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The leptonic radiative decay B → γlν is of great importance in the determination of B-meson wave
functions, and evaluating the form factors FV;A is the essential problem on the study of this channel. We
compute the next-to-leading power corrections to the form factors within the framework of PQCD
approach, including the power suppressed hard kernel, the contribution from a complete set of three-
particle B-meson wave functions up to twist-4 and two-particle off light-cone wave functions, the 1=mb

corrections in heavy quark effective theory (HQET), and the contribution from hadronic structure of
photon. In spite of large theoretical uncertainties, the overall power suppressed contributions decreases
about 50% of the leading power result. The λB dependence of the integrated branching ratio is reduced after
including the subleading power contributions, thus the power corrections lead to more ambiguity in the
determination of λB from B → γlν decay.
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I. INTRODUCTION

kT factorization theorem is an appropriate theoretical
framework for exclusive B meson decays. By retaining
parton transverse momenta kT , the endpoint singularities
which break collinear factorization are regularized. The
perturbative QCD (PQCD) approach [1,2] based on the kT
factorization framework has been applied to various exclu-
sive processes, especially semileptonic and nonleptonic
B-meson decays, and other decay modes [3]. The resultant
predictions are in agreement with most of the experimental
data, and the most applaudable result is the CP violation
inmany nonleptonicB-meson decay channels [4]. The LHC-
b and forthcoming Super-B factory experiments will accu-
mulate more and more accurate data, which require more
precise theoretical predictions. To achieve this target, both
QCD radiative corrections and power corrections need to be
considered. In PQCD approach, QCD radiative corrections
are extensively studied in many processes, such as the pion
transition form factor [5,6], the pion electromagnetic form

factors [7–9], theB → π form factors [10,11] et al., while the
exploration on power corrections are very few. The motiva-
tion of this paper is to investigate the power corrections in the
leptonic radiative decay mode B → γlν.
Most of the theoretical frameworks to study B meson

decays are based on heavy quark expansion, and power
corrections are important for finite b quark mass. While in
the collinear factorization, the power suppressed contribu-
tions are in general nonfactorizable due to endpoint singu-
larity, so they are often fitted by experimental data or
estimated using nonperturbative methods. 1=mb power
corrections to B → γlν were considered at tree level [12]
where a symmetry-conserving form factor ξðEγÞ was intro-
duced to parametrize the nonlocal power correction. An
approach based on dispersion relations and quark-hadron
duality was employed to study the power suppressed
contributions inB → γlν [13], where the “soft” two-particle
correction to the B → γ form factors was computed at
leading order. The one-loop corrections to this kind of
subleading power contribution has been computed in [14], in
addition the contribution from three-particle light-cone
distribution amplitudes(LCDAs) was also considered at tree
level. In a recent paper [15], using dispersion approach, the
soft contribution of power-suppressed higher-twist correc-
tions to the form factors that are due to higher Fock states of
B-meson and to the transverse momentum (virtuality) of the
light quark in the valence statewas calculated, the results are
found to be much smaller than that of twist-2 contribution.
Based on the power counting in the soft-collinear effective
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theory (SCET [16,17]), the hadronic structure of photon can
contribute at next-to-leading power, which was studied in
[18,19]. The soft contribution and the contribution from the
hadronic structure of photon are probably closely related,
and it is interesting to uncover their relationship.
In the PQCD approach, the power suppressed local

corrections to B → γlν have been first studied in [20],
and a more careful investigation of power corrections was
performed in [21], in which three-particle B-meson wave
functions, next-to-leading power (NLP) hard kernels, and
long-distance vector meson dominance contribution are
considered. In [21] the contribution from an incomplete
set of three-particle B-meson LCDAs was estimated by
power counting, but the detailed calculation is still absent.
The long distance contribution is found to be cancelled by
the radiative corrections, which makes the power correction
very small. As a rough estimate, this conclusion needs to be
checked by amore careful calculation. Our aim in this article
is tomake the following improvements: (1) The contribution
from a complete set of higher twistB-mesonwave functions,
up to twist-4, will be investigated. The higher twist wave
functions include both two-particle and three-particle Fock
states, which are related by the equation of motion. (2) The
contribution from the hadronic structure of photon will be
calculated within PQCD framework. As the endpoint
singularity appears in the collinear factorization is regular-
ized by including the transverse momentum, this kind of
contribution can be studied using factorization approach.
(3) The 1=mb corrections to the heavy-to-light current in
HQETwill be considered. Although the NLP contributions
considered here are still far from a systematical study, but
they can shed light on the correction arises from the power
corrections, whichmakes great sense in the determination of
the parameter λB.
This paper is organized as follows: In the next section we

will present the analytic calculation of the decay amplitude
of B → γlν, including both leading power (LP) and NLP
contributions. The numerical analysis is given in the third
section. Concluding discussions are presented in Sec. IV.

II. THE B → γlν DECAY AMPLITUDE
AT NEXT-TO-LEADING POWER

The radiative leptonic B-meson decay amplitude is
given by

AðB → γνlÞ ¼ GFVubffiffiffi
2

p hγlνljl̄γνð1 − γ5Þνlūγνð1 − γ5ÞbjBi:

ð1Þ
At leading order in QED, the above amplitude can be
written as

AðB → γνlÞ ¼ GFVubffiffiffi
2

p ðigemϵ�νÞ½Tνμðp; qÞl̄γμð1 − γ5Þν

þQlfBl̄γνð1 − γ5Þν�; ð2Þ

where the momenta carried by photon, lepton-pair, and
B-meson are p, q, and pþ q respectively. In the light-cone
coordinate, pμ ¼ n·p

2
n̄μ ¼ Eγn̄μ, qμ ¼ 1

2
ðn · qn̄μ þ n̄ · qnμÞ,

and pμ þ qμ ¼ mBvμ. The hadronic tensor Tνμ reads

Tνμðp; qÞ ¼
Z

d4zeip·zh0jT½jemν ðzÞ; ūð0Þγμð1 − γ5Þbð0Þ�

× jB̄ðpþ qÞi; ð3Þ

with jemν ðzÞ¼P
qQqq̄ðzÞγνqðzÞþQll̄ðzÞγνlðzÞ. Consider-

ing vector and axial vector current conservation, the
decomposition of the hadronic matrix element reads

Tνμðp; qÞ ¼ −iv · pϵμνρσnρvσFVðn · pÞ
þ ðgμνv · p − vνpμÞFAðn · pÞ þ gμνfB; ð4Þ

where the last term will cancel the contribution with
photon radiated from the lepton. The differential decay rate
of B → γlν can be readily computed using the following
formula

dΓ
dEγ

ðB → γlνÞ ¼ αemG2
FjVubj2
6π2

mBE3
γ

�
1 −

2Eγ

mB

�

× ½F2
Vðn · pÞ þ F2

Aðn · pÞ�: ð5Þ

This equation indicates that the essential problem in the
B → γlν decays is to study the factorization of the form
factors FA;V . A systematical study on the power corrections
for this process needs to analyze power suppressed SCET
operators, which is rather complicated and we leave it for a
future study. Alternatively, we follow [15] to expand the
matrix element using HQET

TνμðpÞ

¼ ffiffiffiffiffiffiffi
mB

p Z
d4zeip·zh0jT½jemν ðzÞ; ūγμð1 − γ5Þhvð0Þ�jB̄ðvÞi

þ
ffiffiffiffiffiffiffi
mB

p
2mb

Z
d4zeip·zh0jT½jemν ðzÞ;

ūγμð1 − γ5ÞiD⊥hvð0Þ�jB̄ðvÞi: ð6Þ

In the first line, the power corrections arise from the
light-cone expansion of quark propagator

h0jTfqðzÞ; q̄ð0Þgj0i

¼ i
2π2

=z
z4
−

i
16π2

1

z2

Z
1

0

du½=zσαβ−4iuzαγβ�GαβðuzÞþ �� � ;

ð7Þ

and the twist expansion of B-meson wave functions
[22–27]
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h0jq̄ðzÞWzðnÞ†In;z;0W0ðnÞΓhvð0ÞjB̄ðvÞi ¼ −
if̃BmB

4
Tr

�
1þ =v
2

�
2Φþ

B ðt; z2Þ þ 2z2Gþðz2Þ

þΦ−
Bðt; z2Þ þ z2G−ðz2Þ −Φþ

B ðtz2Þ − z2Gþðz2Þ
t

=zþ � � �
�
γ5Γ

�
: ð8Þ

TheB-mesonwave functions describe the distributions of the light parton in both the longitudinal direction denoted by t ¼ v · z
and the transverse direction denoted by z2. In the above definition z ¼ ð0; z−; zTÞ is the coordinate of the anti-quark field q̄,hv is
the b quark field in the HQET, and Γ represents a Dirac matrix. The Wilson line WzðnÞ is written as

WzðnÞ ¼ P exp

�
−ig

Z
∞

0

dλn · Aðzþ λnÞ
�
: ð9Þ

The vertical link In;z;0 at infinity does not contribute in the covariant gauge [28]. Due to the light-cone divergences associated
with theWilson lines, the light-conevector should be rotated to satisfyn2 ≠ 0. Thewave functionsΦ�

B ðt; z2Þ are of leading twist,
and G�ðz2Þ are of higher twist. In addition, the definition of three-particle LCDAs are as follows

h0jq̄2αðzÞGμνðuzÞbβð0ÞjB̄ðvÞi ¼
f̃BmB

4

Z
∞

0

dω
Z

∞

0

dξ
Z

d2k1⊥
ð2πÞ2

Z
d2k2⊥
ð2πÞ2 e

−iðk1þuk2Þ·z

× ½ð1þ =vÞfðvμγν − vνγμÞ½ψA − ψV � − iσμνψV − ðn̄μvν − n̄νvμÞXA

þ ðn̄μγν − n̄νγμÞðW þ YAÞ þ iϵμνρσn̄ρvσγ5X̃ − iϵμνρσn̄ργσγ5Ỹ

− ðn̄μvν − n̄νvμÞ=̄nW þ ðn̄μγν − n̄νγμÞ=̄nZgγ5�βαðω; ξ; k1⊥; k2⊥Þ: ð10Þ

The wave functions defined above do not have definite
twist, but they are convenient in the calculation for their
simple Lorentz structure.
For the second line of Eq. (6), although there already

exists a suppressed factor 1=mb, higher-twist B-meson
wave functions are still required as the power expansion
in terms of 1=mb is not equivalent to the twist expansion. In
the following we will consider the contribution from
leading-twist and higher-twist B-meson wave functions
respectively in the first line of Eq. (6), and then evaluate the
contribution from the second line Eq. (6). Furthermore, we
will also investigate the contribution from the hadronic
structure of photon at the last subsection.

A. Contribution from leading-twist
B-meson wave functions

First we consider the LP result of FV;A and NLP
corrections from leading-twist B-meson wave functions.
From the definition in Eq. (8), the momentum space
projector for B-meson twist-2 wave functions can be
written by

MB
αβ ¼ −

if̃BmB

4

�
1þ =v
2

�
ϕþ
B ðω; k⊥Þ=nþ ϕ−

Bðω; k⊥Þ=̄n

−
Z

ω

0

dηðϕ−
Bðη; k⊥Þ − ϕþ

B ðη; k⊥ÞÞγμ
∂

∂k⊥μ

�
γ5

�
αβ

:

ð11Þ

The leading power contribution is from Fig. 1(a), in which
the light quark propagator can be decomposed as

iðp − =kÞ
ðp − kÞ2 ¼ −i

Eγ=̄n

2Eγωþ k2⊥
þ i

ω=v
2Eγωþ k2⊥

− i
=k⊥

2Eγωþ k2⊥
;

ð12Þ

where the first term is at leading power, and the other two
terms are suppressed by λ ¼ ω

Eγ
. Taking only the leading

power contribution into account, the form factors FV;A can
be written by

FLP
A ðEγÞ ¼FLP

V ðEγÞ ¼
2

3
f̃BmB

Z
1

0

dω
Z

d2k⊥
ð2πÞ2

ϕþ
B ðω; k⊥Þ

2ωEγ þ k2⊥
:

ð13Þ

(a) (b)

FIG. 1. Tree level diagrams with two-particle B meson wave
functions.
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According to [21], the mass dependence of the hadron state
arises if the power suppressed operators O1;2 are included

h0jūρðzÞhδð0ÞjB̄ðMvÞiQCD
¼

X
i¼1;2

h0ji
Z

d4yT½ūρðzÞhδð0ÞOiðyÞ�jB̄ðvÞi: ð14Þ

where

O1 ¼
1

mb
h̄ðiDÞ2h; O2 ¼

g
2mb

h̄σμνGμνh: ð15Þ

After considering the mass dependence of the hadronic
state the momentum fraction of the soft quark inside the B
meson can be defined by x ¼ ω=mB, and Eq. (13) turns to

FLP
A ðEγÞ¼FLP

V ðEγÞ¼
2

3
f̃BmB

Z
1

0

dx
Z

d2k⊥
ð2πÞ2

ϕþ
B ðx;k⊥Þ

2xmBEγþk2⊥
:

ð16Þ

The QCD correction to the B-meson wave functions and
the leading-order (LO) hard kernel produces both the single
and double logarithms ln2 k⊥

Eγ
, ln k⊥

Eγ
, ln2 x and ln x respec-

tively, which become large as k⊥ ≪ Eγ; x ≪ 1. These large
logarithms need to be resummed, among them kT resum-
mation leads to Sudakov form factor, and threshold
resummation (resumming ln2 x and ln x) leads to jet
function. The kT and threshold resummation improves
the convergence of the perturbation series, and the resum-
mation improved factorization formula can be rewritten by

FLP
A ðEγÞ ¼ FLP

V ðEγÞ

¼ 2

3
f̃BmB

Z
1

0

dx
Z

∞

0

bdbK0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
bÞ

× StðxÞe−sBðtÞϕþ
B ðx; bÞ; ð17Þ

where sBðtÞ is the Sudakov form factor and StðxÞ is the jet
function from the threshold resummation [1,2]. The thresh-
old factor from the resummation of ln2 x has been para-
metrized as

Stðx;QÞ ¼ 21þcðQ2ÞΓð3
2
þ cðQ2ÞÞffiffiffi

π
p

Γð1þ cðQ2ÞÞ ½xð1 − xÞ�cðQ2Þ: ð18Þ

Both the hard kernel and the wave function have been
transformed into the impact parameter space(b space)
because it is more convenient to perform Sudakov resum-
mation in b space. In the above equation the resummation

of rapidity logarithms ln ðn·pÞ2
n2 , which will cause scheme

dependence, is neglected. In [29] the joint resummation
with respect to all the large logarithms is performed, and
this effect will be considered in the future study.

The power suppressed amplitude includes the latter two
terms in Eq. (12) and the contribution from Fig. 1(b). We
note that the last term in Eq. (12), which is related to the
transverse derivative in the B-meson wave function [the last
term in Eq. (11)], vanishes in 4-dimension due to the
Lorentz structure γ⊥μ=ϵ�⊥γ

μ
⊥. The second term in Eq. (12)

results in

FNLP1a
A ðEγÞ ¼ −

1

3Eγ
f̃Bm2

B

Z
1

0

dxx
Z

∞

0

bdbStðxÞe−sBðtÞ

× K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
bÞ½ϕ−

Bðx; bÞ þ ϕþ
B ðx; bÞ�;

FNLP1a
V ðEγÞ ¼

1

3Eγ
f̃Bm2

B

Z
1

0

dxx
Z

∞

0

bdbStðxÞe−sBðtÞ

× K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
bÞ½ϕ−

Bðx; bÞ − ϕþ
B ðx; bÞ�:

ð19Þ

The internal line in Fig. 1(b) is a heavy quark propagator,
due to the basic idea of effective theory, it must be
integrated out and leads to local contribution. In the
diagrammatic approach, the propagator is proportional to

1
2mbEγþk2⊥

, where k2⊥ in the denominator is obviously sup-

pressed, and this term is identical to the collinear factori-
zation result after k⊥ is dropped

FNLP1b
A ðEγÞ ¼ −FNLP1b

V ðEγÞ ¼
fBmB

6mbEγ
: ð20Þ

Adding up the leading twist NLP contribution, we obtain

FNLP1
A;V ðEγÞ ¼ FNLP1a

A;V ðEγÞ þ FNLP1b
A;V ðEγÞ: ð21Þ

B. Contribution from higher-twist B-meson
wave functions

Up to twist-4, the higher-twist B-meson wave functions
include two-particle Fock state, i.e., G�ðt; z2Þ, and three-
particle Fock state defined in Eq. (10). According to twist
expansion, the three-particle wave functions include one
twist-3, ϕ3 ¼ ψA − ψV , and three twist-4, ϕ4 ¼ ψA þ ψV ,
ψ4 ¼ ψA þ XA, ψ̃4 ¼ ψV − X̃A, in which only two wave
functions are independent [35]. We assume that all the
wave functions have the factorized form, i.e., G�ðt; z2Þ ¼
G�

B ðtÞΣ̃ðz2Þ, where G�
B ðtÞ are B-meson LCDAs. The two-

particle and three-particle LCDAs are related by the
following equation of motion

2t2Gþ
B ðtÞ ¼ −

1

2
Φ−

BðtÞ −
�
t
d
dt

−
1

2
þ itΛ̄

�
Φþ

B ðtÞ

− t2
Z

1

0

duūΨ4ðt; utÞ; ð22Þ

and it is convenient to define
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2t2Ĝþ
B ðtÞ ¼ −

1

2
Φ−

BðtÞ −
�
t
d
dt

−
1

2
þ itΛ̄

�
Φþ

B ðtÞ: ð23Þ

The contribution from three-particle Fock state is plotted
in Fig. 2. Inserting Eqs. (10) and (7) into the correlation
function Tνμ, one can obtain the factorization formulas of
contributions from three-particle B-meson wave functions.
Combining the three-particle contribution with the contri-
bution from G�ðt; z2Þ, we have

FNLP2a
A ðEγÞ ¼ FNLP2a

V ðEγÞ

¼ −
4

3
fBmB

Z
∞

0

dωffiffiffiffiffiffiffiffiffiffiffi
2Eγω

p
×
Z

∞

0

b2dbĝþB ðω; bÞK1ð
ffiffiffiffiffiffiffiffiffiffiffi
2Eγω

p
bÞ; ð24Þ

FNLP2b
A ðEγÞ ¼ FNLP2b

V ðEγÞ

¼ 1

3
ffiffiffiffiffiffiffiffi
2Eγ

p fBmB

Z
∞

0

dω
Z

∞

0

dξ

×
Z

1

0

duffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωþ uξ

p
Z

∞

0

b2db

× K1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Eγðωþ uξÞ

q
bÞ

× ½ψ4ðω; ξ; bÞ − ψ̃4ðω; ξ; bÞ�; ð25Þ

where Ĝþðt; bÞ ¼ R∞
0 dωe−iωtĝþðω; bÞ. The total contri-

bution from high twist wave functions is written by

FNLP2
A;V ðEγÞ ¼ FNLP2a

A;V ðEγÞ þ FNLP2b
A;V ðEγÞ: ð26Þ

C. Power suppressed contribution in HQET

To evaluate the 1=mb correction in Eq. (6), one should
take advantage of the formula

q̄ðzÞΓDρhvð0Þ ¼ ∂ρ½q̄ðzÞΓhvð0Þ�

þ i
Z

1

0

duū q̄ðzÞzλGλρðzuÞΓhvð0Þ

þ
� ∂
∂zρ q̄ðzÞ

�
Γhvð0Þ: ð27Þ

For the first term in the above equation, using the following
relation

h0j∂ρ½q̄ðzÞΓhvð0Þ�jB̄ðvÞi

¼ ∂
∂yρ e

−iΛ̄v·yh0j½q̄ðzÞΓhvð0Þ�jB̄ðvÞi

¼ −iΛ̄vρh0j½q̄ðzÞΓhvð0Þ�jB̄ðvÞi; ð28Þ

one can obtain

FNLP3a
A ðEγÞ ¼ FNLP3a

V ðEγÞ

¼ Λ̄
3mb

fBmB

Z
1

0

dx
Z

∞

0

bdbK0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
bÞ

× StðxÞe−sBðtÞϕþ
B ðx; bÞ: ð29Þ

The matrix element of the second term is related to the
twist-3 three-particle wave function, following the same
method with the above subsection, we have

FNLP3b
A ðEγÞ ¼ FNLP3b

V ðEγÞ

¼
ffiffiffiffiffiffiffiffi
2Eγ

p
3mb

fBmB

Z
∞

0

dω
Z

∞

0

dξ
Z

1

0

duffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωþ uξ

p

×
Z

∞

0

b2dbK1

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Eγðωþ uξÞ

q
b


ϕ3ðω; ξ; bÞ:

ð30Þ

The last term can be evaluated with integration by part, and
the result reads

FNLP3c
A ðEγÞ¼FNLP3c

V ðEγÞ

¼ fBmB

3mb

Z
1

0

dx

×
Z

∞

0

bdbK0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
bÞΨBðx;bÞ

−
2fBmBEγ

3mb

Z
1

0

xdx

×
Z

∞

0

bdbK0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
bÞϕþ

B ðx;bÞ; ð31Þ

with ΨBðω; bÞ ¼
R
ω
0 dη½ϕ−

Bðη; bÞ − ϕþ
B ðη; bÞ�. Adding up

all the above results we have

FNLP3
A;V ðEγÞ ¼ FNLP3a

A;V ðEγÞ þ FNLP3b
A;V ðEγÞ

þ FNLP3c
A;V ðEγÞ: ð32Þ

D. Contribution from hadronic structure of photon

To investigate the contribution of the hadronic structure
of photon, it is essential to introduce the LCDAs of photon,
which have been studied up to twist-4 level in [36]. In the

FIG. 2. Diagram of the contribution from three-particle
B-meson wave functions.
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present paper we will only consider the contribution of two-
particle twist-2 and twist-3 LCDAs, which are defined
below

hγðp; λÞjq̄ðzÞσαβqð0Þj0i ¼ igemQqhq̄qiðpβϵ
�
α − pαϵ

�
βÞ

×
Z

1

0

dueiup·z½χðμÞϕγðu; μÞ�;

hγðp; λÞjq̄ðzÞγαqð0Þj0i ¼ −gemQqf3γϵ�α

×
Z

1

0

dueiup·zψ ðvÞ
γ ðu; μÞ;

hγðp; λÞjq̄ðzÞγαγ5qð0Þj0i ¼
1

4
gemQqf3γϵαβρσpρzσϵ�β

×
Z

1

0

dueiup·zψ ðaÞ
γ ðu; μÞ ð33Þ

where ϕγðu; μÞ is twist-2 LCDA, and ψ ða;vÞ
γ ðu; μÞ are twist-

3 LCDAs. The normalization constants of these LCDAs
depend on the factorization scale, and the evolution
behavior is written by

χðμÞ ¼
�
αðμÞ
αsðμ0Þ

� 16
33−2nf

χðμ0Þ;

hq̄qiðμÞ ¼
�
αðμ0Þ
αsðμÞ

� 12
33−2nfhq̄qiðμ0Þ; ð34Þ

f3γðμÞ ¼
�
αsðμÞ
αsðμ0Þ

� 23
99−6nff3γðμ0Þ: ð35Þ

In the factorization formulas we will neglect the transverse
momentum dependence of the wave functions, as the

Sudakov effect for light qq̄ state is significant, further
suppression is not necessary. The momentum space pro-
jector for the two-particle LCDAs is written by (up to
two-particle twist-3)

Mγ
αβ ¼

1

4
gemQq

�
−hq̄qið=ϵ�pÞχðμÞϕγðu; μÞ

− f3γð=ϵ�Þψ ðvÞ
γ ðu; μÞ

−
i
8
f3γϵμνρσðγμγ5Þn̄ρϵ�ν

�
nσ

d
du

ψ ðaÞ
γ ðu; μÞ

− 2Eγψ
ðaÞ
γ ðu; μÞ ∂

∂k⊥σ

��
αβ

: ð36Þ

The matrix element of B → γ transition can be calculated
through the convolution formula

HShγjq̄ΓbjBi ¼
4παsCF

Nc

Z
1

0

dx
Z

∞

0

b1db1

Z
1

0

du

×
Z

∞

0

b2db2MB
βρH

Γ
αβρσM

γ
σα; ð37Þ

after evaluating the Feynman diagrams in Fig. 3, the results
of the form factors FV;A read

FNLP4a
A ðEγÞ ¼ −

παsCFfBmBQu

EγNc

Z
1

0

dx
Z

∞

0

b1db1

Z
1

0

du
Z

∞

0

b2db2haeðx; u; b1; b2Þ

×

�
2EγmBhq̄qiχðμÞϕγðu; μÞϕ−

B − ð2uEγϕ
þ
B þmBðϕ−

B þ ϕþ
B ÞÞf3γψ ðvÞ

γ

þ 1

2

�
uEγϕ

þ
B þ 1

2
mBðϕ−

B − ϕþ
B Þ
�
f3γ

d
du

ψ ðaÞ
γ ðu; μÞ

�
; ð38Þ

FNLP4a
V ðEγÞ ¼ −

παsCFfBmBQu

EγNc

Z
1

0

dx
Z

∞

0

b1db1

Z
1

0

du
Z

∞

0

b2db2haeðx; u; b1; b2Þ

×

�
2EγmBhq̄qiχðμÞϕγðu; μÞϕ−

B þ ð2uEγϕ
þ
B þmBðϕ−

B − ϕþ
B ÞÞf3γψ ðvÞ

γ

−
1

2

�
uEγϕ

þ
B þ 1

2
mBðϕ−

B þ ϕþ
B Þ
�
f3γ

d
du

ψ ðaÞ
γ ðu; μÞ

�
; ð39Þ

FNLP4b
A ðEγÞ ¼

παsCFfBmBQu

EγNc

Z
1

0

dx
Z

∞

0

b1db1

Z
1

0

du
Z

∞

0

b2db2hbeðx; u; b1; b2Þ

×

�
2Eγϕ

þ
Bf3γψ

ðvÞ
γ þ 1

2
Eγϕ

þ
Bf3γ

d
du

ψ ðaÞ
γ ðu; μÞ

�
; ð40Þ

(a) (b)

FIG. 3. Diagrams of the contribution from hadronic structure of
photon.
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FNLP4b
V ðEγÞ ¼ FNLP4b

A ðEγÞ; ð41Þ

with the hard functions

haeðx; u; b1; b2Þ ¼ e−sBðtÞ−sγðtÞ½θðb1 − b2ÞI0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2uEγmB

p
b2ÞK0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2uEγmB

p
b1Þ

þ θðb2 − b1ÞI0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2uEγmB

p
b1ÞK0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2uEγmB

p
b2Þ�K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xumBEγ

p
b1ÞStðuÞ;

hbeðx; u; b1; b2Þ ¼ e−sBðtÞ−sγðtÞ½θðb1 − b2ÞI0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
b2ÞK0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
b1Þ

þ θðb2 − b1ÞI0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
b1ÞK0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xEγmB

p
b2Þ�K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xumBEγ

p
b1ÞStðuÞ: ð42Þ

Summing up the two diagrams, the form factors from
photon hadronic structure can be written by

FNLP4
V ðEγÞ ¼ FNLP4a

V ðEγÞ þ FNLP4b
V ðEγÞ;

FNLP4
A ðEγÞ ¼ FNLP4a

A ðEγÞ þ FNLP4b
A ðEγÞ: ð43Þ

In summary, combining all the NLP contributions
together, we have

FNLP
V ðEγÞ ¼ FNLP1

V ðEγÞ þ FNLP2
V ðEγÞ

þ FNLP3
V ðEγÞ þ FNLP4

V ðEγÞ;
FNLP
A ðEγÞ ¼ FNLP1

A ðEγÞ þ FNLP2
A ðEγÞ þ FNLP3

A ðEγÞ
þ FNLP4

A ðEγÞ: ð44Þ

Based on the calculations in above sections, several com-
ments are as follows:

(i) All the results of the form factors are given at leading
order. The radiative corrections are of great impor-
tance in the hard exclusive processes, and in the
B → γlν decay it can reduce the leading order
amplitude by 20%–25% in collinear factorization
[12,30–32]. In kT factorization, the NLO corrections
have been studied in [20], while the endpoint
behavior in this study is under controversy, and a
more comprehensive study is required, which is left
for a future study.

(ii) For the contributions from higher twist B meson
wave functions up to twist-4, it has been found that it
is free from endpoint singularity in the collinear
factorization, thus the endpoint region is not very
important and the Sudakov form factor and jet
function are not essential. In addition, there is no
study on the kT resummation effect for the higher
twist wave functions so far, so the Sudakov factor is
not considered here. If four-particle twist-5 and
twist-6 wave functions are included, there does exist
endpoint singularity [15], and the resummation
effect must be considered.

(iii) Only two-particle twist-2 and twist-3 photon
LCDAs are employed in the contribution from the

hadronic structure of photon. In [19], the contribu-
tions from the full set of photon LCDAs up to twist-4
are studied using light-cone sum rules approach,
and the results indicate that the contribution from
two-particle twist-2 LCDA is dominant, and the
contribution from higher twist and three-particle
LCDAs is suppressed. Here we neglect higher twist
photon LCDAs except for the two-particle twist-3
contribution which gives important contributions to
the B → V form factors in the PQCD approach.

III. NUMERICAL ANALYSIS

The most important input parameters are wave functions
of B meson and photon. We have assumed that the
transverse momentum dependent B-meson wave function
ϕ�
B ðx; kTÞ possesses the factorized form

ϕ�
B ðx; kTÞ ¼ ϕ�

B ðxÞΣðkTÞ; ð45Þ

where the transverse part needs to be transformed into the
impact parameter space through Fourier transform, and the
wave functions turns to

ϕ̃�
B ðx; bÞ ¼ ϕ�

B ðxÞΣ̃ðbÞ: ð46Þ

For the transverse part the Gaussian model is usually adopt
in the PQCD approach, i.e., Σ̃ðbÞ ¼ e−

1
2
ω2
0
b2 , with ω0 ¼ λB.

For the longitudinal part, we employ the following models
to check the model dependence of the form factors. The
first one is a free parton model [33]

ϕþ
B IðxÞ ¼

x
2x21

θð2x1 − xÞ;

ϕ−
B IðxÞ ¼

2x1 − x
2x21

θð2x1 − xÞ; ð47Þ

where x1 ¼ x0 ¼ ω0=mB. The second one is from the QCD
sum rules with local duality approximation [34]
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ϕþ
B IIðxÞ ¼

3x
4x32

ð2x2 − xÞθð2x2 − xÞ;

ϕ−
B IIðxÞ ¼

1

8x32

�
3ð2x2 − xÞ2

þ 10ðλ2E − λ2HÞ
3x22m

2
B

ð3x2 − 6xx2 þ 2x22Þ
�
θð2x2 − xÞ;

ð48Þ

where x2 ¼ 3=2x0. In the phenomenological studies with
PQCD approach, a more widely used model is as follows,

ϕþ
B IIIðxÞ ¼ ϕ−

B IIIðxÞ ¼ NBx2ð1 − xÞ2e−
x2

2x2
0 ; ð49Þ

where normalization constant NB is determined by λB. For
the model of two-particle twist-4 B-meson LCDA, follow-
ing [15] we adopt

ĝþB ðωÞ ¼
ω2

2λB

�
1 −

λ2E − λ2H
36λ2B

�
e−

ω
λB ; ð50Þ

where the parameters λ2E and λ2H which are related to the
matrix elements of local quark-gluon operator can be
estimated with QCD sum rules approach. The three-particle
Bwave function is also supposed to satisfy ψðω; ξ; b; ubÞ ¼
ψðω; ξÞΣ̃ðbÞ, and the exponential model of the longitudinal
part is widely used

ϕ3ðω; ξÞ ¼
λ2E − λ2H
6λ5B

ωξ2e−
ωþξ
λB ;

ψ4ðω; ξÞ ¼
λ2E
3λ4B

ωξe−
ωþξ
λB ;

ψ̃4ðω; ξÞ ¼
λ2H
3λ4B

ωξe−
ωþξ
λB : ð51Þ

The light-cone distribution amplitudesϕγðuÞ;ψ ðv;aÞ
γ ðω; ξÞ

havebeen systematically studied in [36], and the expressions
are quoted as follows. The two-particle twist-2 LCDA is
expanded in terms of Gegenbauer polynomials,

ϕγðu; μÞ ¼ 6uū

�
1þ

X∞
n¼2

bnðμ0ÞC3=2
n ðu − ūÞ

�
; ð52Þ

and twist-3 LCDAs in conformal expansion read

ψ ðvÞðξ;μÞ¼ 5ð3ξ2−1Þ

þ 3

64
½15ωV

γ ðμÞ−5ωA
γ ðμÞ�ð3−30ξ2þ35ξ4Þ;

ψ ðaÞðξ;μÞ¼ 5

2
ð1−ξ2Þð5ξ2−1Þ

�
1þ 9

16
ωV
γ ðμÞ−

3

16
ωA
γ ðμÞ

�
:

ð53Þ

In addition to the normalization constant Eqs. (34), (35), the
scale dependence of the parameters in the LCDAs can be
written as

b2ðμÞ¼
�
αsðμÞ
αsðμ0Þ

� 8
33−2nfb2ðμ0Þ;

�
ωV
γ ðμÞ−ωA

γ ðμÞ
ωV
γ ðμÞþωA

γ ðμÞ

�
¼
�
αsðμÞ
αsðμ0Þ

�
Γω=β0

�
ωV
γ ðμ0Þ−ωA

γ ðμ0Þ
ωV
γ ðμ0ÞþωA

γ ðμ0Þ

�
;

ð54Þ

where the anomalous dimension matrix Γω and β0 is given
by [36,37]

Γω ¼
�
3CF − 2

3
CA

2
3
CF − 2

3
CA

5
3
CF − 4

3
CA

1
2
CF þ CA

�
;

β0 ¼ 11 −
2

3
nf: ð55Þ

The value of the parameters used in the calculations are
presented in Table I, among them the scale dependent
parameters are given at μ0 ¼ 1.0 GeV. These parameters
should be run to the factorization scale t in numerical
analysis.
Now we present the numerical results for the form

factors FV;A and the branching ratio of B → γlν decay.
In the physical interesting photon energy region
1.5 GeV < Eγ < 2.6 GeV, the leading power results of
FV;AðEγÞ at tree level are plotted in Fig. 4, where all the
parameters are fixed at the central values in Table I. At
leading power FV ¼ FA due to the left-handedness of the
standard model. The three curves are from the three models
of leading twist Bmeson wave functions, and the difference
between them is only about 3%–5%. In the following we

TABLE I. Numerical value of the parameters entering the calculations.

Parameter ω0ðλBÞ x0 χð1 GeVÞ hq̄qið1 GeVÞ
Value 0.35� 0.10 GeV 0.076� 0.015 ð3.15� 0.03Þ GeV−2 −½ð256þ14

−16 Þ MeV�3
Parameter b2ð1 GeVÞ f3γð1 GeVÞ ωV

γ ð1 GeVÞ ωA
γ ð1 GeVÞ

Value 0.07� 0.07 −ð4� 2Þ × 10−3 GeV2 3.8� 1.8 −2.1� 1.0
Parameter NB λ2E λ2H fB
Value 3417 0.06� 0.04 GeV−2 0.12� 0.05 GeV−2 0.19� 0.02 GeV
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set the model ϕ�
B III as default, which approaches zero at

endpoint region. ϕ−
B I;II does not vanish when x ¼ 0, and it

will lead to too large endpoint contribution when entering
the factorization formula. Compared with the result of
leading order FV;A in collinear factorization, the PQCD
result is relatively smaller due to the inclusion of transverse
momentum in the denominator of the propagators as
well as suppression from kT resummation and threshold
resummation.
The NLP contribution to the form factors are presented

in Fig. 5. Among various kinds of contributions, the one
from hadronic structure of photon is most important. It
decreases the leading power contribution by about 20% for
the symmetric form factor ðFV þ FAÞ=2, and this result is
consistent with the predictions from light-cone sum rules
[19]. It can only give rise to a minor contribution to the
symmetry breaking part ðFV − FAÞ=2 as the leading twist
photon LCDA provides identical result for FV and FA, and
the symmetry breaking effect comes only from higher twist

photon LCDA. The contribution from higher twist
B-meson wave functions, including both two-particle
and three-particle Fock states, also decreases the leading
power contribution by about 20%, and it keeps the
symmetry between FV and FA. The contribution from
three particle B-meson wave functions is much smaller than
that from higher twist two-particle wave function, which is
consistent with the rough estimate in [21]. The power
suppressed hard kernel can also give rise to sizeable
corrections as the suppression factors ω=Eγ is not very
small when Eγ is not large. It is the main source of
symmetry breaking part ðFV − FAÞ=2. The 1=mb suppres-
sion term from HQET is negligible due to the cancellation
between different part in Eq. (32). The different pieces of
the NLP corrections considered in this paper are all sizable
except for the 1=mb suppression term from HQET, fur-
thermore, their effects are all negative. The overall NLP
correction is then significant, it decreases the LP result by
about 50%. This result indicates the extraordinarily impor-
tance of power corrections in this channel.
Now we present the uncertainties from the various

parameters in Table I. If we fix Eγ ¼ 2.0 GeV and
λB ¼ 0.35 GeV, then the form factors with uncertainty
are obtained as (in the unit of GeV)

FVð2 GeVÞ ¼ 0.169þ
�þ0.003

−0.003

�
λ2E−λ

2
H

þ
�þ0.020

−0.020

�
f3γ

þ
�þ0.003

−0.003

�
b2

þ
�þ0.011

−0.011

�
ωV
γ

þ
�þ0.002

−0.002

�
ωA
γ

þ
�þ0.018

−0.018

�
fB

þ
�þ0.006

−0.006

�
hq̄qi

þ
�þ0.009

−0.012

�
St

; ð56Þ

ΦBI

ΦBII

ΦBIII

1.6 1.8 2.0 2.2 2.4 2.6

EΓ GeV

F
V

,A

0.20

0.25

0.30

0.35

0.40

0.45

FIG. 4. The leading power contribution to the form factors
FV;A, where blue, red, and black curves are corresponding to the
wave functions ϕB I, ϕB II, and ϕB III respectively.

leading power
NLP amplitude

photon DA
high twist

HQET NLP

1.6 1.8 2.0 2.2 2.4 2.6
0.2

0.0

0.2

0.4

0.6

EΓ GeV

F
V

F
A

2

NLP amplitude

photon DA

high twist

HQET NLP

1.6 1.8 2.0 2.2 2.4 2.6
0.05

0.00

0.05

0.10

0.15

EΓ GeV

F
V

F
A

2

FIG. 5. The next-to-leading power contribution to the form factors FV;A. The left(right) panel denotes the photon momentum
dependence of ðFV þ FAÞ=2ððFV − FAÞ=2Þ respectively.
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FAð2 GeVÞ ¼ 0.135þ
�þ0.003

−0.003

�
λ2E−λ

2
H

þ
�þ0.018

−0.019

�
f3γ

þ
�þ0.003

−0.003

�
b2

þ
�þ0.008

−0.008

�
ωV
γ

þ
�þ0.001

−0.002

�
ωA
γ

þ
�þ0.015

−0.014

�
fB

þ
�þ0.006

−0.006

�
hq̄qi

þ
�þ0.008

−0.011

�
St

; ð57Þ

where the important sources of the uncertainties include
the parameters f3γ and ωV in the distribution amplitude of
photon, the decay constant of Bmeson, and the parameter c
in the threshold resummation. For simplicity, cðQ2Þ has
been fixed as a constant and varies in the region [0.45,
0.65]. Due to the variation regions of the twist-2 parameters
χðμ0Þ and hq̄qi are very small, the uncertainties from
them are not important. The Eγ dependence of the form
factors with uncertainties is plotted in Fig. 6, where the
errors are added in quadrature, and the overall uncertainty
is expressed in the shaded region. Here the form factor FA
is not shown for its uncertainty region is overlapped
with FV , instead, the uncertainty region of the symmetry
breaking effect ðFV − FAÞ=2 is presented. The uncertainty
region of FV is large because the parameters in the Bmeson
and photon wave functions are not well determined,
and they should be constrained by more preciously mea-
sured physical quantities such as B → π transition form
factors.
Having the theoretical predictions of the form factors

FV;A at hands, we proceed to discuss the theory constraints
on the first inverse moment λB using integrated branching
ratios of B → γlν. The lower limit of integral should be a
photon-energy cut to get rid of the soft photon radiation.
The integrated branching fractions with the phase-space cut
on the photon energy read

BRðB → γlν; Eγ ≥ EcutÞ ¼ τB

Z
mB=2

Ecut

dEγ
dΓðB → γlνÞ

dEγ
;

ð58Þ

where τB indicates the lifetime of the B-meson. Our
predictions for the partial branching ratios of B → γlν
decay including power suppressed contributions are dis-
played in Fig. 7. The variation range of the first inverse
moment λB is ½0.25; 0.45� GeV. It can be observed that the
integrated branching fractions BRðB → γlν; Eγ ≥ EcutÞ
grow with the decrease of λB, but the slope becomes small
when λB is getting large, in addition, the theoretical
uncertainty is big. This λB dependence behavior makes it
more difficult to precisely determine the parameter λB.
Recently, Belle collaboration reported their improved
measurement of the branching ratio of B → γlν with the
energy cut Eγ > 1 GeV [38], the measured branching ratio
is given by

BRðB → γlν; Eγ ≥ 1.0 GeVÞ ¼ ð1.4� 1.0� 0.4Þ× 10−6;

ð59Þ

and a Bayesian upper limit of BRðB→γlν;Eγ≥1.0GeVÞ<
3.0×10−6 is determined at 90% confidence level.
Furthermore, the predictions and uncertainties of partial
decay rate in Ref. [15] extrapolated to Eγ > 1 GeV are used
to determine λB. While if our result is employed, the
uncertainty of λB determined from B → γlν decay should
be larger. Thus a more systematic study of the NLP
corrections to this channel is of great importance. On
the experimental side, it is meaningful to measure the
branching fraction with the phase-space cut on the photon
energy larger than 1.5 GeV, which is helpful to reduce
model dependence.
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FIG. 7. Dependence of the partial branching fractions BRðB →
γlν; Eγ ≥ EcutÞ on the first inverse moment λBðμ0Þ for Ecut ¼
1.5 GeV (blue band) and Ecut ¼ 2.0 GeV (green band).
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FIG. 6. The form factors with uncertainty.
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IV. CONCLUSION AND DISCUSSION

The leptonic radiative decayB → γlν is believed to be an
ideal channel to determine the B meson wave functions,
especially the first inversemoment λB, which is an important
input in the semileptonic and nonleptonic B meson decays.
In the study of B → γlν decay, the key problem is to
investigate the form factorsFV;AðEγÞ.We computed next-to-
leading power corrections to the form factors within the
framework of PQCD approach, including the power sup-
pressed hard kernel, the contribution from a complete set of
three-particle B-meson wave functions up to twist-4 and
two-particle off light-cone wave functions, the 1=mb cor-
rections in HQET, and the contribution from the hadronic
structure of photon taking advantage of two-particle twist-2
and twist-3 photon LCDAs. In the study of power correc-
tions, PQCD approach has its unique advantage because it is
free from endpoint singularity through keeping transverse
momentum of parton. Numerically, both the contribution
from the higher twist B meson wave functions and the
hadronic structure of photon can reduce the leading power
result by about 20%, and the power suppressed hard kernel
decrease the leading power amplitude over 10%. The overall
result is about 50% smaller than leading power result, under
the condition that the QCD radiative corrections are not
considered. Within the parameter space in this paper, the

power correction is so important that one can hardly using
the leading power result to reasonably determine the
B-meson wave function. After including the power correc-
tions, the integrated branching ratio of B → γlν grows with
decreasing λB, but the rate of change is smaller than the
leading power case, in addition to the large theoretical
uncertainty, it is difficult to precisely determine λB only
employing this processes.We should point out that our study
is far from a systematic investigation, and more efforts need
to bemade to uncover the influence of the power corrections.
With more and more precise measurements of B → γlν
decay, the parameters in B meson wave functions must be
better constrained.
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