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Almost universal spacetimes in higher-order gravity theories
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We study almost universal spacetimes—spacetimes for which the field equations of any generalized gravity
with the Lagrangian constructed from the metric, the Riemann tensor and its covariant derivatives of arbitrary
order reduce to one single differential equation and one algebraic condition for the Ricci scalar. We prove that
all d-dimensional Kundt spacetimes of Weyl type III and traceless Ricci type N are almost universal. Explicit
examples of Weyl type II almost universal Kundt metrics are also given. The considerable simplification of the
field equations of higher-order gravity theories for almost universal spacetimes is then employed to study new
Weyl type II, III, and N vacuum solutions to quadratic gravity in arbitrary dimension and six-dimensional
conformal gravity. Necessary conditions for almost universal metrics are also studied.
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I. INTRODUCTION

In effective field theories, the Einstein equations are
modified by adding further terms to the Einstein—Hilbert
action, leading to the Lagrangian of the form

L=G"'(R-2A)+ f(g.R. VR, ...). (1)

The resulting field equations are, in most cases, consid-
erably more complicated than the Einstein equations, and
therefore very few exact solutions to modified gravities are
known. Nevertheless, there exists a class of spacetimes, the
so-called universal spacetimes [1-3], for which all but one
vacuum field equations of any theory of the form (1) are
identically satisfied. The remaining field equation reduces
to an algebraic constraint A = F(/;, @;) relating a cosmo-
logical constant A with constant curvature invariants /; and
constant parameters «; of the theory. Thus, with an
appropriate choice of A, universal spacetimes are exact
vacuum solutions to any theory of the form (1).

Recently, it has been shown that for certain non-Einstein
(and thus nonuniversal) spacetimes, field equations of any
theory of the form (1) are also dramatically simplified. This
has been observed in the case of AdS waves and pp-waves
[4,5] and for Kerr-Schild-Kundt metrics with an (A)dS
background [6]. A closely related result in string theory,
showing that gravitational waves in AdS do not receive any
a corrections, has been obtained in [7]. All these space-
times are of Weyl type N in the algebraic classification of
tensors [8] (see also [9] for a recent review).
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In this paper, we set out to investigate these “almost
universal” spacetimes in a much more general context. By
studying necessary and sufficient conditions for “almost
universality,” we arrive at examples of Weyl type 11, III,
and N almost universal spacetimes. To make a connection
with the Kerr-Schild approach of [6], we also study almost
universal Kerr-Schild spacetimes; however, instead of
(A)dS, we are able to use any type II, III, and N universal
Kundt spacetime as a background metric. These results are
also employed to construct new vacuum solutions to
quadratic and cubic theories of gravity.

Let us proceed by introducing two classes of almost
universal spacetimes, TN and TNS spacetimes (TNS C TN).

Definition 1: (Almost universal spacetimes). Almost
universal spacetimes (or equivalently TN spacetimesl)
are spacetimes, for which there exists a null vector € such
that for every symmetric rank-2 tensor E,, constructed
polynomially from a metric, the Riemann tensor and its
covariant derivatives of an arbitrary order there exist a
constant A and a function ¢ such that

Eab = Agab + ¢fal’ﬂb' (2)

A TN spacetime is called TNS if in addition the last term
in (2) reduces to

N
¢fafb = Z anD”Sabv (3)

n=0
where S, is the traceless Ricci tensor and a; are constants.

'"TN(traceless type N)—all rank-2 tensors constructed from the
Riemann tensor and its covariant derivatives of an arbitrary order
are of traceless type N [i.e., of the form (2)].
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Note that for TN spacetimes, tracelessness of S, guar-
antees LS, x Z,¢;, and for TNS spacetimes, there are no
terms involving the Weyl tensor present in (3), cf. (C9).

It follows directly from the definition of TN spacetimes
that all but two vacuum field equations of any theory of the
form (1) hold identically. Furthermore, one of these two
equations, the equation corresponding to the A term in (2),
reduces, similarly as in the case of universal spacetimes, to an
algebraic equation A = F(I;, ;) [see, e.g., Egs. (40) and
(49)]. Thus, the vacuum field equations lead only to one
differential equation corresponding to the ¢ term in (2).
Obviously, if the null radiation term is allowed, this equation
can be omitted.

Letus now briefly summarize selected results of this paper.

The main result of Sec. III that focuses on necessary
conditions for TN spacetimes reads

Proposition 2: (Necessary conditions for non-Einstein
TN spacetimes). Non-Einstein TN spacetimes are neces-
sarily CSI Kundt spacetimes of Weyl type II or more special.
CSI are spacetimes with constant curvature invariants.

This Proposition holds in an arbitrary dimension. In the
case of four dimensions, we arrive at a more general result
including also Einstein TN spacetimes.

In Sec. IV, we focus on sufficient conditions for TN and
TNS spacetimes, proving the following main results

Proposition 3: (Sufficient conditions for TN space-
times). All d-dimensional Kundt spacetimes of Weyl type
I or N and traceless Ricci type N* are TN.

We also show that certain classes of Weyl type II Kundt
spacetimes are TN.

To study sufficient conditions for TNS spacetimes, we first
generalize previous results of [2,10] for type III universal
spacetimes

Proposition 4: (Necessary and sufficient conditions for
Weyl type III universal Kundt spacetimes). A Weyl type III
Kundt spacetime is universal if and only if it is Einstein and

Fo= CacderCdg =0, F,= Cpqrs;a Cpqrs;b =0. (4)

For type III TNS spacetimes we then obtain

Proposition 5: (Sufficient conditions for Weyl type 111
TNS spacetimes). Kundt spacetimes of Weyl type III and
traceless Ricci type N obeying Fy = 0 = F, are TNS.

Furthermore, in Sec. IV we also study the Kerr—Schild
transformation of universal Kundt background spacetimes
and show that under appropriate additional conditions, the
resulting spacetime is TN.

Section V illustrates how vacuum field equations sim-
plify for TN spacetimes of Weyl types II, III, and N for
specific higher-order gravities, such as quadratic and six-
dimensional conformal gravities.

2Throughout this paper, by traceless Ricci type N we mean a
Ricci tensor of the form (2).

In the Appendix A, we extend some of the results
obtained in Secs. III and IV for TN spacetimes to a more
general class of T-III spacetimes for which also most of the
vacuum field equations of any theory of the form (1) are
identically satisfied. Thus this class of spacetimes may be
also useful for constructing vacuum solutions of general-
ized gravities. Appendix B contains technical results on the
Kerr—Schild transformation of the Einstein Kundt space-
times employed in Sec. IV D. In Appendix C, we present
the metric variations of all independent curvature invariants
in the Fulling—King—Wybourne—-Cummins (FKWC) basis
[11] up to order 6 for TN spacetimes of Weyl type III to
provide examples of possible field equations for these
spacetimes. Finally, in Appendix D, we extend Sec. V by
providing explicit Weyl type III solutions to quadratic
gravity constructed by the Kerr—Schild transformation of
Weyl type III universal spacetimes.

II. PRELIMINARIES

In this paper, we employ the algebraic classification of
tensors [8] (see [9] for review) and the higher-dimensional
version of the Geroch—Held—Penrose (GHP) formalism [12].

We work in a null frame in d dimensions consisting of null
vectors Z and n and d — 2 spacelike vectors m® obeying

£, =nn, =0, ¢n,=1, mdam{ = 8, (5)
where a,b€{0,....,d—1} and i,je{2,....,d—-1}.
Covariant derivatives along the frame vectors are denoted as

D =¢V,, A =nV,, 6, =meV,.  (6)
For the frame vector #, we define Ricci rotation

coefficients

K = fa;bmt(li)fb’ (7)
Ti = l’ﬂa;bm?i)nba (8)
pij = Lapmiymy. ©)

where p;; is the so-called optical matrix. The vector field
is geodetic iff x; = 0. Kundt spacetimes are defined as
spacetimes for which there exists a geodetic null vector
with vanishing optical matrix p;;.

A quantity g has a boost weight (b.w.) b if it transforms
according to

q=2q (10)
under boosts
2=, a=21'n, w)=mb (11

Components of tensors in the null frame have distinct
integer boost weights. Boost order of a tensor is the
maximum b.w. of its nonvanishing components. In an
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adapted null frame for algebraically special tensors, the
highest b.w. tensor components vanish. In particular, the
traceless Ricci tensor S,;, in general admits components
of bw. —2,...,2 while for S, of type N, only the
b.w. —2 component @' is nontrivial

Sab :a)’fafb. (12)

Similarly, in general the Weyl tensor admits components of
b.w. —2,...,2 while for a Weyl type II tensor, only
components of b.w. 0 (D, (I)g, @, Dyjyp), =1 (P W)
and -2 (Qﬁ-j) can be nonvanishing. For Weyl type III/N,
components of b.w. (—1,-2)/(=2) can be nonvanishing,
respectively (see [9]).

Let us go back to the traceless Ricci tensor S,, of
type N. While (in the adapted frame) S,;, admits only the
b.w. —2 component, in general its covariant derivatives
possess also non-trivial components of bw. > —2.
However, for certain Kundt spacetimes, it can be shown
that b.w. > —2 components vanish also for arbitrary
covariant derivatives of S, VS, i.e., boost order does
not change with a covariant differentiation. Similarly, in
these spacetimes, covariant derivatives of the Weyl tensor
do not increase boost order. This is the key step for proving
universality or the TN property. If one knows that e.g.
V) admits only b.w. < —2 components then it immedi-
ately follows that all rank-2 tensors quadratic in V\/)C or of
higher order vanish identically (rank-2 tensors admit
components of b.w. > —2 only). This subsequently leads
to a considerable simplification of the analysis of nontrivial
rank-2 tensors constructed from the curvature.

For proving that boost order of a tensor in certain Kundt
spacetimes does not increase with a covariant differentia-
tion (see Sec. IV), we need to define the notion of balanced
tensors introduced in [13] and [2].

Definition 6: (k-balanced tensors). In a frame parallelly
propagated along a null geodetic affinely parameterized
vector field £, a tensor 7T is said to be k-balanced, k € N, if
its boost weight b part’ T (v) satisfies T,y = 0 for b > —k
and D™""*T ) = 0 for b < —k. If T is O-balanced, we say it
is balanced.

A straightforward extension of Lemma A.7 of [14] to
arbitrary k then reads

Lemma 1: In a degenerate Kundt spacetime, a covariant
derivative of a k-balanced tensor is again a k-balanced tensor.

III. NECESSARY CONDITIONS FOR
ALMOST UNIVERSAL SPACETIMES

In this brief section on necessary conditions for TN
spacetimes, we give a proof of Proposition 2 for non-
Einstein spacetimes and discuss possible extensions to
Einstein spacetimes in various special cases.

*In other words, T (») 1s obtained by setting all components of
T with b.w. not equal to b to zero.

First, let us prove the following:

Lemma 2: TN spacetimes are CSL

Proof.—Let us assume that a spacetime possesses a
nonconstant curvature invariant / constructed polynomially
from the Riemann tensor and its covariant derivatives of
arbitrary order. / can be expressed as a trace of a rank-2
tensor E,;,. Since the trace of E,;, is nonconstant then E )
is not of the form (2) or more special and the spacetime is
not TN. Thus TN c CSIL U

Now let us present a proof of Proposition 2.

Proof of Proposition 2.—TN spacetimes are CSI thanks
to Lemma 2.

Geodeticity of ¢: The contracted Bianchi identities
R, =0 for the Ricci tensor of the form (2) imply
£°,¢% « ¢ and thus 2 is geodetic [i.e., k; = 0 (7)].

¢ is a Kundt vector field: For the traceless part of the
Ricci tensor, S, of type N [i.e., of the form (12)], the b.w.
0 component of [1S,, reads

(Dsab)fanb = —a)lﬂijpij, (13)

where p;; is the optical matrix (9). Tensor LS, is traceless
and thus for TN spacetimes, all its b.w. 0 components have
to vanish, which implies

Pij = 0 (14)

and therefore # is a Kundt null congruence.

TN spacetimes are of Weyl type II or more special: Now,
taking into account the vanishing of «; and p;;, the higher
dimensional Newman—Penrose (NP) equations (NP1) and
(NP3) of [12] imply that the Weyl tensor components €2;;
and ¥;;; vanish and thus the Weyl tensor is of type II or
more special. U

Note that, from the proof of Proposition 2, it follows that
already TN, spacetimes4 are necessarily Kundt and alge-
braically special.

Remark 1: (Necessary conditions for Einstein Weyl
type N and IIT TN spacetimes). So far, we have discussed
non-Einstein TN spacetimes. It has been shown in
Lemma 4.8 of [2] that Weyl type N CSI Einstein spacetimes
are Kundt. Thus taking into account Lemma 2, it follows
that Einstein TN spacetimes of Weyl type N are necessarily
CSI Kundt spacetimes. The same results hold also for
Einstein TN spacetimes of Weyl type III under some
additional genericity assumptions (see Sec. 5.2 of [2]).

A. Necessary conditions in four and five dimensions

In four dimensions, more general results can be obtained.
First, let us study necessary conditions for algebraically
special TN spacetimes. In the four dimensional NP

‘TN, spacetimes are defined similarly as TN spacetimes,
however, only derivatives of the Riemann tensor up to kth order
are considered.
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notation and in an appropriately chosen frame, the Weyl
and Ricci tensors admit ¥,, V5, ¥, and ®,, components,
respectively.

For TN, ¥, is constant. The Bianchi equations (7.32a),
(7.32b), (7.32e) and (7.32h) from [15] then give

k=oc=p=1=0, (15)

respectively, and thus

Lemma 3: In four dimensions, genuine Weyl type 11
and D TN, spacetimes are recurrent Kundt spacetimes.

Combining the results of Proposition 2, Remark 1 (in
four dimensions, the genericity assumptions for type III
always hold) and Lemma 3, we arrive at a result that applies
to both Einstein and non-Einstein spacetimes

Proposition 7: (Necessary conditions for TN space-
times in 4d). In four dimensions, algebraically special TN
spacetimes are necessarily Kundt.

In contrast, in five dimensions, it can be shown using the
same arguments as for the nonexistence of genuine type II
or D universal spacetimes in five dimensions (see Sec. 4 of
[3]) that

Proposition 8: (Nonexistence of 5d TN Weyl type II
spacetimes). In five dimensions, genuine Weyl type II and
D TN, spacetimes do not exist.

IV. SUFFICIENT CONDITIONS FOR ALMOST
UNIVERSAL SPACETIMES

In this section, we prove that various classes of Weyl
types II, III, and N Kundt spacetimes are TN and in some
cases even TNS. We also show that TN and TNS space-
times can be constructed using an appropriate Kerr-Schild
transformation with a Weyl type II, III, or N universal
Kundt background.

A. Sufficiency for Weyl type III/N TN spacetimes

First, let us prove that Kundt spacetimes of Weyl type 111
or N and traceless Ricci type N are TN (Proposition 3). We
use a similar approach as in the proof of Theorem 1.3 of [2].

Proof of Proposition 3.—Note that by Proposition 3.1 of
[16], for Kundt spacetimes of Weyl type III/N and traceless
Ricci type N, the Ricci and Weyl tensors are necessarily
aligned.

By Proposition A.8 of [14], for Kundt spacetimes of
Weyl type III/N and traceless Ricci type N, all covariant
derivatives of the Riemann tensor V¥R are of aligned type
Il (i.e., all nonvanishing components of VR have
negative boost weight). It immediately follows that all
rank-2 tensors at least quadratic in V®R (with k > 0) are of
the form (2). Thus, it remains to show that the same result
holds also for rank-2 tensors linear in V%)

For the Weyl and Ricci type N Kundt spacetimes, it has
been shown that VR (k > 0) are of boost order at most
—2 (see Proposition A.2 of [17]) and thus all rank-2 tensors
linear in V®R are of the form (2).

Weyl type III case needs a more detailed discussion.
Note that S, of the form (12) is 1-balanced which follows
from the primed version of Eq. (2.50) of [12] (see also
Sec. 2.7 therein),

bo' = Do’ = 0, (16)

and therefore from Lemma A.7 of [14] (cf. also Lemma 1),
VWS , is 1-balanced as well. Thus, boost order of VXS,
is at most —2.

In order for the contraction of V¥R to result in a rank-2
tensor, k has to be even. We will show that all rank-2
tensors linear in VWR are of the form (2) using math-
ematical induction.

First, consider the kK = 2 case. A change of the order of
covariant derivatives in V@R

=> R+R, (17)

will result only in additional terms of b.w. —2 in contrac-
tions of the right-hand side of (17) due to the tracelessness
of the left-hand side of (17). Employing the Bianchi
identity (R,p[ca,) = 0) and changing the order of covariant

derivatives if needed, any rank-2 tensor linear in VR is
either zero or of type N.

Concerning k > 2, we proceed by induction. Assume
that any change of the order of covariant derivatives in
rank-2 tensors linear in VR produces only additional
terms of b.w. —2 and that any rank-2 contraction of V"R is
of type N. Now, we prove that the same holds also
for V2R

To prove the first property, it is sufficient to prove that
any rank-2 contraction of Q = (V,[V, V]V,R) is of boost
order —2. Here, I, J is a pair of arbitrary multi-indices
= n. Applying the Ricci identity on
VR and employing the Leibniz rule, one obtains

V,[V.V]V,R = Zv, (R + V,R)
IJI
o KcJ

Note that all terms with |K| > 0 and |I|> + |J\K|*> > 0 are
of boost order at most (—2), while the |K| = 0 terms and
[I|> 4 |[J\K|> =0 terms correspond to R % V(R. Our
induction assumption implies that rank-2 contractions of
all these terms lead to a type N tensor and hence a rank-2
tensor linear in V**2R is of type N. Using this result
together with the Bianchi identity and noting again that S,
is 1-balanced, the second property of V("*2)R follows.
Therefore, both properties hold for all VR, k even. As a
consequence, the terms linear in V(YR contribute with b.w.
—2 terms. U
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B. Sufficiency for Weyl type III/N TNS spacetimes

In the previous section, we have shown that Kundt
spacetimes of Weyl type III or N and traceless Ricci type
N are TN. Now, we prove that some of these spacetimes are
also TNS. While for Weyl type N, TN < TNS (cf. [4]), for
Weyl type III TN spacetimes, the Weyl tensor and its
derivatives in general contribute to b.w. —2 components
of a rank-2 tensor E, (see Appendix C). It turns out
(cf., Proposition 5) that Weyl type N and III TNS spacetimes
can be obtained from universal spacetimes by relaxing
the Einstein condition and allowing for type N traceless
Ricci tensor.

For this reason, we generalize sufficient conditions for
Weyl type Il universal spacetimes (Proposition 4). It can be
seen that the proof of universality of four-dimensional type
I Einstein spacetimes with vanishing F, given in Sec. 5.2
of [10] can be straightforwardly generalized to arbitrary
dimension, provided also ¥y = 0 (which is in four dimen-
sions automatically satisfied) and thus Weyl type III
Einstein Kundt spacetimes obeying Fy = 0 = F, are uni-
versal (Proposition 4). This generalizes the sufficient part of
the Proposition 1.7 of [10] to arbitrary dimension and
theorem 1.4 of [2] from the recurrent case (z; =0) to a
more general case F, = 0. Indeed, it can bee seen from an
expression for F, for Weyl type III Kundt spacetimes,

Fy = —4{z0,Q¥¥, - ¥, ¥,))
- 2775 [2‘Il;cilql§jk - lP:’kllP}kl
+4(‘~P§(‘P’.jk +‘P’~‘P;)]}faf,,, (19)

14 1
that 7; = O implies F, = 0, while F, = 0 allows for non-
vanishing z; (cf. [10]). Examples of Weyl type III universal
spacetimes with 7; # 0 can be constructed using a warp
product

1
7 (ds? + dz?),

ds? =

2<0, (20)

where ds? is a Ricci flat Weyl type III universal Kundt
spacetime. Since the Weyl type [18] and the Kundt property
(see Eq. (B3) of [18]) are preserved under (20) and FO =
0 = F, implies Fy =0 = F, (see Eq. (23) of [18]), the
resulting spacetime is again a Weyl type III Einstein
universal Kundt spacetime with R = d(d — 1)1:

Proposition 9: A warp product (20), where d3? is a
Ricci flat Weyl type IIT universal Kundt spacetime is a Weyl
type III universal Kundt spacetime.

In general, the resulting spacetime has a nonvanishing z;,
i.e., it is not recurrent (cf. also Appendix D 2).

Let us proceed with proving that Weyl type III traceless
Ricci type N Kundt spacetimes obeying Fy = 0 = F, are
TNS (Proposition 5).

Proof of Proposition 5.—By Proposition A.8 of [14], all
tensors V(¥R are of aligned type III. Furthermore, since S,

is 1-balanced (cf. proof of Proposition 3) all derivatives
of the Ricci tensor are of boost order < —2. By counting
boost weights, one can see that all mixed invariants
(i.e., invariants constructed from both VS and VU,
k,1 > 0) vanish and thus it is sufficient to consider rank-2
tensors E,;, constructed purely from the Weyl tensor and its
derivatives (at most quadratic in V() C) and purely from the
Ricci tensor and its derivatives (linear in V¥)S).

First, let us prove by the mathematical induction that all
rank-2 tensors constructed from the Ricci tensor and its
derivatives have the form (2), (3) (cf. [4]).

Obviously, the Ricci tensor of traceless type N has
the form (2), (3). All rank-2 tensors constructed from the
second derivatives of the Ricci tensor (LIR 5., R .., R :pes
R¢,.,p) either vanish or can be cast into the form (2), (3)
using commutator

k
[vcv vd]Pelez...ek =~ ZRfeicdpel...ei_lfe,»ﬂ‘.,ek (21)
i=1

and the contracted Bianchi identity V RS = %R;a =0.

Now, assuming that all rank-2 tensors constructed from
the kth derivative of the Ricci tensor have the form (2), (3),
we show that this also holds for all rank-2 tensors
constructed from the (k+ 2)th derivative of the Ricci
tensor. Rank-2 tensors constructed from the (k + 2)th
derivative of the Ricci tensor can have free indices in three
positions

1. R, (22)
2.R..... (23)
3R e (24)

where free indices are indicated by e. In the case 1., one can
use commutator (21) to reshuffle covariant derivatives and
arrive at the form (2), (3). The remaining part arising from
the right-hand side of commutator (21) contains only kth
derivatives of the Ricci tensor and thus have the form (2),
(3) by our assumption. In the cases 2., 3., we can again
reshuffle indices to obtain (k + 1)th derivative of the
contracted Bianchi identity, i.e., R¢. =0, with the
remaining part arising from the right hand side of commu-
tator (21) containing again only kth derivatives of the Ricci
tensor and thus having the form (2), (3) by our assumption.

Now, let us proceed with terms constructed from the
Weyl tensor and its derivatives. In [10], it has been shown
that for four-dimensional Weyl type III, Einstein Kundt
spacetimes obeying F, = 0, all rank-2 tensors of the form
VW @ VI vanish. This proof can be straightforwardly
generalized to the case of higher dimensions by adding an
additional assumption F; = 0 which holds identically in
four dimensions. Moreover, it is not affected by the
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presence of b.w. -2 terms in the Ricci tensor, thus it can be
also straightforwardly generalized to the traceless Ricci
type N case and therefore terms V()C @ V") C will not
contribute to rank-2 tensors (cf., Proposition 5.9 of [10]).
Hence, only terms linear in V¥ C can contribute to a
rank-2 tensor. Employing the Bianchi

d-3
vbcabcd =5 A (vdSac - chad) (25)
d-2
and Ricci identities, one arrives at
d-3 (d-13)
vevebe,  =—>-0§,, ——————— RS, 26
abcd d—2 ac (d_z)(d_l) ac ( )

being of the TNS form (2), (3).

Using the mathematical induction, one can show that all
rank-2 tensors linear in the Weyl tensor have the TNS form
(2), (3). We assume that all rank-2 tensors constructed from
kth derivative of the Weyl tensor have the form (2), (3).
Then using commutator (21), all rank-2 tensors constructed
from (k + 2)th derivative of the Weyl tensor can be cast
into the form C¢ ..., which using (25) and results from the
previous paragraph have the desired form, and additional
terms containing kth derivative of the Weyl tensor that have
the TNS form (2), (3) by our starting assumption. O

C. Sufficiency for certain Weyl type II TN spacetimes

Proposition 3 addressing sufficient conditions for Weyl
type III and N TN spacetimes does not include all TN
spacetimes—as we will show in this section Weyl type II
TN spacetimes also exist.

First, let us observe that one can construct Weyl type Il TN
spacetimes from Weyl type III and N TN spacetimes by
taking a direct product with maximally symmetric spaces. A
simple generalization of proof of Proposition 6.2 of [3] leads
to a generalization of this Proposition to TN spacetimes

Proposition 10: Let M=MyxM;x---xMy_;, where
M, is a Lorentzian manifold and M;...M,_; are nonflat
Riemannian maximally symmetric spaces. Let all blocks M,
a = 0...N — 1, be of the same dimension and with the same
value of the Ricci scalar R,,. If M, is a TN Weyl type Il or N
spacetime then M is a type II TN spacetime.

Now, we proceed with more general type II TN spacetimes.

Remark 2: It is straightforward to generalize
Proposition 7.1 of [3] for spacetimes with the Ricci tensor
of the form (2) leading to the following slightly more
general result: for type II Kundt spacetimes with the Ricci
tensor of the form (2) admitting a parallelly propagated null
frame along an mWAND ¢, all covariant derivatives of the
Riemann tensor VIOR, k > 1, are at most of boost order —2
providing the following three conditions hold:

(i) b.w. —1 components of the Weyl tensor vanish,

(i) for b.w. -2 components of the Weyl tensor,
Qi;, DQ}; =0,

(iii) the boost order of V'C is at most —2.

Let us consider higher-dimensional generalizations
of the Khlebnikov-Ghanam-Thompson (KGT) metric
[19-21] consisting of N 2-blocks/3-blocks introduced in
[3] in the context of universal spacetimes

ds? = 2dudv + (v + H(u, x,. y,.))du?
N-1

1
+ =) (dx2 + s%(x,)dy3), (27)

|;1| a=1

with s(x,) = sin(x,) for 2 > 0, s(x,) = sinh(x,) for 1 < 0,
and

2
ds? = 2dudv + H(1. 2, X, Y 25)du® + 2 -2 dudz
Z

2 2=
—=—=dz?2 =2 ) [dx2 + shi(dy? +s2dz2)], (28
25233 0+ R0+ 0. (2)

with 1 < 0, s, = sin(y,), and sh,, = sinh(x,,), respectively.

Both these metrics obey all three conditions given
in Remark 2 and the Ricci tensor is of the form (2) with
¢ = —%DH and ¢  OJH — 21zH > respectively.

By Remark 2, all nonvanishing rank-2 tensors con-
structed from V(k>R, k > 0, containing at least one term
with k > 1 are at most of boost order —2. Rank-2 tensors
constructed from VKR, k = 0, are of the form (2) (see
Sec. 7.2 of [3]). We can conclude with

Proposition 11: Weyl type II metrics (27) and (28)
are TN.

D. Kerr-Schild transformations
of universal spacetimes are TN

To make a connection with the Kerr-Schild approach of
[6,7], let us study TN and TNS spacetimes generated from
universal spacetimes by the Kerr-Schild transformation.
Results of this subsection in part overlap with those of
subsection IV B. However, they apply also to Weyl type II.
For some applications, the Kerr-Schild formulation of the
results may be also more practical.

Let us consider spacetimes

g=8k+2HZ ® Y, DH =0, (29)

where gyk are universal Kundt spacetimes and £ is the
Kundt null direction of the background spacetime gyx.
Note that gyx spacetimes are necessarily Einstein, alge-
braically special and degenerate Kundt. Thus they admit a
metric of the form [22,23],

ds? = 2du[dr + H(u, r,x)du + W, (u, r, x)dx?]
+ gaﬂ(u,x)dx“dxﬂ, (30)

where o, = 2...n — 1 with
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W (u,r,x) = rW,(xl)(u,x) + Wg,o)(u,x),
H(u,r,x) = r*H® (u,x) + rHY (u, x) + HO (u, x).
(31)

Kundt null direction is € = du and thus the Kerr-Schild
transformation (29) amounts to the transformation
HO (u, x) = HO(u, x) + H in (30), (31) and the resulting
metric (29) is clearly also Kundt degenerate metric.

From Appendix B it follows that the only changes in the
curvature of the Kerr-Schild transformed metric (29) appear
in b.w. =2 components of the Weyl and Ricci tensors.

Since b.w. of H is (—2) the Kerr-Schild perturbation
2H? ® ¢ in (29) is 1-balanced. Lemma A.7 of [14] then
implies that an arbitrary covariant derivative of 2H? ® ¢
remains 1-balanced. Thus arbitrary terms constructed from
the perturbation and its derivatives entering an arbitrary rank-
2 tensor E,, (constructed from the Riemann tensor
of the full metric (29) and its derivatives) influence only
b.w. —2 components of E,;, and thus do not violate the form
(2). Therefore, using also the results of Appendix B we
arrive at

Proposition 12: For background metrics gyx of Weyl
types II, III, and N, the Kerr-Schild transformation (29)
preserves the Weyl type and the resulting metric is TN.

For Kerr-Schild spacetimes with a flat or (A)dS back-
ground, the Kerr-Schild transformation (29) gives a Weyl
type N spacetime [24,25]. Thus clearly the Kerr-Schild
transformation (29) with universal backgrounds represents
a more general class of spacetimes.

Since for Weyl type III Kundt spacetimes, the curvature
polynomials Fy = (%‘Pﬁ.jk‘l‘ﬁ-jk -V, ¢, and F, (19)
are preserved by (29) [see (B6)-(B9) and (B11)], from
Proposition 5 it follows

Proposition 13: The Kerr-Schild transformation (29) of
a Weyl type III universal background metric gy is a Weyl
type III TNS spacetime.

V. APPLICATIONS IN
HIGHER-ORDER GRAVITIES

Since terms [1"S,, appear in most higher-order gravity
field equations, cf. Appendix C, we start with an exami-
nation of their form in TN spacetimes.

Let us assume a spacetime to be Kundt of aligned
Riemann type II with the b.w. O part of the Ricci tensor
proportional to the metric and with £ being the (affinely
parametrized) Kundt vector. Then, in a parallelly propa-
gated frame with 7; = LU,S for a function f satisfying
Df =0, one has

O(fZ.€) =[(D—=2R0101) 1€l (32)

3Such a null frame always exists, cf. [26].

where the differential operator D is defined as

d—2R
DED+4T151+2TITZ+2(D+2ﬁE (33)

Employing the Bianchi and Ricci identities and com-
mutators [27], one can see that for TN spacetimes, the b.w.
—2 components of [1'S,, are constant along geodesics
generated by ¢ for any n € N,,. Using (32), one arrives at

O0"Sy, = [(D = 2Rp101)" @' € (. (34)

A. Quadratic gravity

Let us apply the obtained results on the case of quadratic
gravity. Its Lagrangian reads

1
Log = p (R —2A¢) + aR® + iR, R
+ 7(RupeaR*! — 4R ,R™ + R?),  (35)

where the cosmological constant A, and coupling constants
K, a, B, y of the theory are fixed. The metric variation of the
action corresponding to Ly then yields [28]

1 1 1
E,= < <Rab _ERgab + Aogab> +2aR (Rab _ZRgab>

+ (2a+ﬂ) (gabD - vavb)R

+ 27/ (RRab - 2RacbdRCd + RacdeRthe - 2RacRbC

1
- Zgab (RCdechdef - 4RCdRcd + Rz))

1 1 .
+/B|:| <Rab - ERgab> + 2:8 (Racbd - ZgabRcd> RCd'

(36)

In this section, two different classes of vacuum solutions
within TN spacetimes will be discussed.

1. Weyl type III solutions
For Weyl type III TN metrics satisfying Fy = 0, the
tensor E,;, of (36) simplifies to (3) with

Ay d=2 (d=4)(ad+p)

A= Kk 2xd k= 2d* K
SRS SIS T/ S
ay = ﬂ? (39)

and with the rest of the coefficients {a;} being zero. Hence,
employing (34), the vacuum field equations E,;, = 0 read
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d=1)(ad+p)+ (d=3)(d-2)y

( 2
(d=4) 2d%(d - 1) K
d-2 A
2 R “0)
1 1 oa r@d=3d=4\1  _
{D+Kﬁ+2R<d+ﬂ+ﬂ T )} 0.

(41)

In the special case of a TN metric’ obtained by the
Kerr-Schild transformation (29) of a universal Kundt
metric, @' is given by @' = —DH [using (B5) with
(B10)], and hence Eq. (41) takes the form of a factorized
4th order differential equation whose solution reads
‘H = Hy + 'H;, where H,, H, are solutions to 2nd order
equations

DHy =0,

for o455 e

(42)

respectively. Note that the Kerr-Schild transformation (29)
with H = H,, gives again an Einstein spacetime (@’ = 0)
while for H; #0, it gives a non-Einstein solution to
quadratic gravity (i.e., H, only changes the Einstein
background metric). While a type N subclass of these
solutions was obtained already in [29], genuine Weyl type
[T solutions are new. Examples of such vacuum solutions
to quadratic gravity are given in Appendix D.

2. Weyl type II solutions
For the higher-dimensional generalization (27) of

Khlebnikov-Ghanam-Thompson metrics consisting of N
2-blocks, the tensor (36) reduces to

Eab = /l(lmgab + a(()lH)Sab +a, DSub

d—4\
+ <2ﬁ —4y m) S4Cyepa

1 .
+ 27/CacderCde - EyccdefCCdej Yab> (43)

with A a(()m) , a; denoting the original coefficients (37)—
(39). On the first sight, E,;, deviates from (3) by contri-
butions from the Weyl tensor. However, due to a convenient
structure of the b.w. O part of the Weyl tensor, one has

d—2R

SCdCacbd = - ﬁg Sab’

(44)

®Such a metric is necessarily TNS by Proposition 13.

R*d -2
CacaeCp* = Z?ﬁgabv (45)

so that £, again reduces to the form (3), but this time with
coefficients

_Ao_d=2, (d=4)(ad+p+y(d=2))

A , 46
Kk 2xd 24> (46)
1 d—4

=—-+2R —, 47
ap =+ <a+y d) (47)
alzﬂ’ (48)

and with the rest of coefficients {«,} vanishing. Employing
(34) again and noticing that D (33) reduces to [, the
vacuum field equations of quadratic gravity read

(d—4)(ad+p+y(d-2)) d-2 Ay

2 -9
242 R+2K'dR_K" (49)

1 da+p+ (d—4)y B
<D+Kﬁ+2R 5 )DH_O. (50)

While the solution R of (49) determines the parameter 4 =
R/d in the KGT metric, the remaining metric function H
determined by the 4th order equation (50) can be expressed
as H=Hy+ H;, where Hy, and H; solve 2nd order
equations

OH, =0, <D +$+2Rdd+ﬁzﬁ(d_4)y>fll —0,
(51)

respectively. To our knowledge, the solutions with H; # 0
are the first known non-Einstein quadratic gravity vacuum
solutions of Weyl type II in arbitrary even dimension.

B. Conformal gravity in six dimensions

Now, let us study vacuum solutions of conformal gravity
in six dimensions given by the Lagrangian [30,31]

3
‘Cconf = ﬂ <RRabRab - ER3 - 2RabRCdRacbd

— R®0OR,, + l%RDR) : (52)

The parameters of this theory are tuned in such a way that
the field equations, which can be found in the full form in
[31], are satisfied by any metric conformal to an Einstein
metric. Let us present vacuum solution of this theory that
are not conformal to Einstein spacetimes.
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1. Weyl type I1I solutions

For Weyl type III TN Kundt metrics, E,;, of the theory
Lcont takes the TNS form (3) with nonvanishing coefficients

4p 7
——/R2 7_/3R

757 a, = 15 a, = —p, (53)

apg =

thus the conformal gravity field equations have the form

(D - ‘%’;) (D - ?) S, = 0. (54)

For R <0, we obtain (O+2)(0+%)S,, =0, ¢*=
—d(d — 1)/R, which is in agreement with the result (130)
of [5] obtained for Weyl type N AdS-plane waves (z; =
® = 0) in six dimensions. In this case, E,, is traceless
and there is no algebraic constraint determining the value of
the Ricci scalar. Therefore, the vacuum field equations

reduce to
R 2R\

Similarly as in the case of quadratic gravity, for TNS metrics
obtained by the Kerr-Schild transformation (29) of a
Weyl type III universal Kundt metric, the solution of (55)
(again @ = —DH) can be found in the factorized form
H = HO + Hl + Hz, where

DH():O, <D—§>H1 :0, (D—21—§>H2 :0 (56)

‘H; and H, generate non-Einstein solutions to six-
dimensional conformal gravity.

2. Weyl type II solutions

Let us consider the higher-dimensional generalization
(27) of Khlebnikov-Ghanam-Thompson metrics consisting
of three 2-blocks for which

R2

:?Sab'

R
RaechbdefSCd :ERacdeCd’ RaechbfdeSCd
(57)

Using these relations along with (44), (45) and its covariant
derivatives, one can show that the tensor E,;, of conformal
gravity (52) reduces to the form (3) with

ap = ﬂR’ ay = _ﬁ (58)
and with the rest of the coefficients {a;} including 4 being
zero. Taking into account (34) and that D = [, vacuum
field equations of conformal gravity for KGT metrics
reduce to

R 2R?
P-—O+=—|OH =
( 3 + 225) 0, (59)

with an arbitrary Ricci scalar. The solution of the sixth
order equation (59) can be written as a sum H = Hy +
H, + H, of solutions of the 2nd order equations

V17
omy =0, (0= R\m, —o.
30
54+17
0+2 Y R\l —o. (60)
30
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APPENDIX A: T-III SPACETIMES

Here, we consider a slight generalization of TN space-
times, so called T-III spacetimes, for which every sym-
metric rank-2 curvature tensor is of traceless type III:

Definition 14: (T-III spacetimes) T-III spacetimes are
spacetimes, for which there exist a null vector £ and d — 2
spacelike vectors m¥) such that for every symmetric rank-2
tensor E,, constructed polynomially from a metric, the
Riemann tensor and its covariant derivatives of an arbitrary
order there exist a constant 4 and functions ¢ and y;
such that

Eop = Map + Wil @my) + ¢toty. (A1)

Thus, for T-1II spacetimes, the vacuum field equations of
any theory with the Lagrangian of the form (1) reduce to
one algebraic equation and (at most) d — 1 differential
equations. Hence, also T-III spacetimes may be useful in
finding solutions to higher-order gravity theories.

It turns out that the necessary conditions for TN space-
times naturally extend to the T-III class:

Lemma 4: T-III spacetimes are CSI.

Proof-—Let us assume that a spacetime possesses a
nonconstant curvature invariant / constructed polynomially
from the Riemann tensor and its covariant derivatives of
arbitrary order. / can be expressed as a trace of a rank-2
tensor ;. Since the trace of E,;, is nonconstant then E ;)
is not of the form (A1) or more special and the spacetime is
not T-III. Thus TN c T-1II C CSL O

Proposition 15: (Necessary conditions for T-III space-
times). Non-Einstein T-III spacetimes are necessarily CSI
Kundt spacetimes of Weyl type II or more special.

Proof.—Thanks to Lemma 4, T-III spacetimes are CSI.
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? is geodetic: The traceless Ricci tensors S, is of type

I (i.e., S, = wgf(améi)) +a'?t,f)) and b.w. +2 compo-

nent of rank-2 tensor V,S,,V,S reads

VaScaVpSite? = Aluy}) (k) + 2cikypiyrt. (A2)
For T-1II spacetimes, this b.w. +2 component has to vanish,
which implies x; = 0 and thus ¢ is geodetic.

? is a Kundt vector field: For S,;, of type III, the b.w. O
components of E,, = V,5.,V,5 have to satisfy

Eabm?>mé’) = 5,~anbfanb, (A3)

)70
implying

WP + 29 wipkps; = 0. (Ad)
Contraction of i and j gives a sum of squares and therefore
pij = 0 and the spacetime is Kundt.

T-IIT spacetimes are of Weyl type II or more special: To
prove this, one can use the same arguments as in the proof
of Proposition 2. U

Note that, to prove that T-III spacetimes are Kundt and
algebraically special, it is sufficient to assume T-III;.

Finally, for Kundt spacetimes of Weyl type III and
traceless Ricci type III, all covariant derivatives of
the Riemann tensor VR are of aligned type III
(Proposition A.8 of [14]) and thus

Proposition 16: (Sufficient conditions for T-III space-
times). Weyl type N and III Kundt spacetimes with the
Ricci tensor of the form (A1) are T-III.

1. T-III spacetimes in four and five dimensions

First, let us study necessary conditions for algebraically
special T-IIT spacetimes. In the four-dimensional NP
notation, the Weyl and Ricci tensors admit ¥,, W5, W,
and ®,, = ®,,, ®,, components, respectively.

Similarly as for TN spacetimes, for T-111,,, ¥, is constant.
Bianchi equations (7.32a), (7.32b), (7.32e) and (7.32h)
from [15] then give again

k=oc=p=1=0, (A5)
respectively and thus we can immediately generalized
Lemma 3 to T-III spacetimes

Lemma 5: In four dimensions, genuine Weyl type II
and D T-III, spacetimes are recurrent Kundt spacetimes.

The same arguments that have led to Proposition 8
then imply

Proposition 17: (Nonexistence of SD T-III Weyl type 11
spacetimes) In five dimensions, genuine Weyl type II and
D T-1II,, spacetimes do not exist.

APPENDIX B: KERR-SCHILD
TRANSFORMATIONS OF EINSTEIN
KUNDT METRICS

A Kerr—Schild transformation of a metric g,, is a
transformation with the transformed metric g,, being of
the form
Yab = gab + ZHfafln gab = (g—l)ab - szal’pb’ (Bl)
where H is an arbitrary function and ¢ is a null vector.

Let us assume that the transformed metric g,;, is Kundt
with € corresponding to the congruence of nonexpanding,
nonshearing and nontwisting affinely parametrized null
geodesics. Since

K; = K, Lo = Ly, Pij = Pij» (B2)
the vector £ has the same above mentioned geometrical
properties in the background metric g,, and thus the
background spacetime is necessarily Kundt as well.

Without loss of generality, we can always set the frame
such that L;; = r;. The frame components of the Ricci
tensor then read

o=0=0, y,=y, ¢:$+D2H, Qbij:q_sijv (33)
Wi =W, + 6;DH + Hy,, (B4)

/ = _ = 2H b —
a):a)—:ii—n_l((”—?’)(ﬁ—fﬁii) (BS)

and the independent components of the Weyl tensor are
given by

_ 21//1 _
Q=0 =0. ¥y =Yy =""78;00. P} = D,
(B6)
_ D*H
Djgy = Djjrs + 4—(n “D(n=-2) (k01> (B7)
" Vi =W
Wi = Wi +2 n—2 SijOu1» (B8)
o =0 - (= L 2.6 B9
ij = S = BT Ty =i ) (B9)
where
- by
+2H<T,.Tj+c1>(,.,)+n_12 . (B10)

Note that D = D, §; = 6;, and since the spacetime is Kundt,
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TABLE 1. Possible combinations of the Weyl and tracefree
Ricci types of the Kerr—Schild transformed metric g,, with
D?H = 0 depending on the Weyl type of the background Einstein
metric g,

Types of g,

Weyl type of g, Conditions Weyl TF Ricci
I 1I I, N
I ?;jk + ﬁ@'[ﬁk]DH £0 II I, N
I Wi +:256;6yDH=0 N 11
N e I I
N N N

T =Tp Pij = Pij- My = M. (B11)

Furthermore, for Einstein background spacetimes, i.e.,

Rab = Agab’ (Blz)

S is of type III iff D*H = 0 and then the Ricci tensor of
the full metric g,;, reads

Rup = Agap + 25DHE (i) + E€ . (B13)
where
E=—V>*H - 20,6/H - 2H <m,. + &+ Z—jz>
V? = eV, v,
hap = Gap — 28 (aNp)- (B14)

Obviously, if in addition 6,DH =0, S, is of type N.
Possible combinations of the Weyl and trace-free Ricci
types of transformed metrics and background FEinstein
metrics are summarized in Table 1. Note that the most
general Weyl type of Einstein Kundt spacetimes is type II.

APPENDIX C: VARIATION OF THE FKWC
BASIS UP TO ORDER 6

To show what other terms than [1"S,, may appear in
field equations for generic TN spacetimes, we provide a list

of variations \/%_q&(‘gg:a?b]") of FKWC basis elements [11] for

Weyl type III TN spacetimes.

Any scalar curvature polynomial of order 6 (in deriva-
tives of the metric) can be expressed in terms of 22 FKWC
basis elements [11]. However, since variations of 7 of these
are related to variations of the rest of the scalars via total
divergence, only 15 of these 22 basis elements possess a
nontrivial independent metric variation [32,33]. Therefore,
a general gravitational Lagrangian £ of order 6 can be
expanded in those 15 curvature invariants.

For CSI (and thus in particular for TN) spacetimes,
variation of only 13 of these is non-vanishing and 4 of the
remaining 13 scalars (R, R3, RR ,,R?* and RR,,;,,,R**?) are

functions of invariants of lower orders (R, R,,R* and
R pcaR¢?) and hence their variation can be easily computed
employing variations of their lower order counter-terms.
Thus, given any gravitational Lagrangian of order 6, to
compute the form of the field equations for TN spacetimes,
metric variation of only 9 from the total of 22 FKWC
invariants is needed. Moreover, if the TN metric is of Weyl
type III, the form of these variations reduces dramatically:

d-2
R: _TRgab+Sabv (C1)
d—4 2(d-2)
R,,R?®: ———R? —— RS, OIS, C2
ab 2afz gab+d(d_1) ab T ab ( )
. d—4 4(d-2)
R,y R ————R%*g,;, —————RS
abcd dz(d— 1) Yab d(d— ]) ab
+ 4|:|Sab + 2Ca6decbcde7 (C3)
2R
R,ORY: ———— S 2S,s Cc4
ab d(d _ 1) ab T+ ab ( )
d—6 3(d—-3) 3R
R, R R : — R? —— " R%S — S,
Pq r Zd% gab+d2(d_1) ab+ d ab
(C5)
e, d—6 3d? = 10d + 9
Ry R RV — P R3gap + WRZS@
3-2d
- — RIS, Co6
d(d — 1) ab ( )
d—6 2(2d%—7d+9)

R. RP _.RI"T: T R3 _—RZS
pqt\ rst d3(d—1) Yab dz(d—l)z ab
4R 2R |

— -1 +7Ca°dechcde
+ CCdefvdv(a Cb)cef + C(a|cde\ ch)cde
+ v(a Ccfdev\f\ Cb)cde + vfcbcde foaCde ’
(C7)
2(d - 6) 36R?
R quabRrs c — 71?3 s
pqrs ab d3(d_1)2 gah+d2(d_1)2 ab
24R? S+ 24R ¢
dd=12""d(d-1) "
6(d +2)
2T RC,eC
+ d(d— 1) a bcde
+ 6V6bederCaCde, (C8)
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(d-6)(d-2) ;
~ = R
2d(d—1)7 b
d—2
9——— _R2S,,—
+ dA(d—1)2" "
3(d+2)
2d(d—1)
- 3vecbdcffoaCde

+ 3CCderfdeaCbe.

rasb .
Rprqupuqu T

3R

— O
d(d—1) Sab

RCu cde Cbcde

(€9)

APPENDIX D: EXAMPLES OF TYPE III TNS
SPACETIMES AND CORRESPONDING VACUUM
SOLUTIONS TO QUADRATIC GRAVITY

In this section, we employ Proposition 13 to construct
Weyl type III' TNS spacetimes using the Kerr—Schild
transformation (29) and we find new vacuum solutions
to quadratic gravity.

1. Ricci flat examples

For simplicity, as a background metric we consider
recurrent (7; = 0 implies 7; = 0, see Appendix B) Ricci—
flat Weyl type III universal spacetimes. Such spacetimes
belong to VSI (spacetimes with vanishing scalar curvature
invariants) class and admit a metric of the form (30) with
metric functions [34]

1
H=HO(ux)+ 5 (F = W,)rs

W, = Wm(u’x)’ gaﬂ(u’x) = Oup (Dl)

that satisfy the Ricci-flat condition

AH©) — % Wi Won —2H D W, = HOW,, =W, 0 =0
(D2)
and F = F(u, x") is subject to
F,=0, F, =AW,, (D3)
where W, =W,,, —W,,, and A=0'0; is the spacial

Laplacian. The natural null frame of VSI metrics

fi,dx® =dr+ Hdu+W,dx*, mi®dx® =dxe,
(D4)

L_”adx“:du,

is parallelly propagated in the recurrent case and indeed
7; = L,; = 0. For geodetic # and Df =0 (i.e., 9,f = 0),
the action of the operator D introduced in (33) on f
reduces to

Df = Af. (D5)
The rank-2 tensor F, vanishes identically for the back-
ground metric since 7; = 0 and it remains to satisfy Fy = 0,
1.e.,
liji‘jkli’;‘jk = N’ﬁ'ﬁ'v (D6)
where ¥} = —H Fil) and W = W;;;. Note that the trivial
solution with both sides of (D6) vanishing corresponds to
Weyl type N.
In four dimensions, F, vanishes identically and thus
in this case, all Kundt metrics obeying (D1) and (D3) are
TNS (c.f. Proposition 5). In particular, note that the Einstein

equation (D2) is not a necessary condition for TNS.
However, it is useful to start with a background Einstein

spacetime and express H® as H© = H\Y + X, where
H ,(50) corresponds to a background Einstein solution of (D2)

and 'H represents the Kerr—Schild transformation. Then the
field equation of quadratic gravity (42) reduces to

1

Clearly, the Kerr—Schild transformations with AH =0
takes the metric from an Einstein spacetime to an
Einstein spacetime [cf. Eq. (D2)]. The non-Einstein vac-
uum solutions to quadratic gravity are obtained by solving

(D7)

1
A+—|H=0. D8
(25 Y
An example of such a solution is
H = (er(m)eV'r + exluye Vi) (s (weVh
1
+ cq(u)e~ V), ky + ky + i 0. (D9)

To conclude, by adding a solution of (D8), H, to any
solution of (D2), HEEO), we obtain a vacuum solution to

quadratic gravity, H®) = H g” +H.

In contrast with the four-dimensional case, in higher
dimensions the equation (D6) is nontrivial. An explicit
solution of (D3) and (D6) is, for instance,

W3 = (a(u) sinxz + p(u) cos x3)e™,
Wy = (y(u) sinxz + 6(u) cos x3)e™,

F=F(u), (D10)

where a, f, v, 6, F are arbitrary functions of u and all
other W,, vanish. If moreover 6 = —a and y = f, then the
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Ricci-flat condition (D2) simplifies to the Laplace equation
AH® =0 for H).

The metric (30), satisfying (D1), (D3) and (D10)
is thus TNS in any dimension. To find a solution to
quadratic gravity one can proceed similarly as in four
dimensions.

2. Examples with a nonvanishing Ricci scalar

So far we have studied cases with vanishing Ricci
scalar. In this section, using Propositions 9 and 13, we
construct examples of Weyl type III TNS metrics with
negative Ricci scalar. As a background metric gyg we use a
warp product of any of the above-mentioned Ricci-flat VSI
metrics satisfying Fy =0 and one extra flat dimension
(20). The Ricci scalar of gygx is R =d(d —1)A. The
d’Alembert operators of the warped and seed metric are
related by

Of = —Az2(0f + 0.0.f) + (d —2)Az0.f.  (DI1)

Choosing a parallelly propagated frame

£,dx* = du,
P = (ary (H r2d+Wd"rd
n,dx* =——=|(dr —— |du dxt — - ,
a —172 272 ! z ¢
i | .
mg)dxa: dxl’
—A72
1
mdx = <dz n rdu), (D12)
—172 z

a straightforward calculation shows that 7,7, = —4,
L;=7% and 7;6; = —A(zV, 4+ rV,). Hence, the Kerr—
Schild transformation (29) with £,dx* = du and gyk being
a warp product (20) of a universal Weyl type III VSI metric
(30), thus obeying (D1)—(D3), and (D6), is a Weyl type 111
TNS metric with R =d(d—1)A. For f, 0,f =0, the
operator D defined in (33) reduces to

Df = =1Z2Af + (d = 6)220.f +2(d = 3)Af, (DI13)

where A = A +0,0,.
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