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Linear-cosmology observables, such as the cosmic microwave background (CMB), or the large-scale
distribution of matter, have long been used as clean probes of dark matter (DM) interactions with baryons.
It is standard to model the DM as an ideal fluid with a thermal Maxwell-Boltzmann (MB) velocity
distribution, in order to compute the heat and momentum-exchange rates relevant to these probes. This
approximation only applies in the limit where DM self-interactions are frequent enough to efficiently
redistribute DM velocities. It does not accurately describe weakly self-interacting particles, the velocity
distribution of which unavoidably departs from MB once they decouple from baryons. This article lays out
a new formalism required to accurately model DM-baryon scattering, even when DM self-interactions are
negligible. The ideal fluid equations are replaced by the collisional Boltzmann equation for the DM phase-
space distribution. The collision operator is approximated by a Fokker-Planck operator, constructed to
recover the exact momentum- and heat-exchange rates and allowing for an efficient numerical
implementation. Numerical solutions to the background evolution are presented and show that the MB
approximation can overestimate the heat-exchange rate by factors of approximately 2—3, especially for light
DM particles. A Boltzmann-Fokker-Planck hierarchy for perturbations is derived. This new formalism
allows one to explore a wider range of DM models and will be especially relevant for upcoming ultrahigh-

sensitivity cosmic microwave background probes.
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I. INTRODUCTION

Possible nongravitational interactions between dark mat-
ter (DM) and standard-model (SM) particles are testable
with cosmological observations, complementing collider
[1], direct-detection [2], and indirect [3] searches. Linear-
cosmology observables, in particular the cosmic microwave
background (CMB), provide especially clean tests of such
interactions, as the underlying physics is, in principle, very
well understood and computationally tractable. In addition
to being sensitive to energy injection from annihilating or
decaying DM [4,5], the CMB is a powerful probe of elastic
scattering between DM and SM particles [6,7]. On one hand,
the resulting heat exchange between the DM and the photon-
baryon fluids can lead to distortions of the CMB blackbody
spectrum [8]. On the other hand, momentum exchange
between the DM and any of the SM fluids (photons,
neutrinos, or electrons and baryons) affects the linear
evolution of initial perturbations and leaves an imprint on
CMB temperature and polarization anisotropies. Heat and
momentum exchange through DM-baryon scattering also
affect the matter power spectrum and derived observables,
such as the Lyman-a forest [9]; they also leave characteristic
imprints on the high-redshift 21 cm brightness temperature
and its fluctuations [10,11].

The first quantitative study of the effect of DM scattering
on CMB anisotropies and the matter power spectrum was
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carried out in Ref. [12], specifically for energy-independent
DM-photon interactions. The authors of Ref. [12] modified
Euler’s equations for the photons and the DM, assumed
to be an ideal fluid, by adding a drag term between the
two species, analogous to Compton drag between photons
and the electron-baryon fluid. Shortly after, Ref. [13]
derived analogous equations for DM scattering off baryons
with a velocity-independent cross section. To compute
the heat and momentum-exchange rates, which depend
on the velocity distributions of the interacting particles,
they assumed that DM, like baryons, has a Maxwell-
Boltzmann (MB) distribution. These studies have since
then been extended to a variety of interactions, such as
millicharged DM [14], DM with an electric dipole moment
[15], and DM scattering with neutrinos [16]. The problem
has received increased interest in the last few years,
following the release of Planck’s high-sensitivity and
high-resolution CMB maps [17-19]. Using Markov chain
Monte-Carlo (MCMC) analyses of Planck data, several
groups derived high-precision bounds to the elastic cross
section of DM with SM particles [9,20-26]. Still, even
these most recent studies rely on the simple approximation
that the DM is an ideal thermal fluid.

Even though it is the interactions with SM particles that
dictate the characteristic rates of heat and momentum
exchange, the precise values of these rates are functions
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of the detailed DM velocity distribution. The latter depends
not only on interactions with SM particles but also on self-
interactions. Indeed, if the DM is efficiently self-interacting,
its velocities get rapidly reshuffled to maximize entropy,
leading to the MB distribution. On the other hand, if DM
self-interactions are sufficiently weak, its velocity distribu-
tion unavoidably departs from MB as it thermally and
kinematically decouples from baryons. This could be the
case, for instance, if DM interactions are due to a small
electric charge or dipole moment or if the interacting
particles make up a subdominant fraction of the total DM
abundance. Therefore, existing linear-cosmology bounds to
DM-SM scattering strictly apply only to strongly self-
interacting DM. What is more, upcoming high-resolution
CMB missions [27] promise to be sensitive to cross sections
about 20 times weaker than Planck [28]. Should a positive
detection of interacting DM finally be made, it would
be extremely useful to glean even more information on
DM properties, in particular on the strength of its self-
interactions. In this work, we take the first steps in exploring
this new dimension of DM interactions.

To go beyond the ideal thermal fluid approximation, one
must solve the collisional Boltzmann equation for the DM
distribution. In this paper, we study, for the first time, the
collision operator for DM scattering off nonrelativistic SM
particles (in practice, thermal electrons or nuclei) with a
velocity-dependent cross section. It is rather straightfor-
ward to write an exact integral collision operator, but the
resulting integrodifferential Boltzmann equation would
be computationally demanding. We therefore derive a
Fokker-Planck (FP) approximation to the DM-SM collision
operator. While such an approximation has been amply
studied in the context of kinematic decoupling of DM
scattering off relativistic or light SM particles [29-34],
ours is the first work to derive the corresponding FP
operator for scattering with nonrelativistic baryons, for
an arbitrary mass ratio. In that case, the fractional change in
velocity per scattering event need not be small, and one
must give up the standard approach of Taylor expanding the
collision integrand. Instead, we adopt a top-down method
to construct the FP operator: starting from a general,
number-conserving diffusion operator, we enforce that it
satisfies detailed balance and gives the correct momentum
and heat-exchange rates. We show that when the DM
distribution becomes narrow and the diffusion approxima-
tion fails the exact momentum and heat-exchange rates
become closed-form expressions of the DM bulk velocity
and effective temperature, which our FP operator is con-
structed to recover. Our FP operator is therefore the best
possible diffusion approximation to the exact collision
operator. It makes it possible to efficiently solve for the
coupled evolution of DM and SM fluids, which would have
been numerically challenging with an integral collision
operator. The formalism developed here can therefore be
incorporated into future MCMC analyses of precision

linear-cosmology data, with a modest additional computa-
tional cost relative to the standard ideal thermal fluid
approximation.

The rest of this paper is organized as follows. In Sec. II,
we write down the general form of the collision operator for
elastically scattering DM and discuss its most important
properties. In Sec. III, we study the DM velocity drift rate
and diffusion tensor and derive general expressions as well
as specific ones applying to power-law cross sections. In
Sec. IV, we focus on the momentum and heat-exchange
rates and study the regimes where they take on closed-form
expressions. Section V describes the top-down construction
of the FP operator. In Sec. VI, we study the evolution of the
background distribution, which we evolve numerically to
quantify its nonthermal distortions and their impact on the
heat-exchange rate. We lay out the Boltzmann-Fokker-
Planck hierarchy for the evolution of perturbations in
Sec. VII. After discussing limitations and extensions of
our formalism in Sec. VIII, we conclude in Sec. IX.
Appendix A discusses the velocity dependence of DM
scattering with helium nuclei. In Appendix B, we give a
proof that the entropy is the unique functional that increases
for any distribution, in the case of local self-interactions. To
facilitate a quick read through this manuscript, we have
framed the most important equations.

II. GENERAL SETUP AND DEFINITIONS

In this work, we restrict ourselves to nonrelativistic DM
particles y (which need not be all of the dark matter), with
mass m,, abundance n,, and mass density p, = m,n,,
scattering off nonrelativistic scatterers with corresponding
properties mg, ng, p,. We denote the total mass by
M = mg + m,,. In practice, scatterers are either y itself or
standard model nuclei or electrons. We limit ourselves to
elastic scattering and, in particular, do not consider number-
changing interactions. In other words, we assume that the
abundance of y is already fixed, i.e., that chemical
decoupling occurs much before kinetic decoupling, of
interest here. This standard assumption [35] holds for a
variety of DM models [31,36], though not for all [34]. We
denote background quantities with an overline—for in-
stance, ii; o a~ is the background density of s, where a is
the scale factor. Throughout the paper, we use natural
units 7 =c = 1.

A. Cross section

The interaction is quantified by a differential cross
section do,,/dQ. It only depends on the magnitude of
the relative velocity v,,=[v, — v, and on the angle
between 2 =v,/v,, and @' =v,/v,, where primes
denote quantities after the scattering event (and recalling
that v}, = v,,). A particularly relevant quantity is the
momentum-exchange cross section
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= A/da)ﬁ A AL
v = [ @i R (=i i), (1)

In addition to providing general expressions, we shall also
consider power-law dependencies of the form

5(1))(s) = Gnvj(s’ (2)

where 7 is an (even) integer. The index n = —4 corresponds
to a Coulomb-like interaction, which would arise, for
instance, if the DM had a small electric charge [37], up
to logarithmic corrections. The case n = —2 corresponds to
DM with an electric dipole moment [15]. Even and positive
power laws n =0, 2, 4, 6 would arise from the non-
relativistic operators considered in Refs. [38], completing
the set introduced in Ref. [39]. While all of these operators
lead to a power-law cross section with protons, the velocity
dependence for interactions with helium nuclei is, in
principle, more complex for spin-independent operators
[22,24]. However, we justify in Appendix A that for the
physical conditions relevant to cosmological studies non-
pointlike effects are negligible for helium, and the DM-
helium cross section can also be approximated by a power
law in relative velocity.

B. Boltzmann equation and collision operator

We denote by f,(v) the probability distribution of DM
velocities, normalized such that

/d%fl(v) ~ 1. (3)

This distribution is m / n, times the DM phase-space
density, and the Boltzmann equation for the latter can be
rewritten as

d
) = mCI . )

where ¢ is the proper time and d/dt is the total derivative
along a free-particle trajectory.

The collision operator is the sum over scatterers s of
individual collision operators C,. Each one is an integral
operator of the form

Clf,\(v,) = /f'%()(vaw
£ (), VL)), (5)

where I', (v, — v,) is the differential scattering rate per
final velocity volume element. It should be clear that this
operator explicitly conserves the number of DM particles:

/ Pv,CA[f,)(v,) = 0. (6)

The differential scattering rate is explicitly given by

= ns/dSUsd3v/sfs(vs)
X M, (v, vV, V), (7)

Lys(v, = vy)

where f is the velocity distribution of scatterers, and
M, (v, vV, V)

do,,

T dQ

1
><5D<2(m v+ mav?) —

1
3 (mxvf( + mﬂ)?))

X 8p(m,v, +mys —m,v, —mg,). (8)

Changing integration variables from v} to v/, and integrat-
ing over v/, we may equivalently write it as

s
d 2
n [ @i [ @i
X &, <v)’( —y, - %%(ﬁ' - ﬁ)). 9)

In this paper, we will focus on the collision operator due to
scattering with nonrelativistic SM particles, specifically
nuclei or electrons, which we refer to as “baryons,”
following standard abuse of nomenclature. These particles
efficiently scatter with themselves and as a consequence
have a MB distribution. Moreover, they scatter efficiently
with one another and hence have a common mean velocity
V,, and temperature 7', (but of course, different species of
baryons have different mass m and density n,). Explicitly,
the scatterers’ velocity distribution is

fs(v) - g<v

where G is the Gaussian distribution,

Gw:T/m) = (%)3/2 exp (—”;—Vﬁ .

As a consequence, it is easy to show from Eq. (7) that the
differential rates I',, satisfy the following detailed balance

property:

Ly, =)=

— Vi Ty/my), (10)

mX(V - Vb)2
exp BT

m,(v' = V,)?
—P\TT o,

This implies that the collision operator conserves the MB
distribution at temperature 7', and mean velocity V, for the
DM (with mass m,):

)Fﬂ(v - V)

r

;(s("/ - ). (12)

C)(s [Q(v - Vb; Tb/m)()] =0. (13)
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III. VELOCITY DRIFT VECTOR
AND DIFFUSION TENSOR

In this section, we discuss important intermediate quan-
tities: the rates of velocity drift and diffusion. In subsequent
sections, we will relate them to the momentum- and heat-
exchange rates and to the coefficients of the Fokker-Planck
operator.

A. Definitions and general expressions

The velocity drift rate is defined as

d{Av)
dt

/d3 T, (v = V)V —v). (14)

v

Similarly, the velocity diffusion tensor is

d{Av' Av/ .
% = /d%’l}s(v =)0 =) (v —v).
(15)
Using Eq. (9), we obtain
Bl I
= V—M/dvxfs(v v
d
x/dzﬁ’%(ﬁ’—ﬁ). (16)

The innermost integral is just —6(v,,)7t, where & is the
momentum-exchange cross section defined in Eq. (1). We
therefore find

3
D [

Changing integration variables to u = Vys: and using

Eq. (10) for the MB distribution f, we arrive at

dt ’U;(fv;(vd( ) (17)

d(Av)
dt

_ -2 / Bunud(u)Gw — Ty m,),  (18)
where from here on we use the notation

w=r=V, (19)

It should be clear from Eq. (18) that the velocity drift is
parallel to w and moreover vanishes for w = 0. It therefore
takes the form

d(Av)

=B ATy /m,)w, (20)

where, explicitly,

o(u)Gw —u;T/m), (21)

A(w; T/m) E/d3uuu 2w
w

where we have purposefully left 7/m without labels to
keep this expression general.
Similarly, we rewrite the velocity diffusion tensor as

2
— (%> ns/d31jsfs(vs)v)3(‘

d . |
x/dzﬁ’%(ﬁ’—ﬁ)l(ﬁ’—ﬁy. (22)

d{Av' AvT)
dt

In general, this tensor depends on the # <2 multipole
moments of the differential cross section. Its trace, how-
ever, only depends on the momentum-exchange cross

section:

dl(A 2 2

WD 2 (%), [ @usoiatn,). @3
Here, again, this only depend on w = |v — V,|; explicitly,

dt
d{(Av)?)
dt

mY N
- ZM"DMB(W; T,/m,). (24)

where

B(w; T/m)E/d3uu35(u)g(w—u;T/m). (25)

B. Fluctuation-dissipation relation

Although individually .4 and B depend on the specific
cross section, one can derive a general relation between the
two. We start by rewriting the Gaussian as

Gw —u;T/m) = ™ 12T G(u; T/m)e™ /T (26)

so that we may rewrite A(w) and B(w) as follows:

B(w;T/m) :e"”’v2/2T/duu.7-"(u)Io <m;}u) (27)

.A(W; T/m) _ %e—mwz/ZT / du]:(u)zl (m;vu) s (28)

F(u) = 4nu*c(u)G(u; T /m), (29)
1 /1 sinh X
Io(X)== | due®r =———, 30
o) =5 [ et =5 (30)
1 [1 (X—1)eX = (X+1)eX
Ii(X)== Xn = 1
()= [ due — G1)
Using 27, + XZ,' = XZ,), we find
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B(w) = %(3«4(W) +wA'(w)) +w A(w)|.  (32)

This can be thought of as a generalized fluctuation-
dissipation relation (see, e.g., Ref. [40]). In particular, at
w — 0, we find

B@JM@z%J@JMﬁ (33)

C. Asymptotic limits

Provided & is scale free (as is the case for a power-law
cross section, for instance), then it is easy to see that
A(w;T/m) and B(w;T/m) have a characteristic scale

w, ~+/T/m. For w> /T /m, we have

Alw > \/T/m) = wa(w), (34)
B(w > +/T/m) = w?a(w). (35)

D. Explicit expressions for power-law cross sections

If the cross section is a power law of the form (2), the
coefficients .4 and B can be expressed in terms of the
confluent hypergeometric function of the first kind:

Aw T/m) = c,o, (%)%anwm_/rw), (36)

Bw;T/m) = 3¢40, (%) T, (37

15 x?
an(x)ElFl(_%’Ev_%>’ (38)

33 2
ﬂn(x)E1F1<_—n;— ,5,—%>, (39)
= 25%F3 2 40
cn:m (3+n/2). (40)

Note that the same hypergeometric functions appear
in the momentum and heating rates if the DM has a MB
distribution [26]—see also Ref. [11] for the case n = —4.
The coefficients A and B are more fundamental quantities,
however, independent of the DM distribution; here, the
relevant temperature and mass are those of the scatterers.
We will show in the next section how they imply the
expressions of Refs. [11,26].

IV. MOMENTUM- AND HEAT-EXCHANGE RATES

While the phase-space density f, contains the full
information about the DM velocity distribution, it is useful

to write equations for its first few moments. In particular,
the rates of momentum and heat exchange, related to the
first two moments, are most relevant for cosmological
observables.

A. General expressions

We define the DM bulk velocity V, and effective

x
temperature 7, such that
nz/fwmw (41)
1 3 2
T,= 3 dv(v=V,)°f,»). (42)

The momentum-exchange rate (per unit volume) is
= =PoVblys =—Ps

—p, [ dwC,lr)0 (43)

P, =r,V, |)(s

, (44)

v

where, to get the third line, we inserted the collision
operator (5) into Eq. (43) and used the symmetries of
the integrand and the definition (14) of the velocity drift
vector. Note that it is the total baryon density p, that
multiplies V,, even if only a specific species scatters with
the DM. Indeed, baryons quickly share momentum among
all species through frequent interactions. Substituting
Eq. (20), we obtain the following expression for the
momentum-exchange rate:

_PsPy

P, =

duf,(v)Aw; Ty/mg)(v = Vy)| (45)

Similarly, the DM heating rate per unit volume is

.3 .
Q= B n,T, |){S

=30 [ @V PCIIW. (6)

Using the symmetries of the integrand, this can be reex-
pressed in terms of the trace of the velocity diffusion tensor
(15) and of the drift rate (14) as follows:

2

. <d<<Av>2>
dt

. 1
Q;(:_p;(/dSUf;((v)

+20v=-V,)-

v

Substituting Egs. (20) and (24), we arrive at
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Pt ) (e BORTu ) = (v = V,) (0= Vi) A Tufm) ). (48)

N psp)(

QZ - M
We may similarly define the baryon heating rate
Qb =3 3n, Tb| . Conservation of total energy (arising from

both thermal and bulk motions) implies that

0, +Q,+V, P, =0 (49)

where we used ’Pb = —’PX. Here, again, it is the total
baryon number density n, that appears in the baryon heat-
exchange rate, for baryons quickly share heat even if only a
specific species scatters with the DM.

B. Case of a MB distribution

If the DM is thermalized by frequent self-interactions, its
distribution is MB:
f,v,) =6, =V,:T,/m,). (50)
In that case, the momentum- and heat-exchange rates can
be reexpressed in terms of the drift and diffusion rates
evaluated at T/m = T),/m; +T,/m,, as we show now.
We start by inserting Eq. (17) 1nto Eq. (43), to get

::m@ﬂmwm@ 1)

X U;(sv)(sa( ;(5) (51)

We rewrite the joint Gaussian distribution of v, v, as the
joint Gaussian distribution of the independent variables

v, =V, — v, and

Tym, myg
=,/—=v, -V L 2y, =V,), (52
vy T)(ms (v)( )() + Tbm){(vs b) ( )

with means V,, and zero, respectively, and both with
variance

Vi = T,/m, +T,/m;. (53)

Changing integration variables to v, and u =v,, and
integrating over the former, we arrive at

Pyl

P, =2

Puuus(u)Gu -V, 03).  (54)
Comparing with Egs. (18) and (21), we see that the last
integral is A(w; vtzh)w, evaluated at w =V, and substitut-

ing T/m — v3,

"P)( = Pl A(V;(h’ vth)

L Vi=V).  (55)

We proceed similarly for the heating rate, which we rewrite,
using Eqgs. (17) and (23), as

ﬂsp;(//d%xcp O f ) fs(V5) 0,56 (V)

mﬂ
X{M fs—v“-(vx—V){)}. (56)
We rewrite
7,7, T
m,mg m
Yy = V)( = 2)( vy + £ 2 £ (v)(s - V;(b) (57)
Uth Ut

so that the last term in Eq. (56) is

82 _
m s T Vs =V
T,T
x4b
_Tb_T)( 2 T;(/mxv B VAP G v
T M2 xs 2 xs " Vb 2 xs U+
th th th

(58)

Again, we change variables to v, u =v,, and integrate
over v,. Here, again, we can reexpress the result in terms of
the drift and diffusion rates evaluated at w = Vb sub-
stituting T,/my — v3:

i ,0 ps
Q)( = sz—vtzhlﬂvxb; ”tzh) x (T, - T;{)
Lo L LAV, IV (59)
M th )(

Using Eq. (49), we see that Qb takes the same expression,
with exchange of y and s, as it should. The first term in
Eq. (59) corresponds to heat transfer from the hottest to the
coolest component. The second term is a net heating for
both components, due to dissipation of bulk motions into
heat, with efficiency proportional to the thermal velocity
dispersion of each fluid.

If we specialize to power-law cross sections, inserting
Egs. (36) and (37) into Egs. (55) and (59), we recover the
expressions derived in Ref. [26] (and Ref. [11] for n = —4).
Once again, Egs. (36) and (37) are more fundamental
quantities, which do not depend on the DM distribution.
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C. Limiting cases with closed forms

In general, the integrals appearing in the momentum- and
heat-exchange rates (45) and (48) cannot be expressed as
closed forms of V,, and T,. They depend on the full phase-
space distribution f,(v), which must be obtained by
solving the full Boltzmann equation (4). Besides the case
in which f, is a MB distribution, discussed above, closed
forms may also be obtained if f, is sufficiently narrow.
Throughout, we assume a scale-free cross section, implying
that w? A" ~wA' ~ A and similarly for B.

L. Case in which T, /m, <V,

If f,(v) = f,(w+V,) is sufficiently narrow relative to
its mean at w =V,,, we may Taylor-expand A and B
around w =V, and obtain, up to corrections of relative
order (T,/m,)/ V7,

PPL AV s Ty fmy) x (V= V), (60)

P, ~ [

> psp)( ng T)( /
O, ~ (—B——(3A+WA)) . (61)
! M \M my (VypsTy/my)

Using the fluctuation-dissipation relation (32), we rewrite
the heating rate as

> psp)( M
~——-2——B(V,;T Ox |\ T,——T
Qx Mz(Tb/ms) ()(b b/m) <b m, 1)

PsPy

T, , '
T, mym, AV ) (62)

These expressions hold, provided T,/m, < Vf(b. This
limiting case can then be subdivided into two subcases
(either i or ii):

(i) Ty/mg2 V3, > T,/m,, in which case the variance
of the relative thermal motion is vfh ~ T,/ my.
Hence, Eq. (60) becomes identical to Eq. (55)
obtained under the assumption of a MB distribution.
Neglecting m,T,/(m,T),) in the first term of
Eq. (62), we see that this equation becomes identical
to Eq. (59).

(ii) T,/mg < V3, in which case we also have V,,, >
vy, Then, from Egs. (34) and (35), B(V,,)~
V;bA(Vlb) ~ V;b('f(be), independent of tempera-
ture and valid whether the coefficients are evaluated
at T),/m, or vy, In that case, again, Egs. (60) and
(55) are identical, and so are Eqs. (62) and (59),

which both reduce to Qx ~ (pspyms [ MP)V2,6(V ).

2. Case in which T,/m, < T,/mg and V;b < Ty/my

If the support of f, is well within the characteristic scale
of the coefficients A and B; i.e., if both Vf(b and TZ / m, are

much smaller than T, /m,, then, regardless of the relative
ordering of V)z(b and T,/m,, we can again Taylor expand
A and B near w = 0. The momentum and heating rates
are given by Eq. (60) and (62) evaluated at w =0 and
T,/ mg ~ v}, Here, again, we may neglect m,T,/(m,T}) in
the first term of Eq. (62) and hence find that Egs. (60) and
(62) are identical to Egs. (55) and (59), respectively.

To conclude, we have identified two limiting cases in
which Egs. (55) and (59) still hold, even if the underlying
DM distribution is not MB:

2
T,/m, <V,
or

Vf{b < Ty/m; and T,/m, <T,/m;.  (63)

In these limiting cases, the momentum- and heat-exchange
rates become closed equations for the DM mean velocity
V, and its effective temperature T,, regardless of the
underlying velocity distribution, provided it is sufficiently
narrow.

V. FOKKER-PLANCK APPROXIMATION
TO THE COLLISION OPERATOR

A. Motivation

If the DM distribution is not set to MB by self-
interactions, we must explicitly solve for f, to get the
momentum- and heat-exchange rates when f, is too broad.
Specifically, the closed-form expressions derived in
Sec. IV C no longer apply when (63) is not satisfied,
ie., if

Vi ST, /m,

and T,/m;<T,/m,. (64)
Conveniently, this corresponds to the regime where the
characteristic change in the DM velocity per scattering
event is smaller than the variance of the DM distribution.
Indeed, during an elastic scattering event y +s — y + s,
the DM velocity changes by

S —1). (65)
This implies

2 2 2

(ar)?” (’"—) (1 1 Yo ¥ Tolms ms) <1 (66)
T,/m, \M T,/m,

This is precisely the regime where the integral collision
operator (5) can be approximated by a diffusion or FP
operator. Such a collision operator is more amenable to
efficient numerical evolution than the full integral operator
(5). Thinking of this approximation in terms of a discretized
distribution function, the exact integral collision operator
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corresponds to a multiplication by a full matrix, while the
FP operator corresponds to a tridiagonal matrix.

Strictly speaking, the diffusion approximation is expec-
ted to be most accurate when the velocity change per
scattering is much smaller than the width of the DM
distribution, i.e., from Eq. (66), when m; < m,. When
this condition is not satisfied, there is not a well-defined
small parameter in which to expand the integral collision
operator; see, e.g., Ref. [33].

To minimize errors even when scattering is not strictly
diffusive, we will construct the FP collision operator with a
“top-down” approach. Rather than starting from the exact
collision operator and Taylor expanding in Av (as done,
e.g., in studies of kinetic decoupling of neutralino DM [41]
scattering with relativistic leptons [29-31]), we start from a
general second-order diffusion operator and uniquely
determine all coefficients by demanding that this operator
satisfies essential properties of the exact collision operator.
Specifically, we enforce that the operator conserves DM
number, satisfies detailed balance, and gives the correct
momentum- and heat-exchange rates for a given distribu-
tion f,. This ensures that we can use the FP operator
through the entire evolution of the DM distribution function
(with a subtle caveat, which we discuss later on). Indeed,
even if the DM distribution is too narrow for the diffusion
approximation to strictly apply, our FP operator is con-
structed in such a way as to give the correct closed-form
expressions for the momentum- and heat-exchange rates
that apply in this case. It therefore leads to the correct
evolution of the bulk momentum and effective temperature,
as well as the correct momentum- and heat-exchange rates,
even if the DM distribution is inaccurately computed.

In summary, either the DM velocity distribution is broad,
in which case the FP approximation is accurate, or it is
narrow, in which case our top-down FP operator still
recovers the correct momentum- and heat-exchange rates.
We defer to future work a quantitative study of the accuracy
of this approximation in the intermediate regime.

B. Top-down construction of the FP operator

We seek to approximate the exact collision operator by a
second-order differential operator of the form [40]

IO = e {35 D OO+ I | (67

This operator explicitly conserves particle number, i.e.,
satisfies Eq. (6). We now determine the vector d and
symmetric tensor D/ so that this approximate collision
operator gives the correct momentum- and heat-exchange
rates and satisfies detailed balance.

Multiplying Eq. (67) by m,v and integrating over
velocities, we find, after integrating by parts,

P, = _/’x/d3vd(")fx(v)' (68)

For this expression to be identical to Eq. (44) for any
distribution f,, it must be that the vector d(v) is the
opposite of the velocity drift vector:

= %A(w; Ty/m)w.  (69)

v

Similarly, multiplying Eq. (67) by 1 (v — V,)? and integrat-
ing over velocities, we find the heating rate

. 1 -
0, =5, / oD~ 20y = V,)-d))f, ). (70)
For this expression to be identical to Eq. (47) for any
distribution f,, it must be that the trace of D" is the trace of
the velocity diffusion tensor:

d((Av)?)

D=D'=
dt

mSpS
=2 e B(w;Ty/my).  (71)

v

To determine the anisotropic components of DY, we
enforce detailed balance by imposing that the number
flux—the quantity in brackets in Eq. (67)—vanishes
for a MB distribution at temperature 7', and mean velocity
V), (with mass m, ). This condition is obtained by integrat-
ing Eq. (67) over any finite velocity volume and using
Stokes’s theorem. This constrains the FP coefficients to
satisfy

0,0 — % (v=V,),DU+2d1 =0.  (72)
b

Isotropy in the rest frame of the scatterers implies that the
tensor D/ only has two independent components, longi-
tudinal and transverse to w =v —V,, respectively, the
magnitude of which only depends on w:

Dii(v) = Dy (w)iviiol + D (w)(8 — Wi,

Dy(w) cini ey, PW)
5 (3w —6)+T(5 —-wa’). (73)

Inserting this expression into Eq. (72), we find that D (w)
satisfies the following first-order differential equation (see
Ref. [42] for equivalent equations in a very different
context):

dD m,w?
I X
w d + 3DH(W> - Tb

w

D‘|:D—2Wd

= 2%% <B(w; T,/my) — mﬂsz(W; Th/ms)>' (74)

N
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Using the fluctuation-dissipation relation (32), we find

Dy(w) = zp;f; A(w:Ty/m,). (75)

We have therefore entirely determined the coefficients D/
and d and uniquely defined the FP operator.

To summarize, using Eq. (72), the FP operator is

A T

where the tensor DV is given by

Clf ) =

DY (v)

M2

T "
_psiny { B(w; Ty/m,) (87 — Wid) +—2 A(w: T, /m,) (30
m

- 5if)}. (77)

N

The FP operator (76) is an approximation to the full
collision operator, expected to be most accurate when
scattering events typically change the DM velocity by a
small fractional amount. It conserves the DM number and
gives the correct rates of momentum and heat exchange, at
a given distribution function. Finally, it satisfies detailed
balance, i.e., preserves the Maxwell-Boltzmann distribu-
tion at temperature 7, and mean velocity V. In this sense,
it is the best possible diffusion approximation to the full
collision operator, even when velocity changes per scatter-
ing are not small. It most notably differs from previously
derived expressions (e.g., Ref. [33] and references therein)
by the velocity dependence and anisotropy of the diffusion
tensor.

VI. BACKGROUND EVOLUTION

A. Homogeneous FP equation

We first study the evolution of the background homo-
geneous and isotropic distribution ]_”X, in the absence of
perturbations. Setting V, =0, the FP operator (76)
becomes

27 = o o Lo (e ez, ) b o9

where all densities and temperatures are background
(homogeneous) quantities and the coefficient A is to be
evaluated at T,/m,. The Boltzmann equation in the
expanding background is

d -37 —
E(a 3f;{)=

(0, — Hvo,)(a™’f,) = a>C[f,J(v).  (79)

where H is the Hubble rate and we used 7, o a=3. The
evolution of the effective temperature is then

d
i T

=% [ @i o)

2pXT,,m

— 37 v A(v )(vabfx Al fx)

(80)

where we have integrated by parts to get the second
expression.

B. Condition of validity of the MB distribution

We now show that the MB distribution with temperature
T, is the solution of the background FP equation if and only
if the diffusion coefficient 4 is independent of velocity.

We start by defining a MB temperature T)B, the
evolution of which is obtained by substituting a MB
distribution f)® with temperature T3'® in Eq. (80). This
is what is usually used as the DM temperature in the
existing literature and in general is not equal to the correct
effective temperature defined in Eq. (42). We find

1 d

2psm
a? “Ps™y
2dt< TMB) M2 -AMB( b

T,~TY).  (81)

where the velocity-independent coefficient AMB is the
following weighted average of A(v; T,/my):

AMB — / i) I B (3 TV AT, ). (82)

This expression can be independently derived from

Eq. (59), setting V,,;, = 0,
1d 2p.m
—za(azT;?AB) =3, " 5 B(0; vg,) (T, = T)'™)
2psm
= TEEAQ )T, - ). (83)

where v3 is given by Eq. (53), with T, > T};’[B, and we
used the fluctuation-dissipation relation (33). We conclude
that
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AMB = A(0; T, /ms + TYB/m,). (84)

We now define CMB to be the FP operator obtained by
replacing A(v) by AMB in Eq. (78). Let us show that the
MB distribution at temperature T»® is a solution of

(@ fy") — CMB

@S 7). (55)

The left-hand side is

d(a=3fMB) 34 m,v?
a? ———~ 2 =~ —In(a’TB) (—l - 1>fMB(v).
dt 2dt NG b ¥
(86)

On the other hand, since AMP is independent of v, we may
rewrite the right-hand side as

3,
CVBIFYB)(v) = - s AV (T), = T3)
X
m ’1}2
x (3;MB - 1) MB). (87)
X

We see that Eq. (85) is indeed satisfied for all », provided
TMB is a solution of Eq. (81).

Let us now define AA(v) = A(v) — AMB, AC[f,]=
Clf,] — CMB[f,], and Af, = f, — />B. Using Eq. (85),
the Boltzmann equation can be rewritten as the following
inhomogeneous partial differential equation for AJ_’Z:

2 d(a>3Af,) B
dt
o m;(ps(T;l;AB - Tb)
- M2TMB 2
X

CIAf,] = AC[f}"]

9 raawpme). (89

This equation does not admit A]x = 0 as a solution, unless
the right-hand side vanishes for all v, which is the case
if and only if A= AMB is independent of velocity.
We therefore conclude that the MB distribution is a
solution of the homogeneous Boltzmann-FP equation
if and only if A is independent of velocity. As a conse-
quence, the temperature T };’IB is in general not equal to the
effective temperature 7, defined in Eq. (42). More impor-
tantly, the background heat-exchange rate is not correctly
captured by the MB approximation if 4 is velocity
dependent.

C. Numerical solution during radiation domination

For most cosmological probes of interest, thermal and
kinematic decoupling of the DM occurs deep in the

radiation era given current upper bounds, and we focus
on this epoch here to simplify the problem and gain

intuition. We therefore assume that H(a) = Ho QY a2,
We also assume that DM scatters off a single species s,
with background density n, = n,,a~>. The generalization
to an arbitrary Hubble expansion rate and to multiple
scatterers is straightforward but does not allow one to
write equations in the simple dimensionless form that we
now derive.

1. Thermal approximation

We assume that, up to very small perturbations,
heat exchange with the DM does not noticeably affect
the standard temperature evolution of the photon-baryon
plasma, which is in thermal equilibrium at these redshifts,
with a temperature T, = T\y/a. We specialize to power-law
cross sections of the form (2), with n > —3, so that the DM
is thermally coupled to the baryons at early times and
eventually decouples. We denote by a, the characteristic
scale factor at thermal decoupling [8],

w43 n M2 \'T [To\%
ay = zcnan%sol/z (—> 2 <_0> i ’ (89)
HyQ,"' = \1mimy, M

where ¢, was defined in Eq. (40). We define the rescaled
scale factor y and dimensionless effective temperature X:

y= a/anv X= T)(/Tb' (90)

We also define the dimensionless heat-exchange rate

o, d

0= =
3, HT, dy

(yX). o1

In terms of these variables, Eq. (81) may be rewritten as

(92)

d(yXMB) (14 (my/m,)XMB\ "5 | — xMB
dy 1 +mg/m, =

This makes it clear that, for a given n, the evolution of
TYB/T) is a function of y and m/m, only.

We show the numerical solution of Eq. (92) and resulting
dimensionless heat-exchange rate in Fig. 1, for n = 0 and
2, and for ms/ml = 0.01, 1, 100. We can understand its
asymptotic features as follows.

First, for y < 1, we have XMB — 1 and QMB — 1. More
precisely, we find the asymptotic expansion

wa NS+ 4mg/m,

XMB 1 — T+ yn+3’ (93)
2(1 + ms/ml)
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1072 107! 10° 10 102 103 10*
y=a/ay,

FIG. 1. Evolution of the rescaled DM temperature X =7, /T,
and dimensionless heat-exchange rate Q = Qx/%nXHTb as a
function of the rescaled scale factor y = a/a,, in the Maxwell-
Boltzmann approximation.

valid up to corrections of order O(y:"3)). We use this
expression to initialize our numerical integration of
Eq. (92).

Second, for y>1, we have XMB~1/y. Once
(my/m,)XMB < 1, we find

n+3

yT
ntl?
2

QMBQ’
(1+my/m,)

y > max(l,m;/m,). (94)

If mg/m, > 1, there is moreover an intermediate regime,

1
yn+2 ’

OMB ~ l <y << mg/m,. (95)
2. Fokker-Planck solution

We rewrite the Boltzmann equation in terms of y = a/a,,
and dimensionless variables

= \/?1}, N(y.x) =4av’f,(a,v). (96)
b

The function A is the distribution of velocities per
logarithmic interval, such that [dInxAN =1. The
Boltzmann equation becomes

« x@x{xzan <x \/Z—) 0,V /) + x(N/x3)]}.

97)

Again, the evolution of N (y, x) only depends on the index
n and on the mass ratio m;/m,. The rescaled effective
temperature X = T, /T, is then obtained from

X :%/dlnxﬁ./\/’, (98)

and the dimensionless heat-exchange rate Q is again
obtained from Q = d(yX)/dy.

We evolve Eq. (97) numerically using a method
similar in spirit to that of Refs. [43,44]: we discretize
the collision operator with a tridiagonal matrix, which
exactly satisfies detailed balance and conserves DM
number; we use a fixed logarithmic time step Alny
and set Alnx = Alny/2 so that Hubble redshifting can
be exactly accounted for by simply moving down the
distribution N by one bin at each time step. As a sanity
check, we verified that our code does recover a MB
distribution with temperature T}'® when solving Eq. (97)
with the velocity-averaged diffusion coefficient a}B=
(14 (my/m,)X)"*V/2 For increased accuracy, we solve
for AN = N — N'MB_ as this vanishes initially, and is less
prone to numerical errors.

We find that the amplitude of the distortion from MB and
the fractional change in heating rate |Q — QMB|/Q both
increase with m,/m,, as well as with |n+ 1]. For
my/m, <1, we find that the MB approximation reproduces
the heat-exchange rate to better than 15% accuracy for
—2 < n <4. We emphasize that by no means does this
imply that perturbed quantities are recovered this accurately
by the MB approximation.

For m,/m, > 1, however, the MB approximation and
FP solution have order-unity differences, in particular for
n > 2. This is illustrated in Fig. 2, in which we show, for
my/m, = 100, the departure of the DM distribution from
MB and the resulting heat-exchange rates. Figure 3 shows
the fractional difference in the heat-exchange rate between
the MB approximation and the FP solution, for several
mass ratios and indices n. We see that this difference is
largest around the time of decoupling but remains signifi-
cant all the way to y~mg/m, (corresponding to
T,/m, ~T,/my), ie., until long after thermal decoupling
if m; > m,. At later times, the heating rates eventually
converge, despite the fact that nonthermal distortions to the
DM distribution are largest (see the left panel of Fig. 2).
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This is to be expected from our discussion in Sec. IV C;
once T, /m, < T},/my, the heating rate takes on a closed
form, independent of the detailed shape of f,.

It is noteworthy that, somewhat counterintuitively, the
MB approximation happens to be most accurate for cases in
which decoupling takes the longest. The reason is that the

swiftness of decoupling plays no role in the accuracy of the
MB approximation; it is only dependent on the steepness of
the diffusion coefficient across the width of the DM
distribution. It is also worthwhile to notice that the MB
approximation systematically overestimates the efficiency
of heat exchange.

0.2 A3 Afy ——e- QMB - 1.50
0.1 — @ - 1.25
........ |AQ|/Q

0.0 r1.00

—0.14 F0.75

—0.2 r 0.50

—0.3 n— -9 - 0.25

044 b L 0.00

0.2 - 1.50

0.1 1 F1.25

- 1.00

- 0.75

- 0.50

- 0.25

0.00

F1.50

F1.25

r1.00

r0.75

r 0.50

r0.25

- 0.00

0.2 F1.50

0.1 r1.25

0.0 1 r 1.00

—0.1 1 - 0.75

—0.2 4 F 0.50

034 -4 .' - 0.25

T 2 ) PO NN 0.00
107! 100 10! 102 10

/My /TMEB v,

y =af/a,

FIG. 2. For a baryon-to-DM mass ratio m/m, = 100, the left column shows the departure of the DM velocity distribution from MB,
for several values of the index n such that 6, « v},,. The right column shows the corresponding dimensionless heat-exchange rates and

their fractional difference, as a function of a/a,,, where a,, is the characteristic scale factor of thermal decoupling. The colored points on
the right column correspond to the times at which the distortion is plotted on the left. We see that the characteristic distortion amplitude
and |AQ|/Q increase with |n + 1|. For n = 2 and, especially, n = 4, the heat-exchange rates computed in the MB approximation and

with the Boltzmann-Fokker-Planck equation differ by order unity.
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FIG. 3. Fractional difference in the homogeneous heat-
exchange rate computed in the MB approximation and from
the FP equation, as a function of rescaled scale factor, for n = 0,
2, 4, and for baryon-to-DM mass ratios ms/mx =1, 10, 102, 103,
from bottom to top on each panel. For n = 0, the homogeneous
exchange rate does not differ by more than a few percent, while
for n = 4, there are order-unity differences for m/m, 2 10. For
n=4,my/m, = 103, the curve is truncated at y = 300, beyond
which @ < 10715,

VII. PERTURBATIONS

A. Invalidity of the MB approximation
for perturbations

To study the impact of DM-baryon scattering on the
evolution of perturbation, hence CMB anisotropies and
large-scale-structure observables, we must solve for the
perturbed Boltzmann-Fokker-Planck equation.

Let us first note that, even if the diffusion coefficient is
isotropic and independent of velocity, the MB distribution
is not a solution of the Boltzmann equation as soon as there

are spatial perturbations. To see this, consider the case
in which DY = Dy§", where D) is independent of
velocity. Insert the MB distribution into both sides of
the perturbed Boltzmann equation. Equate the coefficients
of 1 —m, (v —V,)?/3T>B, and find the following equation
for the temperature:

1 1 m
o <a, +ov Vx> (a®THB) = T—jDH(Tb - TYB).  (99)

The advection term v - V. implies that the temperature must
depend on the velocity of the nonrelativistic DM, hence that
a MB distribution is not permitted. This would not be the
case if the DM were relativistic; in this case, an aniso-
tropic but still thermal momentum distribution would be
permitted—it is the case, for instance, of CMB photons,
the spectrum of which is a blackbody with a direction-
dependent temperature.

We therefore expect factor-of-a-few differences between
the thermal approximation and the FP equation when
computing the momentum-exchange rate, even for a
nearly velocity-independent diffusion rate. From our study
of the background heat-exchange rates in Sec. VI, we
expect that the fractional difference will be largest around
thermal decoupling at redshift z, = a,;! and remain signifi-
cant until z~(m,/my)z, for m,<<m,. For m, =1 MeV,
the 95% confidence upper limits to the DM-baryon cross
section of Ref. [24] translate to z, ~ 16 x 10* 8 x 10* for
the operators O;(n = 2) and O3(n = 4), respectively. This
implies that fractional differences in momentum- and heat-
exchange rates ought to be significant from z ~ 10° all the
way down to z ~ 102, i.e., throughout the epochs relevant to
CMB anisotropies, from which these limits are derived. We
therefore expect that the differences between the thermal
approximation and the FP treatment ought to affect upper
bounds and forecasts at the factor-of-a-few level.

B. Boltzmann-Fokker-Planck hierarchy

The most sensible method to numerically solve for the
perturbed DM distribution is to first expand it (in Fourier
space) on the basis of Legendre polynomials, as is usually
done in the study of photons or neutrinos [45]. We define
the perturbation 5f, as

8f,=0+68,)f,—fp

where 5, = on,,/ii,,. For a given Fourier wave number k, we
then expand of, as

(100)

of (t.k.v) = i* (26 + 1) fp(t. k. v)Ps(k- D). (101)
4

To write the perturbed Boltzmann equation, we must first
specify a gauge. We adopt the conformal Newtonian gauge
[45], with metric
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ds* = a’[—(1 + 2y)da> + (1 = 2¢)dx?].  (102)
The time appearing in the Boltzmann equation is the
proper time of comoving observers,! dt = a(l+y)dr.
The Boltzmann equation can then be rewritten in terms

of conformal time 7 as

d
3% -
dr[a

a

31+6,)f,) =a(l+w)C[(1+6,)f,]. (103)
Let us first compute the right-hand side to linear order in
perturbations,

Cl(1+6,)1,]

= ClF )+ S e+ VE p(k )Pk )], (104)
14

where C is the background collision operator, obtained for
V, = 0 and homogeneous and isothermal scatterers. It is
relatively straightforward to show that

Clfe(t. ke, v)Py(k -

TF&) Pe(k-0).  (105)

The term C[f /| has perturbations due to inhomogeneities in
the scatterers’s density and temperature, as well as their
peculiar velocity. The latter is the most delicate to compute,
due to the dependence of the diffusion tensor on V. It is
best to first rewrite

£ ) )0,
to linear order in perturbations. We then get
CUEI0) = gz |01 (0T + o0, )|

w=v-V,

+C[(V, - 9)0,.f,]

= (1+6,)C[f,)(v )+5Th [1]

=f,0=Vy) +(V, (106)

(Va0 00T, - %a@ ~0.(Cl7 )],
(107)

where 6, = 8p,/p,. The last line of Eq. (107) reduces to
%DH%V;, . Gvﬂ if the diffusion tensor is isotropic and
independent of velocity, as it should.

Let us now consider the left-hand side of the Boltzmann
equation. To evaluate the total derivative operator d/dr, we

must first clarify the meaning of v: it is the proper velocity

"This ¢ is therefore not the usual FLRW time coordinate.

measured by a comoving observer, i.e., up to corrections of
order »? and to linear order in metric perturbations,

. dx'!
=y, =(1=¢— ) 108
vi=o=0-¢-y) (108)
The geodesic equation then translates to
d .
dl — —aHv + v — Dy (109)
T

Hence, to linear order, the total derivative operator is

d/dt =0, +v-0, + (—aHv + v — Oy) - 9,, (110)
where we neglected perturbed quantities multiplying 0O,
which only acts on perturbations. Putting everything
together, and moreover assuming V, = ilAch, as is the
case for scalar modes, we arrive at the following hierarchy
of equations for the perturbations:

kv
3f,) —aHvd, ff+2f+1

<C 'f(f;) ){f,;—l— V0, fléﬂ]

a9, (a [£f o1 = (€ + 1) frid]

_ sC . _
( aly + 5 f){] + a(STb < [ )(] ¢val)f)(> 5f0

(kllfayf;( —aV,0,(C[f,]))8¢1. (111)

) |

This hierarchy is similar to that satisfied by massive
neutrinos [45], with an additional collision term.

The DM hierarchy must be solved simultaneously with
the evolution of baryon perturbations. Baryons are them-
selves always an ideal thermal fluid, described by their
density, bulk velocity, and temperature. The continuity
equation is unchanged, but the momentum equation gets an
additional contribution due to scattering with DM, given by
Eq. (45). This can be rewritten in terms of the dipole part of
the DM perturbation, f;, as follows:

pVil =" [ @ovd(n) (110) +3vi0.7, ). (12)

We see that the full shapes of f;(v) and J_[)( are relevant to
the momentum-exchange rate. Notice that it is p, that
appears in the left-hand side, as all baryons rapidly share
momentum, but only the mass density of scatterers, p,, that
appears on the right-hand side.

The baryon temperature T), = T}, + 6T), must also be
solved for simultaneously. In addition to adiabatic cooling
and Compton heating, DM-baryon interactions lead to the
following cooling rate, to linear order in perturbations:
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X (%B(U;Tb/ms) — 2 A(v; Tb/ms)>.
(113)

Perturbations to this equation2 arise from the monopole of
the perturbed DM distribution f, as well as perturbations
to T, inside A and B.

Finally, the system is closed with the Einstein field
equations, sourcing the potentials ¢ and w, which also
depend on integrals of the moments f,-,.

A particular case of the perturbed Boltzmann-FP equa-
tion for neutralino-DM was first studied in Ref. [29]. In that
case, the DM scatters off relativistic leptons, and the
diffusion tensor is isotropic and independent of velocity.
This allowed the author of Ref. [29] to further expand the
DM distribution function on the basis of eigenfunctions of
the FP operator (see also Ref. [33] and the application in
Ref. [46] with a truncated hierarchy that reduces to ideal
thermal fluid equations). In contrast, no analytic eigen-
functions are available for the velocity-dependent diffusion
tensor that we first study here. One must therefore solve a
system of partial differential equations for the f,(z,k, v)
rather than ordinary differential equations for the coeffi-
cients of the eigenfunctions. Still, the numerical burden
should be manageable and not much larger than what is
required to solve the Boltzmann hierarchy for massive
neutrinos. We defer to future work the implementation of
the above Boltzmann-FP hierarchy into a CMB Boltzmann
code as well as the subsequent extraction of limits on DM-
baryon cross sections from CMB anisotropy data.

VIII. LIMITATIONS AND EXTENSIONS

A. Late-coupling scenarios

So far, we have only considered velocity dependences
such that the DM starts thermally and kinematically
coupled to baryons and eventually decouples. For steep
enough negative power laws of velocity, the reverse
happens: the DM starts thermally and kinematically
decoupled and couples to baryons at late time.

A concrete example is a Coulomb-like DM-baryon
interaction, with cross section ¢ o 1/ v*, which could arise,
for instance, for a millicharged DM particle. Because of the
late-time coupling in these scenarios, this is potentially
detectable in 21 cm tomography [10,11]. It has recently
been invoked [47,48] as a possible explanation of the
EDGES 21 cm measurement [49], though this would

*It is worthwhile to point out that none of the linear-cosmology
studies of DM-baryon interactions seems to have considered
perturbations to the baryon and DM temperatures thus far.

require the millicharged particle to only make a small
fraction of the total DM [50-53].

The late thermal decoupling in these scenarios leads to
some modeling challenges. First of all, the bulk relative
velocity between DM and baryons becomes larger than the
baryon thermal motion for z < 10* (see Fig. 1 of Ref. [9]),
at least if the former is computed while neglecting the effect
of interactions [26]. As a consequence, relative motions
enter the collision term nonperturbatively, and one cannot
linearize the momentum equation. An approximate treat-
ment of this fundamentally nonlinear effect was proposed
in Ref. [9] and improved upon in Ref. [26], in both cases
within the ideal thermal fluid approximation. It is not clear
how accurate those approximations are, as no reference
exact numerical solution exists to date. It is also not
obvious how they ought to be implemented within the
Boltzmann-FP formalism developed in this work.

In addition, if the DM does not strongly self-interact, the
FP approximation (and, a fortiori, the thermal approxima-
tion) need not be accurate for such late-time coupling
scenarios. To understand this, let us first recall the reason
why the FP approximation is expected to accurately
describe the more standard, early coupling scenarios. In
these cases, the DM distribution f,(v) is initially broad (as
the DM starts hot), and collisions with baryons are hence
well described by the FP operator, which allows one to
follow the evolution of f, from its initial equilibrium form
through decoupling. Once the DM becomes sufficiently
cold and its distribution narrow relative to the characteristic
change in velocity per scattering, the FP approximation no
longer accurately describes the evolution of f,. However,
the very narrowness of f, guarantees that momentum- and
heat-exchange rates no longer depend on its exact shape
and become closed expressions of the bulk velocity and
effective temperature. By construction, the FP operator
implies the same closed-form equations, as it is built to give
the exact momentum- and heat-exchange rates for a given
distribution. Therefore, at late time, the Boltzmann-FP
equation is guaranteed to give the correct bulk velocity
and temperature evolution,3 and as a consequence, the
correct momentum- and heat-exchange rates, despite pro-
viding an inaccurate detailed form for f,(v).

Let us now consider the late-coupling scenario. The DM
distribution starts off cold, effectively with zero temper-
ature. As long as it is sufficiently narrow, its temperature
and bulk velocities are correctly evolved by the Boltzmann-
FP equation—again, their evolution equations are identical
to those obtained in the MB approximation. The underlying
distribution f,, however, is neither a MB distribution nor

There is a small caveat here: the momentum equation also
depends on the gradient of anisotropic stress, which is not a
closed function of bulk velocity and temperature. It is likely that
this term is always small, as it is suppressed when the DM is
tightly coupled, but we defer its detailed study to future work.
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well described by the solution of the Boltzmann-FP
equation. Once the DM starts recoupling and its distribu-
tion broadens, momentum- and heat-exchange rates
become dependent on the exact shape of f,(v). While
the FP approximation now becomes accurate, it never-
theless starts with inaccurate “initial” conditions for f,(v)
at the onset of recoupling, and the subsequent f, will suffer
from this initial inaccuracy, at least while the DM is
marginally coupled.

To rigorously quantify the inaccuracy of the Boltzmann-
FP equation for late-coupling, weakly self-interacting DM
models, there seems to be no choice but to solve the exact
Boltzmann equation, with the full integral collision oper-
ator. In the meantime, one should keep in mind that
cosmological bounds on such models are uncertain at
the factor-of-a-few level.

B. Self-interactions

Eventually, for full generality, one should simultane-
ously account for DM scattering with baryons and self-
scattering. Here, we briefly discuss the corresponding
collision operator and approximation strategies.

Inserting Eq. (7) into Eq. (5), with s = y, we see that the
self-interaction collision operator is the quadratic nonlocal
operator

C){){[f)(](v) =n, / d3y,d3ud3”//\/lm(1’,u;v’,u’)

< [f,0)f (@) = f,0)f , (w)],

where M, is defined in Eq. (8) and is symmetric under
exchange of primed and unprimed variables. This operator
conserves the DM number as well as the total DM
momentum and energy densities.

It has been well known since Boltzmann’s work in
Ref. [54] that such a collision operator increases the
entropy functional

(114)

sir) == [ oo, 1)

We further demonstrate in Appendix B that this is the only
functional (up to additive and multiplicative factors) of f,
that is increased by the collision operator (114).

For a given total momentum and energy, this functional
is maximized when f/, is the MB distribution. At the order-
of-magnitude level, we expect this equilibrium distribution
to be reached when n,(c,v)> H. In this limit, the
evolution of the DM d1str1but10n amounts to solving for
its mean velocity V,, and temperature 7. If self-interactions
are negligible or marginal; however, its full distribution
function has to be solved for.

It would be useful to also have a diffusion approxi-
mation for the full collision operator (114). The simplest

approximation would be of the form (76), with
(Vy.Tp) = (V,.T,)—through these quantities, the FP
operator would therefore be implicitly nonlinear in f,.
For this diffusion operator to conserve total momentum and
energy for any distribution f,, it is relatively straightfor-
ward to see that the diffusion coefficient DY must be
isotropic and velocity independent so that the FP operator
takes the form

CFP [

D d <an (116)

m, o
)(] 2 81] ap,’ +T_)((U V;()if;()'

Computing the rate of change of entropy with this operator,
we find, after integration by parts,

s 3 m, (T, Oufy\?
30 (& fomn(E)-1) o

For two vector functions X(v) and Y(v), we define the
scalar product

(X, Y) = / Pof,MX)-Y()  (118)

and the corresponding norm ||X||*> = (X,X). We may
rewrite Eq. (117) as
). (119)

= (I

From the Cauchy-Schwarz inequality, we find that

dS 3 m, v O,f B
2 () )0 o

since <3 , aff ”> = —1, as follows from integration by parts.
Jx

Therefore, the FP operator (116) not only conserves the
number, total momentum, and energy; it also leads to an
increasing entropy functional, for any distribution function
f- The last step will be to determine the constant D, which,
dimensionally, is of order D ~ n,(c,,v)T ,/m,. We defer to
future works a more detailed study of the FP approximation
to self-interactions and its implementation simultaneously
with DM-baryon scattering.

IX. CONCLUSIONS

We have developed a new theoretical formalism to
describe the effect of DM scattering with SM particles
on linear-cosmology observables. We have replaced the
ideal thermal fluid approximation, standard in this context,
by the Boltzmann equation for the DM phase-space density.
This allows one to extend the range of DM models
accurately modeled, to include weakly self-interacting
models, the velocity distribution of which is nonthermal.
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We have derived a Fokker-Planck approximation to the
collision operator, enforcing that it recovers the exact
momentum- and heat-exchange rates for any given distri-
bution. This constitutes, to our knowledge, the first
derivation of the FP operator for collisions with non-
relativistic SM particles. This approximation is more
amenable to efficient numerical implementation than the
full integral collision operator. We have discussed the
limitations of this approximation, as well as interesting
extensions, which we shall pursue in future works.

In addition to developing this new formalism, we
have presented numerical solutions of the background
Boltzmann-FP equation, in the limit of negligible DM
self-interactions. We found that the DM velocity distribu-
tion can develop order-unity distortions from the usually
assumed Maxwell-Boltzmann distribution. More impor-
tantly, we established that the background heat-exchange
rate is overestimated in the MB approximation by factors as
large as ~2-3, especially for light DM particles and for
DM-baryon cross sections with a steep velocity depend-
ence. We will explore the impact of these changes on upper
bounds to the DM-baryon cross section from CMB spectral
distortions [8] in an upcoming publication. We expect
deviations at least as large for the momentum-exchange
rate, relevant for CMB-anisotropy and large-scale-structure
studies. We derived the perturbed Boltzmann-FP hierarchy
that needs to be solved to estimate this rate and defer its
numerical implementation to future work.

This work opens up a new window in the study of DM
properties: instead of implicitly assuming that DM strongly
self-interacts, we consider DM-baryon interactions and
self-interactions as independent phenomenological param-
eters. This will broaden the suite of DM models that can be
accurately modeled and tested. Such a detailed and accurate
theoretical modeling of DM-baryon interactions is crucial
in order to take full advantage of the sensitivity of Planck
and its successors, and this article takes the first steps in this
direction.
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APPENDIX A: POWER-LAW CROSS SECTION
FOR SCATTERING WITH HELIUM

The effect of scattering with a composite nucleus like
helium is encoded by a form factor in the cross section.
This form factor was computed in Ref. [55] within the
effective theory of DM-nucleon interactions. For helium, it
amounts to an exponential suppression of an otherwise
power-law cross section, by a factor exp [—(1 — 7 - #')v*x
(nage)?], where v is the relative velocity, = mgem,/
(mye + m,,) is the reduced mass of the DM-helium system,
and ay, ~ 1.5 fm ~ 7.6 GeV~!. The characteristic relative
velocity is such that v*> ~ T}, /my, + T,/m, <T,/u, since
T, < T,; hence,

Ty

— . Al
4 MeV (A1)

v*(naye)* < afpT) < agemyT), =
Therefore, nonpointlike effects in helium-DM scattering
are relevant only at temperature greater than a few MeV.
In practice, CMB anisotropies and spectral distortions are
not sensitive to baryon-DM interactions beyond redshift of
a few million, corresponding to kilo-electron-volt temper-
atures. For the problem of interest, the form factor can
therefore safely be set to unity and the cross section with
helium assumed to be a power law.

APPENDIX B: EXISTENCE AND UNICITY
OF ENTROPY FUNCTIONAL FOR
SELF-SCATTERING

It has been well known since Boltzmann’s work in
Ref. [54] that collisions between particles in a gas increase
the entropy functional [56,57]. In this Appendix, we further
show that, up to a multiplicative constant, this is in fact the
only increasing functional (or H functional) of the form

sif) = [ aus(ro)) (1)
where S is a continuous and differentiable function. Note
that this is a restricted class of functionals: one could also
consider those of the form [ d*v,d*v,S(f(v)). f(v2)), ete.
In particular, functionals of the form (B 1) do not include the
K functional suggested by Kac [58].

The collision operator arising from particle-particle
scattering is a nonlinear and nonlocal operator of the form
(in the nonrelativistic limit):

Clfl(v) = /d3v’d3wd3w’5D(w +w' —v —=v)op(W? +w? =02 =) C(w, Wy, V) [f(w)f(W) = fF(»)f(V)].  (B2)

Here, detailed balance (or time-reversal symmetry) implies that the collision rate is symmetric under exchange of the first

and last pairs of variables:

Cw,wiv,v)=T(v,v,w,w).

(B3)
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It is also symmetric under exchanges w’' <> w and v’ <> v. This collision operator conserves not only the total number of
particles but also their total momentum and energy.

Let us now compute the time derivative of Eq. (B1) under the action of collisions,
ds , e
5 = | PrEmfw) = fm)fIS(F0)). (B4)
Dy = &*vd*> vV Pwdw'dp(w +w' —v —v)dp(w? +w? — 02 — )T (w,w'sv,v'), (B5)

where S = dS /df. Using the symmetries of the integrand, we rewrite this as

=1 | PO = SIS0 + S0 = S w) = S (B6)

We now seek functions S such that the functional S is an increasing function of time for any function f. This implies that it
must satisfy the inequality

[fafa— FFASU) +8(f2) =8(f3) =S(f)] 20,V (fi.fa. f3.fa) > 0. (B7)

This in turn implies that
S(f1)+8(£2) 2 8(f3) +8(fa) ¥ (f1,f2. f3. f4) such that f1f3 < f3fs, (BS)
S(f1)+8(£2) S8(f3) +8(fa) ¥ (f1:f2.f3.f4) such that £ f5 > f3fs. (BY)
If the function S is continuous, it must be that

S(f1) +8(f2) = S(f3) + S(fs) ¥ (f1.fa.f3. fa) such that f1fs = f3fs. (B10)

In particular, setting one of the f;’s to unity, we find
S(xy) = 8(x) +8() =8(1), V¥ (x.y)>0. (B11)

Differentiating with respect to y, and then setting y = 1, we obtain

.. t
30 =""20 vaso, (B12)
X
which, upon two integrations, gives us
S(f) = —af In(f) + pf + const, (B13)

where a and S are arbitrary constants. For Eq. (B7) to be satisfied, one must have o > 0.
To conclude, we have found that the entropy functional

S[f] = - / Pof () In(f()) (B14)

is increased by self-collisions. Furthermore, we have shown that this is the only functional of the form (B1) (up to
multiplicative and additive constants) that satisfies this condition.
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