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In this paper, we investigate the factorization hypothesis step by step for the exclusive process B → ρ at
next-to-leading order (NLO), and then we extend our results to the kT factorization frame. We show that
the soft divergence from the specific NLO diagrams will cancel each other at the quark level, while the
remaining collinear divergence can be absorbed into the NLO wave functions of the mesons involved. The
full NLO amplitudes can be factorized into two parts: the B meson and the ρ meson NLO wave functions
containing the collinear divergence and the finite leading order hard kernels. We give the general
expressions of the nonlocal hadron matrix for the NLO B meson and ρ meson wave functions and the
analytical results of factorization for the combinations of different twist parts.
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I. INTRODUCTION

As the foundation of the perturbative QCD formalism,
the factorization theorem [1–3] claims that the hard part of
the QCD interactions is finite and can be calculated
perturbatively, meanwhile the nonperturbative part can
be factorized into the universal wave functions defined
in an infinite momentum frame. The perturbative QCD
(PQCD) approach [4] based on the kT factorization theorem
is proposed to eliminate the endpoint singularity by picking
up the previously dropped transversal momentum of the
propagators and taking into account the further suppression
from the Sudakov resummation [5,6].
In recent years, several exclusive processes πγ� → γðπÞ,

ργ� → π and B → γðπÞlν̄ have been investigated by many
authors for example in Refs. [5–9] at the leading order (LO)
and next-to-leading order (NLO). The calculations of the
space like and the time like form factors [10] play an
important role for high precision studies for B meson
decays.
In this paper, taking the ρ meson as one example for

those light vector mesons, we consider the B → ρ transition

process, show explicitly the structure of the infrared
divergences at the NLO level for the combinations of
the leading twist parts of the wave functions. The Fierz
identity and the Eikonal approximation will be taken into
account to factorize the fermion flow and the momentum
flow respectively. The power counting for various gamma
matrices discussed in Ref. [11] are also considered in order
to give the right color factors with triple gluon vertex
diagrams. By summing up the contributions from all
subdiagrams, we can prove that the soft divergence will
be canceled each other between the quark diagrams, and the
remaining collinear divergence can also be absorbed into
the NLO meson wave functions. The convolutions of the
NLO wave function and hard kernel have two forms: the
one has additional gluon emitted from the external quarks
flowing into hard kernel; another has no additional gluon
flowing into the hard kernel. We will finally write down
the hadronic matrix elements for B and ρ meson wave
functions with its collinear parts in the kT factorization.
This paper is organized as follows. In Sec. II, we show

the dynamical analysis and the leading order amplitudes for
B → ρ transition. In Sec. III, we present the investigations
for B → ρ transition process at the NLO step by step, and
give the hadronic matrix elements for the wave functions
in kT factorization. In Sec. IV, finally, a brief summary and
some discussions are given.

II. LEADING ORDER HARD KERNEL

In this section, we calculate the leading orderOðαsÞ hard
kernel for B → ρ transition, and the topological diagrams of
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leading-order transitions are displayed in Fig. 1. The
definitions of the kinematics in light cone coordinate are
of the following form:

p1μ ¼
mBffiffiffi
2

p ð1; 1; 0TÞ; k1μ ¼
mBffiffiffi
2

p ðx1; 0; 0TÞ;

ϵ1μðLÞ ¼
1ffiffiffi
2

p ð1; 0; 0TÞ; ϵ1μðTÞ ¼ ð0; 0; 1TÞ; ð1Þ

p2μ ¼
ηmBffiffiffi

2
p ð0; 1; 0TÞ; k2μ ¼

ηmBffiffiffi
2

p ð0; x2; 0TÞ;

ϵ2μðLÞ ¼
1ffiffiffi
2

p
γρ

ð−γ2ρ; 1; 0TÞ; ϵ2μðTÞ ¼ ð0; 0; 1TÞ; ð2Þ

where mB is the mass of B-meson. The energy fraction η
of the ρ meson in large recoil region is of order 1, and
the polarization vector with the definition γρ ¼ mρ=Q is
defined by condition ϵ2i ðL=TÞ ¼ −1. The momentum
transfer squared Q2 ¼ −ðp1 − p2Þ2ðQ2 > 0Þ is taken to
describe the evolution behaviors of the form factors.
The leading twist (twist-2) wave functions of the B

meson and ρ meson are chosen in the same form as those
in Refs. [12,13]:

ΦBðx1; p1Þ ¼
1ffiffiffi
6

p ð=p1 þMBÞ
�
=nþffiffiffi
2

p ϕþ
B ðx1Þ

þ 1ffiffiffi
2

p
�
=n− − kþ1 γ

ν⊥
∂

∂kν
1T

�
ϕ−
Bðx1Þ

�
;

Φρðp2; ϵ2LÞ ¼
iffiffiffi
6

p ½Mρ=ϵ2Lϕρðx2Þ�;

Φρðp2; ϵ2TÞ ¼
iffiffiffi
6

p ½Mρ=ϵ2Tϕv
ρðx2Þ�; ð3Þ

where nþ ¼ ð1; 0; 0Þ and n− ¼ ð0; 1; 0Þ are the unit vector
in the light cone coordinate. The wave functions of the
vector ρ meson contain both the longitudinal and the
transversal component Φρðp2; ϵ2LÞ and Φρðp2; ϵ2TÞ. To
insure the gauge invariance and the accuracy of the analytic
calculations, both contributions from ϕþ

B and ϕ−
B will be

taken into account in this work.
Because of the symmetry relations, the contributions

from Figs. 1(c) and 1(d) can be simply derived from those
of Figs. 1(a) and 1(b) by exchange of momentum fraction
for up (down) quarks. The LO transition amplitude of
Figs. 1(a) and 1(b) can be simplified to the following forms:

Hð0Þ
aL ¼ −

ieg2CF

2
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γαð=p2 − =k1Þγμð=p1 þmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ þ =n−ffiffi
2

p ϕ−
Bðx1Þ�

ðp2 − k1Þ2ðk1 − k2Þ2
)

¼ −ieg2CFmBTr

"
=ϵ2L=k1γμγ5

=nþffiffi
2

p ϕþ
B ðx1Þ

ðp2 − k1Þ2ðk1 − k2Þ2
#
; ð4Þ

Hð0Þ
bL ¼ − ieg2CFmBTr

�Mρ=ϵ2Lϕρðx2Þγμ=k2 =nþffiffi2p ϕþ
B ðx1Þγ5 þMρ=ϵ2Lϕρðx2Þγμmbϕ

−
Bðx1Þγ5

½ðp1 − k2Þ2 −m2
b�ðk1 − k2Þ2

�
; ð5Þ

Hð0Þ
bT ¼ −ieg2CFmBTr

�½=ϵ2T=p2ϕ
T
ρ ðx2Þ�γμ=p1½ϕþ

B ðx1Þ þ ϕ−
Bðx1Þ�γ5 − ½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmb

=nþffiffi
2

p ϕþ
B ðx1Þγ5

½ðp1 − k2Þ2 −m2
b�ðk1 − k2Þ2

�
; ð6Þ

where CF ¼ 4=3 is the color factor. Since Hð0Þ
aT ¼ 0 for Fig. 1(a), we do not show Hð0Þ

aT explicitly in Eq. (4). For Hð0Þ
aL , only

the =k1 in quark propagator and mB component in B wave function have contributions, which also requires γα and γμ should

be γ⊥ and γþ.Hð0Þ
bL contains two components corresponding to the two parts of the Bwave function ϕþ

B and ϕ−
B respectively,

which leads to different restrictions on the vertex with γα and γμ. Similarly,Hð0Þ
bT contains three components, two for ϕþ

B and
one for ϕ−

B. Every part of the combinations requires unique choice for P1 momentum ðP−
1 =P

þ
1 Þ and gamma matrix γμ and γα.

We should consider each part independently.

(a) (b)

(c) (d)

FIG. 1. The leading-order quark diagrams for the B → ρ
transition form factors with the symbol ⊗ representing the weak
vertex.
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III. FACTORIZATION OF B → ρ AT
NEXT-TO-LEADING ORDER

In this section, we will study the exclusive process
B → ρ at NLO level, consider both momentum space and
color space factorization but neglecting the transverse
momentum first. At the end of this section, we will pick
up again the transverse momentum and discuss how to deal
with the infrared contribution carrying by kT-related part.
In momentum space, the Fermion flow can be factorized

by inserting the Fierz identity

IijIlk ¼
1

4
IikIlj þ

1

4
ðγ5Þikðγ5Þlj þ

1

4
ðγαÞikðγαÞlj

þ 1

4
ðγ5γαÞikðγαγ5Þlj þ

1

8
ðσαβÞikðσαβÞlj; ð7Þ

into the proper place of the matrix elements, here
σαβ ¼ i½γα; γβ�=2. The different terms on the right hand
side correspond to the contributions from different twists of
BðρÞ meson. The Eikonal approximation is taken before
inserting the Fierz identity to reformulate the singularity
propagator into a simplified form and reduce the gamma
matrix for convenience meanwhile. All the possible dia-
grams for a gluon radiation should be considered and
finally be resumed to collect the color factors and maintain
the gauge invariance.

A. The factorization of the NLOðOðα2
s ÞÞ

corrections to Hð0Þ
aL

We will only show the factorization of the NLO correc-
tions for Figs. 1(a) and 1(b), for the reason that Figs. 1(c) and
1(d) can be derived from Figs. 1(a) and 1(b) by symmetry.
Taking into account the different twists’ combinations, there

exist six different structures from the decay amplitudes as
listed Eqs. (4)–(6). Each structure has two terms corre-
sponding to the additional gluon lines emitted from the
initial B meson or from the finial ρ meson.
The topological diagrams for NLO corrections to

Fig. 1(a) with additional gluon emitted from initial B meson
are showed in Fig. 2. Generally, there exists two kinds
of infrared divergence: (a) the soft divergence when the
momentum of additional gluon is small at l ¼ ðlþ; l−; l⊥Þ ∼
ðλ; λ; λÞ for λ ∼ ΛQCD; and (b) the collinear divergence
when the additional gluon is parallel with one longitudinal
direction l¼ ðlþ; l−; l⊥Þ∼ ðλ2=Q2;Q;λ2Þ [14,15]. The third
possible infrared divergence appeared in the Glauber region
of NLO spectator amplitudes of B meson two-body non-
leptonic decays [16,17] does not exist here. We rewrite the
Eq. (4) explicitly in the following form:

Hð0Þ
aL ¼−

ieg2CF

2
Tr

×

�γα½Mρ=ϵ2Lϕρðx2Þ�γαð−=k1ÞγμðmBÞγ5½=nþffiffi2p ϕþ
B ðx1Þ�

ðp2− k1Þ2ðk1 − k2Þ2
�
;

ð8Þ

where we can see that only =k1 in internal quark propagator
and mB part in B meson wave function can contribute in
this case, and γμ and γα should be γþ and γ⊥.
We can write down the NLO amplitudes of Figs. 2(a)–2(c)

since no radiated gluon lines attached to internal line,
and therefore no momentum will flow into the structure of
LO hard kernel. So factorization can be derived simply by
inserting the Fierz identity, neatly cutting on the external
quark (antiquark) line.

(a) (b) (c)

(d) (e) (f) (g)

(h) (i) (j) (k)

FIG. 2. The quark diagrams for NLO corrections to Fig. 1(a) with additional gluon emitted from the quark(antiquark) lines of initial
B meson.
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Gð1Þ
aL;2a ¼

1

2

eg4C2
F

2
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γαð−=k1Þγμð=p1 − =k1 þmbÞγνð=p1 − =k1 − =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1Þ2ðk1 − k2Þ2½ðp1 − k1Þ2 −m2

b�½ðp1 − k1 − lÞ2 −m2
b�l2

)

¼ 1

2
ϕð1Þ
B;a ⊗ Gð0Þ

aLðx1; x2Þ; ð9Þ

Gð1Þ
aL;2b ¼ −

eg4C2
F

2
Tr

(
γνð=k1 − =lÞγα½Mρ=ϵ2Lϕρðx2Þ�γαð−=k1 þ =lÞγμð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1 þ lÞ2ðk1 − k2 − lÞ2ðk1 − lÞ2½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ ϕð1Þ
B;b ⊗ Gð0Þ

aLðξ1; x2Þ; ð10Þ

Gð1Þ
aL;2c ¼

1

2

eg4C2
F

2
Tr

(
γνð=k1 − =lÞγνð=k1Þγα½Mρ=ϵ2Lϕρðx2Þ�γαð−=k1ÞγμðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1Þ2ðk1 − k2Þ2ðk1 − lÞ2ðk1Þl2

)

¼ 1

2
ϕð1Þ
B;c ⊗ Gð0Þ

aLðx1; x2Þ; ð11Þ

with

ϕð1Þ
B;a ¼

−ig2CF

4

γ5γ
ργργ5ð=p1 − =k1 þmbÞγνð=p1 − =k1 − =lþmbÞγν
½ðp1 − k1Þ2 −m2

b�½ðp1 − k1 − lÞ2 −m2
b�l2

; ð12Þ

ϕð1Þ
B;b ¼

ig2CF

4

γ5γ
ρð=p1 − =k1 þ =lþmbÞγνγ5γργνð=k1 − =lÞ
ðk1 − lÞ2½ðp1 − k1 þ lÞ2 −m2

b�l2
; ð13Þ

ϕð1Þ
B;c ¼

−ig2CF

4

γ5γργ
νð=k1 − =lÞγνð=k1Þγργ5
ðk1 − lÞ2ðk1Þl2

: ð14Þ

The factor 1=2 appeared in Eqs. (9) and (11) comes from the symmetry of Figs. 2(a) and 2(c). From the QCD diagrams and
dynamics, no independent soft divergences exist in reducible diagrams, then the collinear divergences can be absorbed into
NLO wave functions concisely. These infrared singularities from amplitudes of Figs. 2(a)–2(c) are absorbed into NLO wave

functionsϕð1Þ
B;iði ¼ a; b; cÞ and can be reexpressed as in Eqs. (12)–(14). For the reason that the infrared divergence in reducible

diagrams without mixing can be simply matched one by one between QCD diagrams and effective diagrams [8], these results
are independent of those irreducible diagrams. So, we just pay more attention to irreducible diagrams.
For Figs. 2(d) and 2(e) we have

Gð1Þ
aL;2d ¼

ieg4Tr½TaTbTc�fabc
2Nc

Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γβð=p2 − =k1 þ =lÞγμð=p1 − =k1 þ =lþmbÞγγðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2ðp2 − k1 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ 9

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

aLðξ1; x1; x2Þ −Gð0Þ
aLðξ1; x2Þ�;

Gð1Þ
aL;2e ¼

ieg4Tr½TaTbTc�fabc
2Nc

Tr

(
γαð=k1 − =lÞγβ½Mρ=ϵ2Lϕρðx2Þ�γγð=p2 − =k1ÞγμðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2ðp2 − k1Þ2ðk1 − lÞ2l2
)

¼ 9

8
ϕð1Þ
B;e ⊗ ½Gð0Þ

aLðx1; x2Þ −Gð0Þ
aLðx1; ξ1; x2Þ�; ð15Þ

with

ϕð1Þ
B;d ¼

−ig2CF

4

γþγ5ð=p1 − =k1 þ =lþmbÞγργ5γ−
½ðp1 − k1 þ lÞ2 −m2

b�l2
νρ
ν · l

;

ϕð1Þ
B;e ¼

ig2CF

4

γ5γ
−γρð=k1 − =lÞγþγ5
ðk1 − lÞ2l2

νρ
ν · l

: ð16Þ
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For Fig. 2(d) where the triple gluon vertex appeared, as we
examined in Ref. [11], only the terms inGð1Þ

aL;2d proportional
to gαβ in Fαβγ ¼ gαβð2k2−2k1þ lÞγ þgβγðk1−k2−2lÞαþ
gγαðk1−k2þ lÞβ give the right NLO corrections to the LO
hard kernel. The other terms are power suppressed by
power counting of matrix elements and also unphysical in
topological diagrams. For Fig. 2(e), similarly, only the
terms proportional to gβγ in Fαβγ ¼ gαβðk1−k2−2lÞγ þ

gβγð2k2−2k1þ lÞαþgγαðk1−k2þ lÞβ contribute effec-
tively. Then the NLO B meson wave function containing
infrared divergence with “l” emitted from quark (antiquark)
line can be represented as in Eq. (16). Because of the large

scale of mb, the ϕð1Þ
B;d contains the mb term in propagator

when “l” emits from the b quark.
The factorization of amplitudes for remaining diagrams

Figs. 2(f)–2(k) can be expressed as follows:

Gð1Þ
aL;2f ¼ −

eg4Tr½TaTaTcTc�
2Nc

Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γαð=p2 − =k1Þγνð=p2 − =k1 þ =lÞγμð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1Þ2ðk1 − k2Þ2ðp2 − k1 þ lÞ2½ðp1 − k1 þ lÞ2 −m2

b�l2
)

∼ 0; ð17Þ

Gð1Þ
aL;2g ¼

eg4Tr½TaTaTcTc�
2Nc

Tr

(
γνð=k1 − =lÞγα½Mρ=ϵ2Lϕρðx2Þ�γαð=p2 − =k1 þ =lÞγνð=p2 − =k1ÞγμðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1Þ2ðk1 − k2 − lÞ2ðp2 − k1 þ lÞ2ðk1 − lÞ2l2

)
∼ 0; ð18Þ

Gð1Þ
aL;2h ¼ −

eg4Tr½TaTcTaTc�
2Nc

× Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 þ =lÞγαð=p2 − =k1 þ =lÞγμð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1 þ lÞ2ðk1 − k2Þ2ðp2 − k2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ −
1

8
ϕð1Þ
B;d ⊗ Gð0Þ

aLðξ1; x1; x2Þ; ð19Þ

Gð1Þ
aL;2i ¼

eg4Tr½TaTcTaTc�
2Nc

Tr

(
γαð=k2 þ =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γαð=p2 − =k1 þ =lÞγμð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1 þ lÞ2ðk1 − k2 − lÞ2ðk2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ 1

8
ϕð1Þ
B;d ⊗ Gð0Þ

aLðξ1; x2Þ; ð20Þ

Gð1Þ
aL;2j ¼ −

eg4Tr½TaTcTaTc�
2Nc

Tr

(
γνð=k1 − =lÞγαð=k2 − =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γαð=p2 − =k1ÞγμðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1 þ lÞ2ðk1 − k2Þ2ðk1 − lÞ2ðk2 − lÞ2l2

)

¼ −
1

8
ϕð1Þ
B;e ⊗ Gð0Þ

aLðx1; x2Þ; ð21Þ

Gð1Þ
aL;2k ¼

eg4Tr½TaTcTaTc�
2Nc

Tr

(
γνð=k1 − =lÞγα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 − =lÞγαð=p2 − =k1ÞγμðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1Þ2ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2

)

¼ 1

8
ϕð1Þ
B;e ⊗ Gð0Þ

aLðx1; ξ1; x2Þ; ð22Þ

where the infrared divergence in Figs. 2(f) and 2(g) are suppressed by kinematics, and we briefly set them to zero for we
concentrate on infrared divergence only in factorization theorem here. All the diagrams Figs. 2(d) and 2(g) generate no soft
divergence, since the soft divergence only occurs when the additional gluon bridge the initial and final quarks as shown in
Figs. 2(h) and 2(k). Then these diagrams Figs. 2(h) and 2(k) will generate the soft divergence as well as the collinear
divergence. But fortunately, we know that these soft divergence will cancel between Figs. 2(h)–2(k) by a simple
deformation of propagators. This conclusion is also supported by analytic calculations for quark diagrams as shown in
Refs. [7–9].
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Wewill sum up all the irreducible diagrams to correct the
color factors and ensure the gauge invariance. All the
diagrams Figs. 2(d) and 2(i) with the additional gluon
emitted from the up-quark lines of B meson together give
the result:

Gð1Þ
up;aLðx1; x2Þ ¼ ϕð1Þ

B;dðx1; ξ1Þ
⊗ ½Gð0Þ

aLðξ1; x1; x2Þ −Gð0Þ
aLðξ1; x2Þ�: ð23Þ

The diagrams Figs. 2(e) and 2(k) with the additional gluon
emitted from the down-quark lines of B meson together
give the result:

Gð1Þ
down;aLðx1; x2Þ ¼ ϕð1Þ

B;eðx1; ξ1Þ
⊗ ½Gð0Þ

aLðx1; x2Þ −Gð0Þ
aLðx1; ξ1; x2Þ�:

ð24Þ

We take the similar representation as our previous

work [6], the function Gð0Þ
aLðξ1; x1; x2Þ, Gð0Þ

aLðx1; ξ1; x2Þ
and Gð0Þ

aLðx1; ξ1; x2Þ in Eqs. (23) and (24) represent the
different forms of LO hard kernel with gluon momentum.
The different location of ξ1 in vertex represents tiny
difference of types as gluon momentum flowing into
hard kernel.

Gð0Þ
aLðξ1; x1; x2Þ ¼ −

ieg2CF

2
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γαð=p2 − =k1 þ =lÞγμðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1 þ lÞ2ðk1 − k2Þ2

)
; ð25Þ

Gð0Þ
aLðx1; ξ1; x2Þ ¼ −

ieg2CF

2
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γαð=p2 − =k1ÞγμðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1Þ2ðk1 − k2 − lÞ2

)
; ð26Þ

Gð0Þ
aLðξ1; x2Þ ¼ −

ieg2CF

2
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γαð=p2 − =k1 þ =lÞγμðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
ðp2 − k1 þ lÞ2ðk1 − k2 − lÞ2

)
: ð27Þ

After the cancellation of soft divergence, the remaining
collinear divergence will be absorbed into those effective
wave functions of the mesons involved in the transition
processes. The effective diagrams for the NLO initial B
meson are shown as Fig. 3, where the Figs. 3(a) and 3(c)
represent diagrams with no gluon momentum flows into
the LO hard kernel, while the Figs. 3(b) and 3(d) are the
subdiagrams with the gluon momentum flowing into the
LO hard kernel. The nonlocal hadronic matrix element for
the B meson wave function can be written as:

Φð1Þ
B ¼ 1

6Pþ
1

Z
dy−

2π
e−ixp

þ
1
y−h0jq̄ðy−ÞΓð−igsÞ

×
Z

y−

0

dzvAðzνÞqð0Þjhνq̄ðp1ÞÞi; ð28Þ

where AðzνÞ and hν represent the gauge field and the
effective heavy-quark field respectively, and Γ represents
the gamma matrix decided by specific twist parts, which
can be chosen as γ5γ−=2 here for this case.

Now we consider the NLO corrections to one of the
structures of Fig. 1(b). The first part of the LO amplitude

Hð0Þ
bL as given in Eq. (5) can be written in the form of

Gð0Þ
bL;1 ¼

−ieg2CFmB

2

×Tr

"
γαMρ=ϵ2Lϕρðx2Þγμ=k2γαγ5=nþffiffi2p ϕþ

B ðx1Þ
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2
#
: ð29Þ

We retain the γα matrix which should be γ⊥ in Eq. (29) for
convenience. The factorization about theNLOcorrections to
this part of the LO hard kernel gives the results as follows.
The NLO B meson wave function containing infrared
divergence is of the form as defined in Eq. (33). Each
sub-diagram of this channel contributes without dynamical
forbidden. While, the change of the weak vertex’s location
in the diagrams leads to different color structure for
Figs. 4(f) and 4(g) comparing with those in Fig. 2.

(a) (b) (c) (d)

FIG. 3. The effective diagrams for the NLO initial B meson.
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Gð1Þ
bL1;2d ¼ eg4Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γμ=k2γβð=p1 − =k1 þ =lþmbÞγγðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ −
9

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bL;1ðx1; x2Þ − Gð0Þ
bL;1ðx1; ξ1; x2Þ�; ð30Þ

Gð1Þ
bL1;2e ¼ −eg4Tr

(
γαð=k1 − =lÞγβ½Mρ=ϵ2Lϕρðx2Þ�γμ=k2γγðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk1 − lÞ2l2

)

¼ −
9

8
ϕð1Þ
B;e ⊗ ½Gð0Þ

bL;1ðx1; x2Þ −Gð0Þ
bL;1ðx1; ξ1; x2Þ�; ð31Þ

with

ϕð1Þ
B;d ¼

−ig2CF

4

γþγ5ð=p1 − =k1 þ =lþmbÞγργ5γ−
½ðp1 − k1 þ lÞ2 −m2

b�l2
νρ
ν · l

; ð32Þ

ϕð1Þ
B;e ¼

ig2CF

4

γ5γ
−γρð=k1 − =lÞγþγ5
ðk1 − lÞ2l2

νρ
ν · l

: ð33Þ

and

Gð1Þ
bL1;2f ¼ eg4

9
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γμ=k2γνð=p1 − =k2 þ =lþmbÞγαð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2½ðp1 − k2 þ lÞ2 −m2
b�½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ 1

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bL;1ðx1; x2Þ − Gð0Þ
bL;1ðξ1; x1; x2Þ�; ð34Þ

Gð1Þ
bL1;2g ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½Mρ=ϵ2Lϕρðx2Þ�γμ=k2γνð=p1 − =k2 − =lþmbÞγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðk1 − lÞ2l2

)

¼ −
1

8
ϕð1Þ
B;e ⊗ ½Gð0Þ

bL;1ðx1; ξ1; x2Þ − Gð0Þ
bL;1ðξ1; x2Þ�; ð35Þ

(a) (b) (c)

(d) (e) (f) (g)

(h) (i) (j) (k)

FIG. 4. The quark diagrams for NLO corrections to Fig. 1(b) with additional gluon emitted from the quark(antiquark) lines of the
initial B meson.
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Gð1Þ
bL1;2h ¼

eg4

9
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 þ =lÞγμð=k2 − =lÞγαð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 þ lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ 1

8
ϕð1Þ
B;d ⊗ Gð0Þ

bL;1ðξ1; x1; x2Þ; ð36Þ

Gð1Þ
bL1;2i ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γμ=k2γαð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 þ lÞ2ðk2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
B;d ⊗ Gð0Þ

bL;1ðx1; ξ1; x2Þ; ð37Þ

Gð1Þ
bL1;2j ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγαð=k2 − =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γμ=k2γαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 − lÞ2ðk2 − lÞ2l2
)

¼ 1

8
ϕð1Þ
B;e ⊗ Gð0Þ

bL;1ðx1; x2Þ; ð38Þ

Gð1Þ
bL1;2k ¼

eg4

9
Tr

(
γνð=k1 − =lÞγα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 − =lÞγμð=k2 þ =lÞγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

¼ −
1

8
ϕð1Þ
B;e ⊗ Gð0Þ

bL;1ðξ1; x2Þ: ð39Þ

We also sum up all the contributions from the diagrams
with additional gluon emitted from up-quark (down-quark)
lines of the initial B meson of this channel and the results
are of the following form:

Gð1Þ
up;bL1ðx1;x2Þ¼−ϕð1Þ

B;dðx1;ξ1Þ
⊗ ½Gð0Þ

aLðx1;x2Þ−Gð0Þ
aLðx1;ξ1;x2Þ�;

Gð1Þ
down;bL1ðx1;x2Þ¼−ϕð1Þ

B;eðx1;ξ1Þ
⊗ ½Gð0Þ

aLðx1;x2Þ−Gð0Þ
aLðx1;ξ1;x2Þ�: ð40Þ

The minus sign here is induced by the sign of the term −=k2
in the gluon propagator at LO. Although the Figs. 4(f)
and 4(g) now give the different color structures, the sum-
mation of all the sub-diagrams still give the right color
factor in full agreement with those from the effective
diagrams directly. As we did for G1

aL or other terms, after
the cancellation of the soft divergence, the remaining
collinear divergence can be factorized into the NLOBmeson
wave function without any other theoretical problems.

B. The kT factorization of NLO corrections
to B → ρ transition

We pick up the transversal momentum “kT” in kT
factorization frame to remove the endpoint singularity
emerged in the small x region. The Sudakov factor e−SðtÞ
is introduced [18] in order to suppress the collinear diver-
gence by resummation of the large logarithmic terms which
kT is concerned.

In kT factorization frame, the kT works only in the x → 0
region, which indicates that we have the hierarchy
k2iT ≪ k1 ·k2. Comparing with the expressions as shown in
Eqs. (4) and (6), we can also keep the same forms of the LO
hard kernel in the kT factorization frame. After the inclusion
of the NLO corrections, the only difference we should pay
attention to is the transverse momentum lT in propagators
which can be understood as a small momentum shift.
The ratio term νρ=ν · l in Eq. (16) represents the

Feynman rule related to Wilson line. Considering the
transversal momentum lT, we rewrite the hadronic matrix
element in Eq. (28) containing Wilson line through Fourier
transformation for the gauge field form from AðzνÞ to ÃðlÞ:
Z

∞

0

dzv · AðzvÞ →
Z

∞

0

dz
Z

dleizðv·lþiϵÞv · ÃðlÞ

→ i
Z

dl
vρ
v · l

ÃρðlÞ; ð41Þ
Z

y−

∞
dzv · AðzvÞ →

Z
y−

0

dz
Z

dle½izðv·lþiϵÞ−ilT ·b�v · ÃðlÞ

→ −i
Z

dl
vρ
v · l

e½ilþy−−ilT ·b�ÃρðlÞ; ð42Þ

The factor eil
þy− will generate a delta function δðξ1−x1þ lþ

p1
Þ

which describes a momentum shift when the l flowing into
hard kernel. The second term e−ilT ·b in Eq. (42) represents a
small transversal part flowing into the hard kernel. TheNLO
B and ρ meson wave functions can be finally written as a
general form:
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Φð1Þ
B ðx1; ξ1;b1Þ ¼

1

2NcP
þ
1

Z
dy−

2π

db1

ð2πÞ2 e
−ixpþ

1
y−þik1T·b1

× ·h0jq̄ðy−ÞΓ · ð−igsÞ

×
Z

y

0

dzn · AðznÞqð0ÞjhνBðp1Þi; ð43Þ

Φð1Þ
ρ ðx2; ξ2;b2Þ ¼

1

2NcP−
2

Z
dy−

2π

db2

ð2πÞ2 e
−ixpþ

2
y−þik2T·b2

· h0jq̄ðy−ÞΓ0 · ð−igsÞ

×
Z

y

0

dzn · AðznÞqð0Þjρðp1Þi: ð44Þ

whereΓ is the gammamatrix depending on the twist of theB
and ρ meson wave functions.
The whole process of the integration and modification in

Eqs. (41) and (42) can be understood by graphs in Fig. 5.
Both the Wilson lines in Figs. 5(a) and 5(b) parallel to the
light cone coordinate will generate light cone singularity.
To avoid this singularity, we can slightly rotate the direction
of Wilson line as in Fig. 5(c), then such a singularity can be
regularized by n2ðn2 ≠ 0Þ. The choice of number n2 is
scheme dependent, which has been demonstrated to be
small [19] and we can simply set n2 ¼ 1 for convenience
in calculation. While this rotation and the choose of n2

will generate a pinched singularity during the integration
for Wilson lines. To solve this problem, the transverse-
momentum-dependent(TMD) wave function with soft
substraction factor with a square root is introduced to
the unsubtracted wave function [20], and a more elegant
TMD wave function involves two pieces of nonlightlike
Wilson links is proposed in Ref. [21]. We pay more
attention to the factorization of the collinear divergence
in this paper, more discussions on these TMD wave
functions will be given in future work.

IV. SUMMARY

In this paper, we investigate the B → ρ transition process
and give the proof of the factorization at the NLO level in
the kT factorization frame. Because of the different struc-
tures in the initial B meson and the final ρ meson state, all

three amplitudes with six parts of twists’ forms for LO
diagrams as shown in Figs. 1(a) and 1(b) should be
considered. Also, both kinds of the corrections to the initial
state and the finial state meson should be considered. The
calculations of all these six channels will be very complex,
which suggests that we are better to make estimation first
for proportion of every channel in LO level before the
numerical calculations done at the NLO level.
We have verified that with the right power counting for

triple gluon vertex, the amplitudes of the NLO corrections
to the LO hard kernel with an additional gluon emitted from
the initial B meson or the final ρ meson can be separated
into a convolution of the NLO wave function with the LO
hard kernel. The LO hard kernel here can be distinguished
as two forms, with gluon momentum flowing into the hard
kernel, or with no gluon momentum flowing into the hard
kernel. We then extend these results to kT factorization
frame and the conclusion can still be stable by a momentum
shift. The form of nonlocal two quarks hadron matrices of
NLO BðρÞ meson are given in Sec. III. This work will also
play an essential role for future numerical calculations of
B → ρ transition form factors.
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APPENDIX: FACTORIZATION OF THE
NLO AMPLITUDES

In this Appendix, we present the explicit expressions for
NLO corrections to the remaining LO amplitude H0

bL and

H0
bT . The function Gð0Þ

bL2 corresponds to the second part of

H0
bL as given in Eq. (5). The function Gð0Þ

bT1, G
ð0Þ
bT2, and G

ð0Þ
bT3

come from the three components of H0
bT as defined in

Eq. (6): two for ϕþ
B and one for ϕ−

B component. For the sake
of clearness, we write these four functions in their original
nonreduced form:

(a) (b) (c)

FIG. 5. The graph for the deviation of the integral (Wilson line) by a shift b in light cone coordinate for the two-parton meson
wave function.
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Gð0Þ
bL2 ¼ −

ieg2CF

2
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γμðmbÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2
)
; ðA1Þ

Gð0Þ
bT1 ¼ −

ieg2CF

2
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμð=p1Þγαð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2
)
; ðA2Þ

Gð0Þ
bT2 ¼ −

ieg2CF

2
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμð=p1Þγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2
)
; ðA3Þ

Gð0Þ
bT3 ¼ −

ieg2CF

2
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμðmbÞγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2
)
: ðA4Þ

The NLO corrections with additional gluon emitted from the final ρ meson are also supplied. In Figs. 6 and 7, we show
the Feynman diagrams for the NLO corrections to Figs. 1(a) and 1(b) respectively, where the second blue gluon are emitted

from the quark and antiquark lines of the finial ρmeson. Notice that the Gð0Þ
aL andGð0Þ

bL1 with the gluon emitted from the final
ρ meson have the similar structure with the ones for ρ → ρ decays as defined in Ref. [6], so we here do not present them
explicitly.

1. The NLO amplitudes for Gð0Þ
bL2

The amplitudes for the NLO contributions from the irreducible diagrams to Gð0Þ
bL2 are the following:

Gð1Þ
bL2;2d ¼ −eg4Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γμmbγ

βð=p1 − =k1 þ =lþmbÞγγð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ 9

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bL;2ðx1; x2Þ −Gð0Þ
bL;2ðx1; ξ1; x2Þ�; ðA5Þ

Gð1Þ
bL2;2e ¼ −eg4 × Tr

(
γαð=k1 − =lÞγβ½Mρ=ϵ2Lϕρðx2Þ�γμmbγ

γð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk1 − lÞ2l2

)
∼ 0: ðA6Þ

(a) (b) (c)

(d) (e) (f) (g)

(h) (i) (j) (k)

FIG. 6. The Feynman diagrams for NLO corrections to Fig. 1(a) with the additional gluon emitted from the quark (antiquark) lines of
the finial ρ meson.
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The contribution Gð1Þ
bL2;2e is suppressed by dynamics and we simply set it 0 here. For other contributions we have:

Gð1Þ
bL2;2f ¼ eg4

9
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γμmbγ

νð=p1 − =k2 þ =lþmbÞγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�

½ðp1 − k2Þ2 −m2
b�ðk1 − k2Þ2½ðp1 − k2 þ lÞ2 −m2

b�½ðp1 − k1 þ lÞ2 −m2
b�l2

)
∼ 0; ðA7Þ

Gð1Þ
bL2;2g ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½Mρ=ϵ2Lϕρðx2Þ�γμmbγνð=p1 − =k2 þ =lþmbÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 þ lÞ2 −m2
b�ðk1 − lÞ2l2

)
∼ 0; ðA8Þ

Gð1Þ
bL2;2h ¼

eg4

9
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 þ =lÞγμðmb þ =lÞγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2 þ lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
B;d ⊗ Gð0Þ

bL;1ðx1; x2Þ; ðA9Þ

Gð1Þ
bL2;2i ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γμmbγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 þ lÞ2ðk2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ 1

8
ϕð1Þ
B;d ⊗ Gð0Þ

bL;1ðx1; ξ1; x2Þ; ðA10Þ

Gð1Þ
bL2;2j ¼

eg4

9
Tr

(
γνð=k1 − =lÞγαð=k2 − =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γμmbγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 − lÞ2ðk2 − lÞ2l2
)

∼ 0; ðA11Þ

Gð1Þ
bL2;2k ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 − =lÞγμðmb − =lÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

∼ 0; ðA12Þ

(a) (b) (c)

(d) (e) (f) (g)

(h) (i) (j) (k)

FIG. 7. The Feynman diagrams for NLO corrections to Fig. 1(b) with the additional gluon emitted from the quark (antiquark) lines of
the finial ρ meson.
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with

ϕð1Þ
B;d ¼

−ig2CF

8

γ−γ5γ
þð=p1 − =k1 þ =lþmbÞγργ−γ5γþ
½ðp1 − k1 þ lÞ2 −m2

b�l2
νρ
ν · l

: ðA13Þ

The summation over above contributions gives the total result:

Gð1Þ
up;bL2ðx1; x2Þ ¼ ϕð1Þ

B;dðx1; ξ1Þ ⊗ ½Gð0Þ
aLðx1; x2Þ −Gð0Þ

aLðx1; ξ1; x2Þ�: ðA14Þ

2. The NLO amplitudes for Gð0Þ
bT1

The amplitudes for the NLO contributions from the irreducible diagrams to Gð0Þ
bT1 are the following:

Gð1Þ
bT1;2d ¼ −eg4Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γ

βð=p1 − =k1 þ =lþmbÞγγð=p1Þγ5½=nþffiffi2p ϕþ
B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ 9

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bT;1ðx1; x2Þ −Gð0Þ
bT;1ðx1; ξ1; x2Þ�; ðA15Þ

Gð1Þ
bT1;2e ¼ eg4Tr

(
γαð=k1 − =lÞγβ½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γ

γð=p1Þγ5½=nþffiffi2p ϕþ
B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk1 − lÞ2l2

)

¼ 9

8
ϕð1Þ
B;e ⊗ ½Gð0Þ

bT;1ðx1; x2Þ −Gð0Þ
bT;1ðx1; ξ1; x2Þ�; ðA16Þ

Gð1Þ
bT1;2f ¼ eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γ

νð=p1 − =k2 þ =lþmbÞγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=nþffiffi2p ϕþ
B ðx1Þ�

½ðp1 − k2Þ2 −m2
b�ðk1 − k2Þ2½ðp1 − k2 þ lÞ2 −m2

b�½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bT;1ðx1; x2Þ −Gð0Þ
bT;1ðξ1; x1; x2Þ�; ðA17Þ

Gð1Þ
bT1;2g ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γνð=p1 − =k2 − =lþmbÞγαð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðk1 − lÞ2l2

)
∼ 0; ðA18Þ

Gð1Þ
bT1;2h ¼

eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 þ =lÞγμð=p1 þ =lÞγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 þ lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)
∼ 0; ðA19Þ

Gð1Þ
bT1;2i ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 þ lÞ2ðk2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)
∼ 0; ðA20Þ

Gð1Þ
bT1;2j ¼

eg4

9
Tr

(
γνð=k1 − =lÞγαð=k2 − =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γαð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 − lÞ2ðk2 − lÞ2l2
)

¼ 1

8
ϕð1Þ
B;e ⊗ Gð0Þ

bT;1ðx1; x2Þ; ðA21Þ
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Gð1Þ
bT1;2k ¼

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 − =lÞγαð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

¼ −
1

8
ϕð1Þ
B;e ⊗ Gð0Þ

bT;1ðξ1; x2Þ; ðA22Þ

with the wave functions ϕð1Þ
B;d and ϕð1Þ

B;e are of the following form:

ϕð1Þ
B;d ¼

−ig2CF

8

γþγ5γ−ð=p1 − =k1 þ =lþmbÞγργþγ5γ−
½ðp1 − k1 þ lÞ2 −m2

b�l2
νρ
ν · l

; ðA23Þ

ϕð1Þ
B;e ¼

ig2CF

8

γþγ5γ−γρð=k1 − =lÞγþγ5γ−
ðk1 − lÞ2l2

νρ
ν · l

: ðA24Þ

The direct summation of above contributions gives the following result:

Gð1Þ
up;bT3ðx1; x2Þ ¼ ϕð1Þ

B;dðx1; ξ1Þ ⊗ ½Gð0Þ
bT ðx1; x2Þ − Gð0Þ

bT ðx1; ξ1; x2Þ�

þ 1

8
ϕð1Þ
B;dðx1; ξ1Þ ⊗ ½Gð0Þ

bT ðξ1; x1; x2Þ − Gð0Þ
bT ðx1; ξ1; x2Þ�; ðA25Þ

Gð1Þ
down;aLðx1; x2Þ ¼ ϕð1Þ

B;eðx1; ξ1Þ ⊗ ½Gð0Þ
aLðx1; x2Þ −Gð0Þ

aLðx1; ξ1; x2Þ�; ðA26Þ

where the 1=8 term seems abnormal here. Fortunately, as we demonstrated in Eqs. (25)–(27), the difference between

Gð0Þ
bT ðξ1; x1; x2Þ and Gð0Þ

bT ðx1; ξ1; x2Þ is the form of the propagator in denominator. The flow l here can be recognized as a
momentum shift for x01 ¼ x1 − lþ=p1 and with the symmetry by choice of P2 and k2, the infrared structure between the two
terms will be canceled each other.

3. The NLO amplitudes for Gð0Þ
bT2

The amplitudes for the NLO contributions from the irreducible diagrams to Gð0Þ
bT2 are the following:

Gð1Þ
bT2;2d ¼ −eg4Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γ

βð=p1 − =k1 þ =lþmbÞγγð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ 9

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bT;2ðx1; x2Þ −Gð0Þ
bT;2ðx1; ξ1; x2Þ�; ðA27Þ

Gð1Þ
bT2;2e ¼ eg4Tr

(
γαð=k1 − =lÞγβ½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γ

γð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk1 − lÞ2l2

)
∼ 0; ðA28Þ

Gð1Þ
bT2;2f ¼ eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γ

νð=p1 − =k2 þ =lþmbÞγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�

½ðp1 − k2Þ2 −m2
b�ðk1 − k2Þ2½ðp1 − k2 þ lÞ2 −m2

b�½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bT;2ðx1; x2Þ −Gð0Þ
bT;2ðξ1; x1; x2Þ�; ðA29Þ

Gð1Þ
bT2;2g ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γνð=p1 − =k2 − =lþmbÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðk1 − lÞ2l2

)
∼ 0; ðA30Þ
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Gð1Þ
bT2;2h ¼

eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 þ =lÞγμð=p1 þ =lÞγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2 þ lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
B;d ⊗ Gð0Þ

bT;2ðξ1; x1; x2Þ; ðA31Þ

Gð1Þ
bT2;2i ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 þ lÞ2ðk2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ 1

8
ϕð1Þ
B;d ⊗ Gð0Þ

bT;2ðx1; ξ1; x2Þ; ðA32Þ

Gð1Þ
bT2;2j ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγαð=k2 − =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 − lÞ2ðk2 − lÞ2l2
)

∼ 0; ðA33Þ

Gð1Þ
bT2;2k ¼

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 − =lÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

∼ 0; ðA34Þ

with the wave function ϕð1Þ
B;d as the form of

ϕð1Þ
B;d ¼

−ig2CF

8

γ−γ5γ
þð=p1 − =k1 þ =lþmbÞγργ−γ5γþ
½ðp1 − k1 þ lÞ2 −m2

b�l2
νρ
ν · l

: ðA35Þ

The summation of the contributions from these irreducible subdiagrams gives the following result:

Gð1Þ
up;bT2ðx1; x2Þ ¼ ϕð1Þ

B;dðx1; ξ1Þ ⊗ ½Gð0Þ
bT ðx1; x2Þ −Gð0Þ

bT ðx1; ξ1; x2Þ�: ðA36Þ

4. The NLO amplitudes for Gð0Þ
bT3

The amplitudes for the NLO contributions from the irreducible diagrams to Gð0Þ
bT3 are the following:

Gð1Þ
bT3;2d ¼ −eg4Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγ

βð=p1 − =k1 þ =lþmbÞγγðmBÞγ5½=nþffiffi2p ϕþ
B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�½ðp1 − k1 þ lÞ2 −m2

b�l2
)

¼ 9

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bT;3ðx1; x2Þ −Gð0Þ
bT;3ðx1; ξ1; x2Þ�; ðA37Þ

Gð1Þ
bT3;2e ¼ eg4Tr

(
γαð=k1 − =lÞγβ½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγ

γðmBÞγ5½=nþffiffi2p ϕþ
B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk1 − lÞ2l2

)

¼ 9

8
ϕð1Þ
B;e ⊗ ½Gð0Þ

bT;3ðx1; x2Þ − Gð0Þ
bT;3ðx1; ξ1; x2Þ�; ðA38Þ

Gð1Þ
bT3;2f ¼ eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγ

νð=p1 − =k2 þ =lþmbÞγαð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ
B ðx1Þ�

½ðp1 − k2Þ2 −m2
b�ðk1 − k2Þ2½ðp1 − k2 þ lÞ2 −m2

b�½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
B;d ⊗ ½Gð0Þ

bT;3ðx1; x2Þ −Gð0Þ
bT;3ðξ1; x1; x2Þ�; ðA39Þ
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Gð1Þ
bT3;2g ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγνð=p1 − =k2 − =lþmbÞγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðk1 − lÞ2l2

)

¼ −
1

8
ϕð1Þ
B;e ⊗ ½Gð0Þ

bT;3ðx1; ξ1; x2Þ −Gð0Þ
bT;3ðξ1; x2Þ�; ðA40Þ

Gð1Þ
bT3;2h ¼

eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 þ =lÞγμðmb þ =lÞγαð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 þ lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
B;d ⊗ Gð0Þ

bT;3ðξ1; x1; x2Þ; ðA41Þ

Gð1Þ
bT3;2i ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγαð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 þ lÞ2ðk2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)

¼ 1

8
ϕð1Þ
B;d ⊗ Gð0Þ

bT;3ðx1; ξ1; x2Þ; ðA42Þ

Gð1Þ
bT3;2j ¼

eg4

9
Tr

(
γνð=k1 − =lÞγαð=k2 − =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 − lÞ2ðk2 − lÞ2l2
)

¼ 1

8
ϕð1Þ
B;e ⊗ Gð0Þ

bT;3ðx1; x2Þ; ðA43Þ

Gð1Þ
bT3;2k ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμðmb − =lÞγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

¼ −
1

8
ϕð1Þ
B;e ⊗ Gð0Þ

bT;3ðξ1; x2Þ; ðA44Þ

with the wave functions ϕð1Þ
B;d and ϕð1Þ

B;e in the form of

ϕð1Þ
B;d ¼

−ig2CF

4

γþγ5ð=p1 − =k1 þ =lþmbÞγργ5γ−
½ðp1 − k1 þ lÞ2 −m2

b�l2
νρ
ν · l

;

ϕð1Þ
B;e ¼

ig2CF

4

γ5γ
−γρð=k1 − =lÞγþγ5
ðk1 − lÞ2l2

νρ
ν · l

: ðA45Þ

The summation of above terms from the irreducible subdiagrams gives the following result:

Gð1Þ
up;bT3ðx1; x2Þ ¼ ϕð1Þ

B;dðx1; ξ1Þ ⊗ ½Gð0Þ
bT ðx1; x2Þ −Gð0Þ

bT ðx1; ξ1; x2Þ�; ðA46Þ

Gð1Þ
down;aLðx1; x2Þ ¼ ϕð1Þ

B;eðx1; ξ1Þ ⊗ ½Gð0Þ
aLðx1; x2Þ −Gð0Þ

aLðx1; ξ1; x2Þ�: ðA47Þ

5. The NLO amplitudes for Gð00Þ
bL2

The amplitudes for the NLO contributions from the irreducible diagrams to Gð00Þ
bL2 with the additional gluon emitted from

the final ρ meson are the following:

Gð10Þ
bL2;2d ¼ −eg4Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γβð=p2 − =k2 − =lÞγμmbγ

γð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðp2 − k2 − lÞ2l2

)

¼ 9

8
ϕð1Þ
ρ;d ⊗ ½Gð0Þ

bL;2ðx1; ξ2; x2Þ − Gð0Þ
bL;2ðx1; ξ2Þ�; ðA48Þ
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Gð10Þ
bL2;2e ¼ eg4Tr

(
γαð=k2 þ =lÞγβ½Mρ=ϵ2Lϕρðx2Þ�γμmbγ

γð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk2 þ lÞ2l2

)

¼ 9

8
ϕð1Þ
ρ;e ⊗ ½−Gð0Þ

bL;2ðx1; x2Þ þGð0Þ
bL;2ðx1; x2; ξ2Þ�; ðA49Þ

Gð10Þ
bL2;2f ¼ −

eg4C2
F

2
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 − =k2 − =lþmbÞγνmbγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2½ðp1 − k2 − lÞ2 −m2
b�ðp2 − k2 − lÞ2l2

)
∼ 0; ðA50Þ

Gð10Þ
bL2;2g ¼

eg4C2
F

2
Tr

(
γαð=k2 þ =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γμmbγνð=p1 − =k2 − =lþmbÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðk2 þ lÞ2l2

)

¼ ϕð1Þ
ρ;e ⊗ ½−Gð0Þ

bL;2ðx1; x2; ξ2Þ þ Gð0Þ
bL;2ðx1; ξ2Þ�; ðA51Þ

Gð10Þ
bL2;2h ¼

eg4

9
Tr

(
γα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 − =lÞγμðmb − =lÞγαð=p1 − =k1 − =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 − lÞ2½ðp1 − k1 − lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
ρ;d ⊗ Gð0Þ

bL;2ðx1; ξ2; x2Þ; ðA52Þ

Gð10Þ
bL2;2i ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½Mρ=ϵ2Lϕρðx2Þ�γνð=p2 − =k2 − =lÞγμðmb − =lÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

∼ 0; ðA53Þ

Gð10Þ
bL2;2j ¼

eg4

9
Tr

(
γνð=k1 þ =lÞγαð=k2 þ =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γμmbγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 þ lÞ2ðk2 þ lÞ2l2
)

∼ 0; ðA54Þ

Gð10Þ
bL2;2k ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½Mρ=ϵ2Lϕρðx2Þ�γμmbγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k1 þ lÞ2 −m2
b�ðk2 þ lÞ2l2

)

¼ −
1

8
ϕð1Þ
ρ;e ⊗ Gð0Þ

bL;2ðx1; x2; ξ2Þ; ðA55Þ

with the wave functions ϕð1Þ
ρ;d and ϕð1Þ

ρ;e in the form of

ϕð1Þ
ρ;d ¼

−ig2CF

4

γþγρð=p2 − =k2 − =lÞγ−
ðp2 − k2 − lÞ2l2

nρ
n · l

;

ϕð1Þ
ρ;e ¼ ig2CF

4

γ−ð=k2 þ =lÞγργþ
ðk2 þ lÞ2l2

nρ
n · l

: ðA56Þ

Analogous to the ones in Eq. (A25), the 1=8 terms also appear in this channel. After the summation of the contributions
from these irreducible subdiagrams, one finds the following result:

Gð10Þ
up;bL2ðx1; x2Þ ¼ ϕð1Þ

ρ;d ⊗ ½Gð0Þ
bL;2ðx1; ξ2; x2Þ −Gð0Þ

bL;2ðx1; ξ2Þ�; ðA57Þ

Gð10Þ
down;bL2ðx1; x2Þ ¼ ϕð1Þ

ρ;e ⊗ ½−Gð0Þ
bL;2ðx1; x2Þ þGð0Þ

bL;2ðx1; x2; ξ2Þ�: ðA58Þ
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6. The NLO amplitudes for Gð00Þ
bT1

The amplitudes for the NLO contributions from the irreducible diagrams to Gð00Þ
bT1 with the additional gluon emitted from

the final ρ meson are the following:

Gð10Þ
bT1;2d ¼ −eg4Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γβð=p2 − =k2 − =lÞγμ=p1γ

γð=p1Þγ5½=nþffiffi2p ϕþ
B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðp2 − k2 − lÞ2l2

)

¼ 9

8
ϕð1Þ
ρ;d ⊗ ½Gð0Þ

bT;1ðx1; ξ2; x2Þ −Gð0Þ
bT;1ðx1; ξ2Þ�; ðA59Þ

Gð10Þ
bT1;2e ¼ eg4Tr

(
γαð=k2 þ =lÞγβ½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γ

γð=p1Þγ5½=nþffiffi2p ϕþ
B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk2 þ lÞ2l2

)

¼ 9

8
ϕð1Þ
ρ;e ⊗ ½−Gð0Þ

bT;1ðx1; x2Þ þGð0Þ
bT;1ðx1; x2; ξ2Þ�; ðA60Þ

Gð10Þ
bT1;2f ¼ −

eg4C2
F

2
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 − =k2 − =lþmbÞγν=p1γαð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2½ðp1 − k2 − lÞ2 −m2
b�ðp2 − k2 − lÞ2l2

)

¼ ϕð1Þ
ρ;d ⊗ ½Gð0Þ

bT;1ðx1; x2Þ −Gð0Þ
bT;1ðx1; ξ2; x2Þ�; ðA61Þ

Gð10Þ
bT1;2g ¼

eg4C2
F

2
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γνð=p1 − =k2 − =lþmbÞγαð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðk2 þ lÞ2l2

)

¼ ϕð1Þ
ρ;e ⊗ ½−Gð0Þ

bT;1ðx1; x2; ξ2Þ þ Gð0Þ
bT;1ðx1; ξ2Þ�; ðA62Þ

Gð10Þ
bT1;2h ¼

eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 þ =lÞγμð=p1 þ =lÞγαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 þ lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 þ lÞ2½ðp1 − k1 þ lÞ2 −m2
b�l2

)
∼ 0; ðA63Þ

Gð10Þ
bT1;2i ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 − =lÞγαð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

¼ 1

8
ϕð1Þ
ρ;d ⊗ Gð0Þ

bT;1ðx1; ξ2Þ; ðA64Þ

Gð10Þ
bT1;2j ¼

eg4

9
Tr

(
γνð=k1 þ =lÞγαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γαð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 þ lÞ2ðk2 þ lÞ2l2
)

¼ 1

8
ϕð1Þ
ρ;e ⊗ Gð0Þ

bT;2ðx1; x2Þ; ðA65Þ

Gð10Þ
bT1;2k ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k1 þ lÞ2 −m2
b�ðk2 þ lÞ2l2

)
∼ 0; ðA66Þ

with the wave functions ϕð1Þ
ρ;d and ϕð1Þ

ρ;e in the form of
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ϕð1Þ
ρ;d ¼

−ig2CF

4

γ⊥γþγρð=p2 − =k2 − =lÞγ−γ⊥
ðp2 − k2 − lÞ2l2

nρ
n · l

ϕð1Þ
ρ;e ¼ ig2CF

4

γ−γ⊥ð=k2 þ =lÞγργ⊥γþ
ðk2 þ lÞ2l2

nρ
n · l

: ðA67Þ

The summation of the contributions from above irreducible subdiagrams gives the following result:

Gð10Þ
up;bT1ðx1; x2Þ ¼ ϕð1Þ

ρ;d ⊗ ½Gð0Þ
bT;1ðx1; ξ2; x2Þ −Gð0Þ

bT;1ðx1; ξ2Þ�; ðA68Þ

Gð10Þ
down;bT1ðx1; x2Þ ¼ ϕð1Þ

ρ;e ⊗ ½−Gð0Þ
bT;1ðx1; x2Þ þ Gð0Þ

bT;1ðx1; x2; ξ2Þ�: ðA69Þ

7. The NLO amplitudes for Gð00Þ
bT2

The NLO amplitudes for Gð00Þ
bT2 with the additional gluon emitted from the final state ρ meson are the following:

Gð10Þ
bT2;2d ¼ −eg4Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γβð=p2 − =k2 − =lÞγμ=p1γ

γð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðp2 − k2 − lÞ2l2

)

¼ 9

8
ϕð1Þ
ρ;d ⊗ ½Gð0Þ

bT;2ðx1; ξ2; x2Þ − Gð0Þ
bT;2ðx1; ξ2Þ�; ðA70Þ

Gð10Þ
bT2;2e ¼ eg4Tr

(
γαð=k2 þ =lÞγβ½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γ

γð=p1Þγ5½=n−ffiffi2p ϕ−
Bðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk2 þ lÞ2l2

)

¼ 9

8
ϕð1Þ
ρ;e ⊗ ½−Gð0Þ

bT;2ðx1; x2Þ þ Gð0Þ
bT;2ðx1; x2; ξ2Þ�; ðA71Þ

Gð10Þ
bT2;2f ¼ −

eg4C2
F

2
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 − =k2 − =lþmbÞγν=p1γαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2½ðp1 − k2 − lÞ2 −m2
b�ðp2 − k2 − lÞ2l2

)

¼ ϕð1Þ
ρ;d ⊗ ½Gð0Þ

bT;2ðx1; x2Þ −Gð0Þ
bT;2ðx1; ξ2; x2Þ�; ðA72Þ

Gð10Þ
bT2;2g ¼

eg4C2
F

2
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γνð=p1 − =k2 − =lþmbÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðk2 þ lÞ2l2

)

¼ ϕð1Þ
ρ;e ⊗ ½−Gð0Þ

bT;2ðx1; x2; ξ2Þ þ Gð0Þ
bT;2ðx1; ξ2Þ�; ðA73Þ

Gð10Þ
bT2;2h ¼

eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 þ =lÞγαð=p1 − =k1 − =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2 þ lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 þ lÞ2½ðp1 − k1 − lÞ2 −m2
b�l2

)

¼ −
1

8
ϕð1Þ
ρ;d ⊗ Gð0Þ

bT;2ðx1; ξ2; x2Þ; ðA74Þ

Gð10Þ
bT2;2i ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 − =lÞγαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

∼ 0; ðA75Þ

Gð10Þ
bT2;2j ¼

eg4

9
Tr

(
γνð=k1 þ =lÞγαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γαð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 þ lÞ2ðk2 þ lÞ2l2
)

∼ 0; ðA76Þ
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Gð10Þ
bT2;2k ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμ=p1γαð=p1 − =k1 þ =lþmbÞγνð=p1Þγ5½=n−ffiffi2p ϕ−

Bðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k1 þ lÞ2 −m2
b�ðk2 þ lÞ2l2

)

¼ −
1

8
ϕð1Þ
ρ;e ⊗ Gð0Þ

bT;2ðx1; x2; ξ2Þ; ðA77Þ

with the wave functions ϕð1Þ
ρ;d and ϕð1Þ

ρ;e in the form of

ϕð1Þ
ρ;d ¼

−ig2CF

4

γ⊥γþγρð=p2 − =k2 − =lÞγ−γ⊥
ðp2 − k2 − lÞ2l2

nρ
n · l

;

ϕð1Þ
ρ;e ¼ ig2CF

4

γ−γ⊥ð=k2 þ =lÞγργ⊥γþ
ðk2 þ lÞ2l2

nρ
n · l

: ðA78Þ

The summation over the contributions from above irreducible subdiagrams gives the following result:

Gð10Þ
up;bT2ðx1; x2Þ ¼ ϕð1Þ

ρ;d ⊗ ½Gð0Þ
bT;2ðx1; ξ2; x2Þ −Gð0Þ

bT;2ðx1; ξ2Þ�; ðA79Þ

Gð10Þ
down;bT1ðx1; x2Þ ¼ ϕð1Þ

ρ;e ⊗ ½−Gð0Þ
bT;2ðx1; x2Þ þ Gð0Þ

bT;2ðx1; x2; ξ2Þ�: ðA80Þ

8. The NLO amplitudes for Gð00Þ
bT3

The NLO amplitudes for Gð00Þ
bT3 with the additional gluon emitted from the final ρ meson are the following:

Gð10Þ
bT3;2d ¼ −eg4Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γβð=p2 − =k2 − =lÞγμmbγ

γðmBÞγ5½=nþffiffi2p ϕþ
B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðp2 − k2 − lÞ2l2

)

¼ 9

8
ϕð1Þ
ρ;d ⊗ ½Gð0Þ

bT;3ðx1; ξ2; x2Þ −Gð0Þ
bT;3ðx1; ξ2Þ�; ðA81Þ

Gð10Þ
bT3;2e ¼ eg4Tr

(
γαð=k2 þ =lÞγβ½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγ

γðmBÞγ5½=nþffiffi2p ϕþ
B ðx1Þ�Fαβγ

ðk1 − k2Þ2ðk1 − k2 − lÞ2½ðp1 − k2Þ2 −m2
b�ðk2 þ lÞ2l2

)

¼ 9

8
ϕð1Þ
ρ;e ⊗ ½−Gð0Þ

bT;3ðx1; x2Þ þ Gð0Þ
bT;3ðx1; x2; ξ2Þ�; ðA82Þ

Gð10Þ
bT3;2f ¼ −

eg4C2
F

2
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμð=p1 − =k2 − =lþmbÞγνmbγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2½ðp1 − k2 − lÞ2 −m2
b�ðp2 − k2 − lÞ2l2

)

¼ ϕð1Þ
ρ;d ⊗ ½Gð0Þ

bT;3ðx1; x2Þ −Gð0Þ
bT;3ðx1; ξ2; x2Þ�; ðA83Þ

Gð10Þ
bT3;2g ¼

eg4C2
F

2
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγνð=p1 − =k2 − =lþmbÞγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k2 − lÞ2 −m2
b�ðk2 þ lÞ2l2

)
∼ 0; ðA84Þ

Gð10Þ
bT3;2h ¼

eg4

9
Tr

(
γα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμðmb − =lÞγαð=p1 − =k1 − =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2Þ2ðp2 − k2 − lÞ2½ðp1 − k1 − lÞ2 −m2
b�l2

)

¼ −ϕð1Þ
ρ;d ⊗ Gð0Þ

bT;3ðx1; ξ2; x2Þ; ðA85Þ
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Gð10Þ
bT3;2i ¼ −

eg4

9
Tr

(
γνð=k1 − =lÞγα½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γνð=p2 − =k2 − =lÞγμðmb − =lÞγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2 − lÞ2 −m2

b�ðk1 − k2 − lÞ2ðp2 − k2 − lÞ2ðk1 − lÞ2l2
)

¼ 1

8
ϕð1Þ
ρ;d ⊗ Gð0Þ

bT;3ðx1; ξ2Þ; ðA86Þ

Gð10Þ
bT3;2j ¼

eg4

9
Tr

(
γνð=k1 þ =lÞγαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγαðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2Þ2ðk1 þ lÞ2ðk2 þ lÞ2l2
)

¼ 1

8
ϕð1Þ
ρ;e ⊗ Gð0Þ

bT;3ðx1; x2Þ; ðA87Þ

Gð10Þ
bT3;2k ¼ −

eg4

9
Tr

(
γαð=k2 þ =lÞγν½=ϵ2T=p2ϕ

T
ρ ðx2Þ�γμmbγαð=p1 − =k1 þ =lþmbÞγνðmBÞγ5½=nþffiffi2p ϕþ

B ðx1Þ�
½ðp1 − k2Þ2 −m2

b�ðk1 − k2 − lÞ2½ðp1 − k1 þ lÞ2 −m2
b�ðk2 þ lÞ2l2

)

¼ −
1

8
ϕð1Þ
ρ;e ⊗ Gð0Þ

bT;3ðx1; x2; ξ2Þ; ðA88Þ

with the wave functions ϕð1Þ
ρ;d and ϕð1Þ

ρ;e in the form of

ϕð1Þ
ρ;d ¼

−ig2CF

4

γ⊥γþγρð=p2 − =k2 − =lÞγ−γ⊥
ðp2 − k2 − lÞ2l2

nρ
n · l

;

ϕð1Þ
ρ;e ¼ ig2CF

4

γ−γ⊥ð=k2 þ =lÞγργ⊥γþ
ðk2 þ lÞ2l2

nρ
n · l

: ðA89Þ

The summation of the contributions from above irreducible subdiagrams gives the following result:

Gð10Þ
up;bT3ðx1; x2Þ ¼ ϕð1Þ

ρ;d ⊗ ½Gð0Þ
bT;3ðx1; ξ2; x2Þ −Gð0Þ

bT;3ðx1; ξ2Þ�; ðA90Þ

Gð10Þ
down;bT3ðx1; x2Þ ¼ ϕð1Þ

ρ;e ⊗ ½−Gð0Þ
bT;3ðx1; x2Þ þ Gð0Þ

bT;3ðx1; x2; ξ2Þ�: ðA91Þ
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