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With the QCD sum rules approach, we study the newly discovered doubly heavy baryon Ξþþ
cc .

We analytically calculate the next-to-leading-order (NLO) contribution to the perturbative part of the
JP ¼ 1

2
þ baryon current with two identical heavy quarks, and then reanalyze the mass of Ξþþ

cc at the
NLO level. We find that the NLO correction significantly improves both scheme dependence and
scale dependence, whereas it is hard to control these theoretical uncertainties at leading order. With the
NLO contribution, the baryon mass is estimated to be mΞþþ

cc
¼ 3.66þ0.08

−0.10 GeV, which is consistent with the
LHCb measurement.

DOI: 10.1103/PhysRevD.99.014018

I. INTRODUCTION

The quarkmodel predicts rich structures of hadronic states
with various flavors. Numerous predicted states have been
observed experimentally, indicating the validity of the quark
model classification for hadrons. However, a class of states,
which contain more than one heavy quark, have not been
discovered for decades. Recently, the LHCb Collaboration
observed a highly significant structure in the Λþ

c K−πþπþ
mass spectrum, which is interpreted as the doubly charmed
baryon Ξþþ

cc [1] with mass 3621�0.72�0.27�0.14MeV.
Early experimental studies of Ξþ

cc were performed by the
SELEX [2], BABAR [3], and Belle [4] collaborations.
The understanding of Ξþþ

cc demands more rigorous
theoretical studies. Plenty of methods have been used in
the literature [5–13]. Among them, the QCD sum rules,
which are based on the first principle of QCD, are powerful
tools to study various properties of hadronic states [14,15].
Many works have been devoted to the study of doubly
heavy baryons within QCD sum rules [16–22], and some
impressive predictions have been obtained. But in all of
these works, only the leading order (LO) in the αs
expansion of perturbative contributions and Wilson coef-
ficients of vacuum condensates were considered. Without

higher-order contributions, it is hard to control theoretical
uncertainties in QCD sum rules, which limits its predictive
power. For instance, at LO the value of the charm-quark
mass cannot be well determined, which can cause large
errors. In fact, it was known a long time ago that the next-
to-leading-order (NLO) correction has sizable contribu-
tions to meson and nucleon sum rules [23–25]. Therefore,
the study of NLO effects for doubly heavy baryons in QCD
sum rules is badly needed.
Higher-order calculations in QCD sum rules become

harder and harder when more particles or more massive
particles are involved. For mesons, the state-of-the-art
calculation has been developed to Oðα4sÞ with the help
of mass expansion [26–31], while for baryons, the OðαsÞ
correction is available in the literature only for nucleons
and singly heavy baryons [24,25,32].
In this paper, we calculate the NLO correction to the per-

turbative contribution for the doubly heavy JP ¼ 1
2
þ baryon,

andshowits important effects inQCDsumrules.With thehelp
of the integration-by-parts [33,34] and differential equation
[35,36] methods, we get a fully analytical expression. We
reproduce the massless result in the literature when we set all
quarkmasses to zero. Based on this calculation, we reanalyze
the newly discovered Ξþþ

cc in QCD sum rules.

II. QCD SUM RULES

The central object in QCD sum rules is the following
two-point correlation function [14,37]:

ΠðqÞ ¼ i
Z

d4xeiqxhΩjTfηðxÞη̄ð0ÞgjΩi

¼ Π1ðq2Þ=qþ Π2ðq2Þ; ð1Þ
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where Ω denotes the QCD vacuum and η is the baryon
current (to be defined later).
On the one hand, one can calculate ΠðqÞ using the

operator product expansion (OPE), which gives

ΠðqÞ ¼ C1ðqÞ þ
X
i

CiðqÞhOii; ð2Þ

where C1 is the perturbative contribution and Ci is the
Wilson coefficient of a gauge-invariant Lorentz scalar
operator Oi. Both C1 and Ci are perturbatively calculable.
hOii is a shorthand for the vacuum condensates hΩjOijΩi,
which is a nonperturbative but universal quantity. It means
that the value of hOii determined from other processes
should be the same as its value in the process considered in
this paper.
On the other hand, ΠðqÞ satisfies the dispersion relation

ΠðqÞ ¼ 1

π

Z
∞

0

ds
ℑΠ1ðsþ iϵÞ=qþ ℑΠ2ðsþ iϵÞ

s − q2

¼
Z

∞

0

ds
ρ1ðsþ iϵÞ=qþ ρ2ðsþ iϵÞ

s − q2
; ð3Þ

where ρ1 and ρ2 are the spectrum densities. Based on
the optical theorem, one assumes the spectrum density
ρðqÞ ¼ ρ1ðq2Þ=qþ ρ2ðq2Þ to be [37]

ρðqÞ ¼ λ2Hð=qþmHÞδðq2 −m2
HÞ þ ρcðqÞθðq2 − sthÞ; ð4Þ

where sth is the threshold of the continuum spectrum
and λH is defined by λHuðp; sÞ ¼ h0jηð0ÞjHðp; sÞi, where
uðp; sÞ is the Dirac spinor of the hadron.
By defining

ℑC1ðqÞ
π

¼ ρ1;1ðq2Þ=qþ ρ2;1ðq2Þ; ð5Þ
ℑCiðqÞ

π
¼ ρ1;iðq2Þ=qþ ρ2;iðq2Þ; ð6Þ

and employing the quark-hadron duality and Borel
transformation, we obtain a sum rule corresponding to
Π1ðq2Þ [37],

λ2He
−
m2
H

m2
B ¼

Z
s0

sth

dsρ1;1ðsÞe
− s
m2
B

þ
X
i

hOii
Z

∞

sth

dsρ1;iðsÞe
− s
m2
B ; ð7Þ

where s0 is the threshold parameter and mB is the Borel
parameter, which are introduced in the quark-hadron
duality and Borel transformation, respectively. One can
also obtain a similar sum rule corresponding to Π2ðq2Þ, but
we will not discuss it in this paper.
To obtain the baryon mass, we differentiate both sides

of Eq. (7) with respect to −m−2
B and solve for m2

H, which
results in

m2
H ¼

R
s0
sth
dsρ1;1ðsÞse

− s
m2
B þP

ihOii
R
∞
sth
dsρ1;iðsÞse

− s
m2
B

R
s0
sth
dsρ1;1ðsÞe

− s
m2
B þP

ihOii
R∞
sth
dsρ1;iðsÞe

− s
m2
B

:

ð8Þ

In this paper, as a good approximation we only keep
vacuum condensates up to dimension four,

hOii ∈ fhq̄aj qaj i; hg2sGa
μνGaμνig; ð9Þ

and evaluate ρ1;hq̄qi up to OðmqÞ. Contributions of higher-
dimensional operators are power suppressed and thus can
be neglected. (See Appendix B for more discussions on
higher-dimensional operators.)

III. BARYON CURRENTS

The most general baryon current containing two iden-
tical heavy quarks is

ϵabcðQaCΓ1QbÞΓ2qc; ð10Þ

whereQ is the heavy quark with massmQ and q is the light
quark with mass mq. ϵabc is the antisymmetric matrix in
color space, C is the charge-conjugation matrix, and Γ1 and
Γ2 are Dirac matrices with possible Lorentz indices sup-
pressed. Spinor indices are contracted within the bracket,
and therefore transposing the bracket part should keep the
current intact. Noting that CT ¼ −C, one can see that Γ1

can only be γμ or σμν [37]. For a JP ¼ 1
2
þ baryon, there are

only two possible currents:

η1 ¼ ϵabcðQaCγμQbÞγμγ5qc; ð11Þ

η2 ¼ ϵabcðQaCσμνQbÞσμνiγ5qc; ð12Þ

where η1 corresponds to the Ioffe current [37] if we take Q
as a u quark and q as a d quark. It is well known that η1 and
η2 are renormalization covariant [38],

d
d ln μ2

�
η1

η2

�
¼

�
γ1 0

0 γ2

��
η1

η2

�
: ð13Þ

Thus, it is advantageous to work with these currents when
calculating the NLO correction. There exist other choices
for the current [16,39,40], which can be expressed by η1
and η2 with the help of the Fierz identity,

ηmix ¼ ϵabc½ðQaCγ5qbÞQc þ bðQaCqbÞγ5Qc�

¼ b − 1

4
η1 þ i

bþ 1

8
η2; ð14Þ

where b is a complex mixing parameter.
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IV. NLO CORRECTION TO C1

It is known that C1 and Ci can be calculated perturba-
tively, and results at LO are available in Refs. [16,41].
Among them, the most important one is C1, because all
other coefficients will be multiplied by higher-dimensional
operators which are power suppressed. Thus the main
theoretical uncertainty is due to the NLO correction to C1.
In order to perform the NLO calculation for C1, we use

FEYNARTS [42,43] to generate all Feynman diagrams (see
Fig. 1) and FEYNCALC [44,45] to manipulate the resulting
amplitude. After these steps, we are left with some three-
loop-like scalar integrals. These integrals can be further
simplified using the integration-by-parts (IBP) method
[33,34]. FIRE [46] and LITERED [47] are used to reduce
the full amplitude to a linear combination of a complete set
of 29 master integrals (see Fig. 2),

CNLO
1 ðε; q; mQÞ ¼

X
k

ckðε; q; mQÞIkðε; vÞ; ð15Þ

where ε is defined by the dimension D ¼ 4 − 2ε,

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

Q

q2

r
, and all coefficients ck are purely imaginary.

Note that here Ik is defined to be dimensionless.
Since we are only interested in the imaginary part of the

two-point function Πðp2Þ, we just need to evaluate the
corresponding cut diagrams of Ik. But evaluating these
four-body phase-space integrals in the presence of two
massive particles is still a formidable task.

To proceed, we employ the differential equation method
[35,36] by first differentiating Ik with respect to v, then
reducing the resulting integrals by using IBP, and obtaining
a system of differential equations,

dIðε; vÞ
dv

¼ Aðε; vÞIðε; vÞ; ð16Þ

where I represents the vector of master integrals Ik and A is
a 29 × 29 matrix. To solve this differential equation, we
implement the algorithm proposed in Ref. [48] to transform
the equation into the so-called ε form [35],

dI0ðε; vÞ
dv

¼ ε
X
i

Bi

v − vi
I0ðε; vÞ; ð17Þ

where vi ∈ f0;�1;� ffiffiffi
3

p
ig, Bi are constant matrices, and I0

is related to I by an invertible linear transformation. The
virtue of this ε form is that the right-hand side of Eq. (17) is
proportional to ε, which can be easily solved iteratively in
terms of Goncharov polylogarithms [49]. The boundary
values of Iðε; vÞ at v ¼ 1, i.e., mQ ¼ 0, are nothing but
massless four-body phase-space integrals, which are very
easy to work out. By evaluating the boundary value Iðε; 1Þ
and solving the equation iteratively, we finally obtain Ik and
finish our calculation.
We find that the Coulombic singularity, which may

appear as v → 0, does not present at NLO. Then, by
combining all of the terms the infrared divergences are
canceled out, so we only need to deal with ultraviolet
divergences. After performing wave-function and mass
renormalization of quarks (mQ is renormalized in either
the MS scheme or on-shell scheme), the remaining ultra-
violet divergences can be removed by operator renormal-
ization of η1 and η2. We renormalize them in the MS
scheme, of which the anomalous dimensions are

γ1 ¼ γ2 ¼
αs
2π

; ð18Þ

which confirms the results in Refs. [25,50].
We then get a finite result at NLO. Our NLO result

confirms the massless result [24,25] in the limit mQ → 0.
Our analytical result is listed in Appendix A.

V. PHENOMENOLOGY

In our analysis we use

η ¼ η1 þ θη2; ð19Þ
where θ is a complex mixing parameter. We choose the
following parameters [16,51–54]:

muð2 GeVÞ ¼ 2.36� 0.24 MeV; ð20Þ
mdð2 GeVÞ ¼ 5.03� 0.26 MeV; ð21Þ

FIG. 1. NLO Feynman diagrams for C1. External legs are
amputated.

FIG. 2. Topologies of master integrals, where solid and dashed
lines denote massive and massless propagators, respectively.
External legs are amputated.
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mMS
c ðmcÞ ¼ 1.28� 0.03 GeV; ð22Þ

mon-shell
c ¼ 1.46� 0.07 GeV; ð23Þ

hq̄qið2 GeVÞ ¼ −ð0.280� 0.017 GeVÞ3; ð24Þ

hg2sGGi ¼ 4π2ð0.037� 0.015Þ GeV4; ð25Þ

and αsðmZ¼91.1876GeVÞ¼0.1181. The mon-shell
c comes

from the QCD sum rules analysis of the J=ψ spectrum, in
which the mass renormalization scheme and the truncation
order of αs of C1 are the same as ours. Thus, it is consistent
to use this on-shell quark mass in our analysis. According
to Eq. (8), the evolution of the current η is irrelevant to the
estimation of the hadron mass, and thus we do not include
it in our analysis. We use the two-loop running for the
coupling constant αs and heavy quark mass mQ. The
vacuum condensates are evolved according to their one-
loop anomalous dimensions: γhq̄qi ¼ −γmq

and γhg2sGGi ¼ 0

[55]. In the following, unless otherwise stated, we choose
central values for all parameters, set the renormalization
scale μ ¼ mB [14,56], and choose the MS scheme for the
heavy quark mass renormalization.
InEq. (8), the baryonmassmH depends on twoparameters:

mB and s0. In order to obtain a reliable result, we should keep
mB inside the so-calledBorelwindow to ensure thevalidity of
the OPE, and the choice of s0 should ensure that the ground-
state pole contribution is dominant. SincemH is a property of
the hadron, it does not depend onmB and s0, and thus within
the valid parameter space (we shall call it the “window”
hereafter) we should find the region in which mH depends
weakly on mB and s0. mH in this region is considered to be
the estimated hadron mass in QCD sum rules.
We define the relative contributions of the condensates

and continuum spectrum as

ri ¼
hOii

R
∞
sth
dsρ1;iðsÞe

− s
m2
B

R∞
sth

dsρ1;1ðsÞe
− s
m2
B

; ð26Þ

rcont ¼
R
∞
s0
dsρ1;1ðsÞe

− s
m2
B

R
∞
sth
dsρ1;1ðsÞe

− s
m2
B

; ð27Þ

and impose the following constraints on our sum rule:

jrij≤ 30%; j
X
i

rij≤ 30%; jrcontj≤ 30%: ð28Þ

We find that with a mixing parameter θ ¼ 0.018i, we can
obtain very stable plateaux for mB and s0, as shown in

FIG. 3. Prediction ofmΞþþ
cc

as a function ofm2
B and s0. Shadows

correspond to the windows defined by Eq. (28).

FIG. 4. Contributions of various terms on the right-hand side
of Eq. (7).

TABLE I. Parameters for plateaux and predictions for mΞþþ
cc

in different mixing and mass renormalization schemes.

θ mQ scheme Order m2
B (GeV2) s0 (GeV2) mΞþþ

cc
(GeV) Error from m2

B Error from s0 Error from mQ

0.018i MS LO 2.0� 0.3 17� 2 3.57þ0.08
−0.11 −0.00þ 0.01 −0.09þ 0.07 −0.05þ 0.05

NLO 1.7� 0.3 17� 2 3.66þ0.08
−0.10

−0.01þ 0.01 −0.08þ 0.05 −0.05þ 0.05

0.018i on-shell LO 1.7� 0.3 17� 2 3.83þ0.13
−0.14 −0.03þ 0.00 −0.09þ 0.07 −0.10þ 0.10

NLO 1.4� 0.3 17� 2 3.65þ0.11
−0.14

−0.07þ 0.05 −0.08þ 0.05 −0.10þ 0.09

− i
3 MS LO 4.4� 0.3 23� 2 3.81þ0.10

−0.11 −0.04þ 0.04 −0.10þ 0.08 −0.03þ 0.03
NLO 4.0� 0.3 23� 2 3.86þ0.10

−0.11
−0.05þ 0.04 −0.09þ 0.08 −0.03þ 0.03
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Fig. 3. Note, however, that QCD sum rules alone cannot tell
which mixing current is the most suitable for a QCD sum
rules analysis. For example, there is a family of mixing
parameters that can yield similar good plateaux for mB and
s0, and a similar estimation ofmH. We also provide another
set of results by choosing θ ¼ − i

3
, which corresponds to the

mixing used in Ref. [16].
The relative importance of each term in the OPE is

shown in Fig. 4, where m2
B and s0 are set to their central

values shown in Table I. We find that the NLO correction

has an important contribution. In the mMS
Q scheme the ratio

of the NLO correction to LO is about 29% (19%) for
θ ¼ 0.018i (θ ¼ − i

3
), while in themon-shell

Q scheme this ratio
reaches 233% for θ ¼ 0.018i, signaling the bad conver-
gence of the perturbative expansion, which is the reason
why we chose the MS scheme by default. Nevertheless,
with the NLO correction, the difference between the
predicted mΞþþ

cc
in the MS scheme and that in the on-shell

scheme for mQ is substantially reduced. As shown in
Table I, the mass differences obtained from the LO and
LOþ NLO results are 0.27 and 0.01 GeV, respectively.
Thus, the NLO correction largely reduces the scheme
dependence.
To study the renormalization scale μ dependence, we fix

all other parameters to their default choices (or central
values) and freely vary μ. The variation of mΞþþ

cc
with

respect to μ is shown in Fig. 5. We find that the scale
dependence is much weaker when the NLO correction is
included. More precisely, the error of mΞþþ

cc
induced by

μ ¼ mB � 0.2 GeV is þ0.06
−0.08 GeV and þ0.03

−0.01 GeV for LO
and LOþ NLO, respectively.

Our final results for mΞþþ
cc

are shown in Table I. The
errors ofm2

B, s0, and the parameters listed in Eqs. (20)–(25)
are used to determine the error of mΞþþ

cc
. We find that our

NLO result is consistent with the LHCb measurement. As a
comparison, we also list the results from the mon-shell

Q

renormalization scheme or with θ ¼ − i
3
. We find that all

of the plots above are almost unchanged when changingmq

from mu to md, and thus our prediction of the mass of
Ξþ
ccðccdÞ is almost the same as that of Ξþþ

cc ðccuÞ.

VI. SUMMARY

The NLO calculation for hadrons with massive
quarks in QCD sum rules is important but hard to
carry out. With the help of the recent development of
multiloop calculation techniques, we are able to ana-
lytically calculate the NLO perturbative correction to
the imaginary part of the two-point correlation func-
tion of the JP ¼ 1

2
þ baryon current with two identical

heavy quarks. We apply our result to the QCD sum
rules analysis of the newly discovered baryon Ξþþ

cc by
the LHCb Collaboration [1]. The QCD sum rules
estimation of mΞþþ

cc
is 3.66þ0.08

−0.10 GeV, which is consistent
with the LHCb measurement within uncertainties. By
comparing LO with LOþ NLO results, we find that
the NLO perturbative correction substantially reduces
the mQ renormalization scheme dependence and renor-
malization scale μ dependence, and thus brings the
theoretical uncertainties under better control.
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APPENDIX A: ANALYTICAL RESULT

We calculate various spectrum densities of the current
defined in Eq. (19). The corresponding LO spectrum
densities, defined in Eq. (5), are

ρLO1;1 ¼ 1

2048π4
q4
�
2vð9v6 − 9v4 þ 31v2 − 15Þ þ 3ðv2 − 1Þ3ð3v2 þ 5Þ ln

�
1 − v
1þ v

��

þ 3

1024π4
q4jθj2

�
2vð3v6 − 11v4 þ 69v2 − 45Þ þ 3ðv2 − 1Þ2ðv4 − 2v2 − 15Þ ln

�
1 − v
1þ v

��
; ðA1Þ

ρLO2;1 ¼ 3

128π4
q4mQℑθ

�
2vðv2 þ 3Þð3v2 − 5Þ þ 3ðv2 − 1Þðv4 þ 2v2 þ 5Þ ln

�
1 − v
1þ v

��
; ðA2Þ

FIG. 5. Prediction of mΞþþ
cc

as a function of μ.
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ρLO
1;hq̄qi ¼

3

π2
mQℑθv −

1

32π2
mq

v4 − 6v2 − 3

v
−

3

8π2
mqjθj2

v4 − 4v2 − 1

v
; ðA3Þ

ρLO
2;hq̄qi ¼

1

8π2
q2vðv2 − 3Þ þ 3

2π2
q2jθj2vðv2 − 1Þ − 3

4π2
mQmqℑθ

3v2 þ 1

v
; ðA4Þ

ρLO
1;hg2sGGi ¼

1

512π4

�
2vðv2 þ 1Þ þ ðv2 − 1Þ2 ln

�
1 − v
1þ v

��
−

1

256π4
jθj2

�
2vðv2 þ 1Þ þ ðv2 − 1Þ2 ln

�
1 − v
1þ v

��
; ðA5Þ

ρLO
2;hg2sGGi ¼ −

1

64π4
mQℑθ

�
2vð3v2 − 11Þ

v2 − 1
þ ðv2 þ 11Þ ln

�
1 − v
1þ v

��
: ðA6Þ

With the help of Eq. (14), our result confirms previous calculations [16,41].
The NLO spectrum densities of the perturbative contribution in the MS scheme, with mQ also renormalized in the MS

scheme, are

ρNLO1;1 j
mMS

Q
¼ αs

2π

�
2ρLO1;1 ln

�
μ2

q2

�
þ 2ρ

mQ
a ln

�
μ2

q2

�
þ ρa

�
; ðA7Þ

ρNLO2;1 j
mMS

Q
¼ αs

2π

�
2ρLO2;1 ln

�
μ2

q2

�
þ 2ρ

mQ

b ln
�
μ2

q2

�
þ ρb

�
; ðA8Þ

where ρ
mQ
a and ρ

mQ

b come from mQ renormalization,

ρ
mQ
a ¼ mQ

∂
∂mQ

ρLO1;1 ; ρ
mQ

b ¼ mQ
∂

∂mQ
ρLO2;1 : ðA9Þ

The analytical expressions of ρa and ρb will be presented later. The differences between the mon-shell
Q scheme and mMS

Q

scheme are

ρNLO1;1

���
mon-shell

Q

¼ ρNLO1;1

���
mMS

Q

−
αs
2π

�
8

3
þ 2 ln

�
μ2

m2
Q

��
ρ
mQ
a ; ðA10Þ

ρNLO2;1

���
mon-shell

Q

¼ ρNLO2;1

���
mMS

Q

−
αs
2π

�
8

3
þ 2 ln

�
μ2

m2
Q

��
ρ
mQ

b : ðA11Þ

Note that in the mon-shell
Q scheme, the logarithms coming from mQ renormalization are completely canceled out; only the

logarithms proportional to ρLO remain, which come from the quark wave-function renormalization and baryon operator
renormalization. Equations (A10) and (A11) are just the consequences of changing the renormalization scheme. To show

this explicitly, we first replace all mon-shell
Q by mMS

Q in ρLO and ρNLO in the mon-shell
Q scheme,

mon-shell
Q ¼ mMS

Q

�
1þ αs

2π

�
8

3
þ 2 ln

�
μ2

ðmMS
Q Þ2

��
þOðα2sÞ

�
: ðA12Þ

Then, we expand ρLO and ρNLO up to OðαsÞ. We take ρ1;1 as an example. For ρLO1;1 we have
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ρLO1;1ðmon-shell
Q Þ ¼ ρLO1;1ðmMS

Q Þ þ αs
2π

�
8

3
þ 2 ln

�
μ2

ðmMS
Q Þ2

��
ρ
mQ
a ðmMS

Q Þ þOðα2sÞ; ðA13Þ

and for ρNLO1;1 we have

ρNLO1;1

���
mon-shell

Q

ðmon-shell
Q Þ ¼ ρNLO1;1

���
mon-shell

Q

ðmMS
Q Þ þOðα2sÞ: ðA14Þ

Combining them, we obtain

ρLO1;1ðmon-shell
Q Þ þ ρNLO1;1

���
mon-shell

Q

ðmon-shell
Q Þ ¼ ρLO1;1ðmMS

Q Þ þ ρNLO1;1

���
mon-shell

Q

ðmMS
Q Þ þ αs

2π

�
8

3
þ 2 ln

�
μ2

ðmMS
Q Þ2

��
ρ
mQ
a ðmMS

Q Þ

þOðα2sðμÞÞ: ðA15Þ

Since the renormalized amplitude should not depend on the
renormalization scheme, we thus obtain Eq. (A10). For ρ2;1
the result is similar: all we need to do is substitute ρLO1;1 ,
ρNLO1;1 , and ρ

mQ
a in the above expressions by ρLO2;1, ρ

NLO
2;1 , and

ρ
mQ

b , respectively.
As a check, we can verify that in the mMS

Q scheme the μ
dependence of mQ in ρLO is canceled by the corresponding
logarithms in ρNLO to OðαsÞ. To show this explicitly, we
first replace all mQðμÞ by mQðλÞ in ρLO and ρNLO in the

mMS
Q scheme,

mQðμÞ ¼ mQðλÞ
�
1 −

αsðμÞ
π

ln

�
μ2

λ2

�
þOðα2sðμÞÞ

�
;

ðA16Þ

where λ is another scale that differs from μ. Then we
expand ρLO and ρNLO up toOðαsðμÞÞ, and the μ dependence
of mQ should cancel out up toOðαsðμÞÞ. We take ρ1;1 as an
example. For ρLO1;1 we have

ρLO1;1ðmQðμÞÞ ¼ ρLO1;1ðmQðλÞÞ −
αsðμÞ
π

ln

�
μ2

λ2

�
ρ
mQ
a ðmQðλÞÞ

þOðα2sðμÞÞ; ðA17Þ

and for ρNLO1;1 we have

ρNLO1;1 ðμ;αsðμÞ; mQðμÞÞ ¼ ρNLO1;1 ðμ; αsðμÞ; mQðλÞÞ
þOðα2sðμÞÞ: ðA18Þ

Combining them, we obtain

ρLO1;1ðmQðμÞÞ þ ρNLO1;1 ðμ; αsðμÞ; mQðμÞÞ ¼ ρLO1;1ðmQðλÞÞ þ
αsðμÞ
2π

�
2ρLO1;1ðmQðλÞÞ ln

�
μ2

q2

�
þ ρaðmQðλÞÞ

�

þ αsðμÞ
2π

�
2ρ

mQ
a ðmQðλÞÞ ln

�
λ2

q2

��
þOðα2sðμÞÞ: ðA19Þ

For ρ2;1 the result is similar: all we need to do is substitute ρLO1;1 , ρ
NLO
1;1 , ρa, and ρ

mQ
a in the above expressions by ρLO2;1, ρ

NLO
2;1 , ρb,

and ρ
mQ

b , respectively. Thus, we have shown that the μ dependence of mQ is indeed canceled out.

Now we list ρa and ρb,

ρa ¼ q4
�X11

i¼1

g1;iGi þ jθj2
X11
i¼1

g2;iGi

�
; ðA20Þ

ρb ¼ q4mQℑθ
X11
i¼1

g2;iGi; ðA21Þ

where Gi are defined as
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G1 ¼ 18G0;0;1ð1 − vÞ − 27G0;0;2ð1 − vÞ þ 3G0;2;0ð1 − vÞ − 18G0;2;1ð1 − vÞ þ 24G0;2;2ð1 − vÞ − 24G2;0;0ð1 − vÞ
þ 18G2;0;1ð1 − vÞ − 3G2;0;2ð1 − vÞ þ 27G2;2;0ð1 − vÞ − 18G2;2;1ð1 − vÞ þ 12G1−i

ffiffi
3

p
;0;0ð1 − vÞ

− 18G1−i
ffiffi
3

p
;0;1ð1 − vÞ þ 15G1−i

ffiffi
3

p
;0;2ð1 − vÞ − 15G1−i

ffiffi
3

p
;2;0ð1 − vÞ þ 18G1−i

ffiffi
3

p
;2;1ð1 − vÞ

− 12G1−i
ffiffi
3

p
;2;2ð1 − vÞ þ 12G1þi

ffiffi
3

p
;0;0ð1 − vÞ − 18G1þi

ffiffi
3

p
;0;1ð1 − vÞ þ 15G1þi

ffiffi
3

p
;0;2ð1 − vÞ

− 15G1þi
ffiffi
3

p
;2;0ð1 − vÞ þ 18G1þi

ffiffi
3

p
;2;1ð1 − vÞ − 12G1þi

ffiffi
3

p
;2;2ð1 − vÞ − 3 lnð2ÞG0;2ð1 − vÞ þ 24 lnð2ÞG2;0ð1 − vÞ

− 27 lnð2ÞG2;2ð1 − vÞ − 12 lnð2ÞG1−i
ffiffi
3

p
;0ð1 − vÞ þ 15 lnð2ÞG1−i

ffiffi
3

p
;2ð1 − vÞ − 12 lnð2ÞG1þi

ffiffi
3

p
;0ð1 − vÞ

þ 15 lnð2ÞG1þi
ffiffi
3

p
;2ð1 − vÞ þ 4ðπ2 − 3 lnð2Þ2ÞG2ð1 − vÞ − 2ðπ2 − 3 lnð2Þ2ÞG1−i

ffiffi
3

p ð1 − vÞ
− 2ðπ2 − 3 lnð2Þ2ÞG1þi

ffiffi
3

p ð1 − vÞ þ 9ζð3Þ; ðA22Þ

G2 ¼ 4G0;0;1ð1 − vÞ − 6G0;0;2ð1 − vÞ − 4G0;1;0ð1 − vÞ þ 4G0;1;2ð1 − vÞ þ 6G0;2;0ð1 − vÞ − 4G0;2;1ð1 − vÞ
þ 4G2;0;1ð1 − vÞ − 6G2;0;2ð1 − vÞ − 4G2;1;0ð1 − vÞ þ 4G2;1;2ð1 − vÞ þ 6G2;2;0ð1 − vÞ − 4G2;2;1ð1 − vÞ
þ 4 lnð2ÞG0;1ð1 − vÞ − 6 lnð2ÞG0;2ð1 − vÞ þ 4 lnð2ÞG2;1ð1 − vÞ − 6 lnð2ÞG2;2ð1 − vÞ þ 3ζð3Þ; ðA23Þ

G3 ¼ 2G0;0ð1 − vÞ − 2G2;2ð1 − vÞ − 2 lnð2ÞG0ð1 − vÞ þ lnð2Þ2; ðA24Þ

G4 ¼ −6G0;0ð1 − vÞ þ 6G0;2ð1 − vÞ þ 6G2;0ð1 − vÞ − 6G2;2ð1 − vÞ þ 6 lnð2ÞG0ð1 − vÞ
− 6 lnð2ÞG2ð1 − vÞ þ π2 − 3 lnð2Þ2; ðA25Þ

G5 ¼ 6G0;2ð1 − vÞ − 6G2;0ð1 − vÞ þ 6 lnð2ÞG2ð1 − vÞ þ π2; ðA26Þ

G6 ¼ G1;0ð1 − vÞ − G1;2ð1 − vÞ − lnð2ÞG1ð1 − vÞ; ðA27Þ

G7 ¼ 4G0;1ð1 − vÞ − 4G2;1ð1 − vÞ þ π2; ðA28Þ

G8 ¼ G0ð1 − vÞ þ G2ð1 − vÞ − lnð2Þ; ðA29Þ

G9 ¼ G0ð1 − vÞ −G2ð1 − vÞ − lnð2Þ; ðA30Þ

G10 ¼ G1ð1 − vÞ; ðA31Þ

G11 ¼ 1: ðA32Þ

The g1;i are

g1;1 ¼ −
ðv − 1Þ3ðvþ 1Þ3ð3v2 þ 5Þ

1536π4
; ðA33Þ

g1;2 ¼ 0; ðA34Þ

g1;3 ¼ −
101v12 þ 378v10 − 1149v8 − 5300v6 þ 1883v4 − 102v2 þ 93

6144π4ðv2 þ 3Þ2 ; ðA35Þ

g1;4 ¼
vð9v6 − 9v4 þ 31v2 − 15Þ

1152π4
; ðA36Þ

g1;5 ¼
257v12 þ 1290v10 þ 1119v8 − 500v6 − 1489v4 þ 8394v2 − 879

18432π4ðv2 þ 3Þ2 ; ðA37Þ
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g1;6 ¼ −
v6ðv2 − 3Þ

24π4
; ðA38Þ

g1;7 ¼ −
107v12 þ 482v10 þ 153v8 − 532v6 þ 269v4 þ 2514v2 − 945

3072π4ðv2 þ 3Þ2 ; ðA39Þ

g1;8 ¼
vð39v8 þ 16v6 þ 130v4 þ 888v2 − 81Þ

768π4ðv2 þ 3Þ ; ðA40Þ

g1;9 ¼
4793v10 þ 2855v8 − 39174v6 − 8018v4 þ 6397v2 − 14469

36864π4ðv2 þ 3Þ ; ðA41Þ

g1;10 ¼ −
vð321v8 þ 374v6 − 448v4 þ 2874v2 − 945Þ

1152π4ðv2 þ 3Þ ; ðA42Þ

g1;11 ¼
vð7361v6 − 12289v4 þ 18199v2 − 9863Þ

18432π4
: ðA43Þ

The g2;i are

g2;1 ¼ −
ðv − 1Þ2ðvþ 1Þ2ðv2 − 5Þðv2 þ 3Þ

256π4
; ðA44Þ

g2;2 ¼
ðv − 1Þ2ðvþ 1Þ2

8π4
; ðA45Þ

g2;3 ¼ −
11v10 þ 133v8 − 4482v6 − 2054v4 þ 3911v2 − 591

3072π4ðv2 þ 3Þ ; ðA46Þ

g2;4 ¼
vð3v6 − 11v4 þ 69v2 − 45Þ

192π4
; ðA47Þ

g2;5 ¼
347v10 − 419v8 − 2610v6 þ 154v4 þ 21287v2 − 12615

9216π4ðv2 þ 3Þ ; ðA48Þ

g2;6 ¼ −
v2ðv2 þ 2Þðv4 − 6v2 þ 3Þ

12π4
; ðA49Þ

g2;7 ¼ −
137v10 − 173v8 − 894v6 þ 782v4 þ 5605v2 − 3921

1536π4ðv2 þ 3Þ ; ðA50Þ

g2;8 ¼
vð42v6 − 235v4 þ 1090v2 − 501Þ

192π4
; ðA51Þ

g2;9 ¼
4823v8 − 19532v6 − 40278v4 þ 26932v2 − 9961

18432π4
; ðA52Þ

g2;10 ¼ −
vð411v6 − 1831v4 þ 7069v2 − 3921Þ

576π4
; ðA53Þ

g2;11 ¼
vð8111v6 − 29663v4 þ 104473v2 − 72697Þ

9216π4
: ðA54Þ
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And finally, the g3;i are

g3;1 ¼ −
ðv − 1Þðvþ 1Þðv4 þ 2v2 þ 5Þ

32π4
; ðA55Þ

g3;2 ¼ −
3ðv − 1Þðvþ 1Þ

4π4
; ðA56Þ

g3;3 ¼ −
8v10 þ 35v8 þ 20v6 þ 114v4 þ 556v2 − 221

32π4ðv2 þ 3Þ2 ;

ðA57Þ

g3;4 ¼
vðv2 þ 3Þð3v2 − 5Þ

24π4
; ðA58Þ

g3;5 ¼
20v10 þ 155v8 þ 500v6 þ 666v4 − 704v2 − 1661

96π4ðv2 þ 3Þ2 ;

ðA59Þ

g3;6 ¼ −
v2ðv4 − 3v2 þ 6Þ

2π4
; ðA60Þ

g3;7¼−
2v10þ14v8þ35v6þ29v4−57v2−87

4π4ðv2þ3Þ2 ; ðA61Þ

g3;8 ¼
vð3v6 þ 13v4 − 24v2 − 120Þ

4π4ðv2 þ 3Þ ; ðA62Þ

g3;9 ¼
89v8 þ 177v6 − 39v4 þ 859v2 þ 450

48π4ðv2 þ 3Þ ; ðA63Þ

g3;10 ¼ −
vð12v6 þ 43v4 − 33v2 − 174Þ

3π4ðv2 þ 3Þ ; ðA64Þ

g3;11 ¼
vð137v4 − 9v2 − 314Þ

24π4
: ðA65Þ

In our result, the Goncharov polylogarithm is defined as

Ga1ðzÞ ¼
Z

z

0

dt
t − a1

; ðA66Þ

Ga1;…;anðzÞ ¼
Z

z

0

dt
t − a1

Ga2;…;anðtÞ; ðA67Þ

and G0;…;0ðzÞ ¼ lnnðzÞ
n! if for all ai ¼ 0.

As another check, we can verify that our result reduces to
the massless result in the limitmQ → 0. This limit is easy to
obtain since the coefficients of Goncharov polylogarithms
have no singularities at v ¼ 1, and Goncharov polylogar-
ithms with nonzero ai themselves vanish trivially when
z → 0. In the massless limit, ρa and ρb are

ρNLO1;1

���
mMS

Q ;mQ→0
¼ ρNLO1;1

���
mon-shell

Q ;mQ→0

¼ αs
2π

q4
71þ 12 lnðμ2q2Þ

384π4
ð1þ 6jθj2Þ; ðA68Þ

ρNLO2;1

���
mMS

Q ;mQ→0
¼ ρNLO2;1

���
mon-shell

Q ;mQ→0
¼ 0: ðA69Þ

These results confirm the massless results obtained pre-
viously [24,25]. Another interesting limit is the threshold
limit q2 → 4m2

Q. After straightforward integration and
expansion in v, the leading power terms of v are

ρNLO1;1

���
mon-shell

Q ;q2→4m2
Q

¼ αs
2π

ð4m2
QÞ2

2
64 1

32π2
ð1þ4jθj2Þv6þ

2ð1161þ70π2−945 ln2−630lnvÞþ315 lnð μ2m2
Q
Þ

7350π4
ð1þ4jθj2Þv7þOðv8Þ

3
75; ðA70Þ

ρNLO2;1

���
mon-shell

Q ;q2→4m2
Q

¼ αs
2π

ð4m2
QÞ2mQℑθ

2
64− 1

4π2
v6 −

4ð2ð1161þ 70π2 − 945 ln 2 − 630 ln vÞ þ 315 lnð μ2m2
Q
ÞÞ

3675π4
v7 þOðv8Þ

3
75;

ðA71Þ

ρNLO1;1

���
mMS

Q ;q2→4m2
Q

¼ρNLO1;1 jmon-shell
Q ;q2→4m2

Q
þ αs
2π

�
8

3
þ2 ln

�
μ2

m2
Q

��
ð4m2

QÞ2
�
−

3

20π4
ð1þ4jθj2Þv5− 3

140π4
ð5þ28jθj2Þv7þOðv8Þ

�
;

ðA72Þ
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ρNLO2;1

���
mMS

Q ;q2→4m2
Q

¼ ρNLO2;1

���
mon-shell

Q ;q2→4m2
Q

þ αs
2π

�
8

3
þ 2 ln

�
μ2

m2
Q

��
ð4m2

QÞ2mQℑθ

�
6

5π4
v5 þ 54

35π4
v7 þOðv8Þ

�
: ðA73Þ

The v6 terms in the above expressions correspond to the Coulombic singularities generated by the gluon exchange
between two heavy quarks. The v5 terms in Eqs. (A71) and (A72) come from the renormalization-scheme difference ofmQ,
i.e., Eqs. (A10) and (A11).
We also present our NLO result before renormalization in terms of the coefficients of master integrals,

CNLO
1 ¼ iπ

�
μ2

q2

�
3εX

k

ðαk=qþ βkÞIk; ðA74Þ

where αk and βk are real. Thus, by the definition (5) we have

ρNLO1;1 ¼
�
μ2

q2

�
3εX

k

αkℜIk; ðA75Þ

ρNLO2;1 ¼
�
μ2

q2

�
3εX

k

βkℜIk; ðA76Þ

where the master integrals Ik are defined to be dimensionless, which are the same as those in Eq. (15). Note that the 29
master integrals in Eq. (15) contain some symmetries, that is, some of them can be related to each other by shifting loop
momenta. After using these symmetries, we are only left with 14 master integrals, which are defined as

I1 ¼ ðq2Þ3ε−3
Y3
i¼1

Z
ddli
ð2πÞd

1

l2i −m2
Q
; ðA77Þ

I2 ¼ ðq2Þ3ε−2
Z �Y3

i¼1

ddli
ð2πÞd

�
1

ðl1 þ l2 þ l3Þ2l21½l22 −m2
Q�½l23 −m2

Q�
; ðA78Þ

I3 ¼ ðq2Þ3ε−2
Z �Y3

i¼1

ddli
ð2πÞd

�
1

½ðl1 þ l2 þ l3Þ2 −m2
Q�½l21 −m2

Q�½l22 −m2
Q�½l23 −m2

Q�
; ðA79Þ

I4 ¼ ðq2Þ3ε−2
Z �Y3

i¼1

ddli
ð2πÞd

�
1

ðq − l1 − l2 − l3Þ2l21½l22 −m2
Q�½l23 −m2

Q�
; ðA80Þ

I5 ¼ ðq2Þ3ε−1
Z �Y3

i¼1

ddli
ð2πÞd

�
1

ðq − l1 − l2 − l3Þ4l21½l22 −m2
Q�½l23 −m2

Q�
; ðA81Þ

I6 ¼ ðq2Þ3ε−1
Z �Y3

i¼1

ddli
ð2πÞd

�
1

ðq − l1 − l2 − l3Þ2l21½l22 −m2
Q�½l23 −m2

Q�2
; ðA82Þ

I7 ¼ ðq2Þ3ε−2
Z �Y2

i¼1

ddli
ð2πÞd

�
1

ðq − l1 − l2Þ2½l21 −m2
Q�½l22 −m2

Q�
Z

ddl3
ð2πÞd

1

l23 −m2
Q
; ðA83Þ

I8 ¼ ðq2Þ3ε−1
Z �Y2

i¼1

ddli
ð2πÞd

�
1

ðq − l1 − l2Þ4½l21 −m2
Q�½l22 −m2

Q�
Z

ddl3
ð2πÞd

1

l23 −m2
Q
; ðA84Þ

I9 ¼ ðq2Þ3ε−1
Z �Y2

i¼1

ddli
ð2πÞd

�
1

ðq − l1 − l2Þ2½l21 −m2
Q�½l22 −m2

Q�2
Z

ddl3
ð2πÞd

1

l23 −m2
Q
; ðA85Þ
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I10 ¼ ðq2Þ3ε−1
Z �Y3

i¼1

ddli
ð2πÞd

�
1

ðq − l1Þ2½ðl1 − l2Þ2 −m2
Q�½l22 −m2

Q�½ðl1 − l3Þ2 −m2
Q�½l23 −m2

Q�
; ðA86Þ

I11 ¼ ðq2Þ3ε
Z �Y3

i¼1

ddli
ð2πÞd

�
1

ðq − l1Þ4½ðl1 − l2Þ2 −m2
Q�½l22 −m2

Q�½ðl1 − l3Þ2 −m2
Q�½l23 −m2

Q�
; ðA87Þ

I12 ¼ ðq2Þ3ε−1
Z �Y3

i¼1

ddli
ð2πÞd

�
1

½ðq − l1Þ2 −m2
Q�ðl1 − l2Þ2½l22 −m2

Q�ðl1 − l3Þ2½l23 −m2
Q�

; ðA88Þ

I13 ¼ ðq2Þ3ε
Z �Y3

i¼1

ddli
ð2πÞd

�
1

½ðq − l1Þ2 −m2
Q�2ðl1 − l2Þ2½l22 −m2

Q�ðl1 − l3Þ2½l23 −m2
Q�

; ðA89Þ

I14 ¼ ðq2Þ3ε
Z �Y3

i¼1

ddli
ð2πÞd

�
1

½ðq − l1Þ2 −m2
Q�ðl1 − l2Þ2½l22 −m2

Q�ðl1 − l3Þ2½l23 −m2
Q�2

: ðA90Þ

Using the differential equation method, we obtain the
real part of the master integrals up to Oðε2Þ in terms of
Goncharov polylogarithms. The explicit expressions of αi,
βi, and ℜIi are lengthy and will be presented in the
ancillary file of the arXiv preprint.

APPENDIX B: HIGHER-DIMENSIONAL
OPERATORS

In addition to hq̄qi and hg2sGGi operators, we also
calculate the Wilson coefficients of the hgsq̄qGi operator
up to the leading contributions,

ρLO
1;hgsq̄qGi ¼ ρhgsq̄qGic þ ρhq̄qic ; ðB1Þ

ρLO
2;hgsq̄qGi ¼ ρhgsq̄qGid þ ρhq̄qid ; ðB2Þ

where ρhgsq̄qGic and ρhgsq̄qGid come directly from the hgsq̄qGi
operator, while ρhq̄qic and ρhq̄qid are contributions from the

expansion of the hq̄qi operator [37]. Here ρhgsq̄qGic and

ρhgsq̄qGid are

ρhgsq̄qGic ¼ 1

8π2
mQ

q2
ℑθ

5v2 þ 7

v
; ðB3Þ

ρhgsq̄qGid ¼ −
1

32π2
v2 þ 3

v
þ 1

2π2
jθj2 v

2 − 1

v
; ðB4Þ

and ρhq̄qic and ρhq̄qid are

ρhq̄qic ¼ 3

16π2
mQ

q2
ℑθ

ðv2 − 1Þð3v2 − 1Þ
v3

; ðB5Þ

ρhq̄qid ¼ 1

128π2
v6 þ 3v4 þ 15v2 − 3

v3
þ 3

32π2
jθj2 ðv

2 − 1Þ3
v3

:

ðB6Þ

Again, with the help of Eq. (14), our result confirms
previous calculations [16].

Note that ρhq̄qic and ρhq̄qid contain Coulombic-like singu-
larities, which will cause the integral over s in Eq. (7) to
diverge at the threshold. Thus, we cannot use the above
results in our sum rule analysis directly. To deal with these
singularities, we may consider resumming the leading
Coulombic interaction ðαsv Þn between two heavy quarks
Q. The amplitude of the ðQaCΓ1QbÞ part of the baryon
current is multiplied by the Sommerfeld factor [17,57,58],

SðvÞ ¼
Cπαs
v

1 − exp ð− Cπαs
v Þ ; ðB7Þ

where C is the color factor. In our case,QaQb forms a color

antitriplet, so C ¼ 2
3
. The resummed ρhq̄qic and ρhq̄qid are

ρhq̄qic ¼ 3

16π2
mQ

q2
ℑθ

ðv2 − 1Þ
v3

½SðvÞð3v2 − 1Þ

þ S0ðvÞvðv2 þ 1Þ − S00ðvÞv2ðv2 − 1Þ�; ðB8Þ

ρhq̄qid ¼ 1

128π2
1

v3
½SðvÞðv6þ3v4þ15v2−3Þ

−S0ðvÞvðv4−1Þðv2þ3Þ−S00ðvÞv2ðv2−1Þ2ðv2−3Þ�

þ 3

32π2
jθj2 ðv

2−1Þ3
v3

½SðvÞ−S0ðvÞv−S00ðvÞv2�;
ðB9Þ

where the prime denotes the derivative with respect to v.
After resummation, the Coulombic-like singularities are
regularized by the Sommerfeld factor, and the integral over
s in Eq. (7) converges.
Now we can include the hgsq̄qGi condensate in our sum

rule analysis, and investigate its contribution to the sum rule
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and mΞþþ
cc

estimation. The vacuum condensate parameter is
taken to be [16–21,41]

hgsq̄qGið2 GeVÞ ¼ ð0.8� 0.2 GeV2Þ × hq̄qið2 GeVÞ:
ðB10Þ

The vacuum condensate can be evolved according to its
one-loop anomalous dimensions: γhgsq̄qGi ¼ −

γmq

6
[55].

The relative importance of each condensate term in the
OPE, including hgsq̄qGi, is shown in Fig. 6.
By defining the condensate term of Oi to be

ci ¼ hOii
Z

∞

sth

dsρ1;iðsÞe
− s
m2
B ; ðB11Þ

the ratios between consecutive terms in the mMS
Q scheme at

central values of all parameters are

���� cg2sGGcq̄q

���� ¼ 24%;

���� cgsq̄qGcg2sGG

���� ¼ 8%: ðB12Þ

The cgsq̄qG contribution to the right-hand side of Eq. (7) is
less than 0.6%, and the estimated mΞþþ

cc
changes by less

than 0.3% in both the LO and LOþ NLO cases. We see
that the OPE seems to show good convergence, and it might
be a good approximation to neglect the contributions of
operators with dimension larger than four in the sum rule
(7). Nevertheless, it is certainly helpful to have a systematic
study for the contributions of higher-dimensional operators
in the future.
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