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In this study, we found a new traversable wormhole solution in the framework of a bumblebee gravity
model. With these types of models, the Lorentz symmetry violation arises from the dynamics of a
bumblebee vector field that is nonminimally coupled with gravity. To this end, we checked the wormhole’s
flare-out and energy (null, weak, and strong) conditions. We then studied the deflection angle of light in the
weak limit approximation using the Gibbons-Werner method. In particular, we show that the bumblebee
gravity effect leads to a nontrivial global topology of the wormhole spacetime. By using the Gauss-Bonnet
theorem (GBT), it is shown that the obtained non-asymptotically flat wormhole solution yields a
topological term in the deflection angle of light. This term is proportional to the coupling constant, but
independent from the impact factor parameter. Significantly, we showed that the bumblebee wormhole
solutions, under specific conditions, support the normal matter wormhole geometries.
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I. INTRODUCTION

The search for a theory of wormholes through Einstein’s
general theory of relativity goes back to 1916 with the
famous papers of Flamm [1]. The simplest possible solution
to Einstein’s field equations is the Schwarzschild metric [2],
which describes the gravitational field around a spherically
symmetric static mass. If the mass (or its density) is
sufficiently high, the solution describes a black hole—the
Schwarzschild black hole. Flamm realized that Einstein’s
equations also allow a second solution, which is presently
known as a “white hole.” These two solutions, describing
two different regions of (flat) spacetime, are connected by a
“spacetime tube.” This tube does not define where those
regions of spacetime might be in the real world; the black
hole’s “entrance” and white hole’s “exit” could exist in
different portions of the sameuniverse or in entirely different
universes. In 1935, Einstein and Rosen [3] further explored
the theory of interuniverse connections. In fact, their main
aim was to try to understand the fundamental charged
particles (protons, electrons, etc.) in terms of spacetime
tubes penetrated by lines of electromagnetic force. These
spacetime passageways were named “Einstein-Rosen
Bridges” byWheeler, whowould later call themwormholes.
It is worth noting that Wheeler [4] also coined the term

“black hole.” Traversable wormholes have no horizon and
allow two-way traveling [5] by connecting two different
regions of spacetime in a Lorentzian geometry. Interest in
traversable wormhole gained momentum following the
paper ofMorris, Thorne, and Yurtsever (MTY) [6] as shown
in Fig. 1. With a traversable wormhole, an interstellar or
interuniverse journey is possible [7,8]. However, to con-
struct such a traversable wormhole, one requires an exotic
matter with a negative energy density and a large negative
pressure, which should have a higher value than the energy
density. Meanwhile, the Casimir effect [9] is a way of
producing negative energy density. MTY also proved that
traversablewormholes could be stabilized using the Casimir
effect. Toward this end, placing two sufficiently charged
superconducting spheres at the traversable wormhole
mouths is enough. On the other hand, in 2011, Kanti and
Kleihaus [10] showed that it might be possible to construct a
traversable wormhole using normal matter by resorting to a
form of string theory.
In the literature, many authors have intensively studied

various aspects of traversable wormhole geometries within
different modified gravitational theories [11–60]. Among
them, the bumblebee gravity model has dynamically
violated Lorentz symmetry in terms of charge conjugation,
parity transformation, and time reversal. The model, with
its defined bumblebee vector field, can also feature rotation
and boost [61–66]. In fact, bumblebee gravity was first
used by Kostelecky and Samuel in 1989 [67,68] as a simple
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model for investigating the consequences of spontaneous
Lorentz violation.
The bumblebee mechanism arose in the context of string

theory and lead to a spontaneous breaking of Lorentz
symmetry by tensor-valued fields acquiring vacuum expect-
ation values [65]. The forcefulness of the bumblebee vector
field on the gravitational field has motivated us to construct
traversable wormholes. Very recently, a Schwarzschild-like
bumblebee black hole solution has been obtained [69]. From
the perspective of string theory and loop quantum gravity
theory, Lorentz symmetry breaking (LSB) is an interesting
idea for exploring the tracks of the quantum gravity at low
energy levels. LSB has been extensively studied in the
literature, e.g., see [70–75] and references therein.
The main aim of this paper is to construct an exact

solution of a traversable wormhole in the bumblebee
gravity field, where in Einstein’s field equations are
influenced by spontaneous breaking of Lorentz symmetry.
We sought to compute the weak deflection angle of the
obtained bumblebee wormhole. To this end, we employed
the Gibbons-Werner method (GWM) [76]. In this method,
the deflection angle, for the weak lensing limit, is calcu-
lated by the Gauss-Bonnet theorem (GBT), defined by the
background optical geometry. It is important to highlight
that non-singular domains are considered to be outside of
the light ray, which means that the GBT has a global impact
[76–79]. Wormholes have been widely studied by many
authors as have black holes; light deflection has been of
particular interest [80–99]. Another purpose of this paper is

to discover a traversable wormhole using normal matter,
which satisfies energy and flare-out conditions in the
bumblebee gravity. In the following sections, we shall
explain how these goals are achieved.
This paper is organized as follows: In Sec. II, we briefly

outline bumblebee gravity and its corresponding Einstein’s
field equations. In Sec. III, we present LSB wormhole
solutions and study the flare-out conditions. We check the
energy conditions of the bumblebee wormhole in Sec. IV.
In the framework of the GWM, Sec. V is devoted to the
study of the deflection angle of light in the weak limit
approximation. Our conclusions and remarks follow
in Sec. VI.

II. BUMBLEBEE GRAVITY

The action of the bumblebee gravity where the Lorentz
violation arises from the dynamics of a single vector field,
namely bumblebee field Bμ, with a real coupling constant ξ
(with mass dimension −1) is given by

SB¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2κ
Rþ 1

2κ
ξBμBνRμν−

1

4
BμνBμν−VðBμÞ

�

þ
Z

d4xLM; ð2:1Þ

where the bumblebee field strength (Bμν) and the potential
(V) are defined as follows

Bμν ¼ ∂μBν − ∂μBν; ð2:2Þ

V ≡ VðBμBμ � a2Þ: ð2:3Þ

where a2 is a positive real constant [69]. Vacuum expect-
ation value of the bumblebee gravitational field is governed
by the following condition

VðBμBμ � a2Þ ¼ 0:

This automatically implies that

BμBμ � a2 ¼ 0; ð2:4Þ

in which the signs (�) potentially determines the field type
of bμ∶ timelike or spacelike. Solutions of Eq. (2.4) are
conditional on the field Bμ that acquires a non-null vacuum
expectation value:

hBμi ¼ bμ: ð2:5Þ

In this setup, we use null torsion and null cosmological
constant, so that there is a non-null vector bμ which satisfies
bμbμ ¼ ∓a2 ¼ α ¼ constant. Thus, the nonzero vector
background bμ, which is a coefficient for Lorentz and

FIG. 1. Traversable wormhole.
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CPT violation, spontaneously breaks the Uð1Þ sym-
metry [100].
Bumblebee modified Einstein field equations [69] are

governed by

Gμν ¼ κTμν; ð2:6Þ

where the total energy-momentum tensor is given by [100]

Tμν ¼ TM
μν þ TB

μν; ð2:7Þ

in which TM
μν is the matter field and the bumblebee energy-

momentum tensor TB
μν reads

TB
μν ¼−BμαBα

ν −
1

4
BαβBαβgμν−Vgμνþ2V 0BμBν

þ ξ

κ

�
1

2
BαBβRαβgμν−BμBαRαν−BνBαRαμ

þ1

2
∇α∇μðBαBνÞ−

1

2
∇2ðBμBνÞ−

1

2
gμν∇α∇βðBαBβÞ

�
:

ð2:8Þ

Thus, the modified Einstein field equations (2.6) with the
bumblebee field can be expressed as follows [69]

Rμν − 8πG

�
TM
μν þ TB

μν −
1

2
gμνðTM þ TBÞ

�
¼ 0; ð2:9Þ

which has the following explicit form:

Einstein
μν ¼ Rμν − κ

�
TM
μν −

1

2
gμνTM

�
− κTB

μν − 2κgμνV

þ κBαBαgμνV 0 −
ξ

4
gμν∇2ðBαBαÞ

−
ξ

2
gμν∇α∇βðBαBβÞ ¼ 0; ð2:10Þ

where TM ¼ gμνTM
μν and κ ¼ 8π. The prime denotes a

derivative with respect to r. It can be easily checked that
when the both bumblebee field Bμ and potential VðBμÞ are
vanished, the original general relativity field equations are
recovered.
Here, we focus on the vacuum solutions induced by the

LSB, which is possible when the bumblebee field Bμ

remains frozen in its vacuum expectation value. Namely,
we consider the case of Eq. (2.5), so that we have a
vanishing potential: V ¼ V 0 ¼ 0 [101]. Thus, the bumble-
bee field strength (2.2) becomes

bμν ¼ ∂μbν − ∂νbμ: ð2:11Þ

III. EXACT SOLUTION OF BUMBLEBEE
WORMHOLE

In this section, we consider a static and a spherically
symmetric traversable wormhole solution [5] without any
tidal force

ds2 ¼ −dt2 þ dr2

1 − WðrÞ
r

þ r2dθ2 þ r2sin2θdφ2; ð3:1Þ

where WðrÞ is the shape function of the wormhole.
Furthermore, we set the bumblebee vector as follows

bμ ¼

2
640;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α

1 − WðrÞ
r

s
; 0; 0

3
75: ð3:2Þ

The bumblebee modified Einstein’s field equations with
the isotropic matter ðTμ

νÞM ¼ ð−ρ; p; p; pÞ [51]. We shall
use the equation of state: p ¼ wρ, in which ρ denotes the
energy density of the matter field, p stands for the pressure,
and w is the dimensionless R number. Thus, Eq. (2.10)
yields the following three Einstein’s field equations in the
bumblebee gravity theory for the wormhole metric (3.1)
(the details are tabulated in the Appendix):

Einstein
tt ¼−κρr3−3κwρr3þξαrW0−ξαWðrÞ¼ 0; ð3:3Þ

Einstein
rr ¼ 2rW0 − 2WðrÞ þ κwρr3 − κρr3

þ 3ξαrW0 − 3ξαWðrÞ ¼ 0; ð3:4Þ

Einstein
θθ ¼ κwρr3 − κρr3 þ 2ξαWðrÞ − 2ξαr

þ rW0 þWðrÞ ¼ 0: ð3:5Þ

From Eq. (3.3), one can obtain the density as follows
(see Appendix)

ρ ¼ l½rW0 −WðrÞ�
κr3ð1þ 3wÞ ; ð3:6Þ

in which l ¼ ξα. Solving Eq. (3.5) with Eq. (3.6), we find
the shape function as follows

WðrÞ ¼ lr
lþ 1

þ r0
lþ 1

�
r0
r

�5wlþ3lþ3wþ1
wl−lþ3wþ1

; ð3:7Þ

where Wðr0Þ ¼ r0 ≠ 0∶ throat radius. Inserting Eq. (3.7)
into Eq. (3.4), we get a condition on ω as the following

w ¼ −
lþ 1

5lþ 3
: ð3:8Þ

Thus, the shape function and density become
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WðrÞ ¼ 1

lþ 1

�
lrþ r0

�
r0
r

�−5l−3
3lþ1

�
; ð3:9Þ

ρ ¼ 5lþ 3

κð3lþ 1Þr02
ðr2r0Þ −2l

3lþ1: ð3:10Þ

It can be easily checked that as l → 0 ⇒ w → − 1
3
,

WðrÞ → r3

r02
, and ρ → 3

κr02
. On the other hand, one can

easily see that grr diverges at r ¼ r0. Furthermore, Eq. (3.9)
is nonasymptotically flat when (r → ∞):

lim
r→∞

WðrÞ
r

→
l

lþ 1
þ lim

r→∞

�
r0
r

�
1þ−5l−3

3lþ1

: ð3:11Þ

From the above equation, we infer that the first term is
independent of r, while the second term is vanished if
1þ −5l−3

3lþ1
> 0. Non-asymptotically flatness reflects the

non-trivial topological structure (arising from the LSB
effects) of the wormhole. Such solutions are similar to
the spacetimes whose having topological defects and
dilaton fields [102–104]. However, in principle, the sol-
ution obtained should be matched to an exterior vacuum
solution (for details, a reader may refer to [51]).
The Ricci scalar results in

R ¼ 3W0r2 − 2WðrÞW0 þ 3WðrÞ2
2r6

: ð3:12Þ

At r ¼ r0, Eq. (3.12) results in:

Rjr0 ¼
18l2 þ 24lþ 12

r04ð3lþ 1Þ2 : ð3:13Þ

In a similar way, the Kretschmann scalar:

K ¼ 2
r2W02 − 2rWðrÞW0 þ 3WðrÞ2

r6
; ð3:14Þ

yields

Kjr0 ¼
36l2 þ 24lþ 12

r04ð3lþ 1Þ2 : ð3:15Þ

It is clear from Eqs. (3.13) and (3.15) that singularity arises
if l ¼ − 1

3
.

A. Flare-out conditions:

Traversability of a wormhole is determined by the flare-
out conditions [5]. We can easily visualize the spatial
geometry of the wormhole using an embedding diagram.
The metric with t ¼ t0 (constant) reduces to the following
form at the equatorial plane θ ¼ π

2
∶ [105]

ds2 ¼ dr2

1 − WðrÞ
r

þ r2dφ2: ð3:16Þ

Then, we embed the wormhole geometry into a
Euclidean 3-space:

dσ2 ¼ dz2 þ dr2 þ r2dφ2; ð3:17Þ

which can be rewritten as follows

dσ2 ¼ ð1þ z02Þdr2 þ r2dφ2; ð3:18Þ

where

z0 ¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

WðrÞ − 1
q : ð3:19Þ

We can now calculate the proper radial distance, which
ought to be real and finite:

dðrÞ ¼
Z

r

r0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − WðrÞ

r

q : ð3:20Þ

We deduce from the above equation thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

WðrÞ
r

r
> 0: ð3:21Þ

It is worth noting that there is a coordinate singularity at
the throat of the wormhole. Thus, the flare-out conditions
[5,17] yield:

WðrÞ − r ≤ 0; ð3:22Þ

and

rW0 −WðrÞ < 0: ð3:23Þ
Thus, we have

W0 ¼ 3lþ 3

3lþ 1
< 1: ð3:24Þ

For the condition (3.24), it is depicted in Fig. 2 that the
flare-out conditions are satisfied for the negative l values.

FIG. 2. W0 versus l graph. The flare-out conditions are satisfied
for the negative values of l.
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IV. ENERGY CONDITIONS

Following the monograph of [106], in this section, we
shall analyze the energy conditions for the bumblebee
wormhole described with Eqs. (3.1) and (3.9).

A. Null energy condition:

The null energy condition is expressed in terms of energy
density and pressure as follows

ρþ p ≥ 0; ð4:1Þ

which yields

ρþ p ¼ ð4lþ 2Þr0
ð3lþ 1Þκr3

�
r0
r

�−5l−3
3lþ1

≥ 0: ð4:2Þ

At l ¼ − 1
2
, the null energy condition (4.2) becomes zero. It

is clear from Fig. 3 that the null energy condition for the
bumblebee wormhole is satisfied. Moreover, we depict an
interactive plot in [107] for the null energy condition of
the bumblebee wormhole in order to present the effect of
parameter l.

B. Weak energy condition

Weak energy condition is given by

ρ ≥ 0; ρþ p ≥ 0; ð4:3Þ

which gives the following result for the bumblebee
wormhole:

ρ ¼ r0ð5lþ 3Þ
ð3lþ 1Þκr3

�
r0
r

�−5l−3
3lþ1

≥ 0: ð4:4Þ

In Fig. 4, we show that weak energy condition for the
bumblebee wormhole is satisfied when the physical param-
eters are fixed to r0 ¼ 1, l ¼ −2, and κ ¼ 1. One can reach

to the interactive plot of the weak energy condition for the
bumblebee wormhole with the link given in [107]. By this
way, the effect of l on the weak energy condition can be
monitored.

C. Strong energy condition

Strong energy condition is governed by

ρþ 3p ≥ 0; ρþ p ≥ 0; ð4:5Þ

which yields the following expression for the wormhole of
bumblebee gravity:

ρþ 3p ¼ 2r0l
ð3lþ 1Þκr3

�
r0
r

�−5l−3
3lþ1

≥ 0 ð4:6Þ

From Fig. 5, it can be seen that strong energy condition
for the bumblebee wormhole is satisfied for the parameters
of r0 ¼ 1, l ¼ −2, and κ ¼ 1. To reach to the interactive
plot of the strong energy condition for the bumblebee
wormhole, one can follow the link given in [108].

FIG. 3. Null energy condition ρþ P ≥ 0 is satisfied for r0 ¼ 1,
l ¼ −2 and κ ¼ 1.

FIG. 4. The plot of energy density ρ for the values of parameters
r0 ¼ 1, l ¼ −2, and κ ¼ 1.

FIG. 5. The plot of ρþ 3P is satisfied for r0 ¼ 1, l ¼ −2 and
κ ¼ 1.
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V. DEFLECTION OF LIGHT

In this section, we shall explore the effect of bumblebee
gravity in the gravitational lensing of the spacetime of the
wormhole metric described by Eqs. (3.1) and (3.7). For
simplicity, the Lagrangian is chosen in the equatorial plane.
Thus, we get

2L ¼ −_t2 þ ð1þ lÞ_r2
1 − ðr0r Þ1þ

5wlþ3lþ3wþ1
wl−lþ3wþ1

þ r2 _φ2: ð5:1Þ

There are two constants of motion (energy and angular
momentum) for a massless particle, which are defined as
follows

E ¼ −gμνKμUν ¼ dt
dλ

; ð5:2Þ

L ¼ gμνΦμUν ¼ r2
dφ
dλ

; ð5:3Þ

in which λ denotes the affine parameter along the light ray.
Note that Kμ and Φμ are the timelike and rotational Killing
vectors, respectively. One can define the impact parameter
of the light ray as

b ¼ L
E
¼ r2

dφ
dt

: ð5:4Þ

From the above relations, one can find the following
differential equation for the light ray

�
dr
dφ

�
2

þ r2

BðrÞ ¼
r4

b2BðrÞ ; ð5:5Þ

in which

BðrÞ ¼ ð1þ lÞ
1 − ðr0r Þ1þ

5wlþ3lþ3wþ1
wl−lþ3wþ1

: ð5:6Þ

One can solve this equation by introducing a new
variable, let us say uðφÞ, which is related with the radial
coordinate as r ¼ 1

uðφÞ. If we use the following identity:

_r
_φ
¼ dr

dφ
¼ −

1

u2
du
dφ

; ð5:7Þ

then in the large r limit, it is possible to recover the
following relation

d2u
dφ2

þ βu ¼ 0: ð5:8Þ

Furthermore, β ¼ ð1þ lÞ−1, since in the weak limit we
have the following approximation:BðrÞ → 1þ l as r → ∞.
The solution of the last differential equation is given by

uðφÞ ¼ A1 sinð
ffiffiffi
β

p
φÞ þ A2 cosð

ffiffiffi
β

p
φÞ: ð5:9Þ

When using the following initial conditions uðφ ¼ 0Þ ¼ 0

and uðφ ¼ π=2Þ ¼ 1
b, we find

uðφÞ ¼ sinð ffiffiffi
β

p
φÞ

b

�
sin

� ffiffiffi
β

p
π

2

��−1
: ð5:10Þ

Moreover, one can use sin
� ffiffi

β
p

π

2

�
≃ 1 and in sequel

derives the light ray expression:

r ¼ b
sinð ffiffiffi

β
p

φÞ : ð5:11Þ

This equation is important in computing the deflection
angle in the GBT. Next, let us find the wormhole optical
metric by letting ds2 ¼ 0, which corresponds to

dt2 ¼ ð1þ lÞdr2
1 − ðr0r Þ1þ

5wlþ3lþ3wþ1
wl−lþ3wþ1

þ r2dφ2: ð5:12Þ

It is also possible to write down the wormhole optical
metric in terms of new coordinates xa:

dt2 ¼ habdxadxb ¼ dζ2 þH2ðζÞdφ2; ð5:13Þ

where

dζ ¼
ffiffiffiffiffiffiffiffiffiffi
1þ l

p
drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðr0r Þ1þ
5wlþ3lþ3wþ1
wl−lþ3wþ1

q ; H ¼ r: ð5:14Þ

The Gaussian optical curvature (GOC)K can be found to
be (see for details, [76])

K ¼ −
1

H

�
dr
dζ

d
dr

�
dr
dζ

�
dH
dr

þ
�
dr
dζ

�
2 d2H
dr2

�

¼ −
ð1þ ΞÞ

2r2ð1þ lÞ
�
r0
r

�
1þΞ

; ð5:15Þ

where

Ξ ¼ 5wlþ 3lþ 3wþ 1

wl − lþ 3wþ 1
: ð5:16Þ

Alternatively, one can approximate the above equation by
expanding in series around l. Thus, we get

K ≃ −
r20
r4

−
r20l½4 lnðr0r Þðwþ 1Þ − w − 1�

r4ð3wþ 1Þ : ð5:17Þ

The key point in this method is that a nonsingular
domain outside the light ray, say AR, which is bounded by
∂AR ¼ γh ∪ CR should be chosen. The GBT in the context
of the optical geometry is expressed as follows
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Z Z
AR

Kdσ þ
I
∂AR

κdtþ
X
k

ψk ¼ 2πχðARÞ; ð5:18Þ

in which κ gives the geodesic curvature, dσ is the optical
surface element, and ψk stands for the exterior angle at
the kth vertex. We set the Euler characteristic number to
one, i.e., χðARÞ ¼ 1. Thus, the geodesic curvature is
defined by [76]

κ ¼ hð∇_γ _γ; ̈γÞ; ð5:19Þ

where the unit speed condition is selected as hð_γ; _γÞ ¼ 1.
For a very large radial coordinate R → ∞, our two jump
angles (at the source S, and observerO), yield ψOþψS→π
[76]. Thus, the GBT simplifies toZ Z

AR

Kdσ þ
I
CR

κdt ¼R→∞
Z Z

A∞

Kdσ þ
Z

πþα̂

0

dφ ¼ π:

ð5:20Þ

By definition, the geodesic curvature for γh is set to zero.
Then, we are left with a contribution from the curve CR,
which is located at a distance R from the wormhole center
in the equatorial plane. In short, we need to compute the
following:

κðCRÞ ¼
			∇ _CR

_CR

			: ð5:21Þ

In component notation, the radial part can be written as

ð∇ _CR
_CRÞr ¼ _Cφ

Rð∂φ
_Cr
RÞ þ ΓrðopÞ

φφ ð _Cφ
RÞ2: ð5:22Þ

With the help of the unit speed condition, one can
calculate the Christoffel symbols that are related to our
optical metric in the large coordinate radius R and gets

lim
R→∞

κðCRÞ ¼ lim
R→∞

j∇ _CR
_CRj;

→
1ffiffiffiffiffiffiffiffiffiffi

1þ l
p

R
: ð5:23Þ

To understand the meaning of the above equation, we
rewrite the optical metric for a constant R. Thus, we have

lim
R→∞

dt → Rdφ: ð5:24Þ

Combining the last two equations together, we obtain

κðCRÞdt ¼
1ffiffiffiffiffiffiffiffiffiffi
1þ l

p dφ: ð5:25Þ

This equation implies that our wormhole geometry is
nonasymptotically flat and correspondingly, the optical
metric is not asymptotically Euclidean. Using this result,
we can express the deflection angle as follows

α̂ ¼ ð ffiffiffiffiffiffiffiffiffiffi
1þ l

p
− 1Þπ −

ffiffiffiffiffiffiffiffiffiffi
1þ l

p Z
π

0

Z
∞

b
sinð φffiffiffiffi

1þl
p Þ

Kdσ; ð5:26Þ

where the light ray rðφÞ ¼ b
sinð φffiffiffiffi

1þl
p Þ (b is now interpreted as

the impact parameter [85]) can be approximated to the
closest distance that is obtained from the wormhole in the
first order approximation. The first term of Eq. (5.26) can
be approximated as

ð ffiffiffiffiffiffiffiffiffiffi
1þ l

p
− 1Þπ ¼ lπ

2
−
l2π
8

þ � � � ð5:27Þ

The surface can also be approximated to

dσ ¼
ffiffiffi
h

p
dζdφ ≃

ffiffiffiffiffiffiffiffiffiffi
1þ l

p
rdrdφ: ð5:28Þ

Finally, the total deflection angle is found to be

α̂ ≃
lπ
2
−
Z

π

0

Z
∞

b
sinð φffiffiffiffi

1þl
p Þ

�
−
ð1þ ΞÞ

2r

�
r0
r

�
1þΞ

�
drdφ: ð5:29Þ

Evaluating the last integral, we find

α̂ ≃
lπ
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞπp
2

�
r0
b

�
1þΞ Γð2þΞ

2
Þ

Γð3þΞ
2
Þ ; ð5:30Þ

with the condition of 1þ Ξ > 0. Performing a series
expansion, we can write the last equation as follows

α̂ ≃
lπ
2
þ πr20
4b2

þ 5πr20l
8b2

−
πr20lw
b2

þ πr20l lnðr0bÞ
b2

−
πr20l ln 2

b2
þ 2πr20lw ln 2

b2
−
2πr20lw lnðr0bÞ

b2
: ð5:31Þ

Note that for vanishing bumblebee gravity, l ¼ 0, it
reduces to the original Einstein’s gravity and whence the

deflection angle becomes α̂ ≃ πr02

4b2 , which is in agreement
with the Ellis wormhole [81]. On the other hand, if
1þ Ξ ≤ 0, we can only incorporate the finite distance
corrections in the deflection angle of light.
It is worthwhile to reemphasize that due to the LSB

effect, there are additional terms seen in the left-hand side
of Eq. (3.11) that yields a nonasymptotically flat spacetime.
Although the first term of Eq. (3.11) is independent from
the radial coordinate, however the second term should be
vanished when r → ∞, which is achieved by the condition
of 1þ −5l−3

3lþ1
> 0. Otherwise, the second term blows up,

then the GBT becomes problematic. In fact, following
paper of Ishihara et al. [92], one can only apply a finite
correction to the deflection of light. Furthermore, there is a
reference paper [85] in which a similar work was carried
out for a different spacetime. To conclude, in a certain
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framework, the GBT can be applied to the spacetimes in the
presence of LSB effects.

VI. CONCLUSION

We searched for a way to construct a traversable worm-
hole solution, one which satisfies the energy conditions to
become the most interesting application of the general
relativity theory. In finding some realistic matter source that
keeps the wormhole throat open such that interstellar or
interuniverse travel might become possible, the modified
theories of gravity are thought to be new remedy. We have,
therefore, considered the bumblebee gravity model to have
such a traversable wormhole solution that satisfies the null,
weak, and strong energy conditions. In this paper, we first
derived the modified Einstein’s field equations for the
Lorentzian wormhole in the bumblebee gravitational field.
Next, using the associated field equations with bumblebee
gravity, we have obtained the new traversable wormhole
solution with the exact shape function (3.9) and with
w ¼ − lþ1

5lþ3
. Then, physical features of the obtained worm-

hole were studied in detail. Singularity of the solution was
analyzed by computing the Ricci and Kretschmann scalars.
It is seen that the singularity appears when l ¼ − 1

3
.

Afterwards, we have checked the flare-out conditions
W0 < 1 for the obtained bumblebee wormhole solution.
We have shown that the flare-out conditions are satisfied if
3lþ3
3lþ1

< 1 where it is plotted in Fig. 2.
In Sec. IV, we checked the energy conditions (null,

weak, and strong) for the bumblebee wormhole and
rendered them graphically. In Figs. 3–5, we analyzed the
three energy conditions of the bumblebee wormhole for
the values of r0 ¼ 1, l ¼ −2 and κ ¼ 1. We noted that
all energy conditions for the bumblebee wormhole were
satisfied when r0 ¼ 1, l ¼ −2 and κ ¼ 1. We also plotted
the energy conditions manipulated as interactive in
[107–109].
Another important point is that under the LSB effect,

the global topology of the wormhole spacetime changes.

The limit of WðrÞ
r at spatial infinity was found to be

WðrÞ
r

			
r→∞

→ l
lþ1

, which shows that our wormhole solution

was non-asymptotically flat. The deflection of light was
computed by applying the GBT to the bumblebee worm-
hole expressed in the optical geometry. It was seen that
bumblebee parameter affects the geodesic optical curva-
ture, modifying the final result for the deflection angle. Due
to the nontrivial global topology, we have shown that the
deflection of light is changed by δα̂ ¼ lπ=2, which is purely
a topological term and independent of the impact factor b.
In addition, we incorporated the bumblebee effects in the
total deflection angle by deriving the light ray equation,
which modifies the straight line approximation in the
domain of integration. In other words, the total deflection
angle not only depends on the geometry of the bumblebee

traversable wormhole (i.e., throat radius r0), but it varies
with the coupling constant l, and state parameter w. Finally,
in the case of l ¼ 0, we recovered the Ellis wormhole
deflection angle as being reported in the literature [81].
In short, the bumblebee wormhole that we constructed

satisfies the energy conditions for normal matter and flare-
out conditions near the throat. In the near future, we plan
to add new sources (scalar, electromagnetic etc.) to the
bumblebee gravity. In this manner, we wish to obtain
new spacetime solutions and analyze their physical fea-
tures [110].
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APPENDIX: ABOUT EINSTEIN FIELD
EQUATIONS OF THE BUMBLEBEE

WORMHOLE

The generic line-element of the static and a spherically
symmetric traversable wormhole can be expressed as
follows

ds2 ¼ −dt2 þ e2νðrÞdr2 þ r2ðdθ2 þ sin2 θdφ2Þ; ðA1Þ

which has following nonzero Ricci tensors:

Rrr ¼
2ν0

r
; ðA2Þ

Rθθ ¼
Rφφ

sin2 θ
¼ 1þ rν0 − 1

e2νðrÞ
: ðA3Þ

Recall that the prime symbol denotes the derivative with
respect to variable r. Setting

bμ ¼ ½0; bðrÞ; 0; 0�; ðA4Þ

and making straightforward calculations, one can obtain the
following results from Eq. (2.10):

Einstein
tt ¼ ð3ωþ 1Þρrκe4νðrÞ − 2bðrÞb0ξ − ψðrÞξr; ðA5Þ

Einstein
rr ¼ rρκðω − 1Þe4νðrÞ þ 4e2νðrÞν0 − 6bðrÞb0

þ 12bðrÞ2ν0ξ − 3ψðrÞξ; ðA6Þ

Einstein
θθ ≡Einstein

φφ ¼ð2þρκðω−1Þr2Þe4νðrÞ þ2ðrν0−1Þe2νðrÞ
−2ð−3bðrÞ2ν0rþ3bðrÞb0rþbðrÞ2Þξþ rψðrÞξ;

ðA7Þ
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where

ψðrÞ¼½3bðrÞ2ðν0Þ2−bðrÞ2ν00−5bðrÞν0b0þbðrÞb00þðb0Þ2�r: ðA8Þ

One can immediately check that for the traversable wormhole metric (3.1) with the bumblebee vector (3.2):

νðrÞ ¼ −
1

2
ln

�
1 −

WðrÞ
r

�
; ðA9Þ

bðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

α

1 − WðrÞ
r

s
; ðA10Þ

Eq. (A8) yields ψðrÞ ¼ 0. For this reason, in the obtained Einstein field equations (3.3)–(3.5), there are not any W02 and
W00 terms.
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