum
tensor on the lattice which is a nontrivial task because of the
breaking of the space-time symmetries [28]. See also [29,30] for
some recent proposals using the gradient flow technique.

'The TEMT contains a term of a the form © ~ m(1+7v,)3q
in addition to the #-function terms (4), where y,, is the quark mass
anomalous dimension. Thus, unless yR = —1, this does not
correspond to a CFT in the IR.

None of these scales should be confused with the lattice size
L. In particular, Aj{ < L holds strictly by construction. To avoid
finite size effects, one has to impose m;l < L; as for the two-
point function, the quark mass correction ought to be exponential
exp(—myL), where my ~ (m,)" with gy =1/(147yy) is a
mass of a hadron [33].
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More precisely, the flat region corresponds to the near-
conformal behavior in the vicinity of the IRFP. Thus, one
would expect Af, to plateau to the massless case
Al o= AN my). A7 < ()™ < mzl.  (48)
for the above mentioned range, cf. Fig. 3 for a schematic
illustration and an explanation about the scale A,. It would
be interesting to apply this procedure to the case where the
IR phase is chirally broken and investigate the expected
appearance of the Inm, divergence induced by the gold-
stone bosons [4,16].
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APPENDIX A: CONVENTIONS FOR COMPUTING
CORRELATORS

In this Appendix, we will give a brief review of the
notation related to the renormalization of composite oper-
ator correlators adapted from [18].

We start with the two-point functions of classically
marginal renormalized operators [0 4]

Cas(p?) = / 2P ([0, (2)][05(0)]).

= IR (p? 1) + Lig w> p, (A1)
where the subtraction constant Ll‘Zf is a function of
couplings of the theory and it contains Laurent series in
e as well as a finite part and T, (p? u) is the finite
renormalized correlator. A scheme R is determined by the
choice of the finite part of L%z . The finite quantity called
Zamolodchikov metric is obtained via
1R
(26 = Ly)Lyp = Xz (A2)
where L; denotes the Lie derivative on a two tensor in
coupling space
LyLyg = 0aPCLER + OpPCLIE + BOcLyf.  (A3)
Since the bare correlator is scale independent, the

Zamolodchikov metric can be also defined directly from
the finite renormalized correlators, e.g., [36], as follows:

0
<_ olnp Cﬂ) Uis(p? 1) = xhsp®.  (A4)

A scheme change is implemented using a finite, coupling
dependent constant w,p via
IR = TR + wupp?, LYR S LI —w,p  (AS)
leaving the bare correlator invariant. Under such change,
we get a shift in the Zamolodchikov metric
Xhg = Xip + Lywap- (A6)
The three-point functions can be defined in a similar
manner

FABC(px» Py)

= /d4xd4yei(””‘x+pvv'y)<[0A(x)][OB(Y)][OC(O)DC

1R 1R :
= sc + LiypePx + LipcPy. + cyclic,

(A7)
where cyclic permutation over the pairs (A, x), (B, y), and
(C.z) is implied. Furthermore, p,+ p,+ p, =0 and
P, = pt— pX(p; + p?) are kinematic structures vanish-
ing whenever any of the three external momenta p, , - is set
R
(A)B
constants containing Laurent series and finite parts. It

follows that the LE]A?BC

from the two-point functions information (see [18] for the
exact definition).

The new, purely three-point information is encoded in
the Ll‘BRC tensor. Again the scale derivative,

to zero. Just as above, L ,y,~ and Ll’;zc are subtraction

coefficients can be determined

1.R
(26 = Lp)Lype = X Xpc (A8)
proves useful. Above L denotes the Lie derivative, acting
on a three-tensor,

IR ~D IR AD 7 1R AD 1R
LyLype = OaP”Lipc + 0pP°Lihe + 0cB”Lygs

+PPOpLygc (A9)
We can also define ' through the finite renormalized
correlator F}BC by using a relation analogical to (A4) and
projecting onto P, etc.

The scheme change in ){}BC is implemented via constant
Wapc, Which is now independent of w,p from (A6) (this
follows since the structure fogzc is independent of the two-
point function). Under such scheme change, we have

LR 1.R
Lype = Lype — wapc, and therefore,

)(EBC - ZZSBC + EﬂwABC' (A10)
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APPENDIX B: DERIVATION OF THE
THREE-POINT SUM RULE

In this Appendix, we provide a derivation of the three-
point sum rule (3) used in Sec. II to derive a RG-scale
integral representation for the Euler flow Ap,. Using the
quantum action principle, a constraint on a gravity counter-
term is worked out in Sec. B. 1, which is then used in the
anomaly matching argument in Sec. B.2 to derive the
sum rule.

1. Renormalization in curved space and gV

In an external gravitational field, one needs to add
counterterms,

Leravity = —(a0Es + coW? + boH?), (B1)
to the action to renormalize the theory [37]. The bare
couplings are defined as ay = u*(a™(u) + L% (u)) etc.,
and geometric quantities are the same as in (2) except for
LIR, which being a total derivative does not contribute to
the action. The main idea is that the quantum action
principle (differentiation with respect to sources) leads
to finite quantities and thus, to constraints on the
counterterms. Concretely, a triple Weyl variation &s(x)
(g, — ¢ #Wg,) leads to

) 5
ilpextryy) ——  nZ = (2k.ay — 8by)A
K[e 5s(x)8s(y)6s(0) i (2keay o)

+ Tooo(pso py) = [finite], (B2)

where the abbreviation k, = (d — 4)(d — 3)(d — 2) is intro-
duced and we used (10) to include the dynamical con-
tribution. By using (11), we conclude that the finiteness of

L% ensures finiteness of the combination (2k.aq — 8b,) in
(B2). Since by has been shown to be finite [18], it is to
be concluded that the quantity k.a is finite. In particular,
this means that the ¢ — 0 limit k.q, is meaningful

limk.a, = lir%ke(LEV +a%V) =28V, (B3)

e—0 €

In the last step, we used that aYV is finite and that

LUV = % The latter follows from S, = —(ﬁ —2¢)L,

-4 ; LYY =0 at FPs [which

and the stationarity property
can be seen by writing L, ~ x; + x,(g" — ¢"YV) with x,,
constants and using #'VV = 0]. Equation (B3) is a relevant
observation as this implies finiteness of the corresponding
term in the dilaton effective action.

2. Sum rule from the dilaton effective action

In the three-point sum rule (3), the Euler flow f3, arises,
in dimensional regularization, from an evanescent operator.

This can be seen by writing the d-dimensional Euler term as
a sum of a four dimensional and an evanescent term

VEEg = \/2E4 — k.e?*5(=200s(0s)? + (0s)* — 2¢(s)*),
(B4)

where we have assumed the conformally flat metric g,; =

e‘zs(x)d,ﬂ and k. ~ € is defined below (B2). The /gE, term
is a total derivative,

VEE, = 90 = —4(d - 3)(d - 2) [%D(e%s(asy)

+ 9(e259s((1 — €)(9s)? — Ds>)] : (BS)
characteristic of topological terms. The evanescent part of
the gravitational counterterms (B1) becomes the Wess-
Zumino term of the dilaton effective action in [6]

'Cgravity DR / ddx\/§<Ed - E4)
= —k.ag / d?x(=20s(0s)? + (0s)* — 2e(0s)*)

0ppuv / dx(=205(35)? + (9s)*) = 289 Sy,
(B6)

where we have used (B3). In the preceding argument, the
finiteness of k.ay (and by) was essential to ensure UV
finiteness of the dilaton effective action and match the bare
coefficient of the Wess-Zumino term to the FEuler
anomaly YV.

Similarly, the IR effective action contains the term
2R Sy, which contributes at O(s?)

InZ = —4BIR/(DS)2 — (4R — 8b'R) /(8s)2Ds e

X

(B7)

We are now ready to put all the pieces together. By Fourier
transforming the third functional derivative with respect to
s of (B7), we see that at low momenta, the lhs of (B2)
behaves as

—(4B8 = 8b™) 25 + -+, (B8)
where the dots stand for nonlocal contributions subleading
in the momentum expansion. Assuming momentum con-
servation, p, = —(p, + p,), 43 (12) assumes the form

Ay =4[(px- py)?* - Pipil. (B9)

with the associated projector P,h/h = 1 being
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A 1
Py =50, 0,2 =) (B10)
for which the P; structure automatically vanishes
(13 1 P3 = 0). Applying ﬁ,13 to the right-hand side of (B2),
one gets
- ISA3F990(PX, Py) — (4pYY —8bYY)
Px=p=0

= —(4pR - 8b™), (B11)

where we used that (2k.ay — 8by) — —(4p5Y — 8bYV) for

€ — 0. The three-point sum rule in momentum space
follows

- 1.
Ap, =2Ab —ZP,13F999(vapy) =0
p,rfp,"io

(B12)
which in position space assumes the form

3 =375 [ ¥ letoo0),

3-2°.Ab

= / [(x-y)z—x2y2]<®<x>®<y>®<o>>c). (B13)

The Euler flow formula (B13) is invariant under the
addition of the local 6£ ~ wyR* term unlike the sum rule
for Ab (8) which needs to be amended. Such a scheme
change (denoted as “R” scheme” in [4]) should be viewed
as independent of (A6) and (AIO).12 More concretely, the
contribution of such a shift precisely cancels between two-
and three-point parts in (B13). The reason this has to
happen is that 3, is well-defined at each FP and not only as
a difference, like Ab. At last, we would like to mention that
Eq. (B13) itself has been derived by Anselmi [11] using
different methods.

APPENDIX C: VANISHING OF y,,, AT THE
UV FIXED POINT—FORMAL ARGUMENT

In this Appendix, we will demonstrate how y,,, = 0 in
the free theory can be derived by using standard OPE
arguments [38]. We start the discussion by considering a
general perturbation,

5 :/1/ 0,(x), 1)

X
for some coupling constant 4 that can be set to 1 without
loss of generality. We now deform the constant 1 — 4 + 64;

the corrections to a generic correlator (...) in the perturbed
theory read

12 . . .

For a more thorough discussion of various classes of
schemes, we refer the reader to [4], namely Secs. 2.3.2 and
2.3.3 of this reference.

() = (o dpmo + 62 / (0,0

1
4508 [ [(0:00,0).0)icg + O,
xJy
(€2)
The 4% term in (C2) can be obtained by using the OPE

Cl
PTG

where dots encompass terms irrelevant for the calculation.
By inserting this expression back into (C2) and evaluating
the j; integral with a UV cutoff A, one finds that a

logarithmic divergence appears

0,(x)0,(y) =

(C3)

~CL 572 Tn A / (0,(x). ) sp. (C4)

This divergence can be removed by adding a counterterm of
the form

522C%, In (A/ﬂ)/ 0;(x). (C5)
However, adding such a term amounts to introducing a f
function

By~ CLEN? + O(623). (C6)

Hence, the nonvanishing of the f, function and the OPE
coefficient Cﬁ , are directly related.

We restrict our attention to the case at hand where O; =
0, = G? in the free-field theory. Since the value of 5g only
affects the normalization of the kinetic term, it is clear that
the theory remains free (and therefore a CFT) for any value
of d¢g. Thus, # = 0 and in the free theory,

Cyy =0. (C7)
Using the fact that in a CFT the three-point function of an
operator O is proportional to Cj ,» we conclude that also the
three-point function of O, has to vanish, which directly
implies that

free __
Xggg = 0

(C8)

Note that the above argument shows that O, is exactly
marginal at the Gaussian fixed point. In general, an operator
is called exactly marginal if its beta function vanishes,
which is equivalent to the vanishing of the corresponding
three-point function as shown in [20,38].13

“Note that the nonzero QCD f function should be understood
as a consequence of coupling to fermions and gluons rather than a
deformation by G
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APPENDIX D: THE R; SCHEME IN
PERTURBATION THEORY

In this Appendix, we will construct explicitly the
solutions (26) and (32) for a theory with a trivial UVFP
and a Banks-Zaks FP in the IR.

We start with the analysis near the trivial UVFP. The
scheme (37) means that given a ;(ggg, we should be able to
obtain w,,, to any given order in a, through (26). We
demonstrate how this works for the first two nonvanishing
orders in perturbation theory. Introducing the notation,

X80 = Himas + Zigwa? + 0(a?),
the scheme change w,,, to O(a,?) is given by performing
the integral on the right-hand side of (26) and expand-
ing the result in ag,

(D1)

[ )(égg_'_(zﬂl)(ggg ﬂo)(ggg)a
(/(]q 6ﬂ 2/)70

(2ﬂ 1)( gyg — Pobix ggg)
4ﬂ0

where the two-loop f function is parameterized by
B = —Poa, — fra,’. It is easily verified that

o + (Zﬂalnas + 6(8lna5ﬂ))wggg =0 + O(as3)-

R31 .
X 999 — X 999

+ O(a,?), (D2)

(D3)

Note that (D2) is O(1) and therefore, nonzero at the UVFP
even though yX itself vanishes there.

In the IR, we assume a (Banks-Zaks) FP at aR =
go < 1, which exists for an asymptotically free theory
with By > 0, #; < 0. The three metric (D1) expands to

¥ — R (IR _ﬂ_(z) _ )(;g)g
Xigg = Xggelas') = r+== ) +0(4), (D4)
b b

where we used that )(S,l,)q = fyr for some finite constant r
[c.f. (40)]. Close to this FP, (32) admits a perturbative
solution in Aa, = a, — a'R,

| )(ggg (2pr - )(qq)q) Ad
ggg IR — 6]/* 4,3() s
T8 = Bursen) o
+ 5 (Aa,)* + O((Aay)?). (D5)
206

= %‘1’ is the anomalous

dimension of O (field strength tensor squared). In the limit
a, — alR, we get the expected dependence (31). Direct
computation shows that (D5) is compatible with (D3). The
leading O(1) parts of the IR solution (D5) and the UV

solution (D2) match, up to O(fy) corrections, provided that

Above we used that y* = =0, .

=2pr +)(ggg O(po)- (D6)

The above should be regarded as the necessary condition
for continuity of w,,, equivalent to (34).
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