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Using the background field method, we study in a general covariant gauge the renormalization of the
six-dimensional Yang-Mills theory. This requires background gauge invariant counterterms, some of which
do not vanish on shell. Such counterterms occur, even off shell, with gauge-independent coefficients.
The analysis is done at one-loop order and the extension to higher orders is discussed by means of the
Becchi-Rouet-Stora-Tyutin identities. We examine the behavior of the beta function, which implies that this

theory is not asymptotically free.

DOI: 10.1103/PhysRevD.99.025003

I. INTRODUCTION

The background field formulation is a procedure which
enables the calculation of quantum corrections, while
preserving the gauge invariance of the background field.
This is a useful method which has been much employed in
non-Abelian field theories, like the Yang-Mills (YM) [1-9]
or gravity [10-12] gauge theories. In particular, it has been
shown that on mass shell, pure gravity is renormalizable to
one-loop order, despite the fact that it contains a dimen-
sional coupling which would make the theory nonrenor-
malizable by power counting. This calculation has been
done in particular gauges, by using a “topological invari-
ant” which relates the scalars constructed from four
derivatives of the gravitational field. It could be interesting
to extend this calculation to a general gauge, but this would
be very involved in the context of quantum gravity.

The purpose of this work is to perform such an analysis
in a simpler gauge model. To this end, we consider the
conventional YM theory in six dimensions, where the
coupling constant has dimension of length, like in gravity.
The present analysis is done in a general covariant gauge
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which maintains the background gauge symmetry. The
one-loop counterterms have been earlier given in the
Feynman gauge by van de Ven [13]. Other aspects of
the six-dimensional YM theory have been preciously
studied from several points of view [13-18].

Similarly to gravity, there exist Bianchi invariants con-
necting various counterterms involving four and higher
derivatives of the YM field. But unlike the case of gravity,
we find to one-loop order a counterterm which does not
vanish on mass shell and appears with a gauge-independent
coefficient. This means that the six-dimensional YM theory
is not renormalizable in the power-counting sense.
However, we show that it is renormalizable in the sense
that there are gauge-invariant counterterms available to
cancel all the ultraviolet divergences. We also find that this
YM theory is not asymptotically free, which is consistent
with general arguments concerning nonrenormalizable (by
power counting) gauge theories [6,19].

In Sec. II we outline the background field method and
give the basic Lagrangian which contains all interactions
allowed, to one-loop order, by the background gauge
symmetry. We study the renormalizability of the theory,
which requires the inclusion of two independent counter-
terms involving four derivatives of the background field.
The renormalization to higher orders is examined in
Sec. IV, by means of a generalization of the Becchi-
Rouet-Stora-Tyutin (BRST) identities.

This symmetry, together with the background gauge
invariance, is sufficient to ensure the renormalizability
of the theory to all orders, in the more general sense.
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In Sec. IV we study the beta function, which is relevant
for the asymptotic behavior, and discuss its dependence on
the definition of the running coupling. We analyze the
gauge independence of the coefficients of nonvanishing
(on-shell) counter terms in Sec. V, where we give a
summary of the results. An outline of one-loop calculations
in a general covariant gauge is presented in Appendix A
while other technical details are provided in the subsequent
Appendices.

II. ONE-LOOP RENORMALIZATION

In the YM theory, the background field method is based
on the gauge invariant Lagrangian

1
Lym(A) = =7 (9,48 = DA% + g ALY
1
= (F(4)) 2.1)

where A is split into a background field B, and a quantum
field Qy, so A;; = By, + Qy,. The gauge-fixing Lagrangian
is made to depend upon By as

1

Lor = T2z

(D,(B) - 0")? (2.2)
where & is a gauge-fixing parameter and D,(B) is the
covariant derivative

D,(B)=0,+gB, A . (2.3)
Here we suppressed color indices and used the notation
Bﬂ : le = BZ 3; (Bﬂ A Qu)a = fabCB;[;QlL; This gauge-
fixing term leads to the following ghost Lagrangian:

'C'ghost = _[EDu(B)] ' [Dﬂ(B + Q)C] (24)
Thus, the complete tree Lagrangian is given by
1
Loy =Lym(B+ Q) - 2 [D,(B)0"]?
—[eD,(B)] - [D"(B + Q)c]. (2.5)

This Lagrangian has a background gauge symmetry under

6B,=D,(B)w; 60,=90, w; &(c.c)=g(c.C)Aw,

(2.6)

where o is an arbitrary infinitesimal parameter.

We renormalize the theory to one-loop order, by requir-
ing the ultraviolet divergences of the background field
amplitudes to be canceled by appropriate counterterms.

On dimensional and background gauge invariance grounds,
one finds that the corresponding counterterm Lagrangian
may have the structure

E(l)(B) = Clg2(DﬂF(m)2 + C293F;46 : (Fn/) A Fﬂ”)

+ c3?F* - (D*F,,) (2.7)
where ¢, ¢,, and c¢3 are dimensionless coefficients. But, as
shown in Appendix C, one finds a Bianchi identity which
relates these terms as

1
(DﬂFﬂM)z +9Fﬂ” ) (F(rp A Fﬂ”) +§F’w ’ (DzFﬂu)

= 0"(F,, - D,F). (2.8)
Being a pure derivative, it follows that only two structures
in Eq. (2.8) may be independent. For definiteness, we can
take these to be the first two terms in Eq. (2.8). Hence, to
one-loop order, the counterterm action may be written in
the form

F(CS[B]:/d%{cngz(DaFa”)z+C1293F;46'(Fap/\Fp”)}-
(2.9)

Using dimensional regularization in d = 6 — 2¢ dimen-
sions, we have evaluated in a general covariant gauge
[see Egs. (A31) and (A35) in Appendix A] the divergent
coefficients ¢;; and c;,. To one-loop order, we have
obtained that, for SU(N) YM theory,

N [107 & & N 1
M= |\l5T==—"%—"77%])> Cih —————.
i 32723 \240 8 48 12 32723¢ 180

(2.10)

In consequence of the background gauge invariance, this
effective action should obey the simple Ward identity

D,B =0
u(B) 0B,

(2.11)

The corresponding identities for the two and three point
background field amplitudes have been explicitly verified
to one-loop order.

We note here that the term proportional to c¢;; in Eq. (2.9)
vanishes when the B-field equation of motion is used. This
term may be removed by a nonlinear field transformation in

‘CYM (B)

B, > B, — ¢119°D°(B)F,,(B). (2.12)
Such a field redefinition has no physical observable effects.
Thus, there is no reason why the coefficient of this structure
should be independent of the gauge parameter. On the other
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hand, the coefficient c12 of the structure which does not
vanish on shell is gauge independent. This result is
necessary in order to ensure the gauge independence of
physical S-matrix elements, as discussed in Appendix B.

III. RENORMALIZATION TO HIGHER ORDERS

In order to cancel the ultraviolet divergences of the
background field amplitudes at two loops, we must add an
appropriate set of independent gauge-invariant counter-
terms. As discussed in Appendix C, the Bianchi identities
lead to a suitable set of the form

ECT

) (B) = 02194{1) DGFM]Q

+ g (DGF*) A (D,F™) - F,,

(D

—l—cz3g5(D"D Fy) - (F” A Fpﬂ)
+ C2496[( ) ] + €59 [F;w : Fp0]2
+C2696[ Hv ]

+ 02796(F;w NFP) - (Fy N FH)

pv

(3.1)

where c,; are real dimensionless coefficients. We remark
that, on shell, we need four new counterterms, compared
with the pure gravity at two loops which requires just one
new counterterm.

We must show that the theory can be renormalized in
the sense that there is a counterterm available to cancel
every ultraviolet divergence, in a way which preserves the
background gauge invariance. To this end, one must also
use the BRST symmetry. We note that when the back-
ground method is used to two-loop order or higher, the
subgraphs become functionals of B, as well as of Q,,, ¢, and
¢, leading to an effective action I'[B, Q, ¢, ¢] which has a
background gauge invariance under Eq. (2.6).

We remark that £ ) in (2.5), with the gauge-fixing term
left out, is also invariant under the BRST transformations

AB = 0; AQ, =D,(B+Q)ct

1
Ac = —59c A Ac=0 (3.2)
where 7 is an infinitesimal anticommuting constant. Thus,
we have that

&) &)
/d6 { A0, +—2.Ac| =0 (33)

00, oc

where a prime denotes the fact that the gauge-fixing term
has been left out.

One may write this invariance in a more useful form, by
introducing the Zinn-Justin source terms U, V [20] which
are coupled respectively to the BSRT variations AQ,, and
Ac as

1
Lz, =U'AQ, +VAc=U"D,(B+ Q)c —EV' (c Ac).
(3.4)

One may verify that this Lagrangian is also invariant under
the BRST transformations (3.2).

Adding L, to L) in (2.5), with the gauge-fixing term
omitted, and denoting by Z',(O) the total tree Lagrangian thus
obtained, one gets from (3.3) the lowest order Zinn-Justin
equations

ol ofF ol of
/ P Ll O R OB ORI 0]
50, SU* ' Sc &V

which may be extended to all orders. These identities,
together with the background gauge invariance, are suffi-
cient to fix the renormalization of the YM theories which
are renormalizable by power counting.

However, for gauge theories which are nonrenormaliz-
able by power counting, the proof of renormalizability in
the more general sense requires a generalization of the
Zinn-Justin method, known as the Batalin-Vilkovisky
formalism. In this formalism one includes, apart from
the linear source terms in (3.4) also nonlinear functionals
of the sources, which have ghost number zero [21,22]. The
inclusion of such supplementary terms preserves the master

equation
or oo
/ dx —+
5Qﬂ SU¥

This equation reflects the invariance of the action under a
generalized BRST transformation. The relevance of the
Batalin-Vilkovisky method is that all the consistency
conditions for this generalized symmetry are incorporated
in the master equation.

Defining

(3.5)

50 o0

= 5| =0 (3.6)

» B 5f*/ 6~// 5f/ 6~//
'»1" = [ d° . —_—— 3.7
" / g LSQM sur tac sv| @7
we can write (3.6) in the concise form
F+xT=0. (3.8)

Let us now perform a loop expansion on the generating
functional T = an(n). Substituting this in (3.8), gives to
second order

f(0> * f(z) -+ f@) * f(O) + f(l) * f(l) =0 (39)

where f(l ) was made finite by the addition of the counter-
term (2.9). Since I’ (0) 18 finite, the divergent part of r )
satisfies
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f(0> * f*div + f*div * f(O) =0.

2) 2) (3.10)

Using (3.7), this leads to the relation

/ aox| (Lo, 5 Mo o
50, U

sc 8V
<5F(0) 5

STy &
sU* 80, 6V éc

)|r=arg—o.

Here G has the important property that it is idempotent:
G?> = 0. This implies that a solution of (3.11) may be
written as

[y =GF(B,Q.¢c,c;U,V) +G[B,Q], (3.12)
where F is some function and G[B, Q] is a generic gauge-
invariant functional.

But, unlike the case in renormalizable theories, this
solution is not sufficient to generate all the ultraviolet
divergences at two loops. In order to account for all infinities,
one must also include a set of renormalized fields and
sources, defined in terms of the original quantities by a
general canonical transformation [6]. This procedure yields,
in a way that preserves the background gauge invariance, all

the counterterms l:g = —I:‘é‘)’ which are needed to cancel

every divergence [7]. Integrating out the fields Q, ¢, ¢ and
dropping the auxiliary sources U, V, leads, at two-loop

order, to the general counterterm action fg [B], which has a

background gauge symmetry

P 1B = / LS (B), (3.13)

where £§7 is given in (3.1). The proof that this operation
holds to all orders may be made recursively by introducing,
order by order, appropriate sets of renormalized fields and
sources, as has been argued in [23].

Using this result, we still need to examine a subtlety which
arises in the background gauge formalism. In this method,
it is necessary to omit certain one-particle reducible graphs
involving vertices which are linear in Q [3,6,9]. Although
the omission of such terms preserves the background gauge
invariance, this violates the BRST symmetry. Thus, the
correct effective action for the background field, is not BRST
invariant. However, the BRST invariance of the original
actionI'[B, Q, ¢, ¢], can be used in an indirect way to control
the renormalization of I'[B, Q, ¢, ¢]. To this end, we may use
the generalized BRST approach to renormalize I'[B, Q, ¢, €]
and then deduce the renormalization of the background
effective action I'[B, Q, ¢, ¢| by the operation [9]

_ or
[p=Qry=Tp - / dxQ, - [ﬁ] (3.14)
HI Q=c=0

where the terms which are linear in Q,,, but independent of c,
have been subtracted.

IV. THE BETA FUNCTION

The renormalized coupling constant g(u) is usually
defined in terms of the value of some physical process,
which is evaluated at a characteristic energy of magnitude y.
For example, one may consider the gluon-gluon scattering
amplitude: p; + p, — p3 + p4, where ¢ may be identified
with the total energy of the system in the center of mass
frame.

The one-loop divergent contributions to this physical
amplitude, involving structures like those in the first
counterterm in (2.9), cancel among themselves (see
Appendix B). Thus, such a counterterm is superfluous in
this case, as one may expect from the discussion at the end
of Sec. II. On the other hand, the contributions arising from
the second counterterm in (2.9), which occurs with the
coefficient c,, are necessary to cancel out the remaining
divergences in the one-loop amplitude. In the six-
dimensional theory, the form of the divergent part of the
one-loop amplitude is different from that of the tree-level
amplitude. However, evaluating these amplitudes with
transverse polarization vectors, it turns out that at the point

pi=p3=pi=pi=0;

(P1+p2)?==2(p1—p3)*==2(p1—ps)*=p> (4.1)

the divergent part of the one-loop amplitude becomes
proportional to the bare tree amplitude evaluated from
the first term in Eq. (2.9), with a bare coupling g,. This fact
enables us to connect the bare coupling to the one-loop
divergences, by requiring the sum of these two amplitudes
to be finite. The value of the total physical amplitude at the
point (4.1) may then be used to define the renormalized
coupling constant g(u).

This procedure allows us to relate the bare coupling g,
to the renormalized coupling g(u) through a factor which
involves the divergent coefficient c,. To this end, we note
that the ultraviolet divergences in the loops arise as powers
of poles 1/e. To cancel these poles, the bare coupling g,
must itself have such poles. Thus, the coupling g, may be
expressed in terms of a series of powers of 1/¢ as

90 = g(W)[1 + c1lg(w)l/e + -] (4.2)
where, to one-loop order, the dimensionless factor ¢ /e is
proportional to ¢ ,u’g*(u).

We note that in d = 6 —2¢ dimensions, the mass
dimension of g(u,€) is ¢ — 1. It is convenient to rescale
this dimensionful coupling as

g(u.e) = p'g(u.e) (4.3)
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where §(u,€) is a dimensionless renormalized coupling
constant.
Thus, we may rewrite (4.2) in the form

02@)

o (7
1(9)Jr S 4o

= ()" g(u. €) Z[g(p. €)]

where, to lowest order, ¢;(7)/e ~ c¢;»7"

An important property of the parameter Z is that it is a
gauge-independent quantity, when using the minimal sub-
traction renormalization scheme. To see this, we note that
since the bare coupling constants g, and u are independent
of the gauge parameter, we have from (4.4)

d -~
—(g2)=0.
2 \9%)
Inserting Z defined by (4.4) into (4.5) and grouping the
terms in powers of 1/¢, we get

g 1/ dj de, .
Yoo (4% =0,
d§+€<CId§+ d g)-i—

9o = (u)'g(u.e) |1+

(4.4)

(4.5)

(4.6)

Since the terms of different powers of 1/¢ in (4.6) are
independent (because the coefficients of these powers are
finite as € — 0) each term should vanish separately, so that

dC1 .
dé

dg
g 0; (4.7)
Thus, we find that § as well as Z must be gauge-
independent quantities. In particular, this explains the fact
that coefficient ¢, in (2.10) is independent of the gauge
parameter &.

To calculate the beta function, one differentiates (4.4)
with respect to p and use the fact that the bare coupling is
independent of y. One then gets the relation

5 dg
Z—l 2—e 7Y 0
T
= (e=1)g(u. €) + Blg(u, €)]
_d log(z)}
X< 14+ g(u, ) — 4.8
{rimogea) s
where we have used the chain rule and defined
~ d _
Plau. )] = p—-glu.e). (4.9)
1

Since the beta function should be finite, the coefficients
of the various powers of 1/¢ in Z must be related in such a
way so as to ensure the cancellation of pole terms in (4.8).
To get the beta function, one expands all quantities in
powers of € and equates to zero the terms of zeroth and first
order in e. Then, taking the limit ¢ — 0, one finds the
simple relation

B3] = 3(u) + {gw - 1}g<mcl[g<u>1, (4.10)

d
dg(p)
which involves only the coefficient c; of the simple pole
in (4.4).

We show in Appendix D that the form of the first term in
the power series for the beta function is independent of the
definition of the running coupling. But this is generally not
the case for the higher order terms. However, this arbitrari-
ness is not important for small couplings, since then it is just
the first term which determines the leading behavior of the
beta function. It then follows from (4.9) and (4.10) that for
small couplings, §(u) grows linearly with . One may note,
upon inverting (4.3), that g is a function of x4 as well as of
the dimensional coupling g. Thus, the original renormalized
coupling g(u) in (4.3) becomes (up to small corrections)
independent of the scale u. This implies that the six-
dimensional Yang-Mills theory is not asymptotically free.

V. CONCLUSION

We have examined the renormalization of the six-
dimensional Yang-Mills theory, which has a coupling with
length dimension, as a model for the gauge theory of
gravity. The YM theory was studied in a general covariant
gauge which preserves the background field invariance. To
one-loop order we find, similarly to pure gravity which has
been studied in particular gauges, that there appear counter-
terms which vanish on shell, with gauge-dependent coef-
ficients. But such terms are unphysical, since they can be
turned away by a field redefinition [Eq. (2.12)]. On the
other hand, unlike pure gravity where all the counterterms
vanish on shell, we get a nonvanishing counterterm on
shell, which occurs with a gauge-independent coefficient
even off shell [Eqgs. (2.9) and (2.10)]. This result was
verified in a general background gauge, to one-loop order.
At two loops, the renormalizability of the theory requires
four more counterterms which do not vanish on shell
[Eq. (3.1)], as compared with pure gravity where only
one such counterterm is needed.

We note here that the gauge independence of the
coefficients of the counterterms which do not vanish on
shell is an outcome of the background field method. To
understand this, let us compare the present theory with
the four-dimensional YM theory, which is renormalizable
by power counting. The usual theory is multiplicatively
renormalizable because the divergent part of Greens func-
tions has the same form as the tree functions. In this case
the bare coupling and the bare field may generally be
related to the renormalized quantities by simple rescalings

g =2, Bo=2]B. (5.1)
In order to preserve the background gauge invariance, the
renormalization constants Z, and Zp must be connected,
which leads to the renormalized Lagrangian
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LR (B) = — L 2, (F o (B = — L 222(F . (B))

7 77 (52)

where Z, is a gauge-independent quantity [see Eqgs. (A30)
and (A34)].

On the other hand, the six-dimensional YM theory is
not multiplicatively renormalizable, since the form of the
divergent terms at (n+ 1) loops is, in general, quite
different from the one which arise at n loops. Instead,
the theory is renormalizable in the more general sense that
there are counterterms available to cancel all ultraviolet
divergences [23]. For example, considering only the
independent nonvanishing (on-shell) counterterms and
using Egs. (2.9) and (3.1), we may write the counterterm
(up to two loops) Lagrangian in the form

E%%(B) = CIZQSF; : (Fzr/) A Fﬂﬂ) + 62496[(Fﬂu)2]2
+ 02596 [F/w : F/m]z + C2696 [pr : FZ]Z
+ ¢276°(Fye N FP) - (F,, N F*).

pv

(5.3)

This involves only the field strength F,,(B) of the back-
ground field and is manifestly invariant under background
gauge transformations.

As we have pointed out, the counterterms which vanish
on shell are unphysical and decouple in observable proc-
esses. In physical amplitudes, only the counterterms which
do not vanish on shell are necessary to cancel the loop
divergences (see Appendix B). Using the Ward identities,
one can show that the only possible gauge dependence in
these amplitudes may arise just from the coefficients of
these counterterms. But physical processes are generally
gauge invariant, a feature which must hold in particular in
the background field approach [24]. Thus, in order to
ensure this property, it follows that the coefficients of the
counterterms which do not vanish on shell should be gauge-
independent quantities. This explains the explicit result
obtained at one-loop order in (A32) and (A35).

A further argument, based on the renormalization group
method, for the gauge independence of the coefficients of
nonvanishing (on-shell) counterterms is given in Sec. IV
[see Eq. (4.7)]. Here, we have derived a beta function which

= *gfabc 771/)\(7',u - Qu) + nu%(pu — Ty

encodes the dependence of the running coupling g(u) on
the energy scale u [Eq. (4.10)]. From this, we conclude that
the six-dimensional YM theory is not asymptotically free,
as expected for field theories which are not renormalizable
by power counting.

We presume that a similar behavior also occurs in pure
gravity at two-loop order, which requires a new counterterm
that is cubic in the curvature tensor [10-12]. We expect the
coefficient of this counterterm, which does not vanish on
mass shell, to be gauge independent. This may hold since
such counterterms are relevant for the renormalization of
physical quantities.
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APPENDIX A: PERTURBATIVE CALCULATIONS

1. Feynman Rules
Using the tree Lagrangian given by Eq. (2.5) it is
straightforward to obtain the momentum space Feynman
rules which arise from iS() =i Ik ddxﬁ(o). The gluon and
ghost propagators are given respectively by

k —i® kyk
b = g | — (- O
a, pu b, v k2 + 40 um ( f) k2 + 0
(A1)
k Z'éab
a——=>=-=1» = (Az)

k2 +i0°

The interaction vertices which are relevant for the one-loop
contribution to the two- and three-gluon background field
functions (see Figs. 1 and 2) are

- %QV) - n,uu(p)\ — g\ — %7’)\) )
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b,v a, i

= —gf"(pu+a),  (AS)
d,v c, L
&) (B)
D _ iQQUHV(facefbde + fadefbce)’
/N
b Ap
s \
a ‘ \b
(A6)

where all momenta are oriented inwards and a blob
indicates a background field. Vertices with all the external
fields of the same type (B or Q) can be obtained from
Egs. (A3) and (A4) by setting 1/£ = 0.

a,

FIG. 1.

_ facefbde (77;“/77)‘/) = NupTvA + 77;0\771//1)—"_
3

_i92 fabedee (nuAnup - 77#/)771/)\)"'

1 (A4)

1
fbcefade (mﬂlnhr) — NupMpx + *nuknup) s

§

2. Two- and three-gluon functions
at one-loop order

The one-loop contributions to the two-point function
(BB) are given by the Feynman diagrams of Fig. 1.
Since the diagram in Fig. 1(c) vanishes in dimensional
regularization, we only have to compute diagrams 1(a)
and 1(b). After the loop momentum integration, the result
can only depend (by covariance) on the two tensors 7,
and p,p,. A convenient tensor basis in terms of these
tensors is

T/lw = PuPv — k277;w and Tﬁzx = PuDv (A7)

so that the diagrams in Fig. 1 can be written as

/4’ (p) = Ng*6*’11},(p) (we are using fom"fomn =
N&9%), where

2
m,(p) =Y Ti(p)Cl(p); I=aandb. (A3)
i=1

The coefficients C! can be obtained solving the following
system of two algebraic equations:

k+p
—_—
N
/ \
p p
— | \ —

O 3321 s (B
a,p \\ / b,v
\</

k
(b)

, vV

One-loop contributions to (BB). The diagrams in (a)—(c) represent the contributions arising from the Feynman rules.
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Z p)T" (p)Ci(p) =10, (p)T"(p) = J"(p);

j=12. (A9)

Using the Feynman rules of the previous section, it is
straightforward to obtain the expressions for each IT},(p).
Then, the integrals on the right-hand side of (A9) have the
following form:

d
ﬂ«mzi/é%%ﬂ«h

where ¢ = k+ p; k is the loop momentum, p is the
external momentum, and s'/(k, ¢, p) are scalar functions.
Using the relations

9, p)s (A10)

k-p=(q*=k—p?)/2, (Alla)
q-p=I(4+p -k)/2 (Allb)
k-q=(k*+q*-p?))/2, (Allc)

the scalars s'/ (k,q, p) can be reduced to combinations of
powers of k? and ¢*. As a result, the integrals J//(p) can be
expressed in terms of combinations of the following well-
known integrals:

m [ dk 1
! t/@m<ﬁ><>

(KB T (14 m - d)2)T(d/2 = )T(d/2 — m)
- (@n)d2 T(O(m) rd—1-m)
(A12)

where powers [ and m greater than 1 may only arise from
the terms proportional to 1 — & in the gluon propagator
[see Eq. (A1)]. The only nonvanishing (i.e., non tadpole)
integrals are

()T = 17r(2 -9

M=is d=2) (Al3a)
pop =G _zd) m (A13b)
k
(3-d)(6—d)
” = Tl“. (Al3c)

We remark that the UV divergences, which occurs only for
even dimensions, arise from the factor I'(2 —4) in I'!.

Implementing the above described procedure as a
straightforward computer algebra code, we readily obtain
the following exact results for C! and C%:

Cl = {d_4§2+ £+

3d-4), 1 1 _7d]
8 4 ’

(Al4a)

Adding the two contributions, we obtain the following
transverse result for the one-loop contribution to (BB):

d—4 3(d—4) 1 7d
Hah =N 25ab 2 _
w(p) =Ng [8 Er =ty 8]
x I'"(p,p, — P*Nu)- (A15)

We notice that this expression is gauge parameter inde-
pendent only for d = 4 in which case it has the following
well known UV pole for d =4 — 2¢ [25]:

. 11 Ng?
TP = =5 152"

ab(pypu - Pzﬂ,w)’ (A16)
which yields the correct gauge-independent result for the
beta function.

For d = 6 — 2¢, Eq. (A15) the UV pole becomes

) - 107 & &\ N&
152 (p) 6V6=—<%—§—@>32ﬂ i6 p*(pupy—P* M)
=—bsis" p*(p,py—P* M), (A17)
where
N (107 & 52
by = —— _s_5 AlS
° 7 327% (240 8 48 (A18)

Let us now consider the three-gluon function. Figure 2
shows the one-loop loop contributions [one can easily
verify that the contribution obtained by joining the
vertices (A5) and (A6) vanishes trivially].

The calculation of graphs with two internal lines in
Figs. 2(a), 2(b), and 2(c), is similar to the calculation of
the self-energy graphs, in the sense that the momentum
integrals can be performed in a closed form, for any
dimension d. This can be done using the usual Feynman
parametrization. We can also use the tensor decomposition
procedure employed for the calculation of the self-energy,
so that each tensor integral is reduced to the calculation
of scalars given by Eq. (A12). Then, using the Feynman
rules given by Eqgs. (A1), (A3), and (A4), a straightforward
computer algebra calculation yields the following result for
the diagram (a) in Fig. 2:
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FIG. 2. One-loop contributions to (BBB). The diagrams in (a)—(f) represent the contributions arising from the Feynman rules.

D¢ —1)T(2—9) (£ +3)(3¢+ 1)[(d —4)é — d| Ng’ fo°

[(a)abe _
(p7q9 r) F(d_z) 165 2d71'd/2

Hv

(pz)d/z_z(pﬂ”/w - Pu’?M)~ (A19)

The other two graphs can be obtained from cyclic permu-  and
tations of (A19) as follows:

T (p, g, r) = T% (g, r, p) and

i _ (8 =9)(3¢+ 1) Ng’fee

c)abc a)abc F(a)abc -
PO (p.q. 1) = TLE(r. p. q). (a20) i (P-4 ly 96e 3
. . X (p)z(pﬂ”ﬂp - pur]ﬂﬁ)' (A22)
The expression (A19) has UV divergences for even
dimensions. In particular, for d = 4 and d = 6 we obtain
3 +3)(3E + 1) N fabe In four dimensions, the full result [adding the two permu-
F(")fo (p.q.r) 6:,4 =- (¢ )38 )Ng fz tations in Figs. 2(b) and 2(c) becomes proportional to the
4¢ 167°¢
tree three-gluon vertex
X (Pillyw = Pullyz) (A21)

atbo)abe o _(E+3)BEH) NG
F( o );ulji (pv q, I") {1]\]4 == 4¢ 16ﬂ2€gf b [ﬂ/,t/l(ru - pu) + nﬂy(pﬂ - Q/I) + ’71/1(%4 - rﬂ)]' (A23)

Let us now consider graphs (d), (e), and (f) of Fig. 2. To illustrate the method of calculation, we first consider the ghost
loop diagram in Fig 2(e). Using Eqgs. (A2) and (A5), we can express this contribution as follows:

025003-9



BRANDT, FRENKEL, and MCKEON

PHYS. REV. D 99, 025003 (2019)

. Y
—1N93fabc{ 111411 +2[Jl1uf1< P/l)"'ffn%_]ﬁlpﬂ]

—JiPudy — 4, (pa

where

=) + I Pu(Pa

Pudu(Pr— q,)
-q;) +Jin Mf}

(A24)

ke o R

Hiko = ddk
i = | G o o O

is the general type of integrals that will also arise in the
much more involved contribution from the diagram of
Fig. 2(d) (terms which depend on & will involve integrals
with m, n, and [ greater than 1).

Since the integrals in Eq. (A25) cannot be expressed in a
closed form as a function of the dimension d (the integrals
in the two Feynman parameters cannot be done in a closed
form, for a general d), we must now first expand in € =
(n —d)/2 and afterwards perform the Feynman parameter
integrals. In particular, when considering the UV pole 1/e¢,
the Feynman parameter integrals become trivial.

(A25)

|

For a given dimension 7 such that d = n — 2¢, not all the
integrals in Eq. (A25) will be divergent. For instance, for
n = 4 only the terms in the first line of Eq. (A24) are UV
divergent. By power counting, these divergences come
from J%“}, J*  and J*},. Computing these integrals with the
standard Feynman parametrization procedure, and adding
also the contribution from the graph in the Fig. 2(f), we
obtain the following pole part for the ghost loop diagrams
in four dimensions:

d=4 _ 1 ¢°N

F(e+f)abc -
" 3167%

HUA (p q.r )

l[n/d(ru_pu) +’7;w(p/1 _qi) +’7ul(q” _ry)]’ (A26)
which is proportional to the tree three-gluon vertex. Using the same basic procedure, we have obtained the following result

for the graph in Fig. 2(d) in four dimensions:

92— 10649 &N

F( )abc , d=4 _
(g ")lyy 126 l6re

HvA

gfabc [”ﬂﬁ(ru (A27)

=) F i (pi—a) +1ma(q, — 1))

Adding Eqgs. (A23), (A26), and (A27), the gauge parameter dependence cancels and we are left with the following result in
four dimensions:

11 &N
3 1672

re(p,q.r)l'yt = mua(ry = po) + 1u(pi — @2) + (g — 1)) (A28)

In six dimensions, all the terms in (A24) have a UV pole. As a consequence, the tensor structure of the resulting
expression is much more involved than in four dimensions. In the case of the graph in Fig. 2(d), because of the gauge
parameter dependence, the possible structures in the integrand are even richer, so that there will be terms involving integrals
like Jy11, S5 1, I 1o - J’f Bt T (the order of possible UV divergences goes up to three). We have generated all
the needed integrals using a computer algebra code. After pattern matching all the possible terms in the integrand and

making the corresponding substitutions, we have obtained the following result in six dimensions:

abc = abc 52 é 107
F/ul;i(p’ q, r) iijv6 = 167T3€f b {<_%_§+240 [ ( P9 — Tu9w + rvg/lu) +p- "Puw +pip/4(pu - rv)]

1
+ 180 P q(rumw = romy) + 0 r( @ — @) + a - TPl = Pillw) + Padury — pmrﬂ]}

+ six permutations of (a, u, p), (b,v, q), (¢, 4, ). (A29)
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We now consider Egs. (A16), (A17), (A28), and (A29) as
the effective “vertices” which can be read from effective
actions of the form

S4 = a4/d4x(FZ,,)2 (A30)

and
Se = /d6x[b6[(DF)/‘j]2 +a6f"bCFzyF/b,”FCf’”], (A31)

where

Fé, = 9,B% — 9,B4 + gf***B.BS (A32)

and

(DF)¢ = O*F%, + gf“**B"F,. (A33)

Comparing the quadratic and cubic parts of S, and Sg, in
momentum space, with Egs. (A16), (A17), (A28), and
(A29) we obtain

11 N
= A34
aa 3 167°€ ( )
where by is the same coefficient defined in Eq. (A18) and

N 1
ag = —
67 323¢180

(A35)

P2 p2 p3 K3

Pl M1 (a)

(©

FIG. 3.
contributions arising from the Feynman rules.

is a gauge parameter independent coefficient. It is remark-
able that all the gauge parameter dependence is only
present in the first term of Sg, which would vanish on shell.

APPENDIX B GAUGE-INVARIANCE OF
THE S-MATRIX

We show here that the gauge independence of the
coefficient ¢y, in (2.10) ensures the gauge invariance of
the one-loop S-matrix elements. To this end, let us consider
the gluon-gluon scattering amplitude p; + p, — p3 + ps
involving a pair of background fields which are on shell,
which contains transverse polarization vectors. To one-loop
order, typical Feynman diagrams are shown in Fig. 3, but
other relevant graphs must also be included.

The contribution from the graph Fig 3(a) involves a
background gluon self-energy which has a form consistent
with that coming from the structure proportional to cy;
in (2.9). This yields a factor

eng* (pin” = pi' pf) (B1)
which vanishes on shell, at p% = 0, when contracted with a
transverse polarization vector. However, the self-energy
insertion on the internal line shown in graph 3(b) is
nonvanishing. But it may be verified that the contributions
arising from the structure (D,F°*)? cancel out among
themselves in the sum of the graphs in Figs. 3(b), 3(c),
and 3(d). Thus, the first counterterm in Eq. (2.9) has no
observables effects, as expected. On the other hand, the
structure F,” - (F,, A F?*) in the second counterterm in
(2.9) does contribute to the diagrams shown in Figs. 3(c)

l (b) Pa ‘ Ha

( d) Pa Ha

Examples of one-loop Feynman diagrams for the gluon-gluon scattering amplitude. The diagrams in (a)—(d) represent the
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and 3(d). For example, diagram 3(c) will yield in this case a
contribution involving the factor

cg (P = P ) (pPyn™: — pyn™)(q'n™ = q°n™)
(B2)

which is transverse with respect to the momenta p/', p52,
q“. This is a reflection of the Ward identity satisfied by the
last structure in Eq. (2.9). Then, the £ dependent part of the
gluon propagator

QaQﬂ
q2

% Hep — (1= ) (B3)

decouples. Thus, a possible gauge dependence may come
only from the coefficient c¢j,. A similar conclusion also
holds for the corresponding contribution arising from
diagram 3(d). But the sum of such contributions yields
the S-matrix element for the gluon-gluon scattering ampli-
tude at one-loop order, which should be gauge invariant.
This requires the coefficient ¢, to be a gauge-independent
quantity.

APPENDIX C BIANCHI IDENTITIES

We discuss here some useful Bianchi identities for the
YM fields, which hold in any dimension, whether or not
the gauge fields satisfy the field equations. We start from
the identity

D,F,,

+D,F,,+D,F,, =0. (C1)
Multiplying (C1) by F,,D, and using the antisymmetry of

F,, under p <> v, we obtain

FWDZFW +2F" - D,D'F}, = 0. (C2)
Employing the relation
D,D,-D,D, =—gF,, (C3)
one can write (C2) in the form
FM,,DzF"” +2F,, - D*D,F* + gF,, - F*" N F, = 0.
(C4)

Integrating by parts the second term in (C4), we get the
identity

1
(D*F,,) - (D,F™) + EF,,DDZF"” + gF,, - F* N FY

= O#(FY - D'F,,). (C5)

Since a total derivative may be disregarded, we see that
only two of the above three structures can be taken as being
independent. These two structures may then be used for the
gauge-invariant counterterms required to one-loop order.

In order to find the relevant structures at two loops, we
multiply (C1), for example, by

F,,FD;
F,,D,F";

F, F”D,;
F,D,D,D’;

F,,D’F*;

F,.D,D°D". (C6)
Ignoring total derivatives and using a procedure similar to
the one employed above, it turns out that the Bianchi
identities lead to the following independent structures:

[D,DF: (DgF™) A (D,F™) - F

(DMDF ) - (F* A Fpy);

[(Fu)Ps [Fu F*P [Fu P

(Fue N FP)-(F,, AN F*). (C7)

We observe that the first three structures vanish when the
equations of motion are used. Thus, on shell, four new
gauge-invariant counterterms are required at the two-loop
order.

APPENDIX D SCHEME DEPENDENCE OF
THE BETA FUNCTION

We examine here the dependence of the beta function
on the definition of the coupling constant. To this end,
consider two definitions §(u) and g(u) of the running
coupling corresponding to different definitions of the
renormalization scale u. Since both couplings are finite
and dimensionless, we must have g(u) = g[g()], so that

Bg) =u2 = uj—gﬂ@.

=1 (D1)

Using the same definition of the bare coupling constant, the
renormalized couplings must be equal to lowest order, so
one may write
9(9) = 5+ b3’ + O(7) (D2)
or, equivalently
§=9-b7 +0@). (D3)

In d dimensions, the power series for 3(g) takes the form
[c=(d-4)/2]

B(@) = cg+ g+ O@). (D4)
This may be rewritten in terms of g, as
B(g) = cg+ (' =be)g’ + O(F). (D5)
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From (D1) and (D3) we have then

p(g) = [143bg* + O(F")][cg + (¢ = be)g® + O(F)]

=cg+( +2bc)g +O(F).

(Do)

We see that the first term in the power series for f in terms of g has the same coefficient as in the power series for f in terms
of . But this is generally not the case for higher order terms in the power series of the beta function. For instance, one could
choose in (D2) the coefficients of higher powers of g, such that all higher order terms in (D6) would vanish.
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