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Conventional Brownian motion in harmonic systems has provided a deep understanding of a great
diversity of dissipative phenomena. We address a rather fundamental microscopic description for the
(linear) dissipative dynamics of two-dimensional harmonic oscillators that contains the conventional
Brownian motion as a particular instance. This description is derived from first principles in the framework
of the so-called Maxwell-Chern-Simons electrodynamics, also known as Abelian topological massive
gauge theory. Disregarding backreaction effects and endowing the system Hamiltonian with a suitable
renormalized potential interaction, the conceived description is equivalent to a minimal-coupling theory
with a gauge field, giving rise to a fluctuating force that mimics the Lorentz force induced by a particle-
attached magnetic flux. We show that the underlying symmetry structure of the theory (i.e., time-reverse
asymmetry and parity violation) yields an interacting vortexlike Brownian dynamics for the system
particles. An explicit comparison to the conventional Brownian motion in the quantum Markovian
limit reveals that the proposed description represents a second-order correction to the well-known
damped harmonic oscillator, which manifests that there may be dissipative phenomena intrinsic to the

dimensionality of the interesting system.
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I. INTRODUCTION

The study of the physical process whereby an interesting
system reaches asymptotically a stationary state following
a dissipative dynamics is ubiquitous in several areas of
physics such as quantum thermodynamics [1], condensed
matter physics [2,3], or cosmology [4-8]. Unfortunately,
this constitutes an intricate open-system theory problem
[1,9—-13] for which there is no a “universal” recipe that
could successfully provide a rigorous solution. Indeed only
a few specific instances can be exactly solved, among
which the (linear) quantum Brownian motion in harmonic
systems (generically known as the damped harmonic
oscillator [14-21]) represents a prominent example
[22,23]. One of the most fruitful approaches to the latter
rests on assuming that the microscopic Hamiltonians
describing both the environment and system-environment
interaction basically consist of a large set of noninteracting
harmonic oscillators linearly coupled to the system. This
is commonly refereed to as the Feynman-Vernon [24],
Caldeira-Leggett [25] or independent-oscillator model
[11,21,26], and recently, it has been employed to inves-
tigate quantum thermometry [27-29] and nonequilibrium
quantum thermodynamics or information properties
[30-35].
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Although this standard model may look somehow
artificial, it resembles the Pauli-Fierz Hamiltonian
[36,37] in the strict dipole approximation when the latter
describes simple charged particles interacting with
Maxwell electromagnetic fields [21,38-42]. That is, the
independent-oscillator model is essentially a particular
instance of the nonrelativistic Maxwell electrodynamics
[43,44]. Remarkably, along with the usual Maxwell con-
tribution, the action of the two-dimensional Abelian
electrodynamics admits a Chern-Simons kinetic term
[45] which preserves the essential ingredients demanded
for a sensible (Abelian) gauge theory [46]: space-time
locality, as well as local U(1) gauge and Lorentz invari-
ance. This is the so-called Maxwell-Chern-Simons electro-
dynamics [47] or Abelain topological massive gauge
theory [46,48] and has been successfully applied to study
new forms of gauge field mass generation [46,47], the
dynamics of vortices [49,50], or the statistics transmuta-
tion [48] which have recently shown appealing applica-
tions in quantum computation theory [51]. Then two
immediate question arises as to which kind of microscopic
description is brought by this more fundamental gauge
theory and, further, whether it could shed new light on
two-dimensional dissipative dynamics.

Motivated by these natural questions, the present work is
devoted to extensively examine the Abelian topological
massive gauge theory from the perspective of the quantum
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open-system theory. More concretely, we address the
dissipative dynamics in the low-energy regime of a two-
dimensional system composed of charged harmonic oscil-
lators minimally interacting with a Maxwell-Chern-Simons
electromagnetic field acting as a heat bath. Starting from
first principles, we derive a low-lying Hamiltonian that
provides a reliable and (numerically) solvable dissipative
microscopic description within the Langevin equation
framework [5,19,22]. Interestingly, the Chern-Simons
effects give rise to a Lorentz-like fluctuating force which
represents an alternative to the geometric magnetism [52] in
the context of recently extended environments [53,54].
Unlike previous treatments, we show that the components
of such a Chern-Simons (electric) force are noncommuta-
tive owing to the “topological” nature of the underlying
theory and cause an (ordinary) Hall response of the system
particles that recalls the dissipative Hofstadter model
[55,56]. We also show that this response enables generation
of stationary correlations between the transversal degrees
of freedom (d.o.f.) in the quantum regimen, which may
eventually induce new kinds of environmentally mediated
entanglement between the system particles different from
the standard dissipative models [39]. Moreover, the Chern-
Simons kinetic term endows the Brownian motion with
unusual statistical features that enrich the dissipative
dynamics; for instance, it prompts an antisymmetric 1/f
noise in the classical Markovian Langevin equation that
closely resembles the low-frequency magnetic flux noise in
superconducting circuits [57,58]. Our main concern is to
analyze the main characteristics of the novel dissipative
dynamics provided by the Chern-Simons action as com-
pared to the conventional Brownian motion. Let us stress
that our motivation as well as approach is significantly
distinct to most previous treatments within quantum open-
system theory to the best of our knowledge [1,9-13], in
particular, those related to the Brownian motion of charged
particles moving in the presence of external magnetic fields
[59-62]. The present work explores the intriguing interplay
between dissipation and the latent symmetry structure of
the interesting problem (e.g., the influence of time-reverse
symmetry or parity conservation on the spectral density), in
much the same fashion as Refs. [63—-65].

The present paper is organized as follows. In Sec. II the
quantum canonical Hamiltonian governing the whole
dynamics is obtained via a Coulomb gauge quantization
procedure by starting from the action characteristic of the
Maxwell-Chern-Simons electrodynamics of a harmonic
n-particle system. From this, in Sec. III we derive the
dissipative microscopic Hamiltonian, which is the basis of
the present work, and extensively discuss its properties.
The reduced dynamics of the system particles is addressed
in terms of the Langevin equation formalism in Secs. III A,
III B, and I C, and we study the asymptotic properties of
the fluctuation-dissipation relation and the conditions under
which the system relaxes towards a thermal equilibrium

state. Sections IV and IV A provide an explicit example of
the proposed dissipative description applied to study the
Markovian dynamics. Finally, we summarize and draw the
main conclusions in Sec. V.

II. GAUGE INVARIANT DESCRIPTION

As stated in the Introduction, we consider the most
general action in Euclidean planar geometry of a U(1)
gauge-invariant system composed of n harmonic oscillators
coupled to a homogeneous and isotropic gauge field
A, = (A¢,A). This is given by

S = SHO + /dedtﬁMCS(x, l), (1)

where Sy is the usual action for the reduced harmonic
system and Lycg represents the Lagrangian density of the
Maxwell-Chern-Simons electrodynamics [45-47,51], i.e.,

1 K
Lycs = 3 (E* - B*) + §€”MA;48DA,1 +A-J+ Agp,

with €*** being the completely antisymmetric tensor (i.e.,
€912 = 1 and €;; = €p;;). Here B and E are the magnetic and
electric fields (i.e., B = €,30,A5 and E, = —A, — 9,A),
whereas p and J are, respectively, the charge and current
densities of the harmonic n-particle system. The second term
in the Lagrangian density (1) describes the Chern-Simons
action whose strength is given by the coupling constant «,
whereas the first one is the usual Maxwell kinetic term.
Importantly, we shall show that well-known results for the
damped harmonic oscillator [15,16,21,22,25,39] are recov-
ered in any step of the treatment by taking the limit x — 0.
Throughout this work, Latin indices (running from 1 to n)
are reserved to the system harmonic oscillators, and unless
stated otherwise, we use Greek letters as well as Einstein
convention of repeated indices for the two spatial dimen-
sions. We use the natural units ¢ = A = kg = 1.

We shall consider that the total density matrix for the
harmonic n-particle system and gauge field decouples at
the initial time #,, and further, the field is in a canonical
equilibrium state pg o e PMuse with IHMSC being the free
Hamiltonian of the Maxwell-Chern-Simons gauge field
(defined below), whereas the system may be in an arbitrary
state. The restriction to free-correlation initial conditions is
not crucial for the subsequent treatment, rather it is an
extensively used assumption [10,11,16,22] that provides a
better exposition. Intuitively, this in agreement with pre-
paring the system separately and brought into contact with
the gauge field sufficiently fast such that the subsequent
dynamics is governed by the Maxwell-Chern-Simons
action (1). As a result, pg will completely characterize
the statistical properties of the gauge field operators and, as
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we shall see, the system particle operators in the asymptotic
time limit as well.

Without loss of generality we assume that all harmonic
oscillators possess identical mass m, with distinct (bare)
frequencies w; for i € {1,n}. Moreover, the charge and
current densities can be expressed in terms of a function ¢
that models the charge distribution of each harmonic
oscillator [66],

o) = €D ple - ai()
) = ¢S ol - g, ()i, )
=1

where 0 < e determining the coupling strength to the gauge
field A, and ¢;(¢) denotes the spatial coordinate of the ith
harmonic oscillator. For the sake of simplicity, we shall
assume an identical ¢ for all particles.

From the Lagrangian density described by the general
action (1), one obtains the following expressions for the
canonical momentum of the ith harmonic oscillator p; and
gauge field I [44]:

HO - 0, (3)
. K
[, = Ay + 04A + EeafAﬁ’
pi=mq; +e / d*xp(x — g;)A(x), (4)

as well as the Gauss law [45,47,48,606],
VH+§VXA—p:0, (5)

which upon surface integration unveils that the harmonic
n-particle system possesses a magneticlike flux of strength
proportional to ne/x [46,47]. The latter may be seen by
realizing that the contribution from VII vanishes as this
represents the longitudinal electric field which here expo-
nentially decays owing to the photon mass [51]. One may
show that the classical Hamiltonian obtained via the
canonical procedure from the action (1) reads [67]

M= Z(ﬁ (pi=c [ exot-a0a) +via)

1 2
—i—E/dzx(H-H—KHxA—|—(V><A)2+KZA-A

+A%VIH€VXA—0>, (6)

where V stands for the isotropic confining harmonic
potential of the oscillators, which we shall take as

V(g;) = imw?(g; — q;)* for simplicity, with §; being
the equilibrium position of the ith harmonic oscillator.

We now quantize the Hamiltonian (6) preserving
the gauge invariance by following the conventional
Coulomb gauge quantization procedure [47,67]. By writing
the gauge field variables (6) in terms of the longitudinal
(All, 11 and transversal components (A, IT*), this means
to set Al equal to zero, whereas Il is evaluated by
demanding the Gauss law (5) as a nondynamical constraint
[47,48,68,09], i.e.,

0(w) =V, [ @6x-3) (s =59 x4.0)). ()

where G.(x) is the two-dimensional Coulomb Green’s
function that satisfies V2G,(x) = 8%(x), i.e., G.(x —y) =
(27)'log |x —y| [46,66,69]. The quantization of the
Hamiltonian is achieved by first imposing the Coulomb
gauge equal-time commutation relations [47,68],

[Ag (). Tl (x)] = i6(x — ).
(Gi. Pi] = 6y, (8)

where 5% (x —y) denotes the transverse delta function [48],

a&x)a(x)
3 =3) = (=" )9 =)
= Py ()6 x ). ©)

and P,4(x) is called the transverse projective operator.
Notice that all other commutators vanish identically. The
quantum canonical Hamiltonian governing all the system-
field dynamics is then obtained from Eq. (6) after the
separation of the transverse and longitudinal components of
the quantum gauge field and the replacement of the gauge-
fixing constraints (see Appendix A for further details). By
substituting the expressions for the charge densities (2) and
the Coulomb Green’s function in the obtained Hamiltonian
(given by (A1), it is simply to verify that the latter can be
cast as follows:

=3 (55 (= [ Exote i o)
+ V() + Z Ve(gi - @j)) + Hes + Hues, (10)

J=1

with
~ 1 ~ ~ ~ ~
HMB_E/fﬂH%HL+@+Wﬂ+Hmb, (11)

and where we have defined the system-field interaction
term characteristic of the Chern-Simons action,
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Pl = / Pxdyp(x — ;) log [x — y|V x A (),
(12)

and the commonly known (two-dimensional) Coulomb
potential [70],

14 (t?i—t?j)

/ Prxdyloglx—ylp(c—a)pb—q,). (13)

ijl

Note that Egs. (12) and (13) emerge from the interaction
between the system particles and the longitudinal part of the
MSC gauge field via the Gauss law, so they are fundamental
for avoiding a gauge-invariance breaking. Here, Hycs
models the Maxwell-Chern-Simons (MSC) environmental
Hamiltonian, whereas the system-environment interaction
is mediated by Eq. (12), and the minimal coupling to the
gauge field appears in Eq. (10). In this way, the proposed
description has two main characteristics that distinguish it
from previous treatments [52,54,59]: (i) the MSC environ-
mental spectrum is gaped by x due to the Chern-Simons
action and endows the environmental quasiparticle excita-
tions with a “toplogical” mass k, and additionally, (ii) the
Chern-Simons action attaches a magneticlike flux to each
system particle [46,47] [see Eq. (5)] that gives rise to an
effective charge-flux coupling between the harmonic oscil-
lator mediated by Hcs- In the next section, we build the
dissipative microscopic description upon the canonical
Hamiltonian (10).

For latter purposes it is convenient to express the
environmental Hamiltonian (11) in terms of the quasipar-
ticle excitations of the MCS gauge field [47],

Za) k)a'(k

Hes = ) + Ey. (14)

where af(k) (a(k)) stands for the creation (annihilation)
operator for the gauge field mode k € (2z/L)Z> and
excitation frequency,

(k) = \/|k|* + &2, (15)

and Ey = > @ is the usual vacuum expectation value of
the gauge field. As E, does not play a crucial role in the
dissipative dynamics, this can be disregarded in the future
treatment by redefining the quasiparticle operators.
Furthermore, it is advantageous to express the canonical
variables of the MCS gauge field in terms of the complete
set of polarized plane waves,

L—leik~x
B zk: 27/ 2w(k)
(iL)—leik-x

o
0 ey

(ea(k)a(k) + ex(~k)a' (<)),

(ea(k)a(k) - ei(=k)a' (—k)),

(16)
where we have introduced the spatial Fourier transform of
the generalized polarization vector £(k), whose components
satisfy [47]

i€qpkp SiE000)

g,(k) = K .
ea(k)ej(k) = Py (k).
O(k) = tan™! <IZ—?) (17)

The phase term e“ reflects the spin-1 property of the
quasiparticle excitations of the free MCS electrodynamics
which guarantees the Poincare algebra is satisfied [47,67].
Although such a phase must be taken account in order
to provide an appropriate creation-destruction algebra
(endowed with the usual equal-time commutation rela-
tions), we shall see that this has no apparent effect in the
asymptotic dissipative dynamics of the harmonic n-particle
system. This indicates that the gauge field can be treated as
a scalar electromagnetic field for practical purposes [70].

The physical results of the dissipative model (10) should
not depend upon details of the particle charged distribution,
which is ideally modeled by the Dirac delta function for
pointlike particles. As we are considering a harmonic
confinement of the particles, it is advisable to assume a
Gaussian distribution for the charged distribution of the
ith particle, i.e.,

P —§;) = —e o, (18)

where 0 < ¢ determines the width of the distribution. For
the sake of simplicity we shall assume the same width for
all of the harmonic oscillators. With this choice we may
recover the point-particle situation by taking the limit
c— 0% ie, p(x—q;) = 8P (x-q,).

For completeness we would like now to briefly discuss
the case in which we consider the Chern-Simons electro-
dynamics alone. By rescaling A~ — A*/4 and keeping
fixed x/A> and e/A after taking the limit 1> — oo, the
Maxwell term disappears from the action (1), leaving us
with the pure Chern-Simons electrodynamics coupled to
the harmonic n-particle system. Going further to the
canonical Hamiltonian governing the whole system-field
dynamics, one may verify that 7:{Mcs and 7:[(35 (describing
the MSC environment and Chern-Simons system-field
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interaction, respectively) also disappear from Eq. (10). This
is not surprising as it is a consequence of the fact that the
Chern-Simons action does not modify the energy because it
is first order in time derivatives [45—47]. So there would be
no environmental dynamics supporting an irreversible
transference of energy coming from the reduced system.

Indeed A takes the form of a statistical gauge field that can
be properly absorbed in the matter field in order to produce
the desired statistics transmutation [48], for instance the
anionic statistics [46]. Consequently, this issue prevents us
from considering the Chern-Simons electrodynamics alone
as a legitimate microscopic model to describe dissipative
dynamics.

III. QUANTUM DISSIPATION

As similarly occurs in the case of a charged harmonic
oscillator coupled to the classical Maxwell electromagnetic
field, obtaining an analytical, exact treatment of the open-
system dynamics of the reduced system (10) is likely out of
reach [39,71]. Yet, a reliable and rich dissipative descrip-
tion may be provided by doing two approximations well
understood and motivated in the theory of quantum open
systems and classical electrodynamics that eventually turns
the Hamiltonian (10) (governing all the quantum dynamics)
into a quadratic operator in the canonical variables ¢; and
a(k), for i € {1,n} and k € R,

Concretely, as we are dealing with confined particles, it
proves convenient to consider both approximations: the
small displacement of harmonic oscillators in combination
with the usual dipole approximation of the gauge field. Let
us emphasize that the long-wavelength limit is ubiquitous
in most investigations in quantum optics, atomic physics,
and quantum chemistry [36]. In this way, the ith harmonic
oscillator is assumed to move around the equilibrium
position g; of the confining potential V(q;) previously
defined, such that we may take the small displacement
approximation up to first order §; — g; + ¢; in the Chern-
Simons interaction Hamiltonian (12), i.e.,

W2 ~
s > 87:202 / e / Py x AL (y)
_ . b=x"-q) -4
x | logly —x'—g;| +——————>—
( | y-x'-q?

= Ziﬂ/}(k,‘?i)(gﬂ(k)&
k i=1
+Zifa/3(k’qi)q (
k i=1

(k) +ej(~k)a' (=k))

ey (k)a(k) + ey(=k)a’ (=k)),
(19)

where we have replaced the Fourier decomposition of the
gauge field (16) and defined the complex coefficients,

iL_1€K€],/)>ky d’*x
71'3\/260 k)
/dye ek log |y — x — g
eikﬂie_g‘k‘z
k>

9pk.q;) =

B ieKe},ﬁk},
" 27L\20(k)

faﬁ(k7 ql)

= 0ge9p(k.q;)

__ exeghke et

27L\2w(k)  |k|?

We must understand the spatial Fourier transform of the
logarithmic function as the solution of the homogeneous
two-dimensional Poisson equation [69]. Paying attention to
the first term on the right-hand side in Eq. (19), this can be
recognized as a displacement effect upon the environmental
quasiparticle operators, denoted by Dgg, as a consequence
of the backreaction of the harmonic n-particle system on
the MSC environment. Importantly, the second term is
closely similar in structure to the vector potential associated
to certain magnetic flux ®(g;) attached to the particle
charge distribution ¢(x — ¢;) [46,70], which shall be called
Chern-Simons flux. This result is in complete agreement
with the previous discussions in Sec. II. Specifically, the
Chern-Simons interaction (12) can be rewritten as a
combination of these two contributions,

Fes = Dyg — e Z@i -Ecs()), (22)

i=1

where Ecg(g;) is interpreted as the electric field self-
consistently induced by an electric charge x®(g;) accord-
ing to the induction Faraday’s law [47,66,72]. This shall
be referred to as the Chern-Simons electric field and
provides the desired interaction Hamiltonian in dipole
approximation. It is interesting to note that the Levi-
Civita symbol appearing in the definition of the coefficients
(20) and (21) signals that the time-reversal symmetry
breaks down, and the backreaction term and Chern-
Simons electric field inherit the axial symmetry from the
Chern-Simons kinetic term [47]. It is important to note as
well that the bilinear structure of Egs. (19) and (22) is
independent of the particular choice of ¢, wherein the
specific form of the coefficients g4 and f 5 only depends on
this. Following the same procedure we may obtain an small-
displacement expression of the Coulomb potential (13),
ie, Vo)l (V(g;-q,)+ V. (@:—a;)-(q:—q,)), where
VO (g; — ;) is a constant operator for given values of the
particle central positions that may be removed from the
Hamiltonian without perturbing the dissipative dynamics.
On the other side, the dipole approximation in the
Fourier decomposition of the gauge field (16) yields
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/ Prg(x - §)A* (x)
~ / Pyp)At(y +q)

lk 4 e_glk‘

T 27rL\/2w

= Adip(qi)’ (23)

a(k) + €'(-k)a'(—k))

assuming that e*% ~ 1 for i € {1,n} [21,43] (i.e., the
system particles mainly interact with the field low-energy
modes in comparison with the oscillator bare frequencies).

Substituting these results of Egs. (19) and (23) in (10),
we obtain a quadratic Hamiltonian which constitutes a first-
order approximation to the low-lying dissipative dynamics
(10). At this point, the latter Hamiltonian can be brought
into a suitable form by performing the Goeppert-Mayer
transformation [43],

Uy = ¢ Do A (@), (24)

which basically consists of replacing (according to the
Baker-Hausdorff-Campbell formula)

pi—pi+ eAdip(‘?i)
eIk

—ik-q;
i 27rL Z "ar.

whereas the other terms remain invariant as they commute
with Ugy. Now, by grouping together the interaction terms
we redefine the system-environment coupling coefficient
as follows:

a(k) - a(k)

_ 81( ) Lee,(k)e oW ok
ha k, i) = : K ’ l >
(k.q:) ()fﬂ( 7))+ 2nL+\/2w(k)
eek @ p—olkl? ke, pk, kqe5(k) >
_ +i8(z k ’ 25
L Za)(k)( |k|2a)(k) ( ) ( )

and introduce the renormalized potential interaction
between system particles,

”ﬁ = 5,0 ymw?

e
+ i 2Pl

e 2k cos(k - (g; — g;)), (26)

Ve =3 (200200 ) + 0l k2, 0

k

. 3)gp k. q»eﬁ(k))), @7)

where the second line of Eq. (26) corresponds to the
so-called dipole self-energy associated to fldip [37], and
Eq. (27) contains the Coulomb potential along with a
backreaction contribution. Taking a closer look at Eq. (25),
one may see that the particle charge distribution width
(26)72 plays the role of a frequency cutoff on the system-
environment interaction. Consequently, the Chern-Simons
influence on the dissipative dynamics becomes weak (or
strong) when V20k < 1 (or 1 < v/20k), and this will be
seen more clearly in the definition of the spectral density in
Sec. IIT A. Furthermore, the breaking of time-reversal and
parity symmetries is now hidden in the coupling coeffi-
cients (25) and the linear potential V¢.

Finally, after some manipulation once Egs. (25), (26),
and (27) are substituted, we arrive at the desired micro-
scopic Hamiltonian which is the basis of the present work,

221 _I_ZV(IA(I
53 (VS0

j.i=1

+Zw<k>|a*<k>—i (akariz-ea) 250

=1

PRSI

)h}(k@»%x»)@?@f

1)95(k.4;), (28)

where the subscript “c.c.” stands for Hermitian conjugation.
According to the thermodynamic limit, the gauge field is
considered to be composed of an infinite number of modes,
then we may take the limit of a dense spectrum of field
frequencies in Eq. (28) whenever convenient and replace
the discrete momentum sum by an integral following the
prescription Y, — L? [® d’k. Doing this, we provide
explicit expressions for Egs. (26) and (27) in Appendix C.

Let us now discuss some important properties of the
dissipative Hamiltonian (28). First, it is important to
see that disregarding the Chern-Simons effects (that is,
Dgr = 0 and E¢g(g;) — 0 for arbitrary i € {1,n}) in
Eq. (28) returns the independent-oscillator model
[21,22,39]. Conversely, Eq. (28) exhibits the symmetry
structure characteristic of the underlying Chern-Simons
action: parity breaking and time-reversal asymmetry, as
similarly occurs in systems subjected to external magnetic
fields or recent extended environments [54]. We shall see
that such symmetry affords the appearance of a dissipative
vortexlike dynamics driven by a Lorentz force arising from
the aforementioned particle-attached Chern-Simons flux.
Concretely, by direct comparison to the so-called blackbody
radiation bath [21], we identify a pseudoelectric field £%(7)
responsible for the environmental force acting upon the
harmonic ith oscillator,
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faldd 9 Aa (= fa (= fa (=
Ei(t) = e<_5Adip(qi’ 1) + E¢s(q;» f)) + Fgr(gi» 1),
(29)

where E&¢(g;, 1) and Agip(qi, t) are, respectively, obtained by
replacing a(k) — a(k)e~*®)(=%) in the definitions (22) and
(23), whereas Fg (g;. 1) identifies with a backreaction force
obtained from substituting a(k) — h,(k,g;)e"®)(=%) in
the expression of Dgg.

The first term of the right-hand side of Eq. (29) bears the
dissipation mechanism in the conventional Brownian
motion, and it coincides identically with the vector poten-
tial contribution to the electric field corresponding to the
Maxwell electrodynamics action alone (i.e., x =0) in
dipole approximation. Hence, the second term may be
interpreted as the Lorentz force due to the Chern-Simons
electric field Ecg(q;),

F Br (g, ) contains the previously mentioned effective shift
|

whereas the backreaction force

in the environmental quasiparticle operators. Contrary to the
so-called “initial slip” term in the standard microscopic
model that just depends on the initial harmonic oscillator
positions [22], this backreaction displacement is indepen-
dent of the initial state of the harmonic system. In Sec. III B,
we shall see that the latter gives rise to nonstochastic
fluctuations which eventually cancel out in the time asymp-
totic limit.

Unlike the dipole approximation taken in Eq. (23), the
validity of the small displacement approximation described
in Eq. (19) is intricate to elucidate just by looking at
Eq. (22). This can be better assessed by requiring the
Hamiltonian (28) to be a positive definite operator
[16,21,39] so it has a lower-bounded spectrum preventing
“runaway” solutions [73], and thus, it gives rise to simple
dissipative dynamics (which preserves w; as the bare
frequencies for the system particles). As shown in detail in
Appendix B, such a condition is found to be equivalent to
the following inequality,

_lai -7, 2 . _
8o e kH\ (ik|Ag;)) A= nan
Py Z 52(162ﬁ + = (611[)’ - 251[)’6111) fj + 51(161/3K2H0(”<|Aqij|) qi qf
jl 1 870 8 |A61ij|
o 22 n
+ Z Z(VC(AQij))a_(sa o (|Aq1] >—ZJ0 |Aqu (30)
=1
[

where Ag;; = §; — §; and we have introduced the auxiliary , e o2\ ramg . €K,
functions, Z moy = - r(0,20x%)e g4 2_27[ RZ,

o0 kl+le—20'k2
J;(|Ag;;|) = dk————-J
l(| qu|) /) kZ(k2+K2) !

with J;(x) denoting the i-order Bessel function of the first
kind in the variable x, and H;(x) = ij“ez""z(Hﬁ-z)(—x) +
(—1)/+1H§1)(x)), with HY)(x) being the i-order Hankel
function of the jth kind [74]. It is worthwhile to note that
the integral involved in the definition of J; may present
an infrared divergence (i.e., kK — 0) owing to the two-
dimensional Coulomb Green function that blows up at the
origin [see Eq. (20)]. This is a feature characteristic of the
Maxwell-Chern-Simons electric and magnetic fields that
requires adequate regularization schemes [47,70].
Although the positive condition may appear rather
complicated for supporting an intuitive interpretation at
first sight, the right-hand side of Eq. (30), which emerges
exclusively as a consequence of the backreaction on the
MSC environment, reflects a repulsive effect between the
system particles that challenges the confining harmonic
potential. To see this more clearly, let us focus in the single
harmonic oscillator system (i.e., n = 1). Hence, it can be
shown that the formidable inequality (30) boils down to

(klg; —q;l).

a=1,2

where RZ = >" '=1J0(0), and I'(0, x) denotes the incom-

plete Euler Gamma function [74]. Clearly, the above
condition may be interpreted as the single harmonic oscil-
lator is enforced to follow a fluctuating motion around a
circular area of radius larger than certain R given by

2 2
R Ry .61
20 dzmow? <1 1 ez/czl"(O,ZdKZ)ez”"2>
P B T E—

T ma)%

For this result to be consistent with the small displacement
approximation considered previously, we demand the length
of R to be sufficiently small in comparison to the width of the
particle charged distribution 26, which implies

e? < 1
2mo’w?  ok*’

(32)
Expression (32) indicates that there must exist a trade-off
between the system-environment interaction strength and
system particle bare frequencies. The physical intuition
behind the latter is that the environment could drive the
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particle to reach highly excited states for an arbitrary large
coupling, which would eventually lead to breakdown of the
small displacement approximation assumed in Eq. (19). For
instance, for a strong Chern-Simons action 1 <« oK2, we
may approximate I'(0, 20x2)e2*" ~ (26x2)~", and then, the
positive condition (31) holds for 1 < mow?/e?, which is
equivalent to Eq. (32). In this way, the small displacement
approximation again requires that the system-environment
coupling must pay off the repulsive counteraction of a strong
backreaction effect. From this point onward we work within
the parameter domain where expression (30) holds, and
therefore, the subsidiary condition (32) is always satisfied
for the bare frequencies of the n harmonic oscillators. In
particular, this result is a manifestation of the issue in which
the Maxwell-Chern-Simons theory works better for devel-
oping models of confined particle systems [46,75].

Our final remark is that the Hamiltonian (28) can be
regarded as a gauge-invariant microscopic description by
construction, as it was derived from a gauge-invariant
Hamiltonian (10). This is a major difference with previous
treatments [54], where the gauge invariance for a given
choice of the system-environment coupling coefficients is
not guaranteed. Remarkably, Eq. (28) looks very similar to
an environmental minimal-coupling Hamiltonian (in dipole
approximation) [38] with gauge field,

and associated electric field,

Biies @1) = — 0 Ay @.0) + Eés(a@ 0. (39
Concretely, the Hamiltonian (28) is equivalent to a
minimal-coupling theory of n harmonic oscillators with
the gauge field Aysc(g;) provided we disregard the back-
reaction effects and endow the system Hamiltonian with a
renormalized potential interaction which cancels the envi-
ronmental influence on the conservative dynamics, i.e.,

'HRN——ZZ V/ q + Z( aﬁma)lz—Vflﬁ
Ij 1
+Za)

where the first term is the familiar Coulomb contribution.
This statement can be explicitly verified by absorbing the
gauge field in the canonical conjugate momentum by means

a)h(k.q,) +ec. ))q;quj,

of a gauge transformation U = ' 2t drAvies @) upon the
Hamiltonian (28), once we have dropped the backreaction
terms [i.e., gs(k,q;) — 0] and introduced the renormaliza-

tion TA{RN. The associated Maxwell-Chern-Simons electric

field (33) features noncommutative components [see
Eq. (C7) in Appendix C for further details], i.e.,

[Alo\lacs(%)v E{\}/ICS(qj)] X —IKEyp. (34)
Interestingly, this property is shared with the electric field
of the free Maxwell-Chern-Simons electrodynamics
(i.e., without matter-field interaction) [46] and has several
consequences in the dissipative dynamics illustrated in
Sec. III B.

We use the following sections to justify that the
Hamiltonian (28) regards a legitimate microscopic descrip-
tion to simulate the relaxation process towards a thermal
equilibrium state (see Secs. III A, III B and III C) despite
the approximations taken to derive it, and we provide an
explicit comparison with the popular damped harmonic
oscillator [4,11,18,21,22,25] in the Markovian Langevin
dynamics limit (see Secs. IV and IV A). Before proceeding
with our treatment, it iS convenient to recall the w
variable Fourier transform 7(w) of a time-dependent
function r(t),

I [ ,
Flw) = %/ dte''r(1),

and its corresponding real and imaginary parts,

(o) +7 (o) o () =7 ()
— ImF (@) =————7,

R 7 =
eF(w) %

where 7' (w) represents the complex conjugate of 7(w).

A. Generalized Lanvegin equation

Having determined the dissipative Hamiltonian (28)
along with the quasiparticle excitations of the gauge field,
we may turn the attention to the nonequilibrium dynamics
of the harmonic n-particle system. Starting from the
Hamiltonian (28) we derive the following Heisenberg
equations for the ith oscillator position and momentum
operators,

Aa f)za
A 35
ai =" (35)

pr =2 Z(vz@
+ Za)

r-3-vid

g;)a(k) + hi(k.q,)a" (k). (36)

as well as for the quasiparticle creation operator of the
gauge field,
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a' (k) = iw(k)a' (k)

n
+lZ (9p(k.q;)ep(k
i=1

— w(k)hy(k.q,)4}).

It is straightforward to obtain the formal solution of the
latter equation by using the standard Green’s function
method, as it constitutes an inhomogeneous linear system
of differential equations. First, we obtain for the quasipar-
ticle operators of the gauge field,

" e, (k) .
at(k, 1) = (af ki) + ) :i k.g; )ezwac)(r—zo)
( ) ( 0) — (l)(k) ﬁ( q)

_ i €ﬁ(:)) 95k, ;). (37)
i=1

where 7 < 7 in order to be physically consistent with the
considered initial preparation. Inserting the solution (37)
into Eq. (36) and manipulating the subsequent result, one
gets the desired generalized Langevin equation,

ap ~p
+ZVU g +ve

/ P(t—0)d()dr = EF(r),  (38)

where we have identified the pseudoelectric field &
defined in Eq. (29) as the fluctuating force and the
generalized susceptibility or self-energy as the retarded
Green’s function,

(e 1) = i0(1—1 - IAQUI)QS?(t%gf‘(t’)D,A,ﬂ, (39)
where O(7) denotes the Heaviside step function. Clearly,
the linear potential V; represents a nonstochastic force
affecting mainly the mean average position of the system
particles, so it could be neglected from the future discussion
by doing a suitable renormalization of the harmonic
oscillators.

Although Eq. (38) may look similar at first sight to the
quantum Langevin equation in presence of magnetic fields
[59-61], both equations significantly differ in the statistical
and analytical properties of the corresponding fluctuating
force and retarded self-energy. On one side, the backreaction
effects in the pseudoelectric force (29) prevents the dis-
sipative dynamics from fulfilling the fluctuation-dissipation
theorem at all times, in contrast to the conventional
Brownian motion. On the other side, the breaking of
time-reversal and parity symmetry in the present context

induces an imaginary contribution to the (field) spectral
density that has no counterpart in the independent-oscillator
model [21,39]. This deeply modifies the analytical structure
of the Fourier transform of the retarded self-energy, which
can be compactly written as follows:

5% (0) = REL (@) + T (w), (40)
where Ri?f () (Iif’jﬂ (w)) must not be confused with the
real (imaginary) part previously defined. Despite this, we
would like to remark that the self-energy f‘.;']/” (w) exhibits
the general properties required to produce reliable dissipa-
tive dynamics: (causality condition) it is analytic in the

upper-half w-complex plane, and further, (reality condition
[21,61]), it holds

(E) (@) = £ (@), (41)
Basically, these properties are encoded by the (field) spectral
density arising from the Maxwell-Chern-Simons electrody-
namics, denoted by 7, aps and which reduces to the well-
known spectral density of the independent-oscillator model
for zero Chern-Simons constant.

Let us draw more attention to the properties of the
retarded self-energy. The Heaviside step function in the
expression of the retarded self-energy Eq. (39) guarantees
the dissipative dynamics to be consistent with the initial
decoupling of the harmonic particle system and gauge field,
and further, it gives the usual pole prescription in the
frequency domain mentioned above: Z”ﬂ (1) is an analytic
function in the upper-half complex plane Moreover, it is in
agreement with the fact that the pseudoelectric fields £¢(7)

and éf (t) must commute for spacelike separations, i.e.,
&5 (19). E(1)] = 0 if |g; — ;| > |t —1o|. This is usually
known as microscopic causality, and for instance, it is
fulfilled for the free Maxwell electromagnetic field [40].
As a consequence, we show in Appendix C that the self-
energy satisfies a generalized Kramers-Kronig identity
[23,39], i.e.,
RE! (@) = HIIZY (o)) ()
1 +0 T i?ﬁ @'
P / #dw’ , (42)
e W — @
where H[f(x)](w) denotes the Hilbert transform of the
function f(x) in the variable w, and P is the Cauchy
principal value.

By replacing the pseudoelectric field (29) in Eq. (39) and
taking the dense spectrum limit, the retarded self-energy
can be cast in terms of the environmental spectral density as
follows (see Apendix C for further details),
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a 2 _
S (= 1) = -0l - 1 - Az,

y A * do(Re{T oy . AGy)} sin((t — 7))

+ Im{T op(@, Ag;;)} cos(w(r = 1)), (43)

Y(a,b) =

where we may clearly observe that the off-diagonal
elements arise exclusively from the Chern-Simons action.
This specific form of the spectral density deserves some
attention. Expression (44) shares some features with the
usual (bath) spectral density of the damped harmonic
oscillator model [19,20]: (i) it features a broad gaped
spectrum (k < @ < oo) that may span the harmonic oscil-
lator frequencies, and further, (ii) the strength of the system-
field coupling decays (exponentially) for sufficiently large
frequencies compared to the aforementioned frequency

_1

cutoff given by (20)72 Although the latter eventually
prevents ultraviolet divergence issues in the nonequilibrium
particle dynamics for most interesting cases, it is worthwhile
to notice that the specific case of point particles (i.e.,
o — 01) is not free from this divergence. This may be seen
as a consequence of the well-known self-energy problems
that suffer the point-particle electrodynamics [45]. Further-
more, this shows that the cutoff factor of the spectral density
is mainly determined by the choice of the particle charged
distribution ¢(g). Accordingly, the spectral density con-
stitutes a 2n x 2n Hermitian matrix (i.e., J4(®,Ag;;) =
(7 )" (0, Ag;)), which immediately implies Eq. (41), and
therein, the retarded self-energy is a 2n x 2n real matrix in
the time domain.

The specific form of the spectral density (44) also reveals
interesting properties related to the dissipative dynamics.
For instance, the fact that the spectral density is highly
oscillatory in the frequency domain unveils that the
harmonic system may undergo a strong non-Markovian
dissipative dynamics [9], rendering a richer quantum
dissipative evolution than the conventional Brownian
motion. Furthermore, the diagonal elements of the spectral
density manifest an anisotropic influence to the transversal
spatial d.o.f. of distant harmonic oscillators. Nevertheless,
this effect cancels out when the particles are very close or
localized in identical positions, which can be seen by taking
the asymptotic limit [Ag,;| — 0in (44). By virtue of the off-
diagonal shape of the spectral density, we may also realize
that the new dissipative Chern-Simons effects are mainly
encoded in the Fourier cosine transform appearing in the

K*Jo(ab) +2J,(ab)
—ikwJo(ab)

whereas the spectral density takes the form,

AW
T ap(@. AGyj) = <_) 6_26((UZ_KZ)Yaﬂ<|AZ]ij|v \/m>

2
with « < w, (44)

and

ikwJy(ab)
w?Jo(ab) —2J,(ab)

’

retarded self-energy definition (43). This result is consistent
with previous treatments [54,59] about Brownian motion in
the presence of magnetic fields, where it was shown that
either a Berry’s geometric magnetic or uniform magnetic
field produces a “transversal” contribution to the memory
kernel. Interestingly, we shall show in Sec. IV that in the
Markovian Langevin limit the off-diagonal elements of the
retarded self-energy turn into an effective interaction which
is akin to applying a nonconservative rotating force upon
the harmonic oscillators, which is in agreement with the
fact that such a contribution is promoted by the time-
reversal asymmetry and parity violation.

A further simplified expression between the retarded
self-energy and spectral density is obtained by performing
the Fourier transform in Eq. (43) (the details of the
derivation can be found in Appendix C). Doing this we
arrive at the following identity:

T (0) = ([E(@).&" ()))
1

:Z(G(w)j;ﬂ(w’AqlJ) —0(-0)J op(-»,A5;;)),

(45)

which completely characterizes the dissipative effects. It is
well-known that a system, whose open-system dynamics
is governed by a given quantum Langevin equation, will
reach an asymptotic thermal equilibrium state if the
dissipative effects are related to the fluctuations of the
environmental noise via the so-called fluctuation-
dissipation theorem [30,39,76], e.g.,

<{‘%§'l(w)’2§+(w')}>ﬁﬁ_5 N 42 -1 46
TP (@) (@ =a)(1 +2n(w, 7)), (46)

where 8‘,"( t) represents a mean zero stationary Gaussian
noise (i.e., a quantum Brownian noise) and 1+ 2n(w, ﬂ‘l) =
coth(fw/2). This relation manifests that the fluctuating
force is only due to thermal fluctuations, which is the case for
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the independent-oscillator model [21,22,25] (e.g., see the
case of the electromagnetic field [41]). Going back to
the expression (29), the aforementioned backreaction
contribution Fpr(g;.1) to the pseudoelectric field
constitutes a nonstochastic force that breaks down the

|

% (& (). & (@)}),, = b= a)(1 +2n(0.p~)IE] (@) +
+0(-0)0(-0 )G (-
+O(-

fluctuation-dissipation theorem (46) for the MSC environ-
ment initially in a canonical equilibrium state pg. As shown
in Appendix C, the statistics of the pseudoelectric force
is related to the dissipative effects via the following
formidable equation:

O(w)0(')(G) (@, ', 1)
L~ 1) + O(0)0 (=0 ) (F) (0, ' 1)

®)0(a/ )}"“ﬂ(—a) ', 1), (47)

where we have defined the following nonstochastic spectral functions for ¥ < w, @',

et

>af /
g% w,d, ty) =
ij (a) [0 0) L6wa

and

4.2

f(x/} S /’[ = —
ij (CU ) 0) 166060/

and we have introduced the matrices R and 7, e.g.,

ei(0=0)ig g=20(a’ +a/?=2) Z Ry (\/co2 — 2 Vo = 2| + §). q; + ‘7m|) , (48)

I,m=1

n
¢K ei(u)Jra)’)lO6—2(7((1)2+(u’2—21<2) Z T{l/)’ <\/602 _ K27 \/wIZ _ K2, |ql + ql|v |‘7/ + qm|> , (49)

l,m=1

1
R .b,c,d 2— =2 bd, 2— 2k, bd |,
n(a,b,c,d) = bdu(Kac |1<| Kac)u(lc K] K )
2
Ryy(a,b,c,d) —2k,ac \u| —bdw',—— + 20, bd |,
acbd |x]
Ry (a,b,c,d) <aca) ——20) ac>u<1<b2d 2W 2k, bd>,
K
2
Ry (a,b,c,d) <acw — 2w, ac)u(bdw’,—|—2w’,bd), (50)
K

and the auxiliary function u(x,y,z) = xJ,(z) + yJ»(2).
Because the detailed representation of T is lengthy and
not crucial for the future discussion, we move it to the
Appendix D [see Eq. (D8)], as well as the derivation of the
fluctuation-dissipation relation (47). At this point, it is
important to realize that both nonstochastic spectral func-
tions, Eqs. (48) and (49), are integrable functions in the
frequency domain, and further, they decay as fast as an
exponential function for large arguments of w and '. For
instance, it is easy to see that the matrix elements of R
reduce to a finite and continuous algebraic function for
small arguments |g;,; + §;|Vo?* — k> <1 by using the
asymptotic expressions of the Bessel functions, i.e.,
Jo(z) ~T(a+ 1)7(z/2)* for z < 1. The matrix T is found
to feature this property as well.

From the derivation of Eq. (47) it follows that the first
line is just due to the Maxwell and Chern-Simons electric
contributions to the fluctuating force. That is, we can

identify the Lorentz force rendered by these electric fields
with a stochastic thermal noise, i.e.,

27(0 = eE{es (G 1) (51)

where E¢;c5(g;. 1) was defined in Eq. (33). Recall that £%(r)
is an unbiased random operator (i.e., (£%(r)) =0) that
satisfies the fluctuation-dissipation relation illustrated in
Eq. (46) even though the Chern-Simons electric field
exhibits time-reversal asymmetry [3]. On the other hand,
the second and third line represents the nonstochastic
fluctuations owing to the backreaction force in Eq. (29).
Concretely, they come from nonstationary terms involving
a(k)a(k) and a* (k)a' (k), which represent nonconservative
energy processes taking place in the gauge field at the
initial time ¢#,. Interestingly, paying attention to Eqs. (48)
and (49), we may observe that such fluctuations become
highly oscillatory in the long time limit ¢ — #, — oo, which
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could make their contribution to the stationary dynamics
neglectable. Indeed, we illustrate in the next section how
the nonstochastic fluctuations asymptotically cancel out in
the strict limit by appealing to the fact that the aforemen-
tioned spectral functions (48) and (49) have both a broad
bandwidth and rapid decay at large frequencies compared
to the particle frequencies w;, recovering in turn the
fluctuation-dissipation theorem (46). Before we continue,
it is worthwhile to mention that these fluctuations would
effectively disappear from the noise statistics [and thus, the
theorem (46) would be valid for the fluctuating force £%(1)
during the whole time evolution] if we would have access
to the initial preparation of the Maxwell-Chern-Simons
electromagnetic field and its initial state could be tuned to

Py o exp <—ﬂZw(k)€lj1(k)&d(k)>’
k

instead of the canonical equilibrium state py o e=PHcs
That is, the environmental annihilation (creation) operator
would be initially replaced by a shifted operator a, (&2)
which effectively counteracts the backreaction effects. As
this is not the case for most interesting physical situations,
in the next sections we find it useful to briefly present
the concrete arguments that justify that the microscopic
model (28) may reproduce a relaxation process towards a
thermal equilibrium state despite this issue.

B. Properties of the fluctuating force and
retarded self-energy

Let us draw attention to the retarded self-energy and
force fluctuations governing the quantum Langevin dynam-
ics in the asymptotic time limit. From Eq. (47), we may
envisage the two-point autocorrelation function of the
fluctuating force in the time domain for 7 < ¢, i.e.,

({EF (0. &7 ()}) :({3§’(t),3f+(l/)}>,~,ﬂ
FYP (0 1) +EL (11 1), (52)

Pp

where &i describes the previously mentioned thermal noise
upon the ith harmonic oscillator given by Eq. (51), whereas

the nonstochastic fluctuations TZ.ﬁ (t,7,1,) and Ef’f (t,7,1y)
represent the inverse Fourier transform of the second and
third line of the right-hand side of Eq. (47), respectively.

Because the functions (48) and (49) are continuously
differentiable for x <x < oo and they exponentially
decay for values x larger than (26)_%, T?}ﬂ (1,7,1y) and

=af

;7 (1,7, ty) can be computed for any finite value #,, though
we may need to resort to numerical computation methods in
most interesting cases. In particular, these fluctuations can
be evaluated in the asymptotic time limit ¢ — #; — oo by
appealing to the so-called Riemann-Lebesgue lemma [77],

which is illustrated in Appendix D and has been employed
in the study of the stationary properties of the damped
harmonic oscillator [30,76]. Essentially, this lemma states
that the factor e(@=®)% appearing in Eqgs. (48) and (49)
becomes so highly oscillatory that the integral of the
corresponding inverse Fourier transform averages out to
zero over the bandwidth of the MSC environment. As a
result, it follows from the Riemann-Lebesgue lemma that

both Tff(t, 7, ty) and EZ}(I 7', ty) asymptotically vanish in
the long time limit 7 —ty; — co. We elaborate on this
discussion in Appendix D. In this way, the asymptotic

dynamics of the harmonic n-particle system will be
dominated mainly by the thermal fluctuations, i.e., £%() —
E?(t) for  — ty — oo, and thus, the time asymptotic dis-
sipative dynamics will follow a fluctuation-dissipation
relation (46), as we wanted to show. We would like to
emphasize that this result is general and just rests on the
basic properties of the spectral function: it exhibits a broad
bandwidth and a finite and continuous coupling strength
between the MSC environment and system particles.

We pay attention to the properties of the thermal noise
&%(¢) in what follows. By performing the inverse Fourier
transform in Eq. (46) after substituting the expression of
the retarded self-energy in terms of the spectral density
(45), we obtain

(&7 +0.87 (1))
= %/)w do(142n(w,p7"))(Re{T 45(0, AG;;) } cos(rw)

+Im{J (@, Ag;;) } sin(zw)). (53)

Observe that the Chern-Simons effects give rise to the off-
diagonal contribution contained by the Fourier sine trans-
form term appearing in Eq. (53), as similarly occurs for
extended Caldeira-Legget environments [54]. This term
encodes all the thermal fluctuations emerging from the
Chern-Simons electric field E g acting upon the transversal
spatial d.o.f. In Secs. IV and IV A, it is shown that such a
contribution may be interpreted as an ordinary Hall response
associated with Ecs, and interestingly, it may generate long-
time correlations between the transversal d.o.f. of the system
particles in the asymptotic equilibrium state.

A profound analysis of the self-energy Eq. (43) and
thermal fluctuations Eq. (53) inferred from the MSC
environment is beyond the scope of the present work.
Rather we will focus the attention to the realistic physical
situation when the Chern-Simons action strength is weak,
i.e., v20k < 1, and all harmonic oscillators are very close
to each other compared with the particle charge distribu-

tion, 1.e., ‘A—\/‘%‘«l for arbitrary i and j. Under these

assumptions the definition for the spectral density (44)
may be brought into the simplified expression,

016003-12



QUANTUM DISSIPATION OF PLANAR HARMONIC ... PHYS. REV. D 99, 016003 (2019)

0.010} 0.006}
0.0003 0.00013
0.008 0.00009
0.0001 = 0.004f 0.00005
_ 0,006} \/—— 1 2 )
= -0.0001 = 0.00001
S 0.002f
- 0004 o 2 4 6 8 10| X 0 2 4 6 8 10
0.0021 = 0.000
0.000
\-//"__‘ -0.002f \/
0 2 4 6 8 10 0 2 4 6 8 10
t t
FIG. 1. (Left) Elements of the retarded self-energy as a function of time. The solid blue and dashed orange lines correspond,

respectively, to T}/ (¢) and 3 (1), whereas X7 (1) is represented by the solid black line in the inset. (Right) Plot illustrating the elements
of the thermal fluctuations in the zero-temperature regime as a function of time. The diagonal correlations for @ = 1, 2 are given by the

solid blue and dashed orange lines, respectively. In the inset, the solid black line depicts the off-diagonal correlation ({£}(7), 3']2-1'([’ .
In both pictures, we have fixed e = 1, v26x ~0.01, and |Ag;;|/v20 ~0.01.

JwvA_i' =\~
( i) (4 —idkw

6)2 . %(87(‘2 +2(4—K2(|AZIU|2 —80))602) idkw
e o
%(81(‘2 +2(4+ K2(|A21,-j|2 + 80))602)

1+ 2k%c I e A2\ 2
_ ( ' ) @ ﬂ , with 0<aw.
— ik ¢ 3(1 + 2«%0) 2

Equation (54) is obtained by using the asymptotic form of the Bessel functions of the first kind for small arguments, and
then we performed a Taylor series expansion around |Ag;;| = 0. Now, replacing Eq. (54) in Eq. (43) and using the standard
tables of integration [74], one may obtain closed-form formulas for the retarded self-energy with O < . For instance, the off-

(54)

diagonal elements takes the following form,

e’k

where x = —= and erfi(x) = i~'erf(ix), with erf(x) being
the error function in the variable x [74]. The computed form
for the other terms can be found in Appendix E; see
Eqgs. (E6) and (E7). The components of the retarded self-
energy as functions of time are depicted in Fig. 1. Paying
attention to Eq. (55), we may observe that the quantum
Langevin dynamics of the harmonic n-particle system
presents an intricate non-Markovian memory kernel, which
exhibits an algebraic behavior at small times, whereas it is
dominated by an exponential decay with vanishing time
(26)72 in the long time. Such non-Markovianity is a clear
signature of a rich dissipative dynamics [9]. Interestingly,
the expression for the off-diagonal component (55) reveals
that the fluctuating forces acting upon transversal spatial
components of the harmonic oscillators do not commute at
t = 0, rather it takes a finite value proportional to the so-
called topological mass x [46]. Taking into account
Eq. (29), this feature can be traced back to the fact that
the Maxwell-Chern-Simons electric field Eycs(§;) respon-
sible for the dissipative dynamics has noncommutative

<|A51,-j|2(—1 +x*) + 80 + Tﬂ (1AG;;*(3 = 2x%) — 166) e~ erfi(x)

xV ) (55)

|
components [see Eq. (34)], as pointed out in Sec. III. It is
well-known in the free Maxwell-Chern-Simons electrody-
namics [46,47] that such noncommutative property for the
electric fields arises from the latent topological features of
the microscopic theory, thus this feature of the memory
kernel can be thought of as a topological trademark in the
present dissipative dynamics [63].

Figure 1 also illustrates the thermal fluctuations of
Eq. (53) obtained in the zero-temperature limit after
replacing the spectral density by Eq. (54). The exact
representation of the diagonal and off-diagonal elements
can be found in Appendix E [see Egs. (E8), (E9) and
(E10)]. Observe that the time-dependent thermal fluctua-
tions share a similar behavior with the retarded self-energy.
Moreover, both diagonal components almost take the same
values due to the apparent anisotropy of the spectral density
that vanishes for closed particles, as was just discussed in
the previous section. Interestingly, we shall see in Sec. IV
that the transversal contribution (see the inset) at high
temperatures may be identified with the fluctuations of an
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antisymmetric 1/f noise in the Markovian Langevin
dynamics limit.

In summary, on one hand we have shown that the
stationary dissipative effects characterized by Eq. (45)
and the stochastic electric force Eq. (51) follow a gener-
alized fluctuation-dissipation relation (46). Remarkably,
the retarded self-energy exhibits a noncommutative feature
characteristic of the topologically massive gauge theory.
On the other hand, we have seen that the Maxwell-Chern-
Simons field induces nonstochastic fluctuations which may
dominate the initial dissipative dynamics, but nevertheless
their influence on the long-time dynamics can be disre-
garded, and thus, the system could eventually reach a
thermal equilibrium state determined by the initial gauge-
field temperature ~'. We shall discuss in the following
section under which conditions any initially prepared
configuration of the harmonic n-particle system decays into
a thermal state at temperature 3~ due to the interaction with
the MCS environment.

C. Equilibrium structure of propagators

We now turn the attention to the equilibrium properties
of the harmonic n-particle system at late times. It proves
convenient to analyze this by means of the (one-particle)

Green'’s function Gaﬂ (t,1) = (T0%(1) Qf (")) defined for

a pair of particle position operators Qi and Q j» where T¢
denotes the closed time path or Schwinger-Keldysh contour
[3]. This is also known as the contour-ordered propagator
and may be conveniently expressed as follows:

Gl (t.1) = AP (1.1) ——sgnTC(t—t)A“ﬂ(t 7),
in terms of the spectral and statistical correlators,
respectively,

AL (1.1) = i([Q%(1). DL (1)), (56)

A (1.1) = <{Q§"(t), }(1)}). (57)
Interestingly, in a thermal equilibrium state the contour-
ordered propagator becomes time-translational invariant,
ie., G?f (1,1) = Gf'f (t—1'), and more importantly, the above
correlators are related such that it satisfies the Kubo-Martin-
Schwinger (KMS) boundary condition [3,7]:
g
Ga/( !+ lﬁ>|t<t’ = Zﬁ< t,)|t’<t' (58)
By means of arguments analogous to derive the long-time
behavior of the environmental fluctuations, we shall show
that the harmonic n-particle system asymptotically
approaches a stationary state retrieving the KMS relation
(58), with #~! being the initial gauge-field temperature, under
certain conditions consistent with the spectral density (44).

In order to evaluate the asymptotic time solution of the
contour-ordered propagator we first solve the Cauchy
problem for the quantum Langevin equation (38). As the
latter constitutes a linear integral-differential equation, its
solution can be straightforwardly obtained via either the
Laplace or the Fourier transform methods [19,20,30]. In this
context, the solution can be conveniently expressed in terms
of the (Kadanoff-Baym) retarded Green’s function matrix
Gy(t) of the harmonic n-particle system [5,20], whose
entries are completely determined by the time Fourier
transform,

(G () = =8,8,pm(w+i07)2 + VP — 5% (@4 i0F),

(59)

where Gx' denotes the 21 x 2n matrix inverse. Additionally,
the homogeneous solution §¢, (¢) of Eq. (38) is obtained from

3 [ aefu-nd@ =0 ()
—1 J1o

g7 (to) and g3, (to) =
§%(to) (which implies Gg(ty) = I, and Gg(1y) = m™'I,,,
with I,, being the 2n x 2n identity matrix). Notice that
Gr(—») = G} (w) thanks to the properties of the retarded
self-energy [see Eqgs. (42) and (45)]. Then the solution of
Eq. (38) formally reads,

by setting the initial conditions §{, (t) =

A

a7 (1) = a3 (

/ (G (1 - 0@ () - V))dr.  (61)

where all the stationary dynamics is completely contained by
the second line expression on the right-hand side. For a better

exposition, we shall disregard the nonstochastic force Vf

from the following discussion by doing a local unitary
transformation,

0% (1) = / (Gg) aﬁt—r Vﬁdr

From the expressions (60) and (61) one may see that, for
the system particles reaching a stationary state independent
of an initially prepared configuration, the retarded Green
function G (¢) must completely decay (either algebraically
or exponentially) at a long time. As previously shown in
Sec. III B, this information is completely encoded by its
(time) Fourier transform (59). It is known from previous
studies related to the generalized Langevin equation for the
conventional damped harmonic oscillator [19,20,76,78,79]
that the existence of a well-defined stationary solution
indicates that Gg(w) has no isolated pole w,, lying outside
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of the environment dense spectrum, or equivalently, it does
not blow up at some value w, with 0 < w? < k> (one way
to see this is by evaluating its Fourier transform by means
of the Riemann-Lebesgue lemma). This immediately
implies that the determinant of G%'(w) can only have
roots , obeying k* < w?. By substituting the frequency-
domain expression of the retarded self-energy in Eq. (59),
the search of these roots may be rephrased in terms of
the eigenvalue problem of the real part of Gz'(w), i.e.,

ReGy' (1) = mA2L,, with

RC<GI_Q )lj( ) aﬂ Sg;( )I ja[)’(|ﬂ| Aql])
—ZH[RCJW(\@LAZIU)}(@% (62)

where I,, denotes the 2n x 2n identity matrix and sgn
stands for the usual sign function. Using results borrowed
from the matrix theory [80], the condition under which
G (1) asymptotically vanishes could be then expressed in
the following compact form:

mi’l,, < ReGg'(w,), (63)

that is, ReGy' (w,) — m«k?l,, is a positive-definite matrix
for w,. In the particular case of vanishing Chern-Simons
action, the condition (63) returns the known result for the
conventional damped harmonic oscillator [19,20,79].
When Eq. (63) is obeyed, the dissipative Hamiltonian
(28) is prevented to have a bound, stable normal mode
with frequency w,. Intuitively speaking, the condition
(63) ensures that the spectrum of the gauge field will
well accommodate the bare frequencies of the harmonic
n-particle system (i.e., k < w; < 1/v/20 for i € {1,n}),
and, consequently, it makes possible an irreversible energy
transfer from the system to the environment, at least in a
finite time sufficiently larger than the natural time scale of
the system particles.

As similarly occurs for an intricate non-Markovian
Langevin dynamics in the conventional Brownian motion,
it may be rather difficult to obtain the analytic structure of
Gz! (@) for most cases as manifested by the sophisticated
spectral density (44) and expression (45) for the retarded
self-energy. Concretely, the real part of the retarded self-
energy, which is obtained via the Kramers-Kronig relation
(42), regards a Bessel Hilbert transform that has no analytic
expression in general, and thus, one has to resort to
numerical methods [81]. Nonetheless, this treatment sub-
stantially simplifies for the previously discussed situation
when all the system particles are very close to each other
and the Chern-Simons action is weak (i.e., ox> < 1 and

lA\/‘fil < 1 for arbitrary i and j). Recall that the positive

constraint upon the microscopic Hamiltonian (30) dis-
cussed in Sec. III imposes the consistency condition (32)

as well. As shown previously, the dissipation produced by
the MCS environment is then characterized by a sort of
super-ohmic spectral density (54). Replacing this in
Eq. (62) and computing the corresponding Hilbert trans-
form, it may be verified that there is no (nontrivial) solution
, which violates Eq. (63) provided the particle frequencies
lie in the MCS environment spectrum (i.e., k < w; for
i € {1,n}), and further, the subsidiary condition (32) is
obeyed. To see this we must realize that the off-diagonal
elements of Gg' (w,) represent a perturbative contribution
to det Gx' (w) by virtue of Eq. (32). Hence, we expect that
the harmonic oscillators relax towards a thermal equilib-
rium state in the closed-particle and weak Chern-Simons
action picture. In more general scenarios, the condition (63)
will be satisfied depending mainly on the values of the
oscillator bare frequencies w;, width of the particle charged
distribution o, Chern-Simons constant «, and environmen-
tal coupling e.

Once the stationary solution is guaranteed [and the
condition (63) is fully satisfied], it is convenient to take
the limit 7 — #; — oo in Eq. (61) and rewrite the stationary
solution of the position operator in terms of its Fourier
transform, ie., Q% (@)= Y1, (Gr)¥ ()& (w). After
replacing this into both the spectral (56) and statistical
(57) correlators, and averaging over the initial state pg, we
arrive at their Fourier transform 1~\:-;-[” (w,w') and Afjﬂ(a} o),
respectively. These are directly obtained by taking into
account the anticommutator (45) and commutator (47)
expressions of the fluctuating force in the frequency
domain. As a result, we find for the spectral correlator,

n

Al (w,0) = 2i8(w— ') > [(Gr)TTE] (G ) ().
LI=1

(64)

which is absent of the nonstochastic fluctuations
TZ[} (¢,7,1y) and ”(’ﬁ(t ,ty). In contrast, the Fourier
transform of the latter functions are involved in the
expression for A”ﬁ (w,’). Once again we may evaluate
the time asymptotlc limit of the statistical correlator by
using the aforementioned Riemann-Lebesgue lemma after
interchanging it with the integral in the frequency domain
(as similarly discussed in the previous section). Recall that
T?f (0,0, 1y) and B (a) ', ty) explicitly inherit the fast
oscillatory behavior exhlblted by Egs. (48) and (49), such
that we may drop the nonstochastic fluctuation contribution
in the asymptotic limit # — #, — oo once we appeal to the
fact that the retarded Green’s function is integrable accord-
ing to the condition (63). Thus it can be shown that this
yields

Al (w,0) = 20+M@ﬁ))“@w) (65)
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This result is in agreement with the previous finding about
the asymptotic vanishing of the nonstochastic fluctuations
in Sec. III B. Now, it is simple to verify that the KMS
relation (58) is recovered from Egs. (64) and (65) via their
inverse Fourier transform. Consequently, this certifies that
the harmonic n-particle system asymptotically reaches a
thermal equilibrium state regardless of its initial configu-
ration, as we wanted to show. On the other hand, the KMS
relation (58) reveals that the system particle undergoes a
stationary Gaussian process in the long time limit com-

pletely determined by the statistical propagator A?}ﬂ (7 +

7,1') = Afjﬁ (7) and its time derivatives. The latter probes
that the microscopic Hamiltonian (28) in the asymptotic
limit provides us with a (numerically) solvable model for
the dissipative dynamics of harmonic planar systems.

In the following section, we shall focus the attention
in a nonequilibrium situation of physical interest which
arises when the dissipative dynamics is well described by
time-local damping, or equivalently, the retarded Green’s
function in the time domain is exclusively dominated
by an exponential decaying behavior at long time. This
is commonly recognized as the Markovian regime [22] and
has been extensively studied for the damped harmonic
oscillator based on the independent-oscillator model
[1,16,18,21,25] or, alternatively, by phenomenological
stochastic models [14]. We shall illustrate how this
description emerges in the present treatment and briefly
discuss its validity.

IV. EXAMPLE: MARKOVIAN LANGEVIN
DYNAMICS

As the specific form of the spectral density (56) consists
of an algebraic combination of Bessel functions evaluated
in square roots and weighted by a Gaussian function, we
may expect that the retarded Green’s function [endowed
with the condition (63)] may display an intricate mixture of
“particle” poles and brunch cut singularities in the complex
w-plane [5,19,20,79]. It is well known that the latter
singularities contribute to the dynamics with a power-
law decaying evolution, whereas the former renders the
previously mentioned exponential behavior characteristic
of the Markovian dynamics. Now we shall assume that the
dissipative dynamics of the harmonic n-particle system is
mainly dominated by particle poles. As the latter math-
ematically represents (simple) complex poles, the
Markovian case corresponds to focus the attention when

(GR)?f (w) takes the form of a rational function [82].
Formally, this is equivalent to approximate Gg(w) by a

Breit-Wigner resonance shape [5,7,19,20,79], i.e., f;R(w) ~
Gpw(w + i0™) with
. af o2\ap
2wl + (Q°)]
(2am)~'Z}Y

(S 5aﬂw

(Gaw)Ty () = . (66)

where the matrix entries (Q“Q)Zﬂ and F?f are given by

Q Q 1 ) ¥ g
m(Q°2>ijﬁ = Vijﬁ - _Sgn<9iﬁ)lm*7aﬂ(‘gi‘ﬂ - Agy)
_ _H[Reja,,,< 7:;))(Q7), (67)
m~17% 1
U 20ned (2ﬂ Tl )

L sn(e)im >J<sz“ﬁ>), (68)

with Z?{j being a renormalization factor,

1 0

af _
zif = 2w\l 45—

o (H[ReT 4[], Ag;))) (@)

; sgn(ﬂz-;-f”>1mjaﬁ<|sz“’f| Aql,»] . (69)

The matrix elements Q;’f are obtained from the Hadamard

(entrywise) power (QOQ)aﬁ = Q7 Qf']ﬂ, and further, they

satisfy €,4(Q2)7 = ¢, (Q"z)ﬁ * in order (66) to preserve
the Hermitian property of the equations. Additionally, for
Breit-Wigner approximation (66) to be physically consis-
tent with a Markovian treatment of dissipative harmonic
systems, we demand

Qaﬂ R
ij ij
oz = Qaa

Qij Szij

with  a # p, (70)

as well as 0 < FZ“,QW fori,je{l,n} and a, f =1, 2.
Expression (70) reflects nothing else but the fact that
the Markovian dynamics emerges when the system-
environment coupling is weak in comparison with the bare
particle frequencies [15,16]. On the other hand, the left-
hand side of Eq. (70) is motivated by the subsidiary
condition (32) discussed in Sec. III. This point will be
explained in the next section when we deal with a concrete
example, e.g., the single harmonic oscillator case.

The ansatz (66) is inspired by the Breit-Wigner reso-
nance shape for the scenario of a two-dimensional system
composed of n independent damped harmonic oscillators.
Following the prescription from Refs. [5,7], this may be
obtained by doing a Taylor expansion of the real and
imaginary parts of the retarded self-energy around the
particle pole. Recalling that ImZ“/}( ) and Rei;lj/}(a)) are,
respectively, odd and even functions in the frequency
domain [according to the Kramers-Kronig relation (42)],
such prescription may be extended to our treatment by

. . . . ap.
considering the following Taylor expansions near €;7":

016003-16



QUANTUM DISSIPATION OF PLANAR HARMONIC ...

PHYS. REV. D 99, 016003 (2019)

) ) AgmD*®
I (@) = IS (@) + 5 0= 9ff). (1)

ij 70 ij
ReZ” (w) =~ ReZ? ()

27 oonaf
—m <1 Za/i) (5 5(,/)760 - (Q z)ij( )7 (72)

Ly

where we have defined without loss of generality,

Glmig-ﬁ (@) B 47tml"?;ﬁ
(e7 B aﬁ ’
660 (u:Qif Z ij
Sapf
OReS (o)

2r
= —m 1 - _aﬂ .
w:Q;’;j Z::

By replacing Eqgs. (71) and (72) in the inverse of the
retarded Green’s function (59), we are led to the constraints
(67) and (68) by requiring this takes the form of the ansatz
(66). Notice that the final expression of these constraints is
obtained after substituting the retarded self-energy by the
spectral density, where the factor 2z essentially appears
because the definition of the latter is consider here.
Similarly, Eq. (69) follows directly from Eq. (72) and
corresponds to the so-called wave function renormalization
in the particular case of independent damped harmonic
oscillators. One may verify that Egs. (71) and (72) retrieve
the Breit-Wigner resonance shape for n two-dimensional
oscillator following the conventional Brownian motion, as
desired.

By considering the ansatz (66), we obtain a Markovian
dynamics in agreement with the dissipative properties
encoded by the spectral density. Indeed, it can be shown
that the inverse Fourier transform of Eq. (66) returns the
following Markovian Langevin equation for our harmonic
n-particle system:

Ow?

chm
Zaa ’ + 2zm Z Z a/} j
tj j=1 p= 12
02 aﬁ

s@sz(f)» (73)

+ 2am Z Z a/fu Qﬁ

j=1 p=1.2 l]

where &4y (1) is the associated thermal noise which is
determined from Eq. (53). Aside from the contribution
from the quadratic potential Vi contained in Q77 (notice

that Vf}ﬁ = 0 for a # f§), one may realize from Eq. (73) that
the MSC environment in the Markovian limit may mediate
an effective interaction between transversal spatial compo-
nents that is characteristic of a linear drift force [62].
More concretely, the latter is equivalent to an array of
nonconservative rotational forces acting on the harmonic
oscillators,

Fr;=—2am Z Q2(Q; x &), with

ie{l.n}, (74)

where (Q"z);’f = eaﬁZ?jﬁ QF and é; denotes the (unit)
normal vector to the plane defined by the system. Upon
close inspection of Eq. (67), one may see that F %.; must
exclusively arise from the imaginary part of the spectral
density [see Egs. (43) and (44)]. The latter pinpoints the
Chern-Simons electric field Ecs as being responsible for
Eq. (74), which is primarily induced by the particle-
attached Chern-Simons flux discussed in Secs. II and IIL
Interesting enough, this situation is common in static MCS
electrodynamics [70] and invokes a physical picture for our
dissipative system that recalls an intricate ensemble of
dissipative coupled magneticlike vortices: each oscillator
follows a rotational symmetric motion carrying certain
Chern-Simons flux that simultaneously interacts between
each other with strength determined by €;;. A similar
vortexlike dynamics was also found in a dissipative
microscopic description of type-II superconductors [83].
To be in agreement with an asymptotic stationary picture,
there must exist a complex interplay between these driving
forces and the energy dissipated by the corresponding
environmental noise. Indeed, we show below that the noise
associated with Eq. (74) via the fluctuation-dissipation
relation (46) resembles a magnetic flux noise, which
reinforces the aforementioned vision of flux-carrying
particles. Accordingly, these rotational forces constitute
a perturbative repulsive interaction (which may globally
drift away the system particles) that counteracts the
particle-confining potential.

Alternatively, the ansatz (66) can be thought of as the
retarded Green’s function resulting from the generalized
Langevin equation after assuming a certain form for the
spectral density, namely 73", that fulfills Eqs. (67) and
(68). In other words, we should be able to deduce a
Markovian Langevin equation identical to the one asso-
ciated with the Breit Wigner ansatz (73) if we replace such
spectral density 7B in the expression (43) for the retarded

self-energy. In thls way, we could follow an inverse line of
thinking to figure out the specific form of j by requiring
the expression (43) reproduces a time-local memory kernel
which agrees with Eq. (73), i.e. 2"/3( —1)x8(t—1).On
one hand, as the off-diagonal elements of the spectral
density are just contained in the Fourier cosine transform of
Eq. (43), the transformation rules for the latter entails (for
arbitrary i, j): [ = 0 and T8V (w, Ag;;) o iQ, for a # f.
On the other hand, Toy must be Hermitian to provide a
sensible description as explained in Sec. III A. Introducing
together these results in Egs. (67) and (68), we are led to the
following spectral density associated with the Breit-Wigner
approximation (66):
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2mal ¢ i
jgg’v(a}, AgG;;) = Oup e L — i€yp
ij

2mmQy,;

5 (75)
Using the Fourier sine and cosine transformation rules, it is
simple to verify that expression (75) matches with the
Markovian Langevin equation (73). Interestingly, the
diagonal elements of J SI}V take the form of an ohmic
spectral density (which is characteristic of the strict
Markovian limit [1]), whereas the off-diagonal contribution
exhibits a flat or white spectrum.

Additionally, we may obtain the fluctuation-dissipation
relation determining the corresponding fluctuating force
Esw (1) by replacing Eq. (75) in the expression (53). In the
high-temperature limit I'/7# <1, this takes the particular
form,

<{EZBW(ZJ + t)ﬁ?jaw(ﬂ)p
2m(2m) e 27mQ?;

:5aﬁ75(l‘_[/) +€(Xﬁ 2ﬁ Y Sgn(t—t/), (76)

where again we have made use of the well-known proper-
ties of the Dirac delta function and the standard tables of
Fourier cosine and sine transforms [74].

The statistical correlator (76) reveals intriguing features of
the fluctuating force acting on the harmonic n-particle system
at high temperatures, especially for the off-diagonal correla-
tions arising from the Chern-Simons effects. We may clearly
recognize the first line in Eq. (76) as the well-known
fluctuation-dissipation relation due to the white noise pre-
sented in the conventional Brownian motion [22].
Remarkably, the second term of the right-hand side closely
resembles the ordinary Hall response of two-dimensional
particles found in the dissipative Hofstadter model [55,56],
such that the fluctuations of the transversal spatial compo-
nents may be interpreted as the Hall effect counterpart in the
present context, occurring here because of the Chern-Simons
flux. Moreover, the second term of the right-hand side in the
frequency domain identically coincides with the fluctuations
of an antisymmetric 1/f noise of power spectrum S(w) =
(iw)~!. The latter may be realized by paying attention to
Eq. (53): the hyperbolic cotangent renders an effective inverse
scaling for the power spectrum of the transversal correlations,
whereas the spectral density contributes with a constant factor
owing to the form (75). Interestingly, the 1/f power law is
characteristic of the low-frequency magnetic flux noise in
superconducting circuits [57,58], which suggests that the
environmental noise acting upon transversal spatial d.o.f.
originates from the fluctuations of the Chern-Simons flux
carried by the harmonic oscillators. The time-reversal asym-
metry and parity violation of the present microscopic
description can be clearly appreciated from Eqgs. (73) and
(76). In principle, the latter can be thought of as an extension
to the classical Einstein relation [22].

A final remark in this section is that the spectral density
(75) cannot provide a fully physical description of the
dissipative dynamics [and thus neither can Eq. (73)], as
similarly occurs for the ohmic spectral density in the
standard microscopic model (i.e., it gives rise to the so-
called ultraviolet catastrophe). Here, it is important to
emphasize that the Markovian Langevin equation (73) will
be valid when the coupling between the harmonic n-particle
system and gauge field is weak according to Eq. (70).
Physically, this could correspond well to the scenario of
closed particles and weak Chern-Simons action in the weak

damping regime, i.e., ¢/w; < 1 and w;v/20 < 1.

A. Single harmonic oscillator

So far we have followed a very general treatment of the
harmonic n-particle system. Aiming to provide a clear
comparison with the conventional (two-dimensional) iso-
tropic damped harmonic oscillator [22], we now address
the asymptotic dissipative dynamics of the single harmonic
oscillator case (i.e., n = 1) within the previous Markovian
framework. For a better exposition, we take the parameters
involved in Egs. (66) and (75) as follows: Q!? = —Q?! =
(27)72Qcs, whereas for the diagonal elements Q!'! =
Q?? = Q, and I'! = I'?> =T,. Furthermore, substituting
Eq. (76) in Eq. (69) yields Z** = 2z for a, f = 1, 2. Note
that we have chosen an isotropic damping rate because the
apparent anisotropy of the spectral density cancels out for
the single oscillator case as discussed in Sec. IIT A, and
further, Qcg determines the strength of the rotational forces
discussed in the previous section.

Owing to the rational form of the Breit-Wigner approxi-
mation, the retarded Green’s function Ggo(w) is found to
decay algebraically as fast as ~w~> and has no brunch cut.
Instead it possesses four complex-conjugate simple poles,
denoted by —il,, in the w-plane, i.e.,

Ay =To+n with = T3-Q2+iQ%), (77)

aside its complex conjugate. Hence we may use contour
integration methods [82] to obtain its inverse Fourier
transform. Note that the contours at infinity do not

contribute to the final integral because Ggo(w) vanishes
rapidly at large frequency. Hence, it is simple to verify that

filne) —if ()
i )

where 7 =t — 5, and we have introduced the following
auxiliary functions,

Gsolr) = 007)

fi(tz) =

e~ 1o /sinh(tz") isinh(tz)
2m 4 z )

which returns the familiar solution of the Markovian
damped harmonic oscillator when Q-5 — 0. At first sight,
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the retarded Green’s function (78) does not seem to decay at
late times, preventing the single harmonic oscillator to relax
towards an equilibrium state. However, one may show that
the consistency condition (70) guarantees Eq. (78) asymp-
totically vanishes. Concretely, it is immediate to see that
Eq. (78) will exhibit an exponential decay if the following
inequality holds:

Re{,/rg —Q2+ iggs} <Ty.

By means of identities for the complex square root, this
inequality is equivalent to Q¢ < 4I'3Q3, which is clearly
satisfied by recalling Eq. (70), as we wanted to show. Note
this result is in complete agreement with the subsidiary
condition (32) derived in Sec. III.

Now we study the position autocorrelation function
denoted by AZ%(7) and defined in Eq. (57). As before,
this may be obtained via Egs. (64) and (65) by using
standard contour integration techniques to compute the
corresponding inverse Fourier transform, once we have
replaced the single oscillator expressions for both the
spectral density (76) and retarded Green’s function
Gso(w). Specifically, we arrive at the following identities,

ALH(1) = AFH(1) = Re{So(1) + Scs (1)}
+ %S&‘”(r), (79)

where we have introduced

i Y i
$ol0) = S (A, — 1. ><C°th< 2 )
—coth<ﬂ;L ) —Ast >
I R0 PAN i
Scs(t) = A=) (/1+ coth( > >e

— A_coth (%) e"u) , (80)

with py = 4502 + Qf, and the quantum corrections,

_i —W( 2 +92) 304 — 4122)
2 2 )~ A7) A7)
i et (v ~|—Qz) + Qb — 12IFv2)
= ( = 22)(vp = 22 (5 = 22

(81)

with v, being the positive bosonic Matsubara frequencies,
i.e., v, = 2zn/p. It is straightforward to show that Eq. (79)
returns the well-known results of the Markovian damped

harmonic oscillator [14] for zero Chern-Simons action (i.e.,
Qcg — 0). From expression (79) it is immediate to get the
mean-square dispersion of the harmonic oscillator position
along one dimension, i.e., (Q2>ﬁ = ALL(0) = AF)(0). To
evaluate the classical and quantum limit, it is convenient to
rewrite Eq. (79) in terms of the psi function y(x), which is
the logarithmic derivative of the gamma function. In

particular the quantum corrections S (O) could be written
as a combination of y(x) by followmg a similar procedure
to Ref. [14].

In the high-temperature limit (I'\f < 1), the quantum
corrections vanish as can be clearly seen from Eq. (81).
After some straightforward manipulation we then arrive at

(0%, = QEQf + 4T5(2) + 2Q¢s)
P mp(4T3QR3 — Q) (QF + Q)

S (0 (o) (3))
(&) ®

where the first term coincides identically with the classical
correlation function of the damped harmonic oscillator
[14]. Clearly, the above expression shows that the Chern-
Simons action in the Markovian limit induces an effective
broadening and shifting of the harmonic oscillator spec-
trum, so that the two-dimensional particle is expected to be
in a thermal equilibrium distribution incorporating these
effects.

Although Eq. (82) manifests that the Chern-Simons
effects may be eventually negligible in the classical
dynamics, this result may significantly diverge from the
quantum scenario. In the zero-temperature limit g~! = 0,
we consider the asymptotic expression of the psi function
for large arguments, i.e., w(1 + z) & log z for 1 < z. It can
be shown that this leads to

10g F0+\/F<2)_—Qg
<Q2> _ To—v/ l“g—gg + 1 (QCS>
P 2amTI-QZ " 2mI \

o))

where again the first term of the right-hand side identifies
with the quantum result for the mean-square dispersion
found in the damped harmonic oscillator [1,13,14,25].
Unlike the previous classical limit, this result underlines
that the Chern-Simons effects may substantially influence
the Brownian motion and could be interpreted as an “hyper-
fine” structure of the two-dimensional dissipative dynamics.
Finally, we evaluate the position cross-correlation Al2 (7)
between the transversal spatial d.o.f. We can follow an
identical procedure as to compute Eq. (79). We find
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2Q%¢ [

s&0+2 |

A (1) = Im{Sy(1) + Scs (1)} +

which vanishes for zero Chern-Simons action. Figure 2
illustrates the short-time behavior of the position cross-
correlation at different temperatures.

From Eq. (84) we may also evaluate the long-time
behavior of Al%(r). Paying attention to Egs. (80) and
(81), it is easy to see that in the high-temperature limit
'y < 1 the position cross-correlation (84) will decrease
exponentially with a ratio given by I'j at long time, as the
quantum corrections decay as ¢~ However, this scenario
drastically changes in the low-temperature regime where the
quantum corrections dominate the long time behavior. In
particular, in the zero-temperature limit the quantum cor-
rections sum up to an algebraic long-time behavior, i.e.,

Q2 1
A2 (f)~ Cs 1
so(t) mﬂ(Qg—i—Qés)t

i () +ol(a))
=== +0| == , fort— oo.
an%t(QO Q,
(85)

To obtain the above result we evaluate the infinite sum

involved in the quantum corrections Sg’g (1) after expanding

the rational part of its argument about the origin v, — 0, and
then take the strict zero-temperature limit. Interestingly,
expression (85) shows that the transversal spatial compo-
nents exhibit long-time correlations in the quantum regimen.
Letus stress that this feature is a consequence of the quantum

0.004[ -

0.002}

as0"2(b)

0.000

-0.002}

-0.004 - : : : : : :
0.0 0.5 1.0 15 20 25 3.0

FIG. 2. Position cross-correlation as a function of time. The
solid black, dashed blue and dot-dashed red lines correspond to
the temperatures f~' = 0.01Q,, ' = Qy/2, and ! = Q,,
respectively. We have fixed the rest of the parameters as follows:
QO = 10, FO = 0.190, QCS = Fo/z, and m = 1.

sin(wr) ((0* — Q3)? + Qg + 12I5w?)

o(@* + 22)(@0? + 22)(0* + 11 (0? + 272)

, forO <t

(34)

|
Hall response previously discussed in Sec. IV and has
no counterpart in the conventional Brownian motion,
rather the latter generates a similar time algebraic decay
just for the position autocorrelation functions [14] (i.e.,
A2 (1) «~ 172 for @ = 1, 2). Thus we see from Egs. (83)
and (85) that the dissipative dynamics arising from the
Chern-Simons action in the Markovian limit constitute a
second-order correction to the damped harmonic oscillator
in the quantum regime.

V. OUTLOOK AND CONCLUDING REMARKS

Adopting a combined gauge field and open-system
theoretical view, we have shown that the nonrelativistic
Maxwell-Chern-Simons electrodynamics leads to a novel
microscopic model for the nonequilibrium dynamics of
planar harmonic systems that fulfills the essential ingre-
dients of a (linear) nonanomalous dissipative description:
local U(1) gauge invariance and relaxation towards a
thermal equilibrium state, and it encompasses the conven-
tional Brownian motion as a particular instance (i.e., the
deduced microscopic Hamiltonian exactly maps on the
independent-oscillator model in the limit of zero Chern-
Simons constant). Specifically, we have shown that the
symmetry structure provided by the Chern-Simons action
has two main effects in the long-wavelength regime: a gap
environmental spectrum and a particle-attached magnetic-
like flux which yields an ordinary Hall response of the
harmonic oscillators. As a counterpart, these come along
with a backreaction on the environment and renormalized
potential interaction of the system particles. Importantly, if
we disregard the latter effects, the conceived dissipative
model provides a legitimate description for the Brownian
motion of free particles, as well, owing to the fact that the
microscopic Hamiltonian turns identically into a minimal-
coupling theory with a gauge field bearing the basic
dissipative mechanism. It is also worthwhile to remark
that, though we have considered a Gaussian particle charge
distribution, this condition could be substantially relaxed to
contain a broad class of form factors (e.g., we could chose a
well-behaved function which falls to zero at sufficiently
large distances) without changing the overall properties of
the dissipative dynamics, as such choice mainly affects the
cutoff factor of the spectral density.

In the Markovian regime, we have found that the explicit
influence of the Chern-Simons action at the level of the
Langevin equation is twofold: an additional rotational force
and magneticlike flux noise acting upon the harmonic
oscillators, such that the system could be regarded as an
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ensemble of interacting dissipative vortex particles, unlike
the conventional Brownian motion. Moreover, for the
single harmonic oscillator case we have provided concise
expressions for the mean-square dispersion in the high- and
zero-temperature limit. Interestingly, from the latter follows
that the Chern-Simons action can be thought of as a second-
order correction to the well-known damped harmonic
oscillator model, from an open-system theory perspective.

From an experimental point of view, many results of planar
condensed matter systems predicted by the Maxwell-Chern-
Simons electrodynamics are still challenging to be exper-
imentally tested. Nonetheless, there exist several examples,
for instance in the context of cold Rydberg atoms [75], where
this theory reproduces the true electromagnetic interaction.
In particular, it was probed in Ref. [84] that an effective
Maxwell-Chern-Simons description naturally emerges in the
study of systems composed of charged particles constrained
to move on an infinite plane and subjected to an ordinary
electromagnetic interaction, like in the quantum Hall effect.
Concretely, it was shown that the Chern-Simons kinetic term
may arise from the underlying topological structure of the
(3 + 1)-dimensional electrodynamics by dimensional reduc-
tion [84], which emphasizes the genuine topological nature of
the Chern-Simons action [45]. Together with the previous
discussion, we could draw the conclusion that the proposed
description could be tested in near-future two-dimensional
experiments addressing the dissipative dynamics induced by
electric and magnetic fields.

In the last decade the quantum physics of two-
dimensional systems have attracted a renewed interest
(e.g., in quantum computation theory), for which the
Maxwell-Chern-Simons theory proved to be useful in the
description of a great diversity of phenomena connected to
condensed matter systems. Similarly, the proposed micro-
scopic description could provide a theoretical testing ground
for new ideas in two-dimensional quantum thermodynamics,
optics or information theory (e.g., as occurs for the

|

independent-oscillator model). In particular, it is appealing
to further investigate which are the nonequilibrium thermo-
dynamic properties of the rising flux-carrying Brownian
particles.
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APPENDIX A: CANONICAL HAMILTONIAN IN
THE COULOMB GAUGE

In this appendix we briefly illustrate the derivation of the
canonical Hamiltonian (10) presented in Sec. II. First, let us
indicate that we enforce A, as a Lagrange multiplier in
Eq. (6) [46,66], in order to satisfy the Coulomb law
constraint (5). It is easy to verify that Eq. (7) is a solution
of the latter. Now, we replace this in Eq. (6) once we have
rewritten the field canonical variables in terms of their
longitudinal and transversal parts. Doing this, we obtain two
terms coming from the dot and cross products, respectively,

I, = /dxH N

Owing to the boundary properties of the Coulomb Green’s
function, gauge field, and charged distribution function (i.e.,
VG.(x) = 0, ;A5 (x) = 0, and p(x) — 0 for [x| — c0),
both terms may be manipulated as follows:

I, = —K/dxl'[” x AL,

h= [ [ @ (o) =59 %4°0)) (o) =5V %440 ) [ 0,Gulx-90,Gulx )
—- [as [ (o) =59 %420 )Gulr-3) [ V65 -3) () -5V x a4 ) )

_ _/dx/dy(p(y) —kV X AL(y))G,(x —y)p(x

- [ ax [ as(ol) =17 %A1 0))Glx -

as well as

e[| dy'Gccy'>eaﬁA;<x>a;(p<x+y/

/ / G (¥ )eapeay A (X)OROEAL (x + ).

—K/ /dyv x AL(x)G(x —=y)p(y) +

)_g/ﬁ{/@va%wQ@—

K2
o [ [ ayotieaconpieimnajio )

)-fva%x+y0
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Now we may go further by gathering together the above results,

Il+12:

- [ ax [ aots) =269 x A 06l

= y)p(x)

3k?
+T/dx/dch(x_y)(5aa’5ﬂ/)” _6(1/3’5(1’/7’)A (x )%/%Aﬁ(y)

- [ s [ o) -2V x 41 )Gutx
- [ ax [ aots) =269 x A )Gl

o)+ 75 [ dx [ V3G (x - p)aiwat)
—y)p(x) + 3TK2/ dxA* AL

where we have made use of the fact & A{ (v) = 0 according to the Coulomb gauge fixing. By substituting this result in the
Hamiltonian expressed in terms of the longitudinal and transversal parts, we arrive at

=3 (5h (5o [ ot -dnie) +vian)

i=1

where ’HMCS is defined in Sec. I It is immediate to see that
the canonical Hamiltonian (10) is obtained after replacing
the Coulomb Green’s function and the charge density in
Eq. (Al).

APPENDIX B: DERIVATION OF THE POSITIVE
CONDITION

Here we compute the positive constraint (30) presented
in Sec. III, and we provide explicit expressions for the
potentials (26) and (27). First, we illustrate the basic
procedure by starting to compute the quadratic potential
V;’f . To carry out the discrete sum in k, it is convenient to

take the dense spectrum limit after switching the integral to
polar-coordinate variables,

2
ap _ LA e ~20k2
Vij = 5,']'5(1/3"1601- +g% dkke
X < / d0e™ai=ai1°050 (5, 5, 55in%0 + 5,8,5c08%0
— (1= 8,p5) cos@sin0) + c.c.) ,

where we have rewritten |k| = k, and 0 is chosen to be the
azimuthal angle of the vector k and the axis defined by Ag;;.
The above equation is further simplified by introducing the
definition of the Bessel function of first kind, i.e.,

V =8, i8gpma? —l——/ dkke™2%

kla. —a -
X<5aﬁjl( |qz j|)_

S 2002502 (K|G; — G ; > Bl
k|ql—qJ| 2 Zﬁ 2( | ]|) ( )

= / Prdyp(x)Ge(x = y)(p(y) - 26V x AL (3)) + Flyges,

(A1)

[
Fortunately, the integral involving the Bessel functions

can be exactly obtained by making use of the integration
tables (see Secs. 6.618 and 6.631 in Ref. [74]),

lai-a,
626_ 160{

-4,
Ve =56 mw2+—<5 ﬂ1_<|—f)
U 4201 - 4, WVl oo

g4I’
— 520'52/}M%,l < 80 J ’

where I, denotes the n-order modified Bessel function
of the first kind and M 1 is the Whitakker function [74].

Note that the above expression is valid for 0 < |g; — g;]
and 0 < 0.

Now, paying attention to the Hamiltonian (28), it
is clear that the latter will be a positive-definite operator
as long as the following quadratic expression is
satisfied:

(B2)

1 - a ranrf
32 (VDo kapnea,) vee) Jard
Ji=

(k) "k

+va ZZ "”)g; 4:)9p(k.4;) 0. (B3)

Let us address the second term in the first line of
Eq. (B3). First, by replacing the expression of the
system-environment coupling coefficient (25), we obtain
after some algebra,
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ezeik'(Qi_qj)e_za‘klz K k kﬂ

820 (P ©)+ ke

ke, sk,

ha(k.qi)hj(k.q;) = )

(P2 = ke P 5(K)) + i (ko) — kan(k))).

Inserting this result and the dispersion relation (15) yields

Za) g,)hj(k.g))

2

e K> I
E % dkke=2F [((5(1/5—51a51ﬁ<1 _(kg_'_Kz)>>JO(k|qi_qj)

S T W 5 )
(K +&*) g —q,l PR |
We can analytically compute the above integral via standard contour integration techniques by writing the Bessel

function as a combination of the Hankel functions and noting that the functions within the integral has simple poles
+ik [85], i.e.,

+ (8ap — 202402p)

e P eero [K(5aﬁ 261,01p)

Za) (halk, @i)y(k,@;) + c.c.) = Srabppg—e™ w0 +— P
2 J

(H? (~|g; - ,ix)
H"(|g; - ,|ix) + 8,46, (H (| — §;]i) - HY (-|g; - qﬂm))} . (B4)

Similarly, the previous procedure can be replicated to obtain the potential (56). That is,

2

2k o [ ¢iklgi—g;| cos® . Kk,
Zh,, (k.4;)g)(k.q,)e) (k) = o A dkke /_ A0 PR <€7ak}’_l/m>

2 0 —251(2] kla. — q-:
:ﬂ dke 1( |q1 qjl) <_ K(Sla +i520>’

4z Jo e N
and thus,
n / 22 020K
Ve = 2(Vi(gi—q;)), — Oia dk———J(k|g, . BS
=3 (20, oy [T ) (85)
On the other hand, we find for the independent term of the quadratic form (B3),
Pops(k) e’x? 20k
k,q:)gsk,q; dk————-Jo(k|q; — q|)- B6
Dty el day.2) = 7 [ ki o =) (B6)

Finally, the positive constraint (30) is directly obtained  the following expression of the pseudoelectric field which
by replacing (B4), (BS), and (B6) in (B3). follows from (29),

&(r) = Z“’ (k)(h e~iol(=) g (k, t,) + c.c.),
APPENDIX C: RETARDED SELF-ENERGY AND
SPECTRAL DENSITY (C1)

In this appendix we illustrate the derivation of the where &d(kv tO) are the environmental quasjpartic]e oper-
retarded self-energy (43) and (field) spectral density and  ators at the initial time after introducing the displacement
the Kramers-Kronig relations (42) and (45) presented in produced by the backreaction effects discussed in Sec. III.
Sec. LT A. By considering an equilibrium canonical initial state pg,

We start from computing the anticommutator appearing  we obtain the following statistics for the displaced quasi-
in the definition of the retarded self-energy (39) by using  particle operators,
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2 (k) 8/} k’)

({aa(k.19). 25K . 10)}),, = 8(k —K')(1 + 2n(eo( )+2 Z ol)w

k ql)g/}(kl q})

({aak.19). aq(K' . 19)});, =2 Z %}(k)

W) 9ak,g;)g5(K',q;), (C2)

with n(w(k), ') denoting the average quasiparticle number of the free MCS field at temperature 5!,

1

n(ok).f™) = —om

- (C3)

Now from Eq. (C1) we obtain

<[£’§l( ) (c/‘/))T /,/j ;‘;w a k ql)hT (k )e—i(w(k)t_a)(k/)tJ—(m(k)—w(k/))fo) <[ad(k’ tO)v aZl(k,’ tO)]i>ﬁ0

+ ho(k,q;)hy(K' ;) e~ @B iTe®)r =)ol ([q, (k. 1)), a (K, 1)) P
+ hi (k. §;) (k' g,)e!o®rel)r=(eRro®)) ((f (&, 1), a) (K . 15)].),,
+ hiy(k. G hy (K, §;)e! @ 0@ ~ol—o®)0) (g (k,1,), ad(k’fo)}ﬁpo), (C4)

Po

where [+, ], represents the anticommutator and commutator in a short-hand notation, respectively. By taking
the dense spectrum limit after some straightforward manipulation in the anticommutator expression (C4), we
arrive at

(0. &7 )), = ok (@W=o®)l=to(@®)=o®D h, (k. g,)hj (K. q;)[aqk. 1), ay (K . 1))
kK

- e om0tk ) o0 D) 1t (, G,y (', ) [ (K. ) g (K 1))
= 203 00 Re b ). 2,)sinooR)1 = ) = vk, ) 0.,) o)1 = )

— _% i do(Re{T ,5(Ag;;. )} sin(w(t = 1)) + Im{T 5(Ag;;. w) } cos(w(t = 1'))), (C5)

where 7,4 represents the spectral density. It is immediate to see that we get expression (43) after substituting Eq. (C5)
in the definition (39). In the above equation, we introduced the following expression for the spectral density:

T ap(BGyj. 0 —nZw )(Re{ho(k, )k, q;)} — ilm{hy(k,§;)hy(k.4;)})5(0 (k) — )

i _26lkI? k kﬂ K k kﬂ K
8ﬂL2 ZekAq”e 2ol (5aﬁ |k|2 + |k|2 2 +i |k|2w (eyakykﬂ _e}’ﬂk}’ka) 5(a)(k) _w)

e / ® g2 K=V 1)
0

2

T w?* — k2

/n dOe¥1AT;j] cos QWaﬁ(k, 9)’ (C6)
where we have replaced the expression for the system-environment coupling coefficients (25). In the last line of
Eq. (C6), the integral is expressed in terms of the polar-coordinate variables (k = |k|, 0) (where 6 is the azimuthal angle
as before), and the following matrix,

-1+ (1—|—§)00520 (—l—f—%) cosfsind + i £
W (k. 0) = 2 2
(—1+:7) cosfsinf — i £ —1 4+ <1+:7)sin29
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To get Eq. (C6) (after taking the dense spectrum limit)
we employed the dispersion relation (15) of the Maxwell-
Chern-Simons gauge field combined with the properties
from the Dirac delta function [44], i.e., §(w(k) — @) =
o' (0% — k?)728(k — V'® — k2). Now, by paying attention
to the trigonometric integral in Eq. (C6), we may identify
the definition of the zero- and first-order Bessel functions
of first kind [86]. Once we have rewritten the integral in
terms of the latter, one may readily verify that the integral
in the variable k directly leads to the desired expression
for the spectral density (44).

On the other hand, from expression (C5) we may compute
the commutator of the Maxwell-Chern-Simons electric field
defined by Eq. (33) in Sec. IIl. As the backreaction
displacement on the environmental quasiparticle operators
|

S0 L
7 (w) :2_/_00 dre'z (1)

Z—Zw (Re{h (k,q;) ;(k,qj)}eiwmqij\ /°°

—0o0

— 1 {hy(k, g, ) (k. 3,) }el0 /

—0o0

must leave invariant the commutator of the pseudoelectric
field force, from Eq. (C5) follows that

7. -\ T ~ 1 Sa opT
[Elics (@), Bies @) =[50, (1]
iKe(l} ® _20, _
= _T/A dkke™2% Jo(k|Ag;).

(€7)

which clearly manifests that the Maxwell-Chern-Simons
electric field has noncommutative components.

Let us turn the attention to the Kramers-Kronig relation
(42) and expression (45). This may be obtained directly
by carrying out the inverse Fourier transform on the
previously deduced Eq. (43), i.e.,

dre*0(7) sin(w(k)(t + |Ag;;]))

dre*0(7) cos(w(k)(t + |qu‘j|)))

OWGL ) (Rl ., tim [ ds(e-tot-oneeeon) gt soleeson )

+ ilm{hy (k. @) (k. @)} im [ de(e”

e—=0" Jo

(o(k)—o)(r=er+[Ag;]) 1 pilw(k)+w)(r— €T+Aq,,))>

- ézwz(k)((—Re{ha(k, Gk, @)} + im{h, (k. §;) ) (k.3;) }) e @8l 5(0(k) + o)
k

+ (Re{hg (k. G (k. G;)} + im{h (k. §;) (k. g;)})e™ @O0l 5(w(k) — o))

O YGUICY

[ (Rehy )86 ,)) + A )8 ) 0500 - o) ).

Recalling that the self-energy must be analytic in the
upper-half complex @ plane (which is feature by the
Heaviside step function), in the above Fourier transform
we have introduced a positive infinitesimal quantity
0" that provides the correct pole prescriptions in the
frequency domain. The latter gives rise to the principal-
value terms. Paying attention to the real and imaginary
parts in the last few lines of the right-hand side of
Eq. (C8), we may easily identify the spectral density
definition (C6). While the imaginary terms directly lead
to Eq. (45), the principal-value terms only contribute
to the real part of the self-energy Fourier transform,

(=Re{ho (k. q;)hy(k.q;)} + iim{h,(k,

Gi)hy(k.q;)}) e W M5 (w(k) + o)

(C8)

and thus, they retrieve the extended Kramers-Kronig
relation (42).

APPENDIX D: DERIVATION OF THE
FLUCTUATION-DISSIPATION RELATION

This appendix is devoted to the derivation of the
fluctuation-dissipation relation (47) of Sec. III A and,
further, the nonequilibrium spectral functions (48) and
(49). We start from the commutator expression computed
from Eq. (C4) in Appendix C. By inserting the average
values for the environmental displaced quasiparticle oper-
ators (C2), we find
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+2 Z Re{eloWrto®r=lo®te®e, (k)es(k')g, (k. 4:) 95K .3) helk. éi)hﬁ(k’,éj)})

I,m=1

Now we compute the Fourier transform of the above anticommutator by following a similar procedure as to compute the
commutator expression (C5) in Appendix C. Specifically, considering # < ¢ one obtains

1 [ foo A o
5/ / drdr e e ({£%(1), S?T(t/)}>

=2[5(k—k’)w2(k)(1+2n(w(k),ﬂ“))(2ﬂ) (Re{hy(k.q)hy(k.4;)} (3(0 — @) (5(w(k) = w) + 6(w(k) + @)

kK 2
— itm{h,(k.§;)h(k.3;) }(6(w — ) (3(w (k) + w) = 8(w(k) — ®))))
+ O™ (Re -0t () ), 1) ' 2 e ) B 0. 2,) B0 (0) — )3 0(K) = o)

ILm=1
+6(w(k) + w)d(w(k') + o))
— ilm{e/@®=oEDg, (k)es (k') g, (k. §1) gy (K, G ok, @) (K, 37} (5( (k) = @)5(w (k') = o)
— (k) + w)5(w (k') + ')

T L . ’
S (Ref 00D )y 1 g, 1) 0 8 oy K. 2,) 600 (K) — 0)5(0) + )
I,m=1

+ 8(w(k) + 0)5(wk) — o))
— ilm{e/ Wt E e, (k)es(K') g, (k. 1) 95 (K . @) ha (k. G:) 1y (K .q;) } (8((k) — w)S(w(K') + o)

—(w(k) + w)d(w (k') — w’))] . (D1)

+

One may bring the bracket appearing in the first and second lines of Eq. (D1) into the form of the stationary fluctuations in
Eq. (47) after using the properties of the Dirac delta function (e.g., f(w(k))é(w — w(k)) = f(w)d(w — w(k)) for a given
function f(w)) as well as 1 + 2n(w, ') is an odd function in the variable @ and then substituting the definition of the
spectral density given by Eq. (C6). Similarly, by directly comparing the first and second brackets on the variables [, m in
Eq. (D1) with the second and third lines of Eq. (47), it is easy to recognize the following expressions for the nonstationary
spectral functions,

G0 0.0.10) = CEL 0010 3 S )60 Vg, 1) K o 2K 2))8(00) = )80 K =), (D2)

Lm=1 kk'

as well as

~ 7z

Fil(w.0' 19) = ( el@ )i Z > e, (k)es(k')g, (k.@)) g5 (K .G ) ho(K.G:) hp(K'.;)5(w(k) — 0)8(w(K') ). (D3)
Lm=1 kk'

Let us next to obtain Egs. (48) and (49) starting from Eqgs. (D2) and (D3), respectively. We show first the derivation for
Qj’/ﬂ and an identical procedure can be carried out to obtain .7-' ap
(25) in (D2), we find

. Substituting the corresponding expressions (17), (20) and
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Lm=1 kK
i (0(k")—-0(k))
« szak;jetyeyye/ 1€y /k k k k s ice M( (k') H(k)) €w€y7€ﬂy1k klkyky' €y ’€I//y€a}"kﬁk k k
|k'|2|k|2 (k) (k') ko (k) K o (k')
, k2 k2 k/2 k/2 e N
ety OO0 1+|,j|lfk,‘|f D00 ) k)00 ) -0
—20([k[2+[K' ) p=i(k m ; 250K )-0(k))

4(2 4L4a)a) ZZe 2K i@y ) ke @) o

Lm=1Fkk'

K2k K, epik ) €qrkik, |
@ /f o[ S ety o gy y , .
| - Sap (k1 Ky + ko k5) —k gk, =)ok —
X<a) ( a)(k) w(k/) >+ ‘/”( 1Ktk ) B >|k||k/| ( ( ) a)) (w( ) a))

e Z 7 Rl G e O o L SO (k.K|@i+1.1G;+n])
4(2” 4 \/— \/— ap\IVs~y qil qnl);
(D4)
where we have rewrite (k') = @ and (k) = 6 and introduced the following matrix,
Raﬂ(kv K. |ql + ql|’ |ql + qm|) — / dgde/e—i%(ﬁ’_e)e—i(k’l‘?/‘+l§nz\cosé)—k\l?ﬁl?zlcosgr)paﬂ’ (DS)
with
K (1 | - o
Dy =— + ik( —cos@sin@ ——cos@ sinf | +sinfsind’,
010) ) )
K> 1 1
Dy, =— —cose’sinﬁ—ik<cos9c059’+,sin@siné’),
I010) ® )
K2 . . ; . 1 / 1 . . /
Dy = — sin@ — cos@sin @ + ik — cosfcos @ + —sinfsinf' |,
I010) ) ®
S A 1. : :
Dy = — + ik| —sin@ cosf — —sinfcos ' | + cosHcosd'.
010) 10) ®

As we have previously done in Appendix C to obtain the expression for the spectral density, we now replace the
trigonometric integrals appearing in Eq. (D5) by the corresponding definition of the first- and second-order Bessel functions
of first kind, i.e.,

47> 2K
- —J,(DE') |,
abkk' wa’ 2 )>

x|
—Air? K@ . ) / Py /
= bk ow K(akh(ak)—2Jz(ak))—2sz(ak) bK @' J, (bK') — ( 20 — o T (bK') ),

Rk, k' a,b) = (K(ale(ak) —2J,(ak)) + 2’|<7wJ2(ak)> (K(bk’]l(bk’) —2J,(bK)) + '

Rlz(k, k/, a, b)

Ros (6 K, b) = — 7 (cohay (k) = 25 (bk)) = 252 1 ok) ) (koo (k) = (20 =V otk ),
21\~ Ry &, — abkk oo’ 1 2 ‘Kl 2 1 |K| 2
47> K’k K>k
Rzz(k, k’, a, b) = W (aka)Jl (Clk) - <20) - W) J2(ak)> <bk’a)'J1 (bk/) - (20)/ - |K‘| )Jz(bk/)> . (D6)

Finally, Eq. (48) is obtained by first inserting Eq. (D6) into Eq. (D4) and then carrying out the integral on the real variables
k and k', which is immediately obtained by using the properties of the Dirac delta function. Although we obtain a
formidable expression, the particular shape of Eq. (D6) permits one to cast the nonequilibrium spectral density in the form
(48) after some simple manipulation.
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Applying a similar procedure to Eq. (D3) as before yields

i(K'(q+qm)+k-(qi+7;)) ( (M+ iga(k))

2‘7:;‘;[}(0), ', 1y)
(zﬂ)Ze—ito(uH»m )

—20(|k|>+|K'|?)
4(271 4L4wa) Z Ze

Lm=1 kK

k2o (k)

(K‘Glrl/ kykye, (k')

Ik’I2 (k') e[| e[

4(27r 4L4a)a) Z Z D

Im=1 kk'
ay’k k

ko, €u€sik k0
+ieﬂ(k’)> ol W|I:',T|k’”| £ 6’7(9<k)+9(k)>>5(w(k)—a))5(a)(k')—a)’)

k/ q/+qm)+k (qz+ql>)e \K\< (kl)+€<k))

K2k k!, egkak!,
X <_w(k)w(/;€/) _iK< /a)(k) “t w(k) ) - (5aﬂ<k1k/1 +ky k) —kﬂk;)) ] S(w(k)—w)é(w(k')— ')

(1)2 K2)5(k1 w/2_K2)

=2 Z / dikdi kit e+ S =

XT(lﬁ(k7k ’ |qj+qm|’|Qi+QI|)’

Vol -«? Vo'l =2

where we have introduced the following matrix after doing some tedious algebra as before,

47

Th(kK.ab)=——"
nlkKa.b) = o0

+2J,(ak) <bk’1< (K - ﬂ) J1(bK) +2 (I | (of

—4ir?
Tk K. a.b) d

+ 2akJ,(ak) (bk’a)’ <K

—4ig?
abkk' ow’

IS
TZI (k, k/, a, b) =

(ak:c]l (ak) (—bk’x]l (bK') 42 (x - W) Jz(bk’)>

+ o)+ oo - KZ) Jz(bk’)> ) :

=—— ( a®k*J, (ak) | bK'&/ ], (bK') — 2 J2(bK)
abkk oo | |
|>J1 (bK') +2 <(w’ + o)k + k* + wa/) Jz(bk’)) ) ,

K]

<a2k2w11 (ak) <bk’21<11 (bk') =2 (K + %) Jz(bk’)>

— 2akJ,(ak) (bk’lc (x aF |>J1 (bk') =2 (K(a)' +o) -+ %ww’) Jz(bk’)> ) :

47?
Tk K. ab)=—7T
n(k K.ab) = ns
2

+ 2J,(ak) <bk’a)’1< (Zw +— K]

Once again, the integrals appearing in the last line of
Eq. (D7) are directly obtained by making use of the Dirac
delta properties, once we have replaced Eq. (D8). In this
way, we finally arrive to the expression (49) for the
nonstochastic spectral function presented in Sec. III A.

APPENDIX E: NONSTOCHASTIC
FLUCTUATIONS, THERMAL NOISE AND
RETARDED SELF-ENERGY FOR CLOSED
PARTICLES AND WEAK CHERN-SIMONS

ACTION

In this section, we extend the discussion, presented in
Sec. III B, about the evaluation of the nonstochastic

(—akwll (ak) (bk’w’KJl (bk') +2 <w’ + < k’) Jz(bk’)>

K]

)Jl(bk’)—Z(K +|:‘( ’+w)—ww/>>J2(bk/)>>. (D8)

|

fluctuations appearing in Eq. (52) when it is taking the
strict limit ¢ — f, — oo, and we provide explicit expressions
for the self-energy and the thermal correlations (53) in the
zero-temperature limit as well.

By paying attention to the expressions obtained for
Egs. (48) and (49), it is easy to see that both are integrable
functions for w, @’ into the domain of the MSC environment
bandwidth (i.e., k < @ < (26)72), and they decay as fast as
an exponential function for large frequencies as the
Bessel functions decrease algebraically. As mentioned in
Sec. IIT A, these properties permit one to use the Riemann-
Lebesgue lemma to evaluate the nonequilibrium fluctua-

tions T?f (1.7, 1y) and E (2,7, 1y) involved in expression
(52), which are respectlvely obtained from the second and
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third line of Eq. (47) via the inverse Fourier transform.
Specifically, these nonstochastic fluctuations take the fol-
lowing form in the time domain:

4 o
Tf].ﬂ(t,t’,to):; / dodo' (Re{G! (w.0'.to) }cos(wt—w't')

+Im{G (w.0'. 1) }sin(wt—a't')), (E1)

and

4 .
=2 (1.0, 10) = / dodal (Re{F (o0 10) }cos(wi + ot

+Im{F ¥ (0.0 1) }sin(wt+ '), (E2)
where we recall that Qf;ﬂ (w, @', 1y) and .77:3; (w, @, 1) are
given by Egs. (48) and (49), respectively. Formally, the
aforementioned lemma can be enunciated as follows: Let
f(®w) be a complex-valued function that is absolutely

integrable on R. Then the Riemann-Lebesgue lemma states
that [77]

lim / " flw)e dw — 0. (E3)

[t| >0
One says f(w) is an absolutely integrable function on R if it

fulfills [ |f(w)|dw < 0 or, equivalently, if it belongs to
the class of L'(R) functions. Clearly, the Riemann-
Lebesgue lemma has an intuitive interpretation: the integral
becomes so highly oscillatory that everything cancels out.

To see more clearly how such lemma is applied to
Egs. (E1) and (E2), it is convenient to rewrite them as the
integrals of two independent dispersion functions in
the variables w and '. Let first pay attention to the non-
stochastic fluctuation encoded by T;’jﬂ (1,7,1y). By using
trigonometric identities once replaced Eq. (48) into
Eq. (E1), we can bring this into the following form:

B
Y (.1, 1)

—Aw dwdw’Re{p?ﬂ(w)}Re{pj’ﬂ(w’)}c(a},w’,t—to)

—|—/ooda)da)’Im{p?ﬁ(a))}Im{p?ﬁ(a)’)}s(a),a)’,t—to),
0

(E4)
!

2
11 1)~

e
Y 16m4/2(40)3

+ (—=12|Ag;;[* + 640 — 40|Ag,;|*k*o + 128k%6%)x* + (4|Ag;|* + 8|A(_]ij|2l<20)x4)>,

where

c(w, ', 1) = cos (wr) cos (w't) + sin (w7) sin (0'7)

s(w, @', 7) = sin (wr) cos (w't) — sin (w7) cos (0'7),
and with the dispersion function given by

eZK.e—Za(a)Z—KZ) n
aﬁ( 2_ 2
r Ve -k,
V128w l; /3

k< w,

pf‘/fj(a)) = qi/j +‘71|>»

(ES)

where the elements of the matrix function r;(V@? — k2,
q@; +a1) (r;(Vo'* =« |q; +q)) are directly obtained
from the elements Rz, determined by Eq. (50), after
removing the dependence on the variables @' (w) and g,

(@;). It is found that the elements ri’//’; are basically

convergent combinations of first- and second-order
Bessel functions of the first kind.

From Eq. (E5) it is now clear that both dispersion
functions pf’/ﬂj(x) (for arbitrary i and j) are continuously
differentiable for k < x < oo, and they exponentially decay
for values x larger than (26)72. As a result, it follows from
the above Riemann-Lebesgue lemma that all integrals in
Eq. (E4) asymptotically vanish in the long time limit
t — ty — 0. On the other hand, starting from the expression
for F Z-ﬁ (w,@', 1) [see Eq. (D8) in Appendix D], we can
follow the same procedure to show that the corresponding
dispersion functions characterizing the nonstochastic fluc-

2% (1,1, 1,) share these features with pf’/ﬁ; (x), so we

tuation =;;
could conclude an identical statement for Eq. (E2) after
applying the Riemann-Lebesgue lemma.

Now we address the retarded self-energy and thermal
fluctuations in the realistic situation when the system
particles are sufficiently closed (i.e., lA—Z"" <« 1) and the
Chern-Simons action is considered to be weak (i.e.,
\/2_61(' < 1). As a result of these approximations, the
spectral density substantially simplifies to Eq. (C6),
which is illustrated in Sec. Il B. Replacing this in the
expression for the retarded self-energy Eq. (43) yields, upon
integration,

<(320(1 + 2k%0) — |Ag;;|*(5 + 18k%0))x + 2|Ag;;|*(1 4 2k%0)x°

“erfi(x) (3|Ag;; 2 — 326 + 14|Ag,;|*k%0 — 192k%6°

(E6)
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and

62

- 167+/2(40)°

- ge_"zerﬁ(x)@méiﬂz — 320 4 10|Ag,;|*k*c — 192k%6?

((320‘(1 + 2k%0) — |Ag;;[*(15 4 22c%6) ) x + 6|Ag;j|*(1 4 2k%0)x°

+ (=32|Ag;;[* + 640 — 56|Ag,;|**o + 128x%6%)x* + (12|Ag;,|* + 24Az;,-j|2;<26)x4)) , (E7)

as well as the off-diagonal element given by Eq. (55) in Sec. III B. The behavior of Egs. (E6) and (E7) in the time domain is
illustrated in Fig. 1. Moreover, we may follow a similar procedure to get the zero-temperature limit of the thermal
fluctuations (53) once we have replaced the spectral density by Eq. (C6). In this way, we consider the zero-temperature limit
where n(w, ') — 0. Using the standard tables of integration, we find after some tedious manipulation,

ee™
24/2z7(160)°

+ (12|Aq11|2 - 646 + 40|Aqij|2l('20' - 128K262>x2 — 4(|AQU|2 + 2‘Aqij|2K20')x4), (ES)

&N + 1), ;&}T(ﬂ)}> ~ (—3|Ag,;|* + 320 — 14|Ag;;|*k*0 + 192667

and

e2e™™
24/27(160)°

+ (36|Ag;;|* — 640 + 56|Ag,;|*K*o — 128k%6?)x? + (—12|Ag;]* + 2|Ag;j|**0)x?),  (E9)

{&W + 0.5} ~ (=91Ag;,* + 320 — 10|Ag;;[*k*0 + 192¢%6°

whereas for the off-diagonal term,

o €2K' X
256702

({8 +0.5" ) ™ (160 + |AZ;* (=3 + 7)), (E10)

t

with x = = The above expressions are illustrated in Fig. 1 as functions of time.
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