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In this work, we construct for the first time the theory of small-angle transition radiation from
multilayered structures. The theoretically obtained spectral and angular distributions of radiated photons
are compared with those predicted by GEANT4, a very popular package used today for numerical simulation
of different physical processes. We demonstrate that, while spectral distributions ideally coincide, the
angular ones differ. We argue that transition radiation from the multilayered structure must contain sharp
spikes having the interference nature and caused by the effect of merging two maximum frequencies in
dispersive media, and thus GEANT4 needs improving in this respect. The transition radiation theory
developed here for the small-angle case can play a vital part for the possible future Small Angle
Spectrometer at the LHC, other experiments of this kind, and detectors for hadrons of the tera-electron-volt
energy range.
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I. INTRODUCTION

Various cosmic-ray experiments and experiments on
modern and future accelerators face the challenge to
identify particles with Lorentz factors up to ∼105. For
example, widely used transition radiation detectors are
good for the separation of electrons from the hadron
background up to hadron Lorentz factors of about 500.
For a higher Lorentz factor, the contribution of transition
radiation from hadrons becomes significant and almost
reaches saturation at Lorentz factors of about 3 × 103. The
identification of charged particles of ultrahigh energies,
therefore, is an extremely difficult task, and now there are
no detectors capable of identifying the single charged
particles with reliable efficiency in this range of Lorentz
factors. One of the examples in which such a type of
detectors should play a crucial role is the study of hadron
production within small angles at the Large Hadron
Collider [1]. This experiment requires the separation of
protons, K mesons, and pi mesons in the energy range of
1–6 TeV. Besides measurement of fundamental QCD
processes defining particles production with low transverse
momentum at LHC energies, these experiments are
extremely important for astroparticle physics. Such experi-
ments will allow us to resolve ambiguities related to the
models of particle production at energies up to 1017 eV in
the Universe, in which the particle spectrum is observed to
change significantly. Therefore, existing transition radia-
tion-based detectors and trackers need further development.

Transition radiation (TR) is emitted when a charged
particle crosses the boundary between two different media.
Since TR was theoretically predicted by Ginzburg and
Frank in 1945 [2], there have been many works dedicated
to different aspects of this type of radiation, but x-ray
TR became especially useful due to its applications for
detecting high-energy particles [3–7]. Today, TR is widely
used in different experiments at accelerators in so-called
transition radiation detectors (TRD) or trackers (TRT)
[8–10], for example, TRT in ATLAS or TRD in ALICE
(LHC, CERN), CBM (FAIR), etc.
While TR theory is well developed for relatively simple

cases, the radiative processes in real radiators include many
different phenomena following TR. Therefore, nowadays,
in detector physics, it is conventional to use the powerful
instruments of computer modeling.
One of the most advanced and popular instruments is

Geant, which has been developing since 1974 at CERN
and other leading scientific centers. The latest version of
Geant is GEANT4 [11]; since being issued quite recently,
in 2006, it has already become the leading toolkit for
computer simulations in different branches of nuclear and
radiation physics, such as accelerator physics [12–14],
physics of high energy [15–21], medical physics [22,23],
space studies [24,25], etc. Also, it is the fourth version of
Geant in which the x-ray TR module was incorporated for
the first time.
While the GEANT4 x-ray TR module is based on the

well-known theory of Garibian adapted by Grichine and
others [26–29], it exploits a fast simulation (parametriza-
tion) approach developed for the description of electro-
magnetic showers [30]. It is caused by the fact that at the*alexey.tishchenko@cern.ch
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creation of this TR module for GEANT4 there were theo-
retical spectral-angular and spectral distributions, but there
were no analytical expression for angular distribution.
It is natural, therefore, that the x-ray TR module of
GEANT4 is not a mere repetition of the Garibian’s theory
but, in a way, is some new predicting instrument differing
from the pure theory. Along with that, accurate calculation
of angular distributions can be indispensable for new TR
detectors valid for the precise detection of hadrons in the
tera-electron-volt range. This paper aims to develop well-
established theoretical models of TR for the case of angular
distribution of small-angle radiation.
The paper is organized as follows. In Sec. II A, we

describe the existing background in the theory of TR. In
Sec. II B, we derive analytically the angular distribution of
x-ray TR from a multilayered structure. Section III contains
the short explanation about GEANT4, and then in Sec. IV,
we perform a cross-model comparison between theoretical
expressions obtained here and GEANT4 simulation results.
In Sec. V, we discuss the key features of angular distribu-
tion of x-ray TR. Section VI supplements the theoretical
results of Sec. II B with the role of the air between films,
which makes the theory be closer to the experimental
reality. In the concluding section, Sec. VII, we sum up the
results of this research.

II. THEORETICAL MODELS OF TR

Among a plenty of theoretical research devoted to TR,
we choose probably the two most elaborated models
proposed by G.M. Garibian [31–33] and by V. E.
Pafomov [34–36]. To avoid encumbering the text, we will
not go into the details of similarities and differences
between these two theories. There is, however, one issue
worth mentioning here. Equation (22.10) in the widely
known paper by Pafomov [34] contains the misprint: the
wrong e−iψ in fðω; θÞ instead of the correct e−iφ, which is
given in Eq. (1) of his earlier paper [35] and also in [36],
being the Springer edition of Ref. [34]. As, except for this
misprint, both theories demonstrate perfect coincidence
of spectral-angular distributions, and the Garibian’s one is
more convenient to deal with in terms of analytics, below
we shall use the Garibian's theory..
Let us consider x-ray TR generated from the regular

radiator; see Fig. 1(a).

A. Spectral-angular and spectral distributions

The expression for spectral-angular distribution of x-ray
TR at θ ≪ 1 according to Garibian has the form (Eq. (3.15)
in Ref. [33]),

d2WGðω; θÞ
dθdω

¼ e2

c
ω2θ3

8πc2
jZm − Zvacj2

�
ð1 −Q1=2Þ2

þ 4Q1=2sin2
�
Re

a
Zm

��
FMðω; θÞ; ð1Þ

where Zvac and Zm are the formation zones in vacuum and
in media:

Zvac ¼
4c

ωðγ−2þ θ2Þ ; Zm ¼ 4c
ωðγ−2þ θ2 þ 1 − εðωÞÞ ;

ð2Þ

FMðω; θÞ ¼
ð1 −QM=2Þ2 þ 4QM=2sin2

�
MRe

�
a
Zm

þ b
Zvac

��
ð1 −Q1=2Þ2 þ 4Q1=2sin2

�
Reð a

Zm
þ b

Zvac

�� ;

Q ¼ exp

�
−ωaε00ðωÞ

c

�
: ð3Þ

Here, γ is the Lorentz factor; M is the number of films
in the stack; a and b are thicknesses of films and gaps,
respectively; and ε is the permittivity of radiator material,

ε ¼ εðωÞ ¼ ε0ðωÞ þ iε00ðωÞ ¼ 1 − ω2
0

ω2
þ iνðωÞc

ω
; ð4Þ

with ω0 being the plasma frequency of radiator material
(we used ω0 ¼ 20.871 eV for polypropylene) (see, e.g.,
Ref. [5]), νðωÞ being the linear absorption coefficient,
which can be defined using the data from Ref. [37]. The
imaginary part of permittivity ε00ðωÞ is responsible for
absorption of TR in radiator material. Here, we have taken
into account that dΩ ¼ sin θdθdϕ and have integrated
over dϕ.
Though the dielectric function given by Eq. (4) has a

universal asymptotic form, this form can change in the very
narrow spectral regions near the lines of characteristic
radiation, where the real part of dielectric susceptibility

FIG. 1. (a) Scheme of radiator generating TR. The radiator is a multilayered structure consisting ofM films with the width a (pink) and
vacuum (or air) gaps of the width b between them. Green areas symbolize TR. (b) GEANT4 visualization of TR detector. Red tracks are
charged particles, and green tracks are x-ray TR photons or other neutral particles.
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[ε0ðωÞ − 1] changes its sign. Because of that, for example,
x-ray Cherenkov radiation can occur in where ε0ðωÞ > 0
(see, e.g., Ref. [38]) or, in the crystals, where the dynamic
scattering of radiation can lead to the effective condition
like ε0effðωÞ > 0, so that parametric x-ray radiation can take
place [39]. Though the explicit form of the dielectric
function can play a part in the calculations similar to those
from Sec. II B, discussion of these questions would go
beyond the scope of this research devoted to the conven-
tional transition radiation.
As for the spectral distributions of TR, according to

Garibian, it has the form (Eq. (3.31) in Ref. [33]):

dWGðωÞ
dω

¼ e2ωMeff

4c2ðaþ bÞ
X

n¼1;2;3...

θ2njZvac − Zmj2

×

�
ð1 −Q1=2Þ2 þ 4Q1=2sin2

�
Re

a
Zm

������
θ¼θn

;

ð5Þ

Meff ¼
1−QM

1−Q
; θ2n ¼

4πcðn−dÞ
ωðaþbÞ ; d¼C− floorðCÞ;

ð6Þ

C ¼ ωðaþ bÞ
4πc

�
ð1 − ε0Þ a

aþ b
þ γ−2

�
: ð7Þ

Here, floor ðCÞ means the largest integer not exceeding
C. Equation (5) is the result of integrating Eq. (1) over all
values of θ when M ≫ 1.

For further comparison of theoretical models with
GEANT4 simulation, one has to operate with the values
dN=dðℏωÞ and dN=dθ, which are connected with the
theoretical formulas given above as

dN
dðℏωÞ ¼

1

ωℏ2

dWðωÞ
dω

¼ 1

ωℏ2

Z
dθ

d2Wðθ; ωÞ
dθdω

; ð8Þ

dN
dθ

¼
Z

dω
1

ωℏ
d2Wðθ; ωÞ

dθdω
; ð9Þ

where N is the number of radiated photons.

B. Angular distribution of x-ray transition radiation
from multiple stack of films: Exact calculation

As for the angular distributions of TR, for Q ¼ 1 and
M ≫ 1, we have

FMðω;θÞjQ¼1¼
sin2

�
MRe

�
a
Zm
þ b
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��
sin2

�
Re

�
a
Zm
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��
⟶
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πM
X
r

δ

�
Re

�
a
Zm

þ b
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�
−πr

�
: ð10Þ

The result of integration of Eq. (1) over all considered
frequencies

ωmin ≤ ω ≤ ωmax ð11Þ

can be written in the form

dNðθÞ
dθ

¼ 1

137

θ3M
2c2

Xr1;max

r¼r1;min

jZm − Zvacj2sin2
�
Re

a
Zm

�
ω3
1

jAω2
1 − Bj

����
ω¼ω1

þ 1

137

θ3M
2c2

Xr2;max

r¼r2;min

jZm − Zvacj2sin2
�
Re

a
Zm

�
ω3
2

jAω2
2 − Bj

����
ω¼ω2

; ð12Þ

where

A ¼ ðaþ bÞðθ2 þ γ−2Þ=4c; ð13Þ

B ¼ aω2
0=4c; ð14Þ

and the frequencies

ω1;2 ¼
πr�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðπrÞ2 − 4AB

p
2A

ð15Þ

should satisfy the inequality in Eq. (11).
To find r1;max, r1;min, r2;max, and r2;min, the following

analysis should be performed. Let us designate

A1 ¼ 2
ffiffiffiffiffiffiffi
AB

p
=π;

A2 ¼ 2Aωmax=π;

A3 ¼ ðAω2
max þ BÞ=πωmax;

A4 ¼ 2Aωmin=π;

A5 ¼ ðAω2
min þ BÞ=πωmin: ð16Þ

Solving the inequality

ωmin ≤ ω1 ≤ ωmax; ð17Þ

we obtain the systems
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r ≥ A1; A4;

r ≤ A2; A3;
or



r ≥ A1; A5;

r ≤ A3; A4;
ð18Þ

from which, assuming that r is a positive integer number,
one can find that if A1 ≤ A2, A3 and A4 ≤ A3 then

ceilingðmaxfA1; A4gÞ ≤ r ≤ floorðminfA2; A3gÞ ð19Þ

or if A1 ≤ A3, A4 and A5 ≤ A3, A4 then

ceilingðmaxfA1; A5gÞ ≤ r ≤ floorðminfA3; A4gÞ; ð20Þ

otherwise, the first sum in Eq. (12) does not contain any
summand. Here, ceilingðxÞ means the smallest integer
exceeding x.
In its turn, the inequality

ωmin ≤ ω2 ≤ ωmax ð21Þ

is fulfilled if at least one of two systems are correct,



r ≥ A1; A4;

r ≤ A2; A5;
or



r ≥ A1; A2; A3;

r ≤ A5;
ð22Þ

from which one can find that if A4 ≤ A5 and A1 ≤ A2, A5

then

ceilingðmaxfA1; A4gÞ ≤ r ≤ floorðminfA2; A5gÞ; ð23Þ

or if A5 ≥ A1, A2, A3 and A5 ≤ A3, A4 then

ceilingðmaxfA1; A2; A3gÞ ≤ r ≤ floorðA5Þ; ð24Þ

otherwise, the second sum in Eq. (12) does not contain any
summand.
Note that the ranges of r given in Eqs. (19) and (20) can

overlap, so it is important not to include the same
summands in the first sum in Eq. (12). The same is true
for Eqs. (23) and (24).
What is interesting, is that if the factor FMðω; θÞ in

Eq. (1) represents the set of narrow sharp peaks while all
the rest factors are just slowly changing functions of
frequency, then it is possible to take into account the
photon absorption following the way of calculatings in
Ref. [33]. As the result of that instead of Eq. (12) we have

dNðθÞ
dθ

¼ 1

137

θ3

8c2
Xr1;max

r¼r1;min

Meff jZm − Zvacj2
�
ð1 −Q1=2Þ2 þ 4Q1=2sin2

�
Re

a
Zm

��
ω3
1

jAω2
1 − Bj

����
ω¼ω1

þ 1

137

θ3

8c2
Xr2;max

r¼r2;min

Meff jZm − Zvacj2
�
ð1 −Q1=2Þ2 þ 4Q1=2sin2

�
Re

a
Zm

��
ω3
2

jAω2
2 − Bj

����
ω¼ω2

: ð25Þ

Numerical integration of the spectral-angular distribution
in Eq. (1) shows very good agreement with Eq. (25), so the
latter can be used for further analysis.

III. GEANT4 SIMULATION OF TRANSITION
RADIATION

GEANT4 allows obtaining the mean number of x-ray TR
photons as well as their energy and emitting angle inside
the radiator. The radiator used in GEANT4 is very general; it
consists of films separated by gas gaps with fluctuating
thicknesses. The TR module was included in GEANT4 by
Grichine and the other toolkit developers [26–29].
We performed simulations of the TR detector presented

in Fig. 1(b). Primary particles cross the x-ray TR radiator
and then after that, along with x-ray TR photons, cross the
2 m helium pipe and the gaseous detector; see Fig. 1(b).
The radiator consists of 150 polypropylene foils with
density 0.92 g=cm3 and thickness 62 μm each, separated
by 2 mm vacuum gaps.
In Figs. 2(a) and 2(b), one can see typical GEANT4 spectral

and angular distributions of TR for different energies of
primary particles: electrons (el) and muons (mu). For the

reconstruction of the angular distribution, the photon angle
relative to the primary particle direction at the exit of radiator
is calculated. Here, dN=dðℏωÞ is the number of photons per
photon energy, and dN=dθ is the number of photons per
angle.
In Fig. 2(b), the curve describing angular distribution of

2 GeV electrons is considerably wider than others. At that,
though the Lorentz factors for 2 GeV electrons and for
300 GeV muons are very close, their angular distributions
differ. That is because the 2 GeV electrons are subject to
relatively large multiple scattering, which makes the angular
distribution wider. The scattering for the muons, as much
heavier particles, and higher-energy electrons is suppressed.
Though GEANT4 can give the spectrum registered by

sensitive volume [see Fig. 1(b)], in order to compare the
results with the theoretical ones we shall use GEANT4

simulations of the photon spectrum right after the radiator.
Note that for GEANT4 simulations the absorption being

mentioned can be understood as absorption of i) radiated
photons (in the material of the films of which the radiator
consists) and ii) scattered primary particles. In this paper,
speaking of absorption, we mean only the former.
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IV. CROSS-MODEL COMPARISON

Figure 3 demonstrates the results of GEANT4 simulation
compared with the theoretical TR spectral distributions
[parts (a) and (c)] and angular distributions [parts (b) and
(d)] for electrons with energies 20 and 2 GeV. The black
curves correspond to the theory from Eqs. (5) and (12). We
see that i) GEANT4 spectral distribution coincides with the
theoretical one both qualitatively and quantitatively and ii)
GEANT4 angular distribution drastically differs from that
predicted by the theory.
In Fig. 4(a), one can see the dependence, on the photons’

energy, of the imaginary part of the permittivity of

polypropylene taken as material for the TR radiator.
Figures 4(a) and 4(b) show that the absorption affects
the radiation distribution mainly at low frequencies (up to
10 keV). It is natural then that Fig. 4(c) shows that the
absorption affects the radiation angular distribution mainly
at large angles.

V. DISCUSSION OF THE ANGULAR
DISTRIBUTIONS

As we see from Figs. 3(b) and 3(d), theory predicts the
distinct spikes in angular distribution of TR. Let us explore
in more detail from where the spikes come.

FIG. 3. Comparison of theoretical spectral and angular distributions of x-ray TR photons with GEANT4 simulation results
for different energies of electrons crossing TR radiator. Spectral distributions: (a)−20 GeV, (c)−2 GeV. Angular distributions:
(b)−20 GeV, (d)−2 GeV.

FIG. 2. GEANT4 simulation of (a) spectral and (b) angular distribution of x-ray TR photons after the radiator. The absorption inside the
TR radiator is included.
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First, note that the dielectric function in the x-ray and
gamma frequency domains has a universal form given by
Eq. (4) and does not contain any singularities.
Second, let us look at the dispersion relation of x-ray

transition radiation originating from an argument of delta
function in Eq. (10):

aω

�
γ−2þ θ2 þ ω2

0

ω2

�
þ bωðγ−2þ θ2Þ ¼ 4πcr: ð26Þ

This dispersion relation physically is the result of a
complex pattern due to interference of the waves emitted by
the periodic structure of radiator.
Resolving this equation relative to the frequency ω,

we find the values ω1 and ω2 defined by Eq. (15). It means
that, at given r, there are two waves at frequencies ω1 and
ω2 propagating under the same angle θ. Note that frequen-
cies ω1 and ω2 are distinct, generally speaking. The fact
that we have two frequencies is caused by the frequency
dispersion of permittivity εðωÞ ¼ 1 − ω2

0=ω
2. The similar

effect is known in physics: it is a complex Doppler effect
in dispersive media, when several waves with different
wavelengths can be emitted under the same angle (see,
e.g., Ref. [40]).
We would like to stress that, in talking here about these

two frequencies, we mean the maxima of the distribution
over the frequencies; of course, there are also photons
radiated at frequencies close to these two.

In the variety of angles θ, satisfying the dispersion
relation given by Eq. (26), the angles θ�

θ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π2c2r2

aω2
0ðaþ bÞ − γ−2

s
ð27Þ

are special; waves radiated under these angles have the
coinciding frequency ω1 ¼ ω2:

ω∗ ¼ aω2
0

2πcr
: ð28Þ

The effect of the maximum frequencies merging can be
traced in Fig. 5. The red curves in Fig. 5 demonstrate the
case in which the radiations with two different wavelengths
(photon energy), corresponding to the same diffraction
order r, propagate in the same direction. The black curves
correspond to the case in which ω1 ¼ ω2.
We see that two narrow spectral lines turn into a rather

wide single line in the case in which ω1 ¼ ω2. Therefore,
for transition radiation from a stack of films, this effect,
along with the interference of radiation in periodic media,
can give the spikes in angular distribution of radiation at the
angles defined by Eq. (27).
Actually, the angular distribution in Eq. (12) is propor-

tional to

FIG. 4. (a) Dependence of imaginary part of permittivity of polypropylene TR radiator material on the photons energy. (b) Theoretical
spectral and (c) angular TR distributions without (solid curves) and with (dashed curves) taking into account absorption of TR photons
inside the radiator material.
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ω3
1;2

jAω2
1;2 − Bj

����
ω¼ω1;2

; ð29Þ

which is maximal when θ ¼ θ�. It is easy to check that the
positions of the spikes in Figs. 3(b) and 3(d) are described
by Eq. (27) precisely, with the corresponding choice of r.
It is interesting to note that the peaks defined by the

denominators in Eq. (29) come from the Dirac delta
function of a complex argument [see Eq. (10)]. When
the integrals are calculated, these denominators appear
because of the corresponding Jacobian factor. Therefore,
the resulting resonances are close in their nature and form
to the so-called Jacobian peaks known in the particle
physics (see, e.g., Ref. [41]).
In Fig. 5, the height of the black maxima depends on the

diffraction order r; compare Figs. 5(a) and 5(b). The
suppression of the black line in Fig. 5(b) is caused by
the influence of the squared sine in Eq. (1) that is
responsible for the interference of radiation from two sides
of a single film. It explains also why only some of the peaks
in Figs. 3(b) and 3(d) have the form of spikes, while the
others are suppressed and smoothed.
We can conclude from the said above that physical

nature of the spikes is the interference of radiation waves
from a set of regular films, at the angles where the two
maximum frequencies merge.
The presence of the peaks in angular distribution of x-ray

TR was observed experimentally in Ref. [42] for 0.5 GeV
electrons, and the peak’s positions are perfectly described
by Eq. (27).
With respect to the question of why GEANT4, so good in

other relations, fails to show the correct angular behavior at
small angles, we can just make the cautious assumptions. It
is possible that just the accuracy of the calculations within
the method implemented in GEANT4 is not high enough.
The source of the problem can also lie in the fact that the
developers of the toolkit, not having the exact analytical

expressions for angular distribution, extracted information
about angular distribution from the spectral one [29].
Yet, we would like to stress that these reasons are no

more than our assumptions, while to have a complete
understanding of all the details of such a versatile and
complex package as GEANT4 is a prerogative of the
designers. We can just state the fact that GEANT4’s
frequency distributions perfectly coincide with the theory,
while GEANT4’s angular distributions repeat the correct
behavior at large enough angles but fail to reproduce the
sharp peaks at the small ones.

VI. ROLE OF THE AIR BETWEEN FILMS

All formulas given above describe the radiator consisting
of material-vacuum layers, while real radiators consist of
material-air layers.
For TR generated by ultrarelativistic electrons, the

formation zone in air (ωair is the plasma frequency in
air) is

Zair ¼
4c

ωðγ−2þ θ2 þ 1 − εairðωÞÞ
: ð30Þ

For the electrons with the energy 20 GeV, it differs from
that in vacuum Zvac when ω < 28 keV, which accounts
for the difference between curves in Fig. 6. This difference
can affect the radiation spectrum even though ωair is
relatively small (about 0.7 eV). For the dependences and
parameters considered, however, this difference proves to
be insignificant. Figure 6 shows that the spectral and
angular TR distributions coincide with good accuracy for
the air and vacuum gaps.
To sum up, the role of air between films can be taken into

account as follows:
(1) The spectral-angular distribution is described by

Eq. (1) with replacement Zvac by Zair.

FIG. 5. The distribution of the number of x-ray TR photons per unit angle and per unit photon energy plotted according to Eq. (1) (with
no absorption, i.e., Q ¼ 1) for fixed angle θ: (a) the third diffraction order (r ¼ 3), θ1 ¼ θ� ¼ 0.48 mrad (black curve), θ2 ¼ 0.47 mrad
(red curve); (b) the second diffraction order (r ¼ 2), θ1 ¼ θ� ¼ 0.32 (black curve), θ2 ¼ 0.31 mrad (red curve). All other parameters for
all the curves are the same: the electron energy is 20 GeV, and the radiator consists of 150 polypropylene foils with thickness a ¼ 62 μm
with 2 mm gaps between them.
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(2) The spectral distribution (i.e., the spectral-angular
one integrated over angles), given by Eq. (5), will
remain the same but for two substitutions: i) replac-
ing Zvac by Zair given by Eq. (30) and ii) C from
Eq. (7) should be replaced by

Cair ¼
ωðaþ bÞ

4πc

�
að1 − ε0Þ þ bð1 − ε0airÞ

aþ b
þ γ−2

�
:

ð31Þ

(3) The expression describing the spikes’ angular posi-
tion, given by Eq. (27), should be replaced by

θ�air ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4π2c2r2

ðaω2
0 þ bω2

airÞðaþ bÞ − γ−2
s

; ð32Þ

and, similarly, instead of Eq. (28), we have

ω�
air ¼

aω2
0 þ bω2

air

2πcr
: ð33Þ

(4) The angular distribution (i.e., the spectral-angular one
integrated over frequencies) given by Eq. (12) or (25)
will equally remain the same but for two substitu-
tions: i) replacing Zvac by Zair given by Eq. (30) and
ii) B from Eq. (14) should be replaced by

Bair ¼ ω2ðað1 − ε0Þ þ bð1 − ε0airÞÞ=4c: ð34Þ

VII. CONCLUSION

In this work, we developed the theory of x-ray transition
radiation from multilayered structure for the case of small
angles and compared the theory predictions for spectral and
angular distributions of radiated photons with those given
by GEANT4.
Figure 3 shows practically ideal agreement between

GEANT4 and theoretical spectral distributions and at the

same time reveals significant discrepancies between the
angular ones, manifested mainly at small angles γ−1 <
θ ≪ 1. The spikes occur at the angles defined by Eq. (27)
and take place when two maximum frequencies, radiated
under the same angle, merge into one.
From the point of view of theory construction, it is

interesting that in a similar radiation mechanism, Smith-
Purcell radiation, there are no spikes in angular distri-
bution at all. The key difference here consists in the
permittivity in the dispersion relation (26) for x-ray TR
from periodical structure, unlike the dispersion relation
for Smith-Purcell radiation in which no permittivity is
contained [43]. It is the frequency dependence of per-
mittivity that changes the behavior of angular distribution
of TR so drastically, and the spikes in angular distribution
of radiation are defined by the effect of enhancing the
radiation when two different frequencies merge, as is
demonstrated in Fig. 5.
Thus, the model of angular distribution of x-ray TR

incorporated in GEANT4 needs improving. Section II B
together with supplementary Sec. V contains all analytical
expressions needed for this. The transition radiation theory
developed here for the small-angle case can play a vital part
for the possible future Small Angle Spectrometer at LHC
and other experiments of this kind and, we hope, can play a
vital part for developing the detectors capable of detecting
ultrarelativistic charged particles with Lorentz factors from
5 × 103 and above, including hadrons of the tera-electron-
volt energy range.
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