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We study two rare decays, Z — ztz~ and K*K™, in the perturbative QCD approach up to the next-
to-leading order of the strong coupling and the leading power of 1/m,, m, being the Z boson mass.
The branching ratios B(Z — ztz~) = (0.83 £0.02 £ 0.02 £ 0.04) x 1072 and B(Z - K*K™) =
(1.747093 £0.04 £ 0.02) x 1072 are obtained and can be measured at a Tera-Z factory. Because the
subleading-power contributions to the branching ratios are negligible, and the leading one does not depend
on any free parameter, the two channels can serve as a touchstone for the applicability of the perturbative

QCD approach.
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I. INTRODUCTION

Two-body nonleptonic B meson decays play an essential
role in particle physics and help us understand the QCD
and the charge conjugation parity violation in the Standard
Model. They have inspired the development of many
theoretical frameworks or approaches, including the QCD-
improved factorization approach [1], the soft-collinear
effective theory [2,3], the light-cone sum rules [4], the
perturbative QCD (PQCD) approach [5] based on the kr
factorization theorem [6-9], and the factorization-assisted
topological-amplitude approach [10] proposed recently.
Among them, the PQCD approach is the most predictive
one, in which a high-energy hadronic process is factorized
into universal distribution amplitudes of hadrons and a
perturbatively calculable hard kernel. However, it is also
this unique feature of PQCD that has been questioned.
The power counting analyses of the B — x form factor and
the timelike pion form factor [1,11] imply that both the
nonperturbative small-x (x is the momentum fraction of a
constitute quark in a pion) region and the perturbative x ~
1/2 region contribute at the leading power of 1/mpg, mg
being the B meson mass. On the other hand, a PQCD
calculation shows that the small-x region is practically
suppressed by the Sudakov factor from the k; resummation,
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and thus the form factors are dominated by perturbative
contributions [12—-14]. To test which argument is valid, we
propose the Z° — z72~ (K*K~) channel as a touchstone
here. In the PQCD approach to the Z — ztz~ decay rate,
power corrections in 1/m,, m, being the Z boson mass, are
so small that they can be neglected safely. It hints that we
need to consider only the twist-2 light-cone distribution
amplitude (LCDA) of the pion and that its simple asymptotic
form may be justified. As a result, the calculation is free
of arbitrariness, since the nonperturbative pion LCDA has
been fixed [15-17]. The two channels are expected to be
observed or strictly constrained at a future Tera-Z factory
like the FCC-ee, formerly known as TLEP [18], and/or the
Circular Electron-Positron Collider [19], which can be used
not only to precisely study the Higgs and Z properties (e.g.,
see Ref. [20]) and discover new particles (e.g., see Ref. [21])
but also to improve our understanding of QCD as elaborated
in this paper.

The Z — ntz~ decay amplitude is proportional to the
timelike pion form factor, which can be investigated in
several different methods in principle. One is the partial
wave analysis, in which elastic and inelastic scatterings as
well as effects of resonances are handled [22,23]. Another
one, the light-cone sum-rule approach, is powerful for
spacelike form factors, while dispersion relations and some
resonance models are inevitable for the timelike region
[24]. Both the above approaches work well only in the low-
energy region and are model dependent. To access the form
factor with the dipion invariant mass at order of m, the
PQCD approach is more appropriate [25-28]. In this paper,
we will evaluate the Z° — 7~ (K* K~) decay rate up to the
next-to-leading order (NLO) of the strong coupling a, and at
the leading power of 1/m in the PQCD formalism [5]. We
obtain the branching ratio about 0.83(1.74) x 10~!2, which
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is likely to be measured at a Tera-Z factory. Whichever of
them is found, it will be the first observation of an exclusive
hadronic Z decay and serve as a touchstone to verify the
PQCD approach.

The rest of the paper is organized as follows. In Sec. II,
the PQCD calculation of the timelike pion form factor is
performed up to NLO, and the analytical formulas are
given. In Sec. III, we present the numerical results for
the Z — nn~, KT K~ branching ratios. Section IV is the
conclusion.

II. PERTURBATIVE CALCULATION

In the Standard Model, the Zgq interaction is described
by —/J, ,(,Z) Z! in the Lagrangian with the current

(2) _ g . 9 _ _
= 2cos 6, zq:[(T‘f = 20,si0°0,.)qy,q — T,qy,754).

(1)

where g is the SU(2) gauge coupling, 6,, is the weak
mixing angle, and the hypercharges and electric charges
of the quarks are T,,=+1/2 and Q,= 2/3 and
Q, = —1/3, respectively. We then write the Z — z' 7~
decay amplitude as

iM(Z = zta7) = (a2 |I7|0)él, (2)

with the polarization vector ¢, of the decaying Z boson.
Only the vector components in J,(,Z) contribute, because
hadronic matrix elements induced by the axial-vector
currents are forbidden by parity. The timelike pion form
factor G(Q?) is defined via

- P5)9(Q%),
= 4)G(0%). (3)

with p, and p, being the momenta of " and =™,
respectively; g = p; + p,; and Q% = g*. The above two
definitions are equivalent due to the isospin symmetry.
Performing the phase space integral, we obtain the spin-
averaged decay width

(na|my*ul0) = (P4
(zta|dy"d|0) = —(p}

1
Iz ) =3 (z + )2
1 1 u d\2 2N\12( M "
- 5@(9‘/ — gv)*|G(mz)|*(Py — P)
X (P = 1) _€i(P2)e,(Py)
m
= Ji (o = A PIGm)P. @
where gf, = g/(2cos0,,) x (T, —20Q,sin’0,,) [29.30],

and the pion mass effect has been neglected. The factor

FIG. 1. Feynman diagrams for Z — MM, decays at leading
order with M| = zt, K" and M, =77, K".

(g% — ¢7)? indicates that the Z — z°2° and K°K° decays
are forbidden at leading power. Below, we focus on the
evaluation of the form factor G(Q?) at Q*> = m2 in the
PQCD approach.

A. Kinematics and the LO form factor
As depicted in Fig. 1, the two upper and lower diagrams
contribute to the timelike form factors from (z "7z~ |ay*u|0)
and (z*7~|dy"d|0), respectively, at leading order (LO) of
QCD. We choose the following kinematics for the initial-
and the final-state particles expressed in terms of light-cone
coordinates,

. 1,0), (1,0,0),

pz= \[(1 i —75
pzzﬁ(O,l,O), (5)

where p, is the momentum of the Z boson. The Z boson
is at rest in this frame, and the two pion momenta are
collimated to the two light-cone directions, with the pion
masses being ignored. The momenta of the constitute
quarks and antiquarks in Fig. 1 are parametrized as

m
ky = <x17§,0,k17>, ky = (O xzﬁ kzr>
ki = py — ki, ky = py — k. (6)

We can get the pion form factor at leading power' by
computing any diagram in Fig. 1,

"Details of the calculation and the factorization formula for the
contribution from higher-twist LCDAs are given in Appendix.
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1
QH(QZ)LO == —16T[CFQ2/(; dxldxz

x / dbydbybybya, (1) Xy (31 e (x2)

X hn(xl,bhxz,bz,Q)
x Exp[=Su(x1, by, X2, by, )], (7)

where Cp = 4/3, b; are the conjugate variables of the
transverse momenta K;; and ¢,(x) is the twist-2 pion
LCDA. The factorization scale p is set to max(1/by,
1/b,,/x;Q). The Sudakov factor derived from the k7
resummation up to the next-to-leading-logarithm accuracy
is written as

Sy(x;, by ) = ;2 [s <x,~%,b,~> + s<(1 - x,.)%,b,)
syt (8)

where the terms s(Q;, b;) collect the double and single
logarithms in the vertex correction associated with an
energetic light quark (see Eq. (10) of Ref. [8]), and the
term

o) =2 [ D)

/b BT
1 log(t/A®)
)
A (log[2 log(t/A®)] + 1
25 log(1/A®)
_ log[-2log(bA®))] + 1) ©)
—log(hA®)))

resums the single logarithms in the quark self-energy
correction [5]. We adopt the two-loop expression for the
strong coupling,

)T <1 b log<2log<u/A<5>>>>
M 2B 10g /A U T 210gu/AD) )
(10)

with f; = (33 = 2ny)/12, p, = (153 — 19n;) /24 and the
flavor number n; = 5. We do not take into account the
threshold resummation factor [12—-14] for the hard kernel,
which is important only for subleading contributions from
higher-twist LCDAs.

The hard function Ay (x;, by, x5, by, Q) in the form factor
contains the internal propagators expressed in the coor-
dinate space conjugate to the transverse momenta,

/ &by d’k,r / EbrdKor i, b
(27)* (27)?
o 1 1
0% — k3 +iex%,0% — (Ki7 + Kop)? + i€

/"" i\ )
= o db]db2b1b2 5 HO( xlele)
X [0(by = b2)Jo(V520b2) Hy (/5:0b1) + (by <> by)]

EA dbdbybybyhy(xy, by, xa, by, Q). (11)

in which J, is the Bessel function of the first kind and H(()l)
is the Hankel function of the first kind. We notice that
Eq. (11) oscillates violently as Q* goes beyond 50 GeV?,
resulting from the large hierarchy between the two scales,
Q? and k3. The strong oscillation causes difficulty in
obtaining the convergent multiple integral in (7) numeri-
cally.2 To overcome this difficulty, we assume the hierarchy
ansatz x;0% > x,x,0% ~ k% according to the power count-
ing in the PQCD approach, dropping the transverse
momentum in the quark propagator but retaining the
transverse momentum in the propagator of the hard gluon.
As a consequence, the double-b hard function in (11) is
reduced to a single-b one,

/dzbldzklr/dzbzdzkzr ¢ilkir b, +hyrby)
(27)? (2z)?
y 1 1
X2Q2 + i€x1x2Q2 — (le + k2T>2 + ie

o 1 in (1)
= dbb—— | —— |Hy ' (V/ b
/) x2Q2< 2) 0 ( xMzQ)
E/oodbbhl(xl,xz,b,Q), (12)
0
with b = by = b, read off the above derivation. This
approximation simplifies the computational task and also
extends the numerically manageable range in Q? from

dozens to thousands of GeV2. The form factor at LO is then
modified to

1
Gi(Q%)10 = ~162C1 0 A dxydxs / dbbay (1) 5 (x1)
X @ (2) iy (1, X2, b, Q)BXp[—Sy(x1, Xy, b, )]
— i822C, / dxydvs / dbba, (1) by (61 (x2)
0

« H((Jl)(\/WQb)Exp[—SI(xl,xz, b, p)),
(13

*This hierarchy is less obvious in B meson decays because of
Q? = m}, and the numerical integrals converge quickly.
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FIG. 2. Magnitude of the LO timelike pion form factor G(Q?)
derived in the double-b and single-b formulations.

with SI()CI,Xz,b,ﬂ) = SII(Xl,b,Xz,b,ﬂ). As will be
observed in Fig. 2, in which the double-b and single-b
results are compared, the single-b approximation works
very well in the high-Q? region.

Re[H," (x)] =

+(=0.0897x7/2 4 1.05x7/2) sin (§ — x),

B. Next-to-leading-order QCD correction

The NLO correction to the timelike pion form factor has
been explored in the PQCD approach with the single-b
convolution [31],

GI(Q%)nro = izﬂc%/ldxldxz/dbba?(ﬂ)(f)n(h)%(xz)

0
X Exp[=S;(xy., X2, b, )]

x [h(x1.x2. b, Q. p)HY (\/x1%,0b)
+ Hy" (x5i5;0b)]. (14)

where the explicit expression of the NLO function
h(xy,x,,b,Q,u) is referred to Eq. (18) of Ref. [25]. For
the second derivative of the Hankel function on the order

parameter
2
Hé””(x) = {d_H((ll)(x)] ’ (15)
o

we take the following fit function in practice:

0.798 + 0.454x — 0.0603x> + 0.00590x — 0.00021x* — 1.35log x
+Jo(x)(=0.581 + 1.48 log x — 0.497log>x)

+Y(x)(—3.62 — 0.194x + 0.665 log x + 0.331log>x),
(—0.0870x%/% 4+ 1.05x73/2) cos (% — x)

x > 10, (16)
+(=0.624x75/2 — 0.000588x~/2 + 1.97x~"/2) sin (£ — x), x < 10,
—4.58 + 0.720x — 0.151x? 4 0.00643x* + 2.57 log x
+J(x)(3.16 — 0.794x + 0.0179x* — 5.65 log x + 2.26logx)
+Y(x)(4.10 — 2.03 log x — 0.00708log>x), x > 10, (17)
(0.610x75/2 +0.00182x7%/2 — 1.97x~1/2) cos (2 — x)
x < 10.

The NLO correction (14) was applied recently to analyze the B, pair production at electron-positron colliders with the
nonrelativistic-QCD B, meson distribution amplitudes [32], in which only the small argument limit for H (I)H(x) was

considered.

0

III. NUMERICS
The asymptotic form of the twist-2 pion LCDA is employed here,

ha(x) =

fa
- 2/2N.

6x(1 —x), (18)
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FIG. 3. LO (G“) and NLO (G) predictions for the magnitude (left) and the phase (right) of the pion form factor for Q% between

50 GeV? and m3%.

with the pion decay constant f, = 130.2 £ 1.4 GeV [16].
The other numerical inputs include [33] the width ', =
2.4952 £+ 0.0023 GeV and

sin?6,,(m) = 0.23129 = 0.00005,
a,(myz) = 0.1182 4 0.0012,
a(myz)™! = 127.950 £ 0.017, (19)

defined at the mj, scale under the modified minimal

subtraction (MS) scheme. To reproduce the central value
of ay(my) with the two-loop accuracy, the scale A% =
0.2327 GeV is chosen. Using a Monte Carlo integration
strategy with the Vegas [34] algorithm from the GNU
Scientific Library [35], we estimate the integral with
500,000,000 sampling points for the real and imaginary
parts of Egs. (13) and (14), which achieves a relative
precision better than permillage level. The central values of

the LO pion form factor and the NLO correction at Q% =
2

my are
G(m2).0 = (—8.29 — i0.771) x 106,
G(m2) a0 = (=0.764 — i1.58) x 1076, (20)

from which we see that the NLO correction enhances the
LO result reasonably by about 10%. The PQCD prediction
up to NLO for the Z — z* 7~ branching ratio is given by

B(Z - ntn~) = (0.83 +0.02 + 0.02 £ 0.04) x 10712,
(21)

with the three uncertainties coming from the scale variation
from p/2 to 2u, the strong coupling constant and the pion
decay constant, respectively. Replacing the pion decay
constant in the calculation with the kaon decay constant
fx =155.6 £04 GeV [16], we have the corresponding
Z — K™K~ branching ratio

B(Z —» KTK™) = (1.747092 £0.04 £ 0.02) x 1072,
(22)

According to Ref. [19], the Circular Electron-Positron
Collider is expected to collect 7 x 10" Z° bosons in two
years with the instantaneous Iuminosity of 32 x
10* cm™2s7! and two interaction points. The FCC-ee
[18], with the instantaneous Iluminosity of 56 x
10°** cm™2s~! and four interaction points, will quadruple
this number roughly. If the two channels are combined,
observations at the two Tera-Z factories will be quite
promising, owing to almost 100% detection efficiencies
of charged pions and kaons. On the other hand, if the
contributions from the ‘“small-x” region are actually
dominant in the pion and kaon timelike form factors as
postulated in Refs. [1,11], more events will be expected.

To confirm the validity of the single-b configuration, we
compute the LO timelike pion form factor in the region
Q? € [1,50] GeV? using both the double-b and double-b
formulas (7) and (13) and display them in Fig. 2. The
discrepancy between the two results is visible in the low-Q?
region, while starting from ~40 GeV?, we can safely omit
the transverse momentum effect in the internal quark
propagator and adopt the single-b approximation.

The magnitude and the strong phase of the pion form
factor at LO and NLO for Q? between 50 GeV? and m2 are
shown in Fig. 3. The NLO correction to the magnitude is
found to be around 11% in the whole considered Q range.
For the strong phase, the LO prediction is about 180°, and
the NLO correction yields an increase not more than 20°.°
We suggest a parametrization formula for the form factor
far away from the resonance region with Q in units of GeV,

*The NLO correction brings a large enhancement to the
imaginary part, but it is still considerably smaller than the LO
real part.
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A+ QOB
902 = 5 ge i 23)
which is inspired by the parametrization with the reciprocal
of the square polynomial [36]. Here, we have added another
Q? term in the numerator to relieve a sudden drop at Q?
around several hundred squared giga-electron-volts. The
equality of the constant terms in the numerator and the
denominator is motivated by the normalization condition
of the pion form factor G,(0) =1 (for references, see,
e.g., Ref. [37]). For the LO timelike pion form factor, the
parameters A = 0.0879, B® =46.1, and C(» =10.9
are determined. Including the NLO correction, we have

A =0.0996, B =48.2, and C = 12.6.

IV. CONCLUSION

We have studied the Z — z"z~, K™K~ decays in the
PQCD formalism, the branching ratios of which are
governed by the timelike form factors of the correspond-
ing mesons. With a high 0> = m%, we can safely neglect
the power corrections in the PQCD evaluation of the
form factors, which then do not depend on any unknown
nonperturbative parameters and can be predicted pre-
cisely. Our predictions up to NLO for the branching
ratios of the two channels are B(Z — ztz~) = (0.83 +
0.02 4+ 0.02 £0.04) x 1072 and B(Z - K*K™) =
(1.741903 £ 0.04 £ 0.02) x 1072, They can be accessed
at a future Tera-Z factory, and the measurements will
represent a touchstone of the PQCD approach.
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APPENDIX: PION FORM FACTOR UP
TO SUBLEADING TWIST

The pion transverse-momentum-dependent wave func-
tion has been proposed in Refs. [38,39] and regularizes
both the rapidity and self-energy divergences. Compared
to Ref. [38], the form in Ref. [39] is simpler and
compatible with the k; factorization. In the limit of
vanishing infrared regulators, they both approach the
naive definition in Ref. [40]. Here, we assume that the
dependence on the parton transverse momentum has been
organized into the Sudakov factor and consider only
the dependence on the longitudinal momentum fraction,
which can be formulated as [41]

(™ (p2)ld;(2)u(0),]0)

iszz'ZyS

i 1
- ,/2Nc/0 ‘
X Atz (x2) + midE (x2) + mi (¢ — Dbz (x2) -
(A1)
Keeping the chiral mass m{, which is expected to
contribute the dominant subleading-power correction,

we find that the LO result of the pion form factor (7)
is modified to

1
g(Qz)——16ﬂCFQ2/ d)C]dXQ/bldblbzdbzaSQl)hH
0

X (x1,by1.x3, by, Q)EXp[—Sy(x1.,b1,x2, by, 1))

X {x200,(x1) (x2) +-217hF (x1) (% (x2) — 7 (x2))

+ 2217007 (1) (97 (x2) + bz (x2)) 1. (A2)
with r, = mf/Q. It is easy to confirm that the relative

size of the power correction is of order of r2 ~ 10 at
Q = Mmy.

[1] M. Beneke, G. Buchalla, M. Neubert, and C. T. Sachrajda,
Phys. Rev. Lett. 83, 1914 (1999); Nucl. Phys. B591, 313
(2000); B606, 245 (2001).

[2] C. W. Bauer, S. Fleming, and M. E. Luke, Phys. Rev. D 63,
014006 (2000); C. W. Bauer, S. Fleming, D. Pirjol, and I. W.
Stewart, Phys. Rev. D 63, 114020 (2001).

[3] M. Beneke, A.P. Chapovsky, M. Diehl, and T. Feldmann,
Nucl. Phys. B643, 431 (2002); M. Beneke and T. Feldmann,
Phys. Lett. B 553, 267 (2003).

[4] A. Khodjamirian, Nucl. Phys. B605, 558 (2001); A.
Khodjamirian, T. Mannel, and P. Urban, Phys. Rev. D
67, 054027 (2003); A. Khodjamirian, T. Mannel, and B.
Melic, Phys. Lett. B 571, 75 (2003); 572, 171 (2003); A.
Khodjamirian, T. Mannel, M. Melcher, and B. Melic, Phys.
Rev. D 72, 094012 (2005).

[5] H.n. Li and H. L. Yu, Phys. Rev. D 53, 2480 (1996); H. n.
Li, Phys. Rev. D 52, 3958 (1995); T. W. Yeh and H. n. Li,
Phys. Rev. D 56, 1615 (1997); H. n. Li and B. Tseng, Phys.

016019-6


https://doi.org/10.1103/PhysRevLett.83.1914
https://doi.org/10.1016/S0550-3213(00)00559-9
https://doi.org/10.1016/S0550-3213(00)00559-9
https://doi.org/10.1016/S0550-3213(01)00251-6
https://doi.org/10.1103/PhysRevD.63.014006
https://doi.org/10.1103/PhysRevD.63.014006
https://doi.org/10.1103/PhysRevD.63.114020
https://doi.org/10.1016/S0550-3213(02)00687-9
https://doi.org/10.1016/S0370-2693(02)03204-5
https://doi.org/10.1016/S0550-3213(01)00194-8
https://doi.org/10.1103/PhysRevD.67.054027
https://doi.org/10.1103/PhysRevD.67.054027
https://doi.org/10.1016/j.physletb.2003.08.012
https://doi.org/10.1016/j.physletb.2003.08.021
https://doi.org/10.1103/PhysRevD.72.094012
https://doi.org/10.1103/PhysRevD.72.094012
https://doi.org/10.1103/PhysRevD.53.2480
https://doi.org/10.1103/PhysRevD.52.3958
https://doi.org/10.1103/PhysRevD.56.1615
https://doi.org/10.1103/PhysRevD.57.443

Z — ntx~,K"K~: ATOUCHSTONE OF THE ...

PHYS. REV. D 99, 016019 (2019)

Rev. D 57, 443 (1998); C. D. Lu, K. Ukai, and M. Z. Yang,
Phys. Rev. D 63, 074009 (2001); A. Ali, G. Kramer, Y. Li,
C.D. Lu, Y. L. Shen, W. Wang, and Y. M. Wang, Phys. Rev.
D 76, 074018 (2007); Q. Qin, Z. T. Zou, X. Yu, H. n. Li, and
C.D. Li, Phys. Lett. B 732, 36 (2014).

[6] S. Catani, M. Ciafaloni, and F. Hautmann, Phys. Lett. B
242, 97 (1990); Nucl. Phys. B366, 135 (1991).

[7]1 J. C. Collins and R. K. Ellis, Nucl. Phys. B360, 3 (1991).

[8] J. Botts and G. F. Sterman, Nucl. Phys. B325, 62 (1989);
H.n. Li and G. F. Sterman, Nucl. Phys. B381, 129 (1992).

[9] T. Huang, Q. x. Shen, and P. Kroll, Z. Phys. C 50, 139 (1991).

[10] H.n. Li, C.D. Lu, and F. S. Yu, Phys. Rev. D 86, 036012
(2012); Q. Qin, H.N. Li, C. D. Lu, and FE. S. Yu, Phys. Rev.
D 89, 054006 (2014); Q. Qin, H.N. Li, C.D. Lu, and F. S.
Yulnt. J. Mod. Phys. Conf. Ser. 29, 1460209 (2014); H. Y.
Jiang, F. S. Yu, Q. Qin, H. n. Li, and C. D. Lu, Chin. Phys. C
42, 063101 (2018); S.H. Zhou, Y.B. Wei, Q. Qin, Y. Li,
E.S. Yu, and C.D. Lu, Phys. Rev. D 92, 094016 (2015);
S.H. Zhou, Q. A. Zhang, W.R. Lyu, and C.D. Lu, Eur.
Phys. J. C 77, 125 (2017).

[11] V.M. Braun, A. Khodjamirian, and M. Maul, Phys. Rev. D
61, 073004 (2000).

[12] G.F. Sterman, Nucl. Phys. B281, 310 (1987).

[13] S. Catani and L. Trentadue, Nucl. Phys. B327, 323 (1989).

[14] H.n. Li, Phys. Rev. D 55, 105 (1997).

[15] E. Follana, C. T. H. Davies, G. P. Lepage, and J. Shigemitsu
(HPQCD and UKQCD Collaborations), Phys. Rev. Lett.
100, 062002 (2008).

[16] S. Aoki et al., Eur. Phys. J. C 77, 112 (2017).

[17] P. Gelhausen, A. Khodjamirian, A. A. Pivovarov, and D.
Rosenthal, Phys. Rev. D 88, 014015 (2013); 89, 099901(E)
(2014); 91, 099901(E) (2015).

[18] M. Bicer et al. (TLEP Design Study Working Group), J.
High Energy Phys. 01 (2014) 164.

[19] CEPC Study Group, arXiv:1809.00285; arXiv:1811.10545.

[20] Q. Qin, Q. Li, C.D. Lij, FE. S. Yu, and S. H. Zhou, Eur. Phys.
J. C 78, 835 (2018).

[21] A. Ali, A.Y. Parkhomenko, Q. Qin, and W. Wang, Phys.
Lett. B 782, 412 (2018).

[22] C. Hanhart, Phys. Lett. B 715, 170 (2012); S. Ropertz, C.
Hanhart, and B. Kubis, Eur. Phys. J. C 78, 1000 (2018).

[23] L. Y. Dai and M. R. Pennington, Phys. Rev. D 90, 036004
(2014); L. Y. Dai and M. R. PenningtonPhys. Lett. B 736,
11 (2014).

[24] B. V. Geshkenbein, Phys. Rev. D 61, 033009 (2000).

[25] H.C. Hu and H.n. Li, Phys. Lett. B 718, 1351 (2013);
S. Cheng and Z.J. Xiao, Phys. Lett. B 749, 1 (2015).

[26] T. Gousset and B. Pire, Phys. Rev. D 51, 15 (1995).

[27] Q. Qin, Z. T. Zou, C.D. Li, and Y. Li, Chin. Phys. C 40,
031001 (2016).

[28] H.Y. Chen and H.Q. Zhou, Phys. Rev. D 98, 054003
(2018).

[29] S. Fanchiotti, B. A. Kniehl, and A. Sirlin, Phys. Rev. D 48,
307 (1993).

[30] W.J. Marciano and J. L. Rosner, Phys. Rev. Lett. 65, 2963
(1990); 68, 898(E) (1992).

[31] H.n. Li, Y. L. Shen, Y. M. Wang, and H. Zou, Phys. Rev. D
83, 054029 (2011).

[32] Y.B. Wei, R. H. Li, D. Luo, C. D. Lii, and Y. L. Shen, Chin.
Phys. C 42, 083107 (2018).

[33] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018).

[34] G.P. Lepage, Vegas: An adaptive multidimensional inte-
gration program, Cornell University—Lab of Nuclear Stud-
ies (LNS) Report No. CLNS-80/447.

[35] M. Galassi et al., GNU Scientific Library Reference Manual,
3rd ed. (Network Theory Ltd., 2002).

[36] A. Khodjamirian, Eur. Phys. J. C 6, 477 (1999).

[37] S. Cheng, A. Khodjamirian, and J. Virto, J. High Energy
Phys. 05 (2017) 157.

[38] J. Collins, Cambridge Monogr. Part. Phys., Nucl. Phys.,
Cosmol. 32, 1 (2011).

[39] H.N. Li and Y. M. Wang, J. High Energy Phys. 06 (2015)
013.

[40] H.N. Li, Y. L. Shen, and Y. M. Wang, J. High Energy Phys.
01 (2014) 004.

[41] P. Ball, V. M. Braun, and A. Lenz, J. High Energy Phys. 05
(2006) 004.

016019-7


https://doi.org/10.1103/PhysRevD.57.443
https://doi.org/10.1103/PhysRevD.63.074009
https://doi.org/10.1103/PhysRevD.76.074018
https://doi.org/10.1103/PhysRevD.76.074018
https://doi.org/10.1016/j.physletb.2014.03.004
https://doi.org/10.1016/0370-2693(90)91601-7
https://doi.org/10.1016/0370-2693(90)91601-7
https://doi.org/10.1016/0550-3213(91)90055-3
https://doi.org/10.1016/0550-3213(91)90288-9
https://doi.org/10.1016/0550-3213(89)90372-6
https://doi.org/10.1016/0550-3213(92)90643-P
https://doi.org/10.1007/BF01558568
https://doi.org/10.1103/PhysRevD.86.036012
https://doi.org/10.1103/PhysRevD.86.036012
https://doi.org/10.1103/PhysRevD.89.054006
https://doi.org/10.1103/PhysRevD.89.054006
https://doi.org/10.1142/S2010194514602099
https://doi.org/10.1088/1674-1137/42/6/063101
https://doi.org/10.1088/1674-1137/42/6/063101
https://doi.org/10.1103/PhysRevD.92.094016
https://doi.org/10.1140/epjc/s10052-017-4685-0
https://doi.org/10.1140/epjc/s10052-017-4685-0
https://doi.org/10.1103/PhysRevD.61.073004
https://doi.org/10.1103/PhysRevD.61.073004
https://doi.org/10.1016/0550-3213(87)90258-6
https://doi.org/10.1016/0550-3213(89)90273-3
https://doi.org/10.1103/PhysRevD.55.105
https://doi.org/10.1103/PhysRevLett.100.062002
https://doi.org/10.1103/PhysRevLett.100.062002
https://doi.org/10.1140/epjc/s10052-016-4509-7
https://doi.org/10.1103/PhysRevD.88.014015
https://doi.org/10.1103/PhysRevD.89.099901
https://doi.org/10.1103/PhysRevD.89.099901
https://doi.org/10.1103/PhysRevD.91.099901
https://doi.org/10.1007/JHEP01(2014)164
https://doi.org/10.1007/JHEP01(2014)164
http://arXiv.org/abs/1809.00285
http://arXiv.org/abs/1811.10545
https://doi.org/10.1140/epjc/s10052-018-6298-7
https://doi.org/10.1140/epjc/s10052-018-6298-7
https://doi.org/10.1016/j.physletb.2018.05.055
https://doi.org/10.1016/j.physletb.2018.05.055
https://doi.org/10.1016/j.physletb.2012.07.038
https://doi.org/10.1140/epjc/s10052-018-6416-6
https://doi.org/10.1103/PhysRevD.90.036004
https://doi.org/10.1103/PhysRevD.90.036004
https://doi.org/10.1016/j.physletb.2014.07.005
https://doi.org/10.1016/j.physletb.2014.07.005
https://doi.org/10.1103/PhysRevD.61.033009
https://doi.org/10.1016/j.physletb.2012.12.006
https://doi.org/10.1016/j.physletb.2015.07.038
https://doi.org/10.1103/PhysRevD.51.15
https://doi.org/10.1088/1674-1137/40/3/031001
https://doi.org/10.1088/1674-1137/40/3/031001
https://doi.org/10.1103/PhysRevD.98.054003
https://doi.org/10.1103/PhysRevD.98.054003
https://doi.org/10.1103/PhysRevD.48.307
https://doi.org/10.1103/PhysRevD.48.307
https://doi.org/10.1103/PhysRevLett.65.2963
https://doi.org/10.1103/PhysRevLett.65.2963
https://doi.org/10.1103/PhysRevLett.68.898
https://doi.org/10.1103/PhysRevD.83.054029
https://doi.org/10.1103/PhysRevD.83.054029
https://doi.org/10.1088/1674-1137/42/8/083107
https://doi.org/10.1088/1674-1137/42/8/083107
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1007/s100529800938
https://doi.org/10.1007/JHEP05(2017)157
https://doi.org/10.1007/JHEP05(2017)157
https://doi.org/10.1007/JHEP06(2015)013
https://doi.org/10.1007/JHEP06(2015)013
https://doi.org/10.1007/JHEP01(2014)004
https://doi.org/10.1007/JHEP01(2014)004
https://doi.org/10.1088/1126-6708/2006/05/004
https://doi.org/10.1088/1126-6708/2006/05/004

