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NSS-branes and line bundles in heterotic/F-theory duality
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We study F-theory duals of heterotic line bundle models on elliptically fibered Calabi-Yau threefolds.
These models necessarily contain NS5-branes which are geometrized in the dual F-theory compactifi-
cations. We initiate a systematic study of the correspondence between various configurations of
NS5-branes and the dual geometries in F-theory and perform several checks of the duality. Furthermore,
we discuss the singular transitions between different configurations of NS5-branes.
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I. INTRODUCTION

Over the years, F-theory and heterotic string theory
have proven to be particularly promising candidates for
providing a UV completion to the (supersymmetric exten-
sion of the) Standard Model (MSSM). The duality between
these theories has been extensively studied (see, e.g.,
Refs. [1-12]) since the discovery of F-theory [13-15]
more than 20 years ago. Despite this wealth of publications,
the duality has been mostly studied within the context of
the rather complicated set of heterotic vector bundle models
using the spectral cover construction. For the class of
heterotic line bundle models [16-21], where most physical
examples are known and whose heterotic description is
more tractable, the duality has so far not been worked out
in detail.

In this paper, we initiate a study of this duality. We
consider line bundles sums in Eg x Eg, together with NS5-
branes, on the heterotic side. In order to apply the standard
heterotic/F-theory duality fiberwise in the stable degener-
ation limit, we need to restrict the heterotic model we start
with. First, we have to assume that the Calabi-Yau (CY) on
the heterotic side is elliptically fibered. We will also assume
that this fibration has a holomorphic section, so we can
mostly focus on a Weierstrass description. For the duality to
hold we furthermore construct a heterotic vector bundle,
given in terms of a sum of line bundles, that is flat on the
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fiber. As we shall discuss, this necessitates the inclusion of
heterotic NS5-branes wrapping cycles in the base, or their
M5-brane analogues in the Horava-Witten M-theory
description [22,23]. NS5-branes typically feature promi-
nently in heterotic constructions [24,25] and the detailed
study of their duality will be the main focus of this paper.
Albeit discussed in the context of line bundle models, we
expect many of the results of the 5-brane duality to carry
over to other bundle constructions as well, since the
majority of the discussion applies to MS5-branes in the
bulk and thus away from the Eg branes. For simplicity, we
will focus on the case where the line bundles are embedded
into the first Eg only; a generalization to an embedding into
both Eg factors should be straightforward.

A crucial difference between the F-theory duals of bona
fide heterotic vector bundles described by a spectral cover
and heterotic line bundle models is that the latter have a
trivial spectral sheet and the entire information of the
bundle is captured by the spectral sheaf.' In the former
description, the vector bundle, which breaks the primordial
heterotic gauge group, is mapped onto geometry in such a
way that the dual F-theory ADE singularity corresponds to
the commutant of the original heterotic Eg x Eg gauge
group with the structure group of the bundle. For the latter
case of line bundle models, however, the bundle is not
mapped onto geometry, and the F-theory dual still comes
with the full Eg x Eg singularity. Since the structure group
of each line bundle on the heterotic side is U(1) and hence
commutes, the heterotic gauge group is broken to a non-
Abelian (in general) subgroup times a collection of U(1)

'Line bundle sums actually have no spectral cover description
in the original construction of Refs. [1,26], as they are not
“regular” on the elliptic fiber. A slightly more general construc-
tion should allow a spectral cover description, though this is not
important for our purposes, as we will not use this description.
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factors, which are, however, generically Green-Schwarz
massive. On the F-theory side, breaking of the Eg x Eg
symmetry is purely accounted for by a nontrivial G4 flux on
the Eg branes, onto which the heterotic line bundle data is
mapped.

The aforementioned NS5- or M5-branes also exhibit an
interesting behavior under the duality. Depending on the
cycle that is wrapped by the 5-brane, they are either
mapped onto D3-branes or onto geometry on the F-theory
side [5,27,28]. However, on the heterotic side these differ-
ent branes are on equal footing. Since the duality with
and the physics of D3-branes is very well understood, we
focus in this work on the duality between NS5-branes and
geometry. As the F-theory geometry dual to heterotic line
bundle models is in some respects quite clean, it provides a
useful arena in which to study this duality. The world-
volume theories of NS5-branes are notoriously hard to
study and they exhibit interesting behavior, such as the
appearance of superconformal field theories from tension-
less strings [29-34].

The rest of the paper is organized as follows: in Sec. II we
introduce our notation and review the basics of heterotic line
bundle models and heterotic/F-theory duality. We then
describe how to construct F-theory duals of heterotic line
bundle models. We demonstrate two crucial consequences of
the condition to choose a flat bundle in the fiber direction on
the heterotic side in order to construct the F-theory dual: first,
we necessarily need NS5-branes and second, the resulting
models cannot be chiral. In Sec. III we discuss various
aspects of the duality in compactifications to six dimensions.
This serves to illustrate key concepts of the duality in a
simpler and cleaner setup first. Our analysis heavily relies on
toric geometry. After this, we move on to the discussion of
compactifications to four dimensions in Sec. I'V. On top of
our discussion of 5-branes, we discuss the duality map for
anomaly conditions, bundle stability, and the spectrum (i.e.,
the gauge group and matter representations) on the heterotic
and F-theory side. We end the section with a discussion of a
subtle case where an NS5-brane wraps a curve in the heterotic
base that does not intersect the anticanonical divisor of the
base. In Sec. V we discuss the duality of multiple coincident
and intersecting NS5-branes. We first describe in detail the
relationship between the NSS5-brane configuration and
the F-theory geometry. When the NS5-branes intersect or
coincide, there are singularities in the F-theory base. As the
description of the four-dimensional theory resulting from
compactifying F-theory on the resulting singular CY four-
fold is challenging and subtle, we restrict to describing the
three-dimensional theory which arises upon compactifica-
tion of M-theory on the fourfold, which lifts to the four-
dimensional theory. In Sec. VI, we summarize and provide an
outlook on open problems and future research directions.
Appendices A and B contain details of toric resolutions in the
six-dimensional and four-dimensional models of Secs. III
and 1V, respectively.

II. F-THEORY DUALS OF HETEROTIC LINE
BUNDLE MODELS

A. Heterotic line bundle models

For the heterotic compactification space we choose a CY
n-fold X,,. We need to further specify a vector bundle V =
V1 @ V, with the structure group of V; contained in Eg. For
line bundle models, the vector bundle V is taken to simply
be a sum of line bundles,

V:VI@V2:®LQ. (1)
a=1

Each line bundle is associated to a particular U(1) factor in
the Cartan subgroup of Eg x Eg. The first Chern classes of
V| and V, need to be trivial,

ci(Vy) = ¢ (Vy) =0, (2)

in order to ensure that the structure group of V can be
embedded into Eg x Eg, which is traceless. For the sake of
brevity, we will often take V, to be trivial. We will write
Oy, (D) for a line bundle with first Chern class or Chern
character (Poincaré dual to) D,

chy (Ox, (D)) = ¢1(O, (D)) = D. (3)

A divisor D can be expanded in a basis {D;} of
H,,_»(X,,Z), so we can write D = k'D; where k' € Z,
and this list of integers k! characterizes the line bundle.
Thus, line bundle sums (1) are characterized by a matrix of
integers k.. For later computations involving the anomaly
condition in compactifications to four dimensions, we will
need the expression for the second Chern character of a line
bundle sum on a CY threefold X5, which reads

1
chy(L,) = Ed”ka,kiCK,

chy(V) = %d”,( (Z kﬁké) CE. )

a=1

In these expressions, dj;x = D;- D, - Dg are the triple
intersection numbers of X3, and CX are a basis of
curves satisfying C’-D; = 8. We also note that for a
vector bundle E with ¢ (E) =0, we simply have
chy(E) = —c»(E).

The gauge and compactification background have to be
chosen such that they satisfy the anomaly cancellation and
supersymmetry constraints. The former is ensured via the
Bianchi identity of the NS three-form field H,

dH = chy(Vy) + chy(V,) —chy(X,) = W.  (5)

Here, ch,(V;) and ch,(X,,) are the second Chern characters
of the vector and the tangent bundle, respectively.

126004-2



NS5-BRANES AND LINE BUNDLES IN ...

PHYS. REV. D 98, 126004 (2018)

Furthermore, we have allowed for the presence of NS5-
branes that span the d noncompact dimensions and wrap an
internal (6 — d) cycle with homology class [W].

Unbroken supersymmetry requires that the vector bundle
satisfies the Hermitian Yang-Mills equations, which can be
achieved if the flux is a (1,1)-form and it is polystable with
slope zero [35,36]. As line bundles are slope-stable, this
reduces to a slope zero condition for each line bundle. The
slope fix, (L,) of a line bundle L, on a CY threefold X3 is
defined as

Lo = [ IATAeL) = i PHE.(6)
X3

where J = /D, is the Kihler form expanded in a basis of
divisors D; with Kihler parameters /.

As we shall discuss in the next subsection, the CY
manifzold X, needs to be elliptically fibered over a base
B

n—1»

T2 X,
|7n (7)
anl

We will write 6: B,_; — X,, for the section of the elliptic
fibration, and F for the generic fiber. We will be discussing
the duality in compactifications to six dimensions (n = 2)
and four dimensions (n = 3).

We now collect some general details and notation on this
heterotic geometry in the case of compactification to four
dimensions, which we will make use of throughout. In this
case we have a CY threefold X5 with an elliptic fibration
7y X3 — B,. We write {C'} for an integral basis of curves
on B,, and {C;} for a dual basis satisfying C; - ¢/ = 5{ We
also define g;; := C; - C;. For an integral basis of curves
{C!} and divisors {D;} on X3, where I = (0, i), we can
then take

C"=F,  C =0(C)

where & = Kp, -C' and o(B,) = B,. Here Kp, is the
canonical divisor on B,. Note we will freely use the same
symbol for the canonical divisor and the canonical bundle.
We will also use the same symbol for Poincaré dual forms
and divisors. This divisor basis is chosen to be orthonormal
to the curve basis, C' - D; = 5/, as seen from the following
intersection properties.

2While the existence of a section is not required, we will focus
on Weierstrass models that have a holomorphic section, the so-
called zero section.

o(By) | my(C) o(By) | m(C')
F 1 0 o(By) | 6(Kg,) | o(C)
o(C) | C-Kp, | C-C ay(C)| o(C) | (C-C)F

In particular, we can identify {° as the volume of the fiber in
the Kihler form J = #/D;. The triple intersection numbers
in this basis are
dooo = &g,

dooi = =&, dijx =0.

©)

Additionally, the second Chern class of the tangent bundle
is (see, e.g., Ref. [1])

doij = Gij

c2(X3) = —chy(X3)
=7(c2(By)) + 175 (c1(B2)?) +120(c1 (B,))

- [ [ B+ neye)| F126(k5). (10)

and we will need this expression in computations involving
the anomaly condition.

In compactifications to four dimensions on an elliptically
fibered CY manifold X3, the heterotic NS5-branes can wrap
either (i) the fiber, or (ii) a curve in the base,3 or (iii) some
combination. We refer to the first kind as “vertical” NS5-
branes, and to the second as ‘“horizontal” NS5-branes.
In a Horava-Witten picture, heterotic NS5-branes are M5-
branes with positions in the bulk of the 11d interval §'/Z,,
and we will often make use of this picture. At the two ends
of the interval, M5-branes transition into small instantons
on the respective Eg brane. We will occasionally refer to
horizontal or vertical instantons, depending on the type of
M5-brane they originate from under the small instanton
transition.

B. F-theory models and fiberwise duality

Let us now turn to F-theory duals of heterotic models.
Similarly to the heterotic case, we need to specify the
compactification data, which means choosing a CY
(n + 1)-fold Y, | and a four-form flux G4. We will discuss
the n = 2 and the n = 3 case, the first in order to develop
understanding, and the second as compactifications to four
dimensions will be our primary interest. In the n = 3 case,
the F-theory analogue of the heterotic Bianchi identity is
D3-brane tadpole cancellation [37,38], which reads [39]

v, 1
il 4)+—/ Gu A Gy =0, (11)
Y,

N_
3T 4 T2

This characterization is slightly crude. We will be more
precise in Sec. IV.
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where N3 is the number of D3-branes and y(Y) is the Euler
number of Y.

The compactification background Y,.; needs to be
elliptically fibered and—in case of duality to the heterotic
string—the base of the elliptic fibration needs to further-
more be P! fibered (so that Y, is fibered by K3 surfaces
with an elliptic fibration),

T2 — Yn+1

[

K3 —— Yn+1

Pl B, | e (12)
lfrF B, .
B

Note that the base B,_; in (12) is identified with the base
B,_; in (7), which is why we use the same symbol. We
will refer to the extra P! which appears in F-theory, i.e.,
the base of the elliptic fibration on the K3 surface, as the
“F-theory P!”.

This duality can be understood by fiberwise application
of heterotic F-theory duality in 8d. Here, heterotic strings
on a T? with Wilson line moduli was proposed to be dual to
F-theory on a K3 surface [13],

. dual
Heterotic on T? <— F-theory on K3,

due to the equivalence of their moduli spaces.

In order to capture compactifications of heterotic string
theory in the supergravity limit, the K3 fiber of the F-theory
background must be in the stable degeneration limit, in
which the K3 fiber degenerates to a union of two rational
elliptic surfaces [1-3]. The extension of the duality to
compactification to fewer dimensions consists of fibering
both sides over a common space, giving an elliptically
fibered and a K3 fibered CY manifold respectively. Besides
guaranteeing that the elliptic fiber on the heterotic side is
large compared to the string scale, the stable degeneration
limit is also crucial to ensure that the heterotic background
is described by conventional geometry, i.e., not patched
together by maps involving T-dualities, see Refs. [40,41]
for a discussion of the relevant geometry.

The limit in which the heterotic string becomes weakly
coupled corresponds to the adiabatic limit of the K3
fibration on the F-theory side, that is the limit in which
the volume of the F-theory P! (the base of the elliptic
fibration on the K3 surface) becomes small compared to the
(properly normalized) volumes of B,,_; (the base of the K3
fibration). This is in line with thinking about the F-theory
P! as a fibration of S! over an interval, which is identified
with the interval of the M-theory lift of heterotic strings.

Similarly, we will assume that the elliptic fibration on the
heterotic side is adiabatic in the sense that the volume of the
fiber T%,, is small compared to volumes of the base B,,_;.

Note that in the conventional application of duality between
heterotic string theory and F-theory employing vector
bundles constructed by means of spectral covers, this
condition ensures stability of the bundles [1,26]. The
required hierarchies of volumes can then be summarized as,

vols(B,,_;) > vol(T%,) — o,
vols(B,,_;) > vol(PL,) — 0. (13)

We now collect some general details and notation on
this F-theory geometry in the case of compactification to
four dimensions. In this case we have a CY fourfold Y,
with a K3 fibration pr: Y, — B, and an elliptic fibration
wr: Y4 — B;. We will often represent the generic fiber of
the elliptic fibration in a [P;,; ambient space whose
coordinates we denote {x,y,w}. The F-theory elliptic
fibration, as on the heterotic side, is characterized by a
Weierstrass equation, which describes the fiber in its
ambient space over each point in the base,

y? = x + faw* + gn®, (14)

where the functions appearing are sections, f = F(Kgf)
and g = F(K;j,f). The elliptic curve degenerates over the
locus defined by the vanishing of the discriminant

A =4f3 4274, (15)

and the vanishing orders of (f, g, A) reflect the severity of
the degeneration.

If the vanishing orders of (f, g, A) are (4, 6, 12) or higher
in codimension > 2, as in the cases we discuss, resolving
with a blow-up which does not change the base of the
elliptic fibration results in a “nonflat fibration,” in which the
fiber dimension can jump. On this fourfold, tensionless
strings appear in the F-theory limit, and the resulting theory
is expected to have no standard supergravity description.
Alternatively, for such singularities, one can find crepant
resolutions which change the base of the elliptic fibration,
resulting in a flat fibration with an A/ = 1 supergravity
description in the F-theory limit [15]. We will be interested
in resolutions of the latter type.

C. F-theory duals of heterotic line bundle models

Above we have discussed the heterotic and F-theory
compactifications and the basic idea behind the duality
between them, and this completes the general review. Now
we turn to analyzing the F-theory duals of heterotic line
bundle models. In this section we will give a basic
description of many aspects of the duality which we will
cover in more detail in the remainder of the paper.

As mentioned above, historically the spectral cover con-
struction has been particularly useful for constructing
F-theory duals of heterotic vector bundle models. In the ori-
ginal 8d duality, the heterotic bundle on the elliptic fiber has
only Wilson line moduli. If we consider lower-dimensional
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dualities obtained by fibering the 8d duality, the vector
bundles restricted to the generic elliptic curve should retain
this property. Consequently, on each elliptic fiber of the
heterotic threefold, each of the Eg vector bundles is deter-
mined by a set of points [1]. This provides a branched
covering of the heterotic base called the “spectral sheet”
which describes the deformations of the Eg singularities on
the F-theory side. In addition to the spectral sheet, the
description of the heterotic vector bundles requires also a
“spectral sheaf” on the spectral sheet, together giving the
spectral cover. This information can then be translated into
F-theory geometry and flux.

However, for duals of heterotic line bundle models the
spectral cover construction becomes essentially trivial. The
condition that a bundle restricts on the generic elliptic fiber
to give only Wilson line moduli means that it restricts to a
sum of degree zero line bundles. For a global line bundle
sum V, each of the line bundles in V has to be trivial on the
fiber, and hence is a pullback bundle from the base,

V= ry(Na), (16)

where N, are line bundles on the base B,_;. Recalling the
divisor basis defined in Eq. (8), this condition is equivalent
to requiring that the matrix of integers k/ determining the
line bundle sums satisfies

K =0Va. (17)

Since the restriction of a pullback bundle to the elliptic
fiber is trivial, the spectral sheet is trivial—it is ¥ copies
of the zero section—and the information about the bundle
is encoded entirely in the spectral sheaf. Trivial spectral
sheets correspond to two undeformed surfaces of Eg
singularities in the F-theory dual, each of which is
diffeomorphic to the heterotic base B,_;. We will fre-
quently refer to these as the Eg branes. As the two heterotic
bundles are pullbacks from B,_;, we naturally expect the
fluxes on the two Eg stacks to be equal to the fluxes pulled
back from B,_;, or equivalently that the two spectral
sheaves correspond to the two bundles on B,_;. This
constitutes a main difference to the situations usually
studied in pure F-theory constructions or in heterotic/F-
theory duality with bona fide vector bundles: the Eg
symmetries on the F-theory side are broken purely by flux,
rather than by geometry.

In order to link the flux F in the heterotic theory and the
flux G4 in F-theory, we can use the M-theory description. In
this description, we resolve the singular F-theory space
Y, to a smooth space y a11- Next, we can expand G4 in
terms of two-forms WEZI), Wf) [a,b =1, ...,tk(Eg)] dual to
the exceptional divisors of the blow-up of the two Eg
singularities,

Gy = FWa A wiV) 4 F@a A WP, (18)

where (V@ and F® are pullbacks of flux two-forms from
the Eg branes. In the duality for heterotic line bundle
models, from Eq. (16) the identification of flux is rather
clear: the fluxes F(V¢ and F(®“ correspond to the two Eg
fluxes on the heterotic base B,,_; that are pulled back to the
CY manifold X,. One could also phrase this in a local
picture of the Eg branes, in which again the flux identi-
fication is clear. In Sec. IV we will discuss this duality of
fluxes in much greater detail.

The restriction (16) on the heterotic gauge flux has far-
reaching consequences for compactifications to four
dimensions, which will be analyzed in the rest of the
paper. First, in order to satisfy the Bianchi identities (5), we
necessarily have to include horizontal NS5-branes, wrap-
ping curves in the base B,. The class of these NS5-branes is
easily seen to be —12K , as we discuss in Sec. [V A below.
The F-theory duals of NS5-branes are well-known: while
vertical NS5-branes are mapped to D3-branes [1], hori-
zontal branes are mapped to geometry, or more precisely to
blow-ups [15,37,38],

dual

vertical heterotic NS5/M5-branes ~ «— D3-branes

horizontal heterotic NS5/M5-branes bt blow-ups in 55

In particular, the blow-ups are of the following kind. On
the F-theory side, the base of the elliptic fibration is in
simple cases a P! times the heterotic base B,. The blow-ups
dual to the NS5-branes are then over curves in the base 55
that sit at either end of the F-theory P'. Each of these ends
is diffeomorphic to the heterotic base B,, and the contained
curves over which blow-ups are performed correspond to
the curves wrapped by the NS5-branes. These blow-ups
precisely resolve the singularities of the F-theory fourfold
Y, where the vanishing orders of (f, g, A) are (4, 6, 12) or
higher, as discussed in detail in Sec. III. The Kihler moduli
of these blow-ups correspond to the positions of the
corresponding MS5-branes in the Horfava-Witten interval.
In Sec. III we will give a detailed description of this aspect
of the duality in the simpler case of compactification to six
dimensions. This aspect will then form a key ingredient in
the global models we construct in Sec. IV.

We will freely switch between referring to the branes as
NS5- or M5-branes in this paper. The picture of heterotic
M-theory, where NS5-branes become M5-branes, gives the
right geometric intuition in that two NS5-branes which
wrap coincident or intersecting curves in the CY manifold
are not truly intersecting branes unless their positions in the
interval S'/Z, of the Hofava-Witten M-theory description
coincide.

Second, in compactifications to four dimensions, line
bundle sums subjected to (16) are, unfortunately, neces-
sarily nonchiral, i.e.,
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1 V) = [ vy =0, (19)
X3
where td(X3) is the Todd class,

1 1 1
td(X3) = 1+§c1 +ﬁ(c’f‘+c2) togcet (20)

in which we have written ¢;(X3) = ¢; on the right. This can
be seen by expanding ch(V) and td(X3) in terms of a
divisor basis D;. Using ¢; (V) = ¢;(X3) = 0, k) = 0 due to
flatness of the flux along the fiber (16), and the intersection
ring properties (9) (in particular that d;;; = 0), we find that
(19) vanishes identically. This means that pure heterotic
line bundle sums that are flat on the fiber are not
immediately useful for model-building purposes. It is an
interesting question whether the duality could be extended
to more general line bundle sums, see, e.g., Ref. [42] for
some progress in this direction. In this paper, however, we
restrict ourselves to this class of line bundle sums.”

The duality between the heterotic line bundle flux in the
two Eg gauge groups and the F-theory G4 flux on the two
Eg branes is rather simple. It is hence rather plausible that
checks of this aspect of the duality, for example of the
duality of stability conditions and of the spectrum in this
sector, will work out. We will perform these checks in
Sec. IV D. These are essentially independent of the duality
between NS5-branes and blow-ups. However, we choose to
first deal with this latter aspect of the duality, in order to
have the full F-theory geometry at hand.

III. BLOW-UPS AND BRANES: REVIEW
AND GLOBAL 6D MODELS

We would like to build global F-theory models dual to
heterotic line bundle models, in compactifications to four
dimensions. As discussed in Sec. II, the duality between
horizontal NS5-branes and F-theory geometry is the most
nontrivial aspect of this duality. In this section we will
discuss this in detail, in the simpler case of compactifica-
tion to six dimensions. This is intended to be a pedagogical
discussion, to build intuition for our later construction of
global models in four dimensions. We first review what is
known in the literature, and flesh out ideas in toy examples.
We will be particularly interested in the relevant aspects of
toric descriptions. In Sec. III C, we build global models for
compactification to six dimensions. When we then turn to
the description of global models for compactification to
four dimensions in Sec. IV, we will freely use the intuition
developed here.

*Much of what we will discuss below will apply not just to
such line bundle sums but to any pullback bundle.

A. Singularities and small instantons in 6d

First we discuss the duality between singularities of the
F-theory threefold and heterotic small instantons. We first
briefly recall aspects of the six-dimensional duality. The
heterotic compactification space is a K3 surface X,. We will
choose to have no heterotic flux, since the purpose of our
discussion of compactification to six dimensions is to
develop an understanding of the duality between heterotic
NS5-branes and F-theory geometry. (When we discuss the
four-dimensional case we will include flux, in the form of
line bundles, since four-dimensional line bundle models are
our primary interest.) Since we have no heterotic flux, there
must be NS5-branes: as the second Chern class of a K3
surface integrates to 24, the anomaly cancellation condition
(5) implies that there are 24 NS5-branes or, before their
movement into the bulk of the Horava-Witten interval, 24
small instantons. These span the 6 noncompact dimensions
and are pointlike in the compact space.

The dual F-theory space is a K3 fibration over a P! and
an elliptic fibration over a twofold base BB,. Hence 15, is a
fibration of P! over P!, and hence is a Hirzebruch surface
F,.. The type m of this Hirzebruch surface is matched on
the heterotic side by the distribution (12 — m, 12 + m) of
the 24 instantons on the two Eg branes. There are Eg
singularities at either end of the F-theory P!, since on the
heterotic side there is no flux. At higher codimension there
will be singularities worse than Eg, whose resolution
requires blow-ups in the base. In particular as we will
see there are 24 such points. This is the same number as of
NS5-branes, as expected since in six dimensions all NS5-
branes are dual to blow-ups, as we will review.

We first recall the geometry of singularities in F-theory
arising where the remaining discriminant locus intersects
the Eg singularities. We assume a trivial fibration B, =
P! x P! for the F-theory base. The result after blow-ups
will be independent of this choice; this is clear since on the
heterotic side, whatever the initial instanton distribution the
end result will be the same, with all M5-branes pulled into
the bulk. We write the F-theory P! as P, with coordinates
{21, 22}, and the heterotic base, which is the other P! in 13,,
as P}, with coordinates {u;, u,}. The canonical divisor of
B, is the sum

where for simplicity we do not write the obvious pullback
maps. We recall that in the Weierstrass polynomial in
Eq. (14), we have f € ['(Kj!), g € [(K5’), and

A = (47 +27¢%) € T(Kp)?). (22)
Since Kpi = Opi(=2), f and g are respectively of bidegree

(8, 8) and (12, 12) in the coordinates of P! and P}. Hence
they can be written as
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8 12
f=Y 487 9= dae. (23)
i=0 i=0

where f; € [(K!) and g; € T(K,?). To enforce the
presence of the two Egs at z; =0 and z, = 0 requires
vanishing orders (f,g,A) ~ (>4,5,10), so that in the
above expansion very few terms can be present. This
constrains f, g, and A to

f=d3f. 9=2323(2g9 + 212296 + 2395).

A =z{°2°A,, (24)
A, =4733f5 +27(23 g7 + 212296 + 2395)% (25)

where we have defined the “remaining discriminant” A,.
We also note that £, and gg are identified in the duality with
the f and g polynomials in the Weierstrass equation for the
heterotic K3 surface [15],

Heterotic K3 : y? = x3 + fxw* + gen®, (26)

where for simplicity we have used the same coordinate
names for the P;,; ambient space of the heterotic elliptic
curve as we did on the F-theory side.

The degeneration of the fiber worsens at the intersection
of the Eg brane stacks with the rest of the D7-brane locus
{A, = 0}. Setting z; =0 or z,b =0 in A,, and fixing the
other coordinate to 1, we have respectively

Ar|zl=0 = 27927 Ar|zz=0 = 279% (27)
Each of these intersections consists of 12 double points, for
generic ¢g; and gs. At these points, the vanishing orders of
(f,g,A) are (4, 6, 12), so the fiber degenerations are so
severe that resolutions not changing the base lead to a
nonflat fibration.

As we now explain, the singularity at these points is
characterized in affine coordinates by an equation of form

0=y>+x+25+u, (28)

and we will refer to this singularity as an Eg. As a weighted
homogeneous singularity, its type depends only on the
weights of the coordinates: using the scalings y ~ A!/2,
x~ A3, ..., additional terms that scale as A are “marginal
deformations.” The Weierstrass equation for the above
models is of this form in the vicinity of an Eg singularity:
if a zero of g5 is at u; = 0, then close to the singularity and
in affine coordinates we have up to numerical factors

0=y 4+ +(t+..)x+(HFu +...), (29

which expresses the Eq singularity, sitting in a locus of Eg
singularities. Crucially this singularity admits a crepant

resolution, in which an extra coordinate e is introduced,
with a new scaling relation

X 7 u €
2 1 1 =1

Y
3 (30)
and the singular point is excised. The proper transform
corresponds to dividing out 6 powers of & from the equation
defining the hypersurface, so that this is a crepant reso-
lution. Conversely, f and g have to be divisible by ¢* and €°
respectively for such a blow-up to be crepant, reflecting the
requirement of vanishing orders (4, 6, 12). These are the
resolutions which are dual to the introduction of NSS5-
branes and the Kdhler moduli associated to the blow-ups
correspond to positions of the M5-branes in the Horava-
Witten interval. We will discuss this in some depth in
Sec. III B. However first we must review the explicit duality
between the Eg singularities and small instantons.

The presence of (4, 6, 12) singularities is dual to the
presence of heterotic small instantons. Beyond the match of
their numbers, the explicit duality between singularities and
small instantons has been discussed in Ref. [2], and
we briefly review this discussion. Before stable degener-
ation, the F-theory base is a Hirzebruch surface. In the
stable degeneration limit, the F-theory P! splits into two
P's which meet at a point. Figure 1, which is a rendition of
Fig. 3 in Ref. [2], shows a schematic depiction of the base
of the F-theory fibration after stable degeneration. This
base consists of two Hirzebruch surfaces that meet along a
curve C, that we identify with the P! base of the heterotic
K3, and the elliptic fibration over C, is identified with the
heterotic K3. We can note that the II* fibers are away from
this intersection.

The remaining I; locus intersects the II* fibers at a set of
points. Each point sits in a particular copy of a component
of the F-theory P! fiber over a point in the heterotic P}.

FIG. 1.
degeneration of a Hirzebruch base. Note this is a rendition of
Fig. 3 in Ref. [2]. In this picture there are no five-branes in the
heterotic dual, only small instantons. Note C, is identified with
the heterotic base.

Schematic depiction of the F-theory base after stable
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This F-theory P!, represented by the dotted line in Fig. 1,
intersects C, at one point. Since C, is identified with the
heterotic base, it is natural to identify this point with the
position of the corresponding heterotic small instanton in
the heterotic base. Additionally, the small instanton has a
position in the heterotic fiber, which corresponds in the
duality to Ramond-Ramond moduli (in the IIB picture) on
the F-theory side. This aspect will mainly not concern us,
since in four dimensions the horizontal NS5-branes/
small instantons usually cannot move in the heterotic
fiber, however it will be important in the discussion of
Sec. IV E.

This moduli match for small instantons also holds for
NS5-branes. The transition from a small instanton to an
NS5-brane corresponds to a position in the 11d bulk: a
position at either endpoint of the interval gives a small
instanton and positions in between give an NS5-brane.’
Moving an instanton into the bulk corresponds on the
F-theory side to resolving the singularities discussed above,
where Kéhler moduli are dual to the positions in the bulk.
Throughout this transition, the position of the instanton/
NS5-brane in the heterotic space and the position of the
singularity/blown-up locus in the F-theory space remain
unchanged, so the matching between positions of the
heterotic small instantons and the positions of (4, 6, 12)
singularities in F-theory carries over to a match of NS5-
branes and the loci of blow-ups. In the K3 fibration of the
resolved threefold V5 on the F-theory side, these become
the loci of reducible K3 fibers. In perfect agreement with
the spirit of fiberwise duality, the monodromy in the K3
fibration corresponds to a shift in the B-field on the
heterotic side, as appropriate for an NS5-brane. A general
discussion of reducible K3 fibers, their monodromies, and
the relation to NS5-branes can be found in Ref. [50].

B. Toric descriptions of required resolutions

In Sec. III A we discussed the duality between (4, 6, 12)
singularities in F-theory and small instantons in heterotic
string theory. We now discuss the blow-ups of these
singularities. We would like to later give a toric description
for the resulting global F-theory models dual to heterotic line
bundle models, as many computations are thus simplified.
Hence we develop toric descriptions of the required blow-
ups dual to NS5-branes. See e.g., Refs. [51,52] for an
introduction to toric geometry, Refs. [53,54] for an intro-
duction to its applications in F-theory, and Ref. [55] for a
recent base-independent discussion of toric transitions.

We can understand the F-theory geometry dual to the
presence of an NS5-brane in multiple ways. One way is to
note that different heterotic instanton distributions corre-
spond to different Hirzebruch surface bases in F-theory, so

SWe will mostly not discuss the physics of the transition from a
small instanton to an NS5-brane, which has been discussed
elsewhere [15,33,43-49].

Yg(n) Yg(n.,n+1) Y3(n+1)
1 1 1
IFn II;‘n.jH»l ]Fn+1
g
uy
n+1
21
n
(5)
z2

FIG. 2. Toric fans for the Hirzebruch surfaces [, and F,,, as
well as the fan for the intermediate space, which we call F,, ., in
which we have blown up [, but have not yet blown down to [, ;.
We have also indicated that we wish to consider elliptic fibrations

Yg') over these bases.

that the presence of an NS5-brane is an intermediate
situation between different distributions. From this per-
spective, it is clear that the intermediate geometry should
allow blow-downs to both geometries dual to the two
instanton distributions. More precisely, these blow-downs
will require flops; we discuss this below. There should also
be an elliptic fibration over some intermediate base, and
this base should admit blow-downs to the two Hirzebruch
surfaces. An obvious candidate for an intermediate space,
which we call F,, ,, |, is shown in Fig. 2 along with the two
Hirzebruch spaces.

Another way to understand this is through the duality
between singularities and small instantons. A small instan-
ton is dual to an Eg singularity, which has a crepant
resolution, and this resolution is dual to the transition to
an NS5-brane. Letting the small instanton first sit at #; = 0,
from Eq. (30) the resolution clearly demands the intro-
duction of the following ray € in the polytope of the
ambient toric fourfold,

£=2X+3y+ 27, +uy, (31)

where the coordinate & describes the exceptional divisor of
the blow-up. This resolution corresponds to moving to the
intermediate space in Fig. 2, after starting from the [, base.
This is the toric implementation of the weighted blow-up
71 = 216, u, = ie, (32)
where hats temporarily indicate coordinates after the blow-
up. The proper transform of the Weierstrass equation

consists of dividing by € to give a new Weierstrass
equation

2 =24 fFrwt + g, (33)
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where we have defined f = ¢™*f and § = ¢ %g. This also
corresponds to having f, g be sections of K ;:‘HI and K uzfm

respectively, as we know must be the case. It is easy to see
that the resulting space is CY. As in the previous perspec-
tive, we have maintained a toric description by placing the
instanton/brane at the vanishing locus of homogeneous
coordinates. More general instanton/brane configurations
will be considered in detail below.

The weight system of the resulting ambient toric fourfold
can be written as

y X w 21 2 U U &

3 2 1 0 0 0 O O

6 4 o 1 1 0 0 O ' (34)
3n+6 2n+4 0 0 n 1 1 0

3 2 o 1 o0 1 0 -1

Here we have written the final line in a form allowing us to
read off the structure of the blow-up of the threefold with [,
base. These weights reflect the resolution of a Eg singu-
larity as described in Eq. (30). Equivalently, we can rewrite
the weight system as

y X w221 2 up Uy €

3 2 ro o 0 00O

3 200 1 101 (3
3(n+1)+6 2(n+1)+4 0 0 n+1 0 1 1

6 4 01 1 0 00O

The third row of this form reflects that one can reach this
situation also by blowing up the threefold with F, | base.
This corresponds to the fact we can pull an MS5-brane off
either Eg brane in the 11d interval, or inversely, absorb the
brane back into either Eg brane. The weight system above
describes the 4d polytope of the intermediate situation, but
not the 4d fan: a triangulation is also required. We might
start with either Hirzebruch base case, which each have
given fans, and include the necessary blow-up ray, giving a
new specific fan. However as we now discuss, these blow-
ups destroy the elliptic fibration structure, and flops are
required to retrieve it.

In the two Hirzebruch base space cases and the inter-
mediate case, there exists a polytope of the ambient
fourfold which may admit many triangulations. In each
case, for an F-theory interpretation we are interested in
those triangulations that describe an elliptic fibration for the
CY hypersurface. In fact this condition uniquely deter-
mines the fan, as follows. Writing down a Weierstrass
model anticipates that the fibration descends from the toric
ambient space in a particular way, namely from a fibration
of P,3 over the base. This projection is a particular
instance of a toric morphism. Toric morphisms are induced
from maps, in our case a projection, of the fan. In order to
be a toric morphism it must not happen that cones are

mapped one-to-many, but each cone must be mapped onto a
unique cone (of course many cones can be mapped to the
same cone). Fans of this type can be built from the
“product” of cones in the base and cones in the fiber, so
e.g., in the case of a fibration of P53 over the base F,
shown in the left of Fig. 2, the top-dimensional cones are
given by all pairings

{(ua,21), (z1,m1), (1,22), (22, 12) } X {(x,), (v, W), (W, x) },
(36)

where x is the Cartesian product and each pairing, e.g.,
(uy,21,x,y), is the cone spanned by the given four rays.

Including blow-up rays simply refines the cone in which
such a ray sits, and for this reason destroys the fibration
structure. Blowing up by inserting the ray ¢ = 2X + 3y+
u; + 7), the resulting cones are as before except one of the
old cones is replaced by four,

(x,y,uy,z1) = {(e,y,uy,21), (x,8,u1,21),
(x,y.e.21), (x,y.up, €)}. (37)

The fibration of the original threefold over the base is
inherited from one on the ambient space, specifically the
map that collapses the directions of the [P|,3, and after
introducing the blow-up ray, this map is no longer a toric
morphism. We can see this by the fact that under the
projection map, the map of cones includes for example

(e.y,up,z1) = (uy,€) U (e,21), (38)

so that this cone is split in half by the projection and the
map between cones is one-to-many. This means that there is
no toric morphism, and hence no projection of the ambient
space for the threefold to inherit, so that the fibration has
been destroyed.

However, we would like to preserve the fibration
structure of the threefold in order to have an F-theory
interpretation. The blown-up space has a flop® from this
“naively” blown-up fan to that with the product cone
structure. We will henceforth assume the required flops
have been performed, giving an elliptic fibration in sit-
uations with NS5-branes. Practically speaking, this means
we should imagine blowing up the base, and then adding
the elliptic fibration, and we will often speak in this way.

C. Toric global models in 6d

We have discussed the explicit duality between heterotic
NS5-branes and F-theory blow-ups in compactification to
six dimensions, and we can use this knowledge to build
global F-theory models dual to six-dimensional heterotic

®Before the flops, there does not appear to be an obvious
F-theory interpretation and it appears F-theory does not see the
intermediate process [15].
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€12
Z1
€1
U2 Uy U2
€-1 P-1
22
€-12 pP—12

FIG. 3.

models with only NS5-branes. This will be useful to study
their generalization to duals of four-dimensional line
bundle sum models.

We have discussed the toric description of a blow-up dual
to a single NS5-brane, however anomaly cancellation
requires 24 heterotic NS5-branes, dual to the blow-ups of
all 24 Eg singularities in the F-theory threefold. We would
like to give a toric description of the geometry in F-theory
after all of these blow-ups. We first note that before the
transition of instantons into NS5-branes, the precise
Hirzebruch surface occurring as the F-theory base reflects
the initial distribution of heterotic instantons. One can take as
a starting point a P! x P! base, since all instantons will be
pulled into MS5-branes in the bulk, washing out dependence
on initial distribution. Then 12 blow-ups will be associated
to each Eg stack. From the discussion in Section III B, the
base spaces shown in Fig. 3 are obvious proposals for the
resulting geometry. The different distributions of blow-up
rays correspond to different configurations of small instan-
tons/NS5-branes: blow-up rays associated to u; (u,) are dual
to NS5-branes at u; = 0 (u, = 0). These bases are those
with simple toric descriptions, and this corresponds to these
restricted positions for NS5-branes in the heterotic space.
More general brane configurations require more involved
descriptions, but as these are only general configurations of
points they are not very interesting. We will discuss arbitrary
brane configurations in the more interesting four-dimen-
sional context in Sec. IV C.

We take the left possibility in Fig. 3 as a concrete
example in the following. This base space is a P! x P! with
two series of blow-ups. In order for these blow-up rays to
reduce all singularities to mere Egs, the intersection of the
remaining brane locus with the Eg stacks must be tuned to
sit at the vanishing of toric coordinates. After this tuning, in
each series of blow-ups at each stage a P! is blown-up on a
point of the previous exceptional P!. In Appendix A
we verify explicitly that this toric prescription indeed
appropriately reduces the severity of the singularities,
leaving only two curves of Eg singularities which do not

€12 P8
€4
21
€1 P1 €1
Uy U2 Uy
P-1 €1
22
P—5
€7

Possible toric bases of the F-theory threefold after blowing up all intersections of the Eg stacks with the remaining brane locus.

worsen further over points in the base. These can then be
resolved using standard techniques preserving the flatness
of the elliptic fibration. In particular, these crepant reso-
lutions are achieved torically by including new rays at

0,+i,2,3) fori=1,2,3,4,5,6,

0.+i,1,2) fori=1,2.3, 4,

0,%i,1,1) fori=1,2.3,

0,+i,0,1) fori=1,2,

(0,£1,0,0) fori=1 (39)

—~ /= /=

where + and — are for the Eg branes at z; =0 and z, =0
respectively, and the first two values are coordinates in the ray
diagrams in Fig. 3, while the final two coordinates are in the
Py in which x = (-1,0), y = (0,—1), w = (2,3). Note
that working with a description of X in terms of reflexive
polytopes, the requirement of convexity of the N-lattice
polytope A* already forces the introduction of the rays (39).

In order to perform the blow-ups in the base using toric
methods, we had to tune the intersections of the remaining
brane locus with each Eg stack to be at the zeroes of toric
coordinates. Deformations of these intersection positions,
or correspondingly of the positions of the NS5-branes in the
heterotic base, cannot be seen directly in this toric descrip-
tion. We hence expect these to appear as nonpolynomial
deformations, as we now verify. We recall Batyrev’s
formula [56] for complex structure moduli: for a CY
hypersurface X defined by an m-dimensional reflexive
M-lattice polytope A, we have

W 2(X) = [(A) —m— 1 — I(©)
codim ©=1

+ ) r(e)r(e), (40)

codim @=2

where O is a face of A, and ®* the dual face in the dual
reflexive polyhedron, and where /(-) denotes the number of
integral points while /*(-) denotes the number of integral
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points in the interior. The various terms can be identified
with the number of polynomial deformations minus the
number of automorphisms of the ambient space together
with the number of nonpolynomial deformations, which
correspond to the last term. Such nonpolynomial deforma-
tion are complex structure deformations of the CY hyper-
surface which are frozen in the embedding into a toric
variety under consideration. In the example under discus-
sion, one can easily verify that the number of complex
nonpolynomial deformations is 23. These clearly corre-
spond to the moduli used up in stacking 24 NS5-branes in
the heterotic base. The middle and right diagrams of Fig. 3
both have 22 complex nonpolynomial deformations, as
expected since on the heterotic side there are now two
stacks of NS5-branes.

Finally, before turning to the construction of global four-
dimensional models, we perform a multiplet match in the
simple above example of the six-dimensional duality, as the
four-dimensional multiplet matches will be more involved
but somewhat similar. We recall that in compactification to
six dimensions we have chosen to have no flux on the
heterotic side, so there is no corresponding flux on the Eg
brane stacks. In the following we write ¥5 for the F-theory

threefold and ZA:?Z for the base, where both are the result
upon performing all required resolutions, including of the
Eg singularities.

On the F-theory side, we have the following expressions
for the number of tensor multiplets n,, and the number of
hypermultiplets7 Npyp- [15]

Nien = hl'l(l%Z) -1, Npyp = h2'l(?3) +1, (41)

For our specific threefold in F-theory, we find that 22! (V)=
43, h'1(¥5) = 43, and "1 (B,) = 26, so that n,, = 25 and
npyp = 44. We recall that a hypermultiplet contains four real
scalars, so that altogether we have 201 real scalars.

On the heterotic side, we have first 24 real parameters for
the positions of the NS5-branes in the interval of the 11d
Horava-Witten picture, and these 24 real scalars sit in
tensor multiplets. Together with the tensor multiplet con-
taining the dilaton, we have n,, = 25 as on the F-theory
side. We also have 24 x4 =96 real scalars from the
positions in the K3 of the 24 five-branes. Additionally
K3 has b, = 22, giving rise to 22 real scalars. Finally the
moduli space of Ricci-flat metrics on K3 has 58 real
moduli, and so together we get 96 + 22 + 58 = 176 real
scalars. Since these all sit in hypermultiplets this gives
npyp, = 44 as on the F-theory side. It is clear the anomaly
condition 297, + npyp, — Ny = 273 is satisfied.

"We also have tk(V) = "' (¥5) — h1(B,) — 1 for the rank
tk(V) of the gauge group. From this we can conclude that
tk(V) = 16, but since we have an unbroken Eg x Eg we already
know the number of vectors is n,., = 496.

IV. GLOBAL 4D MODELS

We now turn to a description of global F-theory models
dual to heterotic line bundle models in compactifications to
four dimensions. After briefly determining the required
branes and blow-ups, we will build our first global models
in analogy with the toric six-dimensional constructions of
Sec. III C. We then give a construction that allows for more
general NS5-brane configurations. Afterwards, we verify
various aspects of the proposed duality between these
models and heterotic line bundle models. Note we will
freely use the ideas reviewed and developed above in
the six-dimensional case, as many ideas required in the
four-dimensional case are analogous.

We briefly remind ourselves of some notation in the four-
dimensional case. On the heterotic side we have a CY
threefold X5 which is an elliptic fibration zy: X5 — B;.
Since the heterotic space is now a threefold, there are
multiple choices for the twofold base B,, rather than just P!
as was the case in compactification to six dimensions. We
will mainly treat toric bases, for which there are already
many possibilities. On the F-theory side, there is a CY
fourfold Y, which is a K3 fibration p,: Y, — B, and an

elliptic fibration zz: Y, — B;. We write ¥, and 33 for the
spaces after any required blow-ups have been performed.

A. Required branes and blow-ups

We first determine the required number of heterotic NS5-
branes and F-theory blow-ups, for heterotic line bundle
sums. We recall that in compactification to four dimen-
sions, NS5-branes in X3 can wrap the fiber or curves in the
base; these are vertical and horizontal branes respectively.
The number and type of NSS5-branes required for line
bundle sum models with F-theory duals follows from
anomaly cancellation. From the triple intersection numbers
of X5 and the fact that k¥ = 0 for each line bundle L, in one
of the line bundle sums V,, (as reviewed in Sec. II), we
have that

T 1 T 1 ) X
chy(Vyi2) = ZEdIJKktIIkiCK = (Zikﬁzk({lgij> F, (42)
a=1 a=1

where F is the heterotic fiber. Then recalling the expression
for chy(X3) in Eq. (10), we see from the anomaly cancel-
lation condition in Eq. (5) that we require NS5-branes
wrapping curves in the base B, with total class [W] =
126(—Kp,). This is the required horizontal NS5-brane
content. We also have a choice in how to cancel the part
of ch,(X3) proportional to F: we can use vertical NS5-
branes or the line bundle sums. We will choose to have no
vertical NS5-branes, so line bundle sums make up the
remainder of the anomaly condition. Summarizing,

[W]hor = 126(_KBZ)7 [W]ver =0. (43)
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Note that as vertical NS5-branes are dual to D3-branes,
there are no D3-branes on the F-theory side.

The F-theory dual of a horizontal NS5-brane is a blow-
up in the F-theory base B3, and these blow-ups are the
obvious generalizations of the six-dimensional case dis-
cussed in Secs. III A and III B. The F-theory Eg symmetries
are broken purely by flux, not geometry. The loci of Eg
singularities, which are now twofolds, intersect the remain-
ing brane locus to give curves of Eg singularities, which are
(4, 6, 12) curves, whose resolution is dual to the intro-
duction of NS5-branes. For simplicity we can take the
initial instanton distribution to be symmetric, so that
B; = B, x P!. Then the two intersection curves have
classes

[Zl] : [Ar} = [95] = _6KBZ|Z]:07
[22] - [A/] = [971] = —6K3, |, (44)

together determining a point locus in the class —12Kp, that
is dual to the NS5-brane locus. The precise correspondence
between positions of blow-ups and branes is the generali-
zation of the six-dimensional case in Fig. 1.

The characterization of horizontal branes as sitting in the
base is slightly too crude, so let us take a moment to be
more precise. A curve C in the heterotic base B, can always
be embedded holomorphically into the heterotic threefold
X5 by the zero section, C = ¢(C). However in addition,
over a given curve C in B, there is an elliptic surface S¢ in
X3 which may have more than one section. In particular, if
the elliptic surface S; is a dPqy there will be (countably)
infinitely many sections, and if the elliptic fibration on S¢ is
trivial there is a continuous family of sections. A nice
discussion on such situations is found in Ref. [57]. For
simplicity, we will tend to consider all horizontal branes to
be embedded by the zero section, unless explicitly stated
otherwise. As in the case of compactification to six
dimensions, the positions of NS5-branes in the fiber are
expected to be dual to Ramond-Ramond moduli (in the IIB
picture) on the F-theory side, hence equivalently we assume
particular expectation values for these fields. We will return
to a discussion of these extra parameters in Sec. IVE,
where we will be particularly interested in the case of
trivially fibered elliptic surfaces.

B. Toric global models

In Sec. III C above we have built global F-theory models
dual to six-dimensional heterotic line bundle sum models,
which had particularly simple toric descriptions. Examples
of the F-theory base space were shown in Fig. 3. It is easy to
build global four-dimensional models in direct analogy with
those simple constructions, so we will discuss these models
first before moving on to more general constructions.

Let us assume the F-theory base space is initially a trivial
fibration B; = P! x B,. The locus of Eg singularities,

whose resolution is dual to the introduction of the required
NS5-branes, consists of curves. As in the case of compac-
tification to six dimensions, these loci on the two Eg
surfaces are determined by the vanishing of g; and gs. In
order to perform toric blow-ups over these curve loci, we
must tune these polynomials to give zeroes only over toric
curves, which are those at the vanishing of the toric
coordinates. For any such tuning, the natural expectation
for how to then build the resolved base space is as follows.
We introduce toric blow-up rays into the base ray diagram,
in towers above/below the rays of B,, such that the
projection of these onto the B, part of the ray diagram
gives a set of rays which, when counted with multiplicities,
have divisor class —12K . That is, the blow-up rays are at

Ela); = (g, 1) fori=—m,, —m,+1,... with

Zma = Zna =6- CZ(BZ)7 (45)

,mg,,

where ii,, are the rays of B,, the third coordinate is along the
7, direction, and ¢, (B,) is simply the number of rays in B,.
We show in Fig. 4 an example ray diagram for the F-theory
base, where the heterotic base is a P! x P! and we have
chosen a particular distribution of the blow-up rays. We
also show in Fig. 5 some possible distributions of blow-ups
for the heterotic base choice B, = P2, as this base choice
allows reasonably clear diagrams for multiple blow-up
distributions.®

The distribution of blow-up rays reflects the tuning of ¢,
and gs. In the example of Fig. 4, the choice of tuning is

— 12,12
g7 = au"v~,

gs = Pu’vy?, (46)
with @ and S arbitrary complex numbers. With this
choice, the remaining discriminant locus initially intersects
each Eg stack at {u; =0} U {v; = 0}. This gives four
curves along which blow-ups are required. These blow-ups
are performed by the introduction of the rays in Fig. 4. In
Appendix B, we explicitly work through the required
tuning and blow-up procedure for the example in Fig. 4,
showing that this ray diagram is indeed the result of
resolving the singularities. We also verify that the loci
{z; = 0}, {2, = 0} in the base, are each diffeomorphic to
B,, so that the Grand Unified Theory (GUT) surfaces have
the same topology as the heterotic base. Similarly we check
that the remaining brane locus does not intersect the Eg
stacks, so that the singularities worse than Eg have all been

$Note that, unlike in six dimensions, the ray diagram of the
base 5’3 is not enough to specify its fan. While the extra rays are
understood to be blow-ups of the original base, this still leaves
freedom for the triangulation. For the purposes of this section,
the particular triangulation is not important, and we leave a
discussion of triangulations to Sec. V C.
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€12 P12
Z1
€1 P1
vy > < Us
Uy U1
z2
€-1 p—1

€12 P-12

FIG. 4. Ray diagram for the result of blowing up the F-theory
base (P')? to remove intersections of the remaining brane locus
with the two Eg stacks. Blow-up rays are a different color only for
clarity. The ¢; and p; rays are blow-up rays, in the u—z and v—z
planes, respectively.

removed. We also show that the Eg singularities themselves
are now geometrically non-Higgsable.

To retain a simple toric description, g; and g5 are tuned to
give zeroes at the vanishing of toric coordinates. This
choice of tuning is dual to the choice of NSS5-brane
configuration on the heterotic side. As in six dimensions,
the number of nonpolynomial deformations of the toric
hypersurface reflects the choice of NS5-brane configura-
tion, analogously to the discussion in Sec. IIIC. For
example, in the case of Fig. 4, the heterotic dual of this
specific F-theory base has two stacks of 24 horizontal

d6
€6 €18
Pe
Z1 Z1
U U2
" ;
U1 Uy
22 22
0_g -6 €-18
P—6
FIG. 5. Examples of blow-up distributions in the case of a

heterotic base space P2. Blow-up rays are all above/below one of
the rays in the base (u, u,, u3). In the left diagram the blow-ups
are distributed democratically, while on the right they are all
associated to one base ray.

NS5-branes, one at u; = 0 and one at v; = 0; each brane
wraps a P!. We find from Batyrev’s formula that the number
of nonpolynomial deformations is 46, as expected as this is
the number of moduli used up in forcing two stacks of 24 P!
NS5-branes in P! x P'. For different distributions of the
blow-ups, the count of nonpolynomial deformations will be
different, reflecting the number of parameters involved in
specifying such a brane configuration.

C. More general global models

The four-dimensional F-theory models constructed in
Sec. IV B had particularly simple toric descriptions, but
also were rather restrictive. In particular the dual horizontal
NS5-branes were forced to wrap P's in stacks at loci
defined by the vanishing of toric coordinates. Clearly these
are not the most general brane configurations; in general
on each Eg brane stack there is an arbitrary curve locus
of (4, 6, 12) singularities with class —6Kp , and these
singularities are removed by blowing up over this locus.
While the blow-ups in the toric hypersurface models were
over toric curves, giving up the hypersurface description
allows arbitrary blow-ups. Often the complete intersection
CY manifold can be described by a nef partition [58],
which allows for straightforward calculation of the Hodge
numbers. (However at high codimension, this can become
computationally prohibitive.)

A blow-up over a nontoric locus can be achieved
torically by increasing the dimension of the toric ambient
space by one. First a new coordinate £ is introduced with
the addition of a ray perpendicular to the old fan. An extra
equation then expresses that the zero locus of £ is to be
determined by a function F of the other coordinates. Along
with any toric constraints, this gives the locus we wish to
blow up. Writing ¢, for these other coordinates, we have
for the extra ray and the extra equation,

E=(0,1), with &=F(c,). (47)

For the extra equation to be well-defined under all scalings,
the positions of the rays ¢, in the new direction must be
such that £ and F(c,) have the same weights. The blow-up
is then performed by adding a ray

-

C=C+4.., (48)

where the dots represent other rays that correspond to the
toric constraints on the blow-up.

We take as an example the case where the heterotic base
is B, = P%. We begin with the situation where the blow-ups
have all been performed in the simple toric manner in the
diagram on the right of Fig. 5, except we remove the top n
rays in the tower over u3. The highest ray appearing is then
€13, This leaves a singularity on the z; = 0 surface, which
we tune into a more general curve defined by a polynomial
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of degree n in the P? scaling. We will then blow up on this
locus by going to a toric complete intersection. This
polynomial is represented in the ambient space by a
function of coordinates on the pullbacks of curves in B,
under the P! projection. That is, we can use the products of
the rays associated to each base ray,

18—n

Us = us H £,. (49)

These “coordinates” have the same behavior under all
scalings, i.e., they correspond to the same divisor class. We
define F, to be a degree n polynomial in u,, u,, Us; this is
a well-defined function up to an overall scaling. This
equation defines a curve on the GUT surface upon
intersection with {z; = 0}.

We then perform the blow-up over the curve. In addition
to the rays in the original fan,

i =(-1,0,0,2,3), ii,=(0,-1,0,2.3),
iy = (1,1,0,2,3),
Z1=(0,0,1,2,3), 7 =(0,0,—1,2,3),
g =(1,1,i,2,3),
X=(0,0,0,-1,0),  y=(0,0,0,0,—1),
W =(0,0,0,2,3), (50)

we then introduce a new coordinate &, as well as the
additional equation

£=1(0,0,0,0,0,1), &= F,(uu,Us). (51)
We also give all the old rays the value zero in the new

direction, except for u, (for example) which we give the
value —n, i.e.,

ii» = (0,-1,0,2.3, -n). (52)

This ensures that the equation £ = F, is well-defined under
the new scaling relation that has been introduced. Next we
perform a blow-up by introducing an extra ray

=2%+35+&+7 =(0,01,00,1). (53)

(We then flop to the required fan, as discussed in Sec. III B
above.) The coefficients of x and y reflect that we are
resolving a Eg singularity. The F-theory space ¥, is then the
CY fourfold defined as a complete intersection, in the 6d
toric ambient space, by two equations

WZO’ éézfn(ulvu2’U3)’ (54)
where W is the Weierstrass polynomial. We also have
to take the proper transform of W, as discussed above.

The base 33 of the F-theory fibration can be described as a
hypersurface in a 4d toric ambient space by the second of
the above equations.

In this example we have replaced n blow-ups over a P!
by a single blow-up over a degree n curve on the Eg surface.
In the heterotic dual, we have replaced n P' NS5-branes
with a single NS5-brane with the topology of a degree n
curve in P2, For example if n = 3, the resulting NS5-brane
wraps a torus. Figure 6 shows the dual NS5-brane con-
figuration, in the toric hypersurface case and in the
complete intersection case we have just discussed.” This
example was particularly simple. In the slightly more
complicated example of a P! x P! base in Fig. 4 above,
we could for example blow down 7 of the top rays from the
e tower and m of the top rays from the p tower, and then
perform a blow-up over a general curve of degrees n, m,
analogously to what we have just done for the P2 case. The
new brane will have curve class nfu;] + m[v,].

One can note that the procedure we have used replaces the
n top or bottom Pls, and thus creates a general brane
configurations “near” a heterotic Eg brane, i.e., where there
are no branes between that M5 and the Eg brane. This is
sufficient for the purposes of this section, as multiplet
counting and other checks will not depend on the ordering
of branes in the bulk. We will discuss arbitrary configura-
tions of branes with arbitrary orderings in Sec. V C below.

D. Duality checks independent
of NS5-brane configuration

We have now constructed global F-theory models dual to
heterotic line bundle sums in four dimensions and spent
some time discussing the duality between geometry of the
F-theory side and horizontal NS5-brane configurations on
the heterotic side. In addition to these ingredients, there is
the duality of flux on the two sides: on the heterotic side the
two sets of Eg flux on the base, and on the F-theory side the
G, flux on the two Eg surfaces, were naturally proposed to
be the same in Sec. II. With the flux identification as well as
the geometry/NS5-brane identification, we are now in a
position to check various aspects of this duality.

We begin with those aspects that do not depend on the
specific NS5-brane configuration. First we match the
heterotic anomaly, which depends only on the class of
the NS5-branes and not their configuration, to the D3-
charge anomaly. Next we discuss a match of the stability
conditions for the flux on the two sides, and then we match
the charged matter content as well as the number of
massless U(1) vector bosons (these matches only concern
the Egs and not the branes/blow-ups). In the next section we
turn to the match of matter content arising from NS5-branes
and blow-ups.

Note that we have not discussed the transition between these
situations—we will return to this question in Sec. V below.
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FIG. 6. Horizontal NS5-brane configurations on the heterotic side for a choice of a P2 heterotic base, in the case of (i) a configuration
that has a dual geometry described by a toric hypersurface, and (ii) a configuration whose dual geometrical description requires a

codimension two complete intersection.

1. Anomalies

We begin with matching anomaly conditions on the two
sides. In the process we will also show that the Euler
characteristic of the F-theory fourfold is independent of
which precise blow-ups are performed, which is dual to
independence of the NS5-brane configuration. We recall
that on the heterotic side both bundles V| and V, are taken
to be line bundle sums. We use the notation

2

= Z Cl(La) = kizD

a=1

ci(Vy)

T

= Z (L) = kiD;, (55)

a=1

ci1(Va)

where we have recalled that kX =% =0 V a or equiv-
alently L, = nj;N, and L,= ﬂ;INa, as found in Sec. II.
The heterotic anomaly condition is

chy (V) + chy (V) — chy(X3) = [W], (56)

where [W] is the NS5-brane class. We recall the expres-
sions for the second Chern characters,

—chy(X;) = { [ )+ @ - g
(57)

1 1 -
chy (V) = EduxkékécK = Egijkfzk{lCO? (58)

1 I 1 .. -
chy(V,) = zduKkékﬁCK = Egijkékico, (59)

where we use the notation defined in Sec. I, and where we
recalled the triple intersection numbers from Sec. II. Hence

chy (V) + chy (V) — chy (X3)

= (c2(By) + 11¢1(By)?)
(L

1 i 1 7i Tk i
+ 5 Qukikt + Egijkaka) €0 —12¢,C1. (60)

In our setup, we have chosen the NS5-brane content so that
[W] = —12&,C, i.e., we chose not to include vertical NS5-
branes, and hence we have

1 P
0= / (c2(By) + 11c(By)?) + = g;;kikly + = kL kS
5, 2 2

:[32 <02(Bz)+1101(32)2
+3(Sanr + Sawr)) (61)

as the remaining part of the anomaly condition.

On the F-theory side, the corresponding anomaly
condition is that of the cancellation of D3-brane charge,
which reads [39]

)((?4) 1
— G G, =0 62
o ‘|‘2 ;, 4 N Gy ; (62)

where N3 is the number of D3-branes. In our setup there are
no D3-branes, so N3 = 0."° For the flux contribution, we
can see from the expansion of G4 in two-forms dual to the
blow-ups of the Eg singularities that

/G4/\G4:—Tr/ Fl/\Fl—Tr/ Fz/\Fz, (63)
Yy

N S>
where §; are the two Eg surfaces. Since in our identification

the D7-brane flux F; is equal to that of the corresponding
heterotic bundle V; on the heterotic base space, we have

Tr/FlAF1+Tr/F2AF2
S S

=>"aN) + Y eV, (64)

Hence, the only nontrivial part of the matching of the two
anomaly conditions is

""Note that the inclusion of D3-branes gives a contribution to
the anomaly condition which trivially matches that of the
corresponding vertical NS5-branes.
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We now show this last match holds. Recall that in
addition to the blow-ups of the F-theory fourfold corre-
sponding to horizontal NSS5-branes, the geometrically
non-Higgsable Eg singularities must be resolved. These
blow-ups enter in the computation of the Euler character-
istic. The Euler characteristic for a smooth elliptically
fibered CY fourfold that is the result of resolving Eg
singularities over a divisor class S is known to be [37,59]

7)) = / 12(cyc; + 30c} — 80c3S + 70c,S? — 208°),

3

(66)

where for brevity we write ¢; = ¢;(B;) and do not write
wedge products. In our case, S = [z;] + [z,]. Additionally,
before the blow-ups dual to horizontal NS5-branes, the first
Chern class of B; is a sum c¢;(B3) = ¢(B,) + ¢, (P!).
Under the blow-ups, the exceptional divisors are added to
this expression. Since the class S is equal to ¢ (P!), we see
that we can write ¢;(B;) = § 4+  where  is a sum over
pullbacks from B, to B;. To evaluate y(¥,), we first note
that

2(V,) = / 12[c;c; + 30(S? + 3822 + 3832 + 33)

3

— 80(S3 4 257% + §32) 4 70(S? 4 §2%) — 205°]

_ / 12[ere, + 1052 + 3057, (67)
By

where many terms cancelled. The remaining terms are
straightforward to evaluate. It is easy to see that the third
term vanishes, since three pullbacks will not intersect. For
the second, it is straightforward to see that f B, S-X-2X=
J5, 2¢1(By)?: since X is a sum of pullbacks, the intersection
T - [z1,] clearly has curve class ¢;(B,) in {z;, = 0}, and
hence also clearly [; [z1,] 2 2= [5 ¢ (B,)% In the
toric hypersurface cases of Figs. 4 and 5, this is the
observation that the presence of [z;] restricts to the cones
one sees from “above,” which join [z;] to the “highest” ray
in each tower, and these cones form a copy of B,; similarly
for the term with [z,].

It only remains to establish that fB; %c,(iﬁ)cz(fﬁ) =
/, 5, (€1 (B3)? + ¢5(B5)). In fact both expressions are equal

to 12. This follows from the Hirzebruch-Riemann-Roch
theorem, which states that for a holomorphic vector bundle
E on a compact complex manifold X,

ind(X, E) — / ch(E)d(X), (68)

where ind(X, E) is the bundle index, and ch(-) and td(-) are
the Chern character and Todd class respectively. We apply
this to the case of the trivial line bundle, E = Oy, for which
we have ch(E) = 1. We also recall the expression for the
Todd class in Eq. (20). Now, both B, and B; have h'* = 0
for i > 0 since they form the bases of CY manifolds, hence
ind(X, Ox) = 1 in both cases, and so we have

B,: / (1B +ex(B)) =12, (69)

B;: /[33 c1(By)ey(By) = 24. (70)

This establishes [ 3¢ (B3)cy (Bs) = Jp, (c1(B)* +
¢>(B,)), which was the final equality that we needed.
Hence we have established the equivalence of the two
anomaly conditions. We note this shows that y(¥,) is
independent of the NS5-brane configuration, as we only
used the fact that the Eg singularities are geometrically
non-Higgsable, dual to the fact the horizontal NS5-brane
class is —12Kp, .

2. Stability condition

Next we would like to match the flux stability conditions
on the two sides of the duality. We write V for either of the
heterotic bundles V;, whose flux is identified with that on
one of the Eg surfaces in F-theory. We recall we have a sum
of line bundles that are pullbacks,

V= @L, = ®ri(N,) (71)

As reviewed in Sec. II, for preservation of supersymmetry
we require that the slopes of all the line bundles vanish
simultaneously,

oé/ 2 Ac(L,) = / P Ax(ei(N)) VY a
X3 X3

(72)
We can rewrite this expression using Poincaré dual divisors

and a knowledge of the triple intersection numbers from
Sec. II. We have

/ J2 VAN Cl(La) == tltjk];Dl . DJ . Dk = tltjk];dljk
X3
= —(1°)2&ckg + 2001 ki gy

1 1
=2/ (JB2 —§t0K32> C=0, (73)

where Jp =1C; and C=c{(N), and where we have
recalled the intersection numbers from Sec. II. We note
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that 1 # 0 as it corresponds to the volume of the fiber, so
the ¥ factor drops out of the condition. As we are working
in the adiabatic limit of X5, for which the volume of the
elliptic fiber is small compared to volumes in the base, we
can drop the second term and recover the usual D-term
stability condition on a fluxed 7-brane

/JAFaéo, (74)

where the F, are the U(1) fluxes on the 7-brane corre-
sponding in the duality to the heterotic U(1) fluxes of the
line bundles L,. One can see that this is the stability
condition for a fluxed 7-brane from a local analysis, or from
a global F-theory analysis where it corresponds to the
condition J A G4 = 0. See for example Refs. [60—62] for
discussions of this condition.

3. Matter multiplets

Next we would like to match the counts of matter
multiplets charged under the Eg gauge groups. We begin
with the heterotic side. We have two vector bundles V;,
corresponding to the two Eg factors, each given by a sum of
line bundles that are pulled back from the base. We write
V=L, = Prj(N,) for either of these two bundles, as

a 1

above. We are interested in the cohomologies of the L, as
well as of tensor products and duals, since these determine
the charged matter content. As the heterotic threefold X5 is
elliptically fibered, we will use the Leray spectral sequence
to determine these cohomologies. See, e.g., Refs. [1,63,64]
for details and examples of the application of this sequence
in related contexts.

First we recall the direct image and higher direct image
of the trivial bundle on the heterotic threefold,

(”H)*OX3 = 032’ Rl(ﬂH)*OX3 = Kp,, (75)

as well as the projection formulas (zy),(L,) =

(”H)*OX3 ® Nu and RI(HH)*(La) = Rl(ﬂH)*OX3 ® Na'

Next we recall from the Leray spectral sequence that
H(L,) = E9°,

H(L,) = E3". (76)

0= B}~ H'(L,) = B! — E}* ~ H*(L,) ~ E}' ~0,
77)

where EYY = HP (R%(ny), L
exact. If for a given L, one of Ey" or E5* vanishes then the
exact sequence splits. In fact we will show in a moment that
h*(N,) = 0, so the exact sequence indeed always splits as
the E5° term is zero. Hence we have

«) and where the sequence is

=

(N
H( )=H°(K 5 ®N,) & H'(N,)
= H*(Ng)" EBHl( a)>
H*(L,) = H'(Kp, @ N,) ® H*(N,)
= H'(N3)" @ H*(N,).
(

H(L,) HO(N). (78)

H*(Kp, ® N,) =

where we have also included the results after using Serre
duality, which eliminates occurrences of Kp, .

We are also interested in the cohomologies of tensor
products and duals of the line bundles, since these enter in
the counts of multiplets in various representations of the
gauge group. We note that the pullback commutes with
taking duals or tensor products, so that the line bundles we
need to consider will always be pullbacks, and hence the
above analysis holds also in these cases. Hence quite
generally, writing 7 for a representation corresponding to
a particular vector bundle V = n;ﬁ/ built from taking
tensor product and dual operations on V, we then have
for the number n, of multiplets in this representation and
the number 7n,- in the conjugate representation,

n, = hl(Bz, f)) + hz(Bz, f)*),
ng = h'(By, V*) + h*(By, V), (79)

which completes the computation of the numbers of
charged multiplets.

Finally we also note the following results on vanishing
cohomologies. From the supersymmetry conditions on the
vector bundle V, it follows [17] for a sum of nontrivial line
bundles that 1% = h* = 0 for V and V*. Since V is a line
bundle sum, it follows that each line bundle in V must have
h® = h? = 0. Hence it also follows that 2° = #* = 0 for V
and V*, since these are built from tensor products and duals
of the line bundles. Additionally, it is then straightforward
to see that h(B,, V) = h*(B,, V*) = 0if =K, is effective
(which is required for the existence of the elliptic fibration
of X3) as follows. We note the inclusions

H*(B,,V) = H°
H*(B,,V*) = H°

(B,.V* ® Kp,)* C H(B,, V*)*
(Bo.V @ K,)* CH(B,. V)", (80)

where in the equalities we have used Serre duality. Since
h°(X3,V) =0 and h°(B,,V) = h°(X3, V), and similarly
for V* and V*, we see from the inclusions that indeed
h2(B,, V) = h*(B,,V*) = 0. This result shows the exact
sequence in the Leray spectral sequence always splits, as
assumed above. It also reduces Eq. (79) to the h! terms.

On the F-theory side, the proposed dual geometry
contains two Eg brane stacks, and it is the matter coming
from flux on these brane stacks that we expect to match the
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above heterotic matter. We can consider each Eg stack
separately, so we will write S for either surface. The
background flux is described by a vector bundle on this
surface, and in the proposal in Sec. II, this vector bundle is
the same as appears on the base of the heterotic threefold
for the corresponding Eg gauge group. The count of the
charged multiplets for a given background flux on the
surface has been computed in Ref. [8]. In particular
the result is that the matter content in a representation 7
corresponding to a vector bundle 7 is given by

HY(S. T*) @ H'(S.T) ® H*(S.T")".  (81)

so the number 7, of multiplets in the 7 representation and
the number n,- of multiplets in the conjugate representation
7" are given by

n,=h(S,T*) + h'(S,T) + h*(S, T"),
ne =h'(S,T)+h'(S,T%) + h*(S, 7). (82)

However, a nonzero h°(S, 7)) or h°(S, 7*) would mean the
F-theory compactification is inconsistent [7]. We note that
these were also zero on the heterotic side. Rewriting the
number of multiplets with this taken into account, we have

n, = h'(S,7)+ h*(S,T%),
ny = h'(S,T*) + h2(S, 7). (83)

We see that this result precisely matches the heterotic side,
so that we have established the matching of the two charged
matter spectra. We also note that in Ref. [8] they find that
h*(S,T) = h*(S,7*) =0 if both —Kj is effective and
h*9(S) = 0. Since S is diffeomorphic to the heterotic base
B,, both of these conditions hold since B, forms the base of
a CY elliptic fibration. Hence these second cohomologies
vanish for the S we consider, which matches what was
found on the heterotic side.

4. Massless U(1)s

Finally we wish to match the count of extra massless
U(1) vector bosons, which are a well-known possibility in
line bundle sum models. For example, if a line bundle sum
is used to break one of the Eg gauge groups to a group
containing SU(5), the commutant also necessarily contains
four additional U(1) factors. These extra U(1) vector
bosons tend to be massive by the Green-Schwarz mecha-
nism, see e.g., Refs. [17,65]. We will count on both sides of
the duality the number of the extra massless U(1) vector
bosons. On the heterotic side, the mass matrix for the extra
U(1) vector bosons in line bundle models is found to be at
lowest order

M, = koG, (84)

where G is the Kihler metric, k., are the integers specifying
the line bundle sum as discussed in Sec. II, and as also
discussed there, in our models k) = 0 V a, so that only ki,
appears. Since G is invertible, the number of massless U(1)
vector bosons is determined by the rank of k.

On the F-theory side, we recall the discussion from an
M-theory perspective [62]. We write @, for two-forms
pulled back from the base B; by the projection map of the
elliptic fibration, and w,, a = 1, ..., rk(Eg), for two-forms
dual to the exceptional divisors in the blow-up of the Eg
singularity, whose intersections give Cartan matrix factors
C,,- The G, flux is expanded in the w,, which are the
natural geometric objects,

G4 = Fa N W, (85)

where the F“ are pullbacks of flux two-forms on the Eg
surface S. This corresponds to a choice of generators 7', of
the adjoint representation of the Lie algebra such that
Tr(T,T,) = Cyp. The relevant Stiickelberg mass term
appears in a gauging of fields 7',, which are Kdhler moduli

of the base 83,

~ 1
DT,=dT,+iX,,A%, where X, ::5/ 0o AWy A Gy,
Yy
(86)

and it follows straightforwardly that the Stiickelberg mass
term is

~ 1 ~ -
XA = —ECabA“ / wy N FP. (87)
S

The C,, factor reflects the geometrically convenient basis
choice in the Lie algebra. More generally we clearly have

-%n(ALwa A F) (88)

We write {w;} for the subset of {w,} that are pullbacks in
5 from curves in S under the projection that collapses the
P!. These survive in the above integral. Additionally as we
have a line bundle sum on S, we can write F = Fk,w;,
where the ki, are identified in the duality with those of the
heterotic line bundle sum. Then as well as factors of
the intersection matrix g;; = f sw; A w; on S and factors
of the moduli metric, which are both invertible, the mass
matrix of U(1) vector bosons contains only occurrences of k.
Hence the number of massless U(1) vector bosons is
determined by the rank of (k!,) exactly as on the heterotic side.

Before turning to duality checks involving the
NS5-brane/blow-up configuration, we make two final
comments. First, there is an additional condition on
the F-theory flux G, which we have not yet discussed.
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The flux G4 is subject to the Freed-Witten quantization
condition [66],

1 N N
G4+EC2(Y4) €H4(Y4,Z). (89)

In the F-theory models that we have constructed, G4 is
manifestly integrally quantized since the heterotic flux is
integrally quantized, cf. Eq. (18). Hence we expect that
c,(¥,) is always even. This is however difficult to fully
verify, due to the difficulty in computing an integral basis
for H*. The fact that in our examples the Euler character-
istic is divisible by 24 is a necessary check, since this is
implied by evenness of 02(174) [66,67]. Additionally, in the
D3-brane charge cancellation condition, we know the
number of D3-branes from the heterotic dual, and including
also the y(¥4)/24 contribution and the flux contribution
from the Eg branes this condition is satisfied, which seems
to leave no room for additional G4 flux. Finally, half-
integrally quantized G, fluxes are localized on stacks of
7-branes [68], and in our situation the only 7-brane stacks
are the Eg brane stacks, whose flux seems to be matched
with the heterotic line bundle flux. For further discussion of
the Freed-Witten quantization condition in F-theory see for
example Refs. [68,69].

Second, F-theory has an attractive mechanism [8,70] for
breaking a GUT group to the gauge group of the Standard
Model leaving the hypercharge massless. This requires the
existence of a curve class in the GUT surface S that maps to
a trivial curve class in the embedding of § into the base 33.
In our models, the GUT surfaces form the two sections
of a P! fibration. Curves in the GUT surfaces pull back to
nontrivial divisors on 33, whose intersection with the
sections of the fibration return the original curves.
Hence this F-theory mechanism is not possible in these
models. This is expected, as it is well-known that this is not
possible for models with a heterotic dual. See also Ref. [71]
for more detail on the situation in heterotic string theory.

E. Duality checks concerning NS5-branes and blow-ups

In Sec. IV D we have performed checks of the duality
between heterotic line bundle models and their proposed
dual F-theory models, which did not depend on the precise
NS5-brane configuration. We now turn to a match of
multiplets whose number does depend on the precise
configuration of NS5-branes. As explained in Secs. III A
and III B, this corresponds to the choice of blow-ups in the
F-theory base that resolve the Eg singularities appearing
where the Eg stacks intersect the remaining D7-brane locus.
We will write ¥, for the F-theory CY fourfold after all
resolutions (both those that alter the base and those that do

not), and 33 for the blown-up base. On the heterotic side we
have a CY threefold X3 with a base B,.

We first collect general expressions for the number of
multiplets on each side, for a general NS5-brane configu-
ration. We begin with the heterotic side, and we will ignore
the vector multiplets of the Eg x Eg. There are h''!(X3) +
h*'(X3) chiral multiplets from the geometry and one from
the heterotic dilaton. Second, we have the moduli from the
NS5-branes, which have been counted in Ref. [72], and we
briefly recall this count. For a single NS5-brane wrapp-
ing a genus g curve in the CY manifold, there is a single
universal chiral multiplet and ¢ vector multiplets.
Additionally there are chiral multiplets from the deforma-
tion moduli.'' We write A5 for the number of NS5-branes,
and we write M; for the ith brane. We will also write
ngef(M;) for the number of (complex) deformation moduli
of the ith brane, and g(M;) for its genus. The number n, of
chiral multiplets and the number n,.. of vector multiplets
(excluding those from the Eg x Eg sector) are then,

Ny = (X3) + B2 (XG) + 1+ N5+ ) nger(My),  (90)
M.

i

Nyee = Zg<Ml) (91)

Note that in our models we have chosen not to include
vertical branes: as discussed in Sec. IVA, the anomaly
condition can be satisfied using only horizontal branes and
line bundle flux.

On the F-theory side we have the following. We first note
that in our models there is no G4 flux away from the Eg
stacks, which could have lifted moduli. The number of
massless neutral chiral multiplets n, and the rank of the
resulting gauge group rky are then [73-75] (see also
Refs. [62,76] for a detailed discussion)

nep = W3 (¥y) + WV (Bs) + (B21(¥,) = B21(Bs)) + 3N,
(92)

rkV — hl.l(?4) + h2’1(83) _ hl.l(ig3) 14+ N3, (93)

where Nj is the number of D3-branes, which is zero in
our models," corresponding to the choice to not include
vertical NS5-branes. Additionally, we have not broken the
two Eg gauge symmetries by geometry, rather only by flux,

""The number of deformation moduli in our cases will be
rather clear, since we consider only vertical and horizontal NS5-
branes, rather than branes that are a combination. For a detailed
discussion of the moduli space of general NS5-branes on elliptic
CY threefolds see Ref. [57].

Note however that the match between D3-branes and vertical
NSS5-branes is very simple. Each vertical NS5-brane contributes 1
to N5, and has 2 complex deformation parameters as it sits over a
point in a twofold base, giving 3 chiral multiplets. These branes
wrap genus 1 curves, giving a single vector multiplet. These
match the D3-brane contributions.
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so that in the rank computation we will find a contribution
of 16 corresponding to these, which we have already
discussed. The mass of the vector multiplets from these
Eg gauge groups are determined by the background G, flux
pulled back from the brane, as reviewed in Sec. [V D. We
then have

Hyee = BV (V) + W21 (By) = BV (B3) = 1— 16 (94)
for the number of vector multiplets n,,. from the remaining
sector.

We now match the vector multiplet counts in general.
First we note that A'*! (¥4) — h'!(B;) — 1 — 16 counts extra
sections of the F-theory elliptic fibration, and these are not
present in our F-theory models. Hence for the models we
consider the matching condition for vector multiplets is

Zg

Before the blow-ups dual to horizontal NS5-branes, B; =
B, x P!, so that h*!(B;) = 0 (using the Kunneth formula
and that h'"°(B,) =0 since otherwise h'*(X3) # 0). In
each blow-up, a curve C of genus g, diffeomorphic to the
NS5-brane curve, is replaced by a P! fiber bundle E over
the curve, so by the additivity of the Euler characteristic,

By(Bs) = x(E) = x(C) = 2(2 - 29) -

h21 (Bs). (95)

(2-29)=2-29
(96)

and noting that y(B3) = 2 + 2(h"!(B;) — h*!(B;)), which
follows since 1'0(B3) = h*(B;) = 0 for Y, to be CY, this
means A(h!"!(B;) — h*!(B3)) = 1 — g. Since C is irreduc-
ible we know Ah''(B;) =1, so we have shown that
Ah*!'(B3) = g. This proves the matching condition.

Next we look at matching the chiral multiplet counts.
The required match is

R (X)) + RN (XG) + T+ Ns+ Y nae(M)

i

= R(P) + N (By) + (1) = 21(By). (97)
It will be useful for our purposes to reduce this equation to
one involving fewer Hodge numbers. One uninterested in
the derivation can skip directly to Eq. (106). We first note
that the heterotic CY threefold X5 is an elliptic fibration
with a single section, from which we have

BV (Xs) = h1(B,) + (98)

2(X3) = 201 (%) — B (X)) = 60 / e1(Bo). (99)

= 12V (X;) = BV (B,) + 1 +30/ ci1(By)2. (100)

B,

The expression for the Euler characteristic y(X3)
of a smooth elliptic threefold X; described by a
Weierstrass equation is a simple consequence of adjunc-
tion. Furthermore

| exBs) = n(er) 42 (101)

On the F-theory side, there is a relation between Hodge
numbers of the CY fourfold [67], so that the Euler
characteristic can be written in terms of any three,

h22(Vy) = 44 + 4RV (Vy) + 4131 (V) — 2021(T,),
x(Vy) =4+ 2n11 (V) — 4R (V) + R22(Vy)
+2131(¥,),
= x(V4) = 6(8 + AV (V) — k1 (Yy) + H¥ (1)),
- | BN N A
= h(Yy) = 6%(Y4) — 8 —hl(Yy) + h21(Yy),
1 .
where 8){(Y4) =48 —|—40/ c1(By)?, (102)
B,

in which the expression for )((174) was given in the anomaly
cancellation match in Sec. IV D. We also recall from that
discussion that

A

A (c1(By)* + 2(By)) = 12:/ %C1(33)02(B3)'

B,
(103)

There is a single section of the F-theory elliptic fibration as
noted in the vector multiplet match, and additionally from
knowledge of the duality between F-theory base blow-ups
and NS5-branes we have together

hY(Y

4) = h"N(Bs) +1+ 16, (104)

RY(Bs) = h'(By) + 1+ N, (105)

and we recall the relation in Eq. (95). Using all of these
expressions, it is straightforward to reduce the chiral
multiplet match to

anef )+ N5+ Zg

—2121(7y)

i) — 126’1(32)2

92

0. (106)

This is clearly a more complicated match than in the case
of vector multiplets. We will show now that it holds under a
particular assumption, and then we will discuss the general
case in Sec. IV F below. The assumption we impose is that
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~Kp,-C#0 Y C and h>'(V,) =hr>'(Bs), (107)

where C is any curve in the heterotic base B, wrapped by an
NS5-brane. We will argue in Sec. IVF that the first
condition is expected to enforce the second, so we will
refer to this as a single assumption. We emphasize that there
are many situations satisfying this. For example, this holds
for any of the toric hypersurface cases with heterotic base
P! x P! or P?, examples of which were shown in Figs. 4
and 5. Using this assumption, the match is straightforward
to show. From the first equation it follows that for a brane
M, wrapping a curve C,

ngef(M;) = =Kp, - C =1+ g(C), (108)
where g(C) is the genus of C. (We will prove this in a
moment.) Additionally, the second equation allows us to
write h*!(Y,) =37, g(M;), as shown in the proof of
Eq. (95). Substituting these two expressions into the chiral
multiplet match, we find that it is satisfied. Hence the match
holds under the assumption above.

To derive the expression for ng;(M;), let a horizontal
NS5-brane wrap a curve C of genus ¢ in the heterotic base
B,. As we will discuss below in Sec. IV F, the condition
—Kp, - C#0 ensures that the NS5-brane can only be
deformed within B,. Hence the number of holomorphic
deformations is counted by

h°(C.N¢yx,) = h°(C.N¢p,). (109)
where N¢/x, and N¢p, are the normal bundles of C within
X3 and B,, the latter being a line bundle. We can use the
Riemann-Roch formula

h(C.N¢ys,)=h'(C.N¢ss,) =i (Neyp,) +1-g,  (110)

to rewrite h%(C, NC/Bz), since as we now show,
h'(C.N¢yp,) = 0. Note by Serre duality on C that

h'(C,N¢yp,) = h°(C, N5, ® Ke). (111)
The bundle N 5, ® Kc has degree
deg(N¢ 5, ® K¢) = —c1(Neyp,) —ci(Tc)
:_CI(TBZ|C) =Kp, - C, (112)

and we can note that K, - C <0 as B, is weak Fano, with
the equality case ruled out by the assumption on C. Hence
the degree is negative, giving h'(C,N¢/p,) =0 from
Eq. (111). So the Riemann-Roch formula gives

h°(C.N¢sp,) = ¢1(N¢yg,) +1—g=—Kp, - C—1+g,
(113)

where we mnoted ¢(N¢sp,) = ci1(Tg,lc) —ci1(Tc) =
—Kp, - C = x(C). This derivation completes the multiplet
match above, under the specified assumption.

Before moving on to cases where the assumption in
Eq. (107) has been relaxed, we now give some examples
that illustrate the matches of vector and chiral multiplets
in cases obeying the assumption. We first consider the
example in Fig. 4, in which the F-theory fourfold is a toric
hypersurface. Here the heterotic base is B, = P! x P!, and
the NS5-branes/blow-ups are distributed equally between
u; = 0 and v, = 0. For this choice of heterotic base space,
we find the Hodge numbers

htl(X3) =3, h*1(X5) = 243. (114)
Additionally we have 48 NS5-branes wrapping P's. As
these branes wrap genus zero curves they do not give vector
multiplets. Each however has a single complex deformation
modulus, so that the branes contribute 96 chiral multiplets.
Altogether this gives ny, = 343 chiral multiplets. On the
F-theory side we find the following Hodge numbers,

By: WM(By) =51, h*(B3) =0,
Yy hVY(Y,) = 68, n\(v,) =0,
1 (Yy) =292, h>2(Y,) = 1484, with
2(¥,) =2208. (115)

We see from the above expression for the multiplet count in
F-theory that we have ng, = 343, as well as the Eg vector
multiplets, so that the multiplet content matches.

Next we illustrate the multiplet count for some models
with more complicated NS5-brane configurations, whose
F-theory dual geometries are described in general by
complete intersections as described in Sec. IV C. We take
as an example the case of a heterotic base P2, where we
keep some NSS5-branes at the vanishing loci of toric
coordinates, but the rest of the brane class will be in a
single general genus g NS5-brane. For this choice of
heterotic base, we have the Hodge numbers

ht(X5) =2, 1 (X5) = 272. (116)
The NS5-brane configuration was shown in Fig. 6. The
toric description of the F-theory geometry in this situation
was given in Sec. IV C. The complete intersection can be
described by a nef partition, and hence the Hodge number
computation is straightforward. In Table I we record on the
two sides of the duality the number of chiral multiplets n,.,
and the number of U(1) vector bosons ny;y associated to
this sector, in the case of a single NS5-brane wrapping a
degree n curve in the heterotic base, for several choices
of n. Since the heterotic base is P2, the genus of the Riemann
surface wrapped by the brane is g =1(n—1)(n—2).
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TABLE L

Multiplet matching in the case of B, = P2, when one NS5-brane wraps a degree n curve in B, and

the other branes wrap P's. In each case the class wrapped by NS5-branes is o(—12K B,) as required by Eq. (43).
Note that 2! (X3) = 2 and h*'(X3) = 272. Here nyy) is only the number of U(1) vector bosons associated to this
sector—it does not include contributions from the Eg sectors.

n Ns Mo RUY) R2(F,) RM(Y,) RYNB) REN(By) ng ny)
2 34+1 34x245 346 0 54 37 0 383 0
3 33+1 33x249 348 1 53 36 1 384 1
6 30+1 30x2+27 360 10 50 33 10 393 10
9  274+1 27x2+54 381 28 47 30 28 411 28

F. Subtleties concerning NS5-branes
not intersecting —Kp,

In the restricted proof of the chiral multiplet match in
Sec. IVE, we imposed that no NS5-brane wraps a curve
C in B, that does not intersect the anticanonical divisor,
ie., —Kp, - C#0 for all C wrapped by an NS5-brane.
Such branes are special, since the heterotic elliptic
fibration is trivial over C, which follows as the discrimi-
nant locus is in the class —Kp, and an elliptic surface S¢
with no singular fibers is trivially fibered. Hence the
brane sits in a subspace Sc = T? x C. This fact is
important because precisely these branes can move in
the heterotic fiber direction, since any point in the 72 can
be specified holomorphically across the whole base
region C. That is,

- KBZ . C - 0
= S¢ = T? x C = vertical deformation possible.
(117)

Such branes then have an additional single complex
deformation modulus, in addition to any deformations
within the base. (We note that if C has genus zero, then
by adjunction C?> = -2 so the curve is rigid in B,,
however for higher genus, CZ > 0.)

As in the case of pointlike NS5-branes in compactifi-
cation to six dimensions, the fiber position of an NS5-brane
is expected to be dual to a Ramond-Ramond modulus
(in the IIB picture) on the F-theory side. In compactifica-
tions to four dimensions, the relevant moduli are counted
by" [7.62]

No. of Ramond-Ramond moduli = h%!(¥,) — h%!(B;).
(118)

YThis difference of Hodge numbers can also include Wilson
line moduli on the D7-branes, arising from (1,0)-forms on the
brane S. However these are not present in our cases, since S is
diffeomorphic to B, and b;(B,) = 0.

This will be important for the discussion below. It is also
why in Eq. (107) we claimed the first condition is expected
to imply the second.

We have shown in Sec. IV E that the chiral multiplet
match in Eq. (106) holds under the assumption that there
are no branes wrapping curves C that do not intersect —Kp, .
However, in cases where this assumption does not hold, we
have not given a proof of the match and in fact it turns out
that such a match fails in general. That is, we find there is
an apparent chiral multiplet mismatch

ne,(Het) # ng,(F-th) when —Kjp -C =0, (119)
for some curve C wrapped by a horizontal NS5-brane. We
will first explain how precisely it fails, and then outline the
expected reasons for the failure.

The simplest heterotic base in which the assumption
—K3p, - C # 0 fails for some horizontal NS5-brane C is the
Hirzebruch surface, B, = [F,, when there is a nonzero
number of NS5-branes wrapping the unique holomorphic
curve of self-intersection —2. One finds in this case that the
number of chiral multiplets predicted on the heterotic side
is always larger by two than the predicted number on the
F-theory side. We emphasize this difference is not propor-
tional to the number of NS5-branes wrapping the (—2)-
curve, rather it is a constant discrepancy. For example, in
the notation of Fig. 7, when 2 NS5-branes are wrapped on
each of u, =0, uy =0, uy = 0, with 22 branes wrapping
u; = 0, we find the following apparent mismatch of chiral
multiplets,

U1

U2

us

Uqg

FIG. 7. The fan of the Hirzebruch surface F,.
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W (X5) + BN (X) + 1+ Ns + D naer(M))
M

= W (Fy) + B (Bs) + (1 () = b1 (Bs))
347 =3+243 + 1428+ 72 #313 + 31

+ (1 -0) =345. (120)

We can identify which heterotic chiral multiplets corre-
spond to these two “extra” multiplets. We now argue that
specifically these are (i) one of the brane deformation
moduli of the (—2)-branes in the fiber direction, and (ii) one
of the complex structure deformations of the heterotic
threefold X;. After establishing that these are the moduli
involved in the apparent mismatch, we will discuss possible
explanations.

We first discuss the brane deformation modulus. Each
vertical deformation modulus is expected to be dual to a
Ramond-Ramond modulus, and in Eq. (118) above we
recalled the F-theory count of the latter. However, when
the heterotic base is F, with a nonzero number of
NS5-branes wrapping the (—2)-curve, the F-theory space
is found to be missing an expected Ramond-Ramond
modulus, that is

() - W (By)

= (No. of branes on the (-2)-curve) — 1.  (121)

We saw this already in the example just given. Hence one
of the moduli involved in the apparent mismatch is a
modulus for the movement in the fiber direction of a
horizontal NS5-brane wrapping a (—2)-curve.

Next we discuss the complex structure deformation. First
we note that all even Hirzebruch surfaces differ only by
complex structure [77]. In particular, a Hirzebruch surface
[, is a fiber product of P! over P!, for which there are only
two topologies. The [F,, then fall into two classes: for even n
the fiber product is trivial, while for odd # it is nontrivial.
The remaining distinction is in complex structure: all [,
are related by complex structure deformation, and similarly
for F,,, 1. The deformations change the set of effective
curves.

In fact, [, exists on a complex codimension one locus in
the complex structure moduli space of F, = P! x P!. This
can be seen in a description of the deformation by an
embedding. Consider the family of hypersurfaces §,, in the
ambient space A = P! x P2,

St: {0 = X%yl - x%yo + l‘xoxlyz} C A,

llpl 2] [x()vxl}
S; € (122)

P2 1 [)’0,)’1,)’2],

where t € C. It is not difficult to show [78] that this
describes a P! x P! for ¢ # 0, while for # = 0 it describes

an F,, and the family of hypersurfaces describes the
complex structure deformation. The (—2)-curve in the F,
is given by {yq =y, =0} C S,.

The heterotic threefold X; has an [, base, so one
available complex structure deformation of X5 leads to
an elliptic fibration over a different base, . This is seen as
a nonpolynomial deformation in the toric description. This
deformation is also present in the F-theory fourfold ¥,
which is K3 fibered over F,. Or rather, this is so until the
base includes blow-ups over the (—2)-curve, corresponding
to the presence of NS5-branes wrapping the (—2)-curve.
In fact, these blow-ups remove this nonpolynomial defor-
mation from 4>'(Y,),

NS5-branes on (—2)-curve
= F-theory deformation [, — [, lost from 4! (¥,),
(123)

as can be seen from a count of the nonpolynomial
deformations. Hence one of the heterotic moduli involved
in the chiral multiplet mismatch is the analogous non-
polynomial complex structure deformation of the heterotic
space X3, taking the base B, from [, to [. (Since on both
sides this deformation concerns the space B,, we expect
these deformation moduli to be simply matched.)

We have now identified which moduli are involved in the
apparent chiral multiplet mismatch. The next question is the
reason for the discrepancy. We will now argue that in fact
the complex structure deformation of X5 that takes B, from
[, to Fy is massive, which will reduce the discrepancy from
two chiral multiplets to one. This deformation takes the
heterotic base from an [, to an [F. In this deformation, the
(—2)-curve ceases to be holomorphic. This is clear since in
P! x P!, the Mori cone is spanned by the hyperplane
classes H, and H,, and a (—2)-curve must be in a class
+(H, — H,), which is not effective. If an NS5-brane wraps
the (—2)-curve, then in the deformation its embedding
cannot remain holomorphic, breaking supersymmetry.
Hence we can conclude that the complex structure defor-
mation taking [, to P! x P! is obstructed if a brane wraps
the (—2)-curve, as in the situation under discussion.

The other chiral multiplet corresponds to the deforma-
tion in the fiber direction of a horizontal NS5-brane
wrapping a (—2)-curve in B,, or rather some combination
of all such deformations. Unlike in the case of the complex
structure deformation, we have not been able to identify a
source for a mass of this multiplet. This appears to be a
collective effect, rather than an effect for each brane,
despite these branes being generically separated in the
bulk. While this is reminiscent of the decoupling of a
center-of-mass mode, we do not believe it can be explained
this way. In particular, we cannot mod out by isometries
along the constant fiber over the (—2)-curve in B,, as these
cannot lift to isometries of X3. Hence we expect the
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~ B, F-th. base Bd

~ T,

reducible fiber

AN AN

(—2)-curve

~ B,

Fy

AN

N\

‘F-theory P!’ fibration

N

By = BY UBY
>
stable
degeneration
limit

B

AN

By

FIG. 8. Base 33 of the F-theory fourfold ¥, in the stable degeneration limit, in the case where blow-ups have been performed over a
(=2)-curve in the Eg surfaces, which corresponds to NS5-branes wrapping the (—=2)-curve in the heterotic base B, = F,. In the P!
fibration, only the reducible fibers over the (—2)-curve have been shown, for simplicity.

physical spectrum to depend on the “distance” of the NS5-
branes from the zero section and to contain states which are
sensitive to the positions of the NS5-branes.

Another possible explanation for the discrepancy is that
the corresponding modulus in F-theory becomes massless
in the stable degeneration limit. As discussed in Sec. I B,
only in this limit do we have control over the various
possible corrections to the simple supergravity theories that
we have been primarily working with on both sides of the
duality. If an F-theory modulus does become massless in
this limit, then the discrepancy is resolved in the region of
moduli space where our description is valid. Further, we
may expect that the corresponding heterotic modulus is
lifted by one of these corrections away from the stable
degeneration limit.

We will now give a plausibility argument that indeed an
F-theory modulus appears to become massless in the stable
degeneration limit. First we consider the situation before we
have taken the limit, and where on the heterotic side N > 2
NS5-branes wrap the (—2)-curve in the base B, = [F,. In the
F-theory dual, N blow-ups have been performed in the
F-theory base 33, over either of the (—2)-curves sitting in the
two Eg surfaces. This gives a reducible fiber of the P!
fibration, with N + 1 P! components, over each point on
these (—2)-curves. These form N + 1 exceptional divisors.
This situation is depicted on the left of Fig. 8. While the
divisors formed by the two ‘end’ components of the fiber
(times the (—2)-curve) touch the Eg surfaces and hence
intersect the anticanonical divisor —K j,> One can check that
the other N — 1 exceptional divisors do not. Hence the
elliptic fibration of ¥, is trivial over these divisors in the base
33. By taking the pullback to ¥, of the (1,1)-form corre-
sponding to one of these exceptional divisors and wedging
with a (1,0)- or (0,1)-form in the elliptic curve over the
divisor, one obtains contributions to #>'(¥,) and h"?(¥,).
These are the Ramond-Ramond moduli contributions. We
can immediately see why this contribution to 4? (f/ 4) does
not match the number required to match the moduli of the

NSS5-branes, since we have introduced N NS5-branes but
only N — 1 Ramond-Ramond moduli.

In the stable degeneration limit, the F-theory base 33

splits into two components, By = Bgl) u 5’9. The coho-
mology of the degenerated space can be computed from
those of the two components by using the Clemens-Schmid
exact sequence. (See Ref. [79] for more information on this
exact sequence, and for example Ref. [3] for a description of
its use in the stable degeneration limit of heterotic/F-theory
duality.) A full computation is beyond our present scope;
instead we confine ourselves to a plausibility argument for
the existence of a single extra contribution to 4>'(¥,) in this
limit. As the base has split into two components, exactly one
of the N exceptional divisors over the (—2)-curve in the base

33 is separated into two pieces in the degeneration. This
situation is depicted on the right of Fig. 8. Hence in the sum
of cohomologies of f/il) or f/f), there exists an extra (2, 1)-
form constructed as above from the trivial elliptic fibration
over the exceptional divisors being discussed. This brings
the total number of such contributions to %' (¥,) up to N,
matching those required for the corresponding NS5-brane
moduli. We note that in the Clemens-Schmid exact sequence
it is possible that this differential form will not contribute to
h>!(¥,) because of cohomological equivalences, and one
would have to perform the full computation to check this.

This completes our discussion of the apparent chiral
multiplet mismatch in Eq. (120) for the example of a
heterotic base B, = [F,. We argued that one of the extra
heterotic multiplets is actually massive. For the other, we
were not able to find a source for the mass, however we
have argued that it is plausible that an extra F-theory chiral
multiplet becomes massless in the stable degeneration limit.
We expect that all cases involving horizontal NS5-branes
wrapping curves C with =K - C = 0 can be treated in this
way, not only the Hirzebruch F, case used as an example
here. We also emphasize that these cases are in some sense
a higher order effect, with a large set of examples already
within the remit of the proof in Sec. IV E.
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FIG. 9. Schematic depiction of transversely-intersecting M5-branes and the “branches” that remove the intersection, as discussed in
the main text. In this example, the heterotic base is B, = P! x P!, and two P! M5-branes sit at for example #; = 0 and v; = 0 in B,.

V. COINCIDENT AND INTERSECTING
NS5-/M5-BRANES

In Sec. IV above, we have constructed global F-theory
models dual to heterotic line bundle models. In this context
we also discussed various configurations of horizontal
NS5-branes. One can consider transitions between these
configurations, passing through situations with intersecting
branes. It is interesting to translate the various stages of
these transitions into their dual descriptions as global
F-theory models. This seems particularly tractable in the
present context of heterotic line bundle models, since the
F-theory geometries before transition are relatively simple.
We also note that the effective four-dimensional theory of
coincident or intersecting NS5-branes is not so well-
understood. The F-theory duals provide another perspective
on these theories and their various branches, so it may
prove useful to present the details of these dual models.

We will first review what is known about the local
geometry dual to coincident or intersecting horizontal
NSS5-branes, before considering their embedding into the
global models we have discussed, where we will detail the
correspondence between aspects of the horizontal NS5-brane
configurations and the toric descriptions of the F-theory base.
Finally we will make some comments on the effective field
theories through the transitions. The theory on further
compactification to three dimensions is most tractable, and
we review the recent literature on such M-theory compacti-
fications, connecting this to the brane transition picture.

Before turning to this discussion, we make three prelimi-
nary remarks. First, we assume that all horizontal NS5-
branes are embedded by the unique section in the elliptic
fibration of X3, as discussed in Sec. [IVA. Second, we will
not discuss the blow-ups of the remaining Eg singularities,
since these are away from the blow-ups dual to the horizontal
NS5-branes, and hence do not play a role here. Third, we
will simply say “NS5-brane” when we mean horizontal
NSS5-brane, as we will not discuss vertical NS5-branes.*

“We recall the dual of a vertical NS5-brane is a D3-brane, so
that the dual of a set of coincident vertical NS5-branes is a stack
of D3-branes. One can also consider the intersection of a vertical
and a horizontal NS5-brane, which is an interesting question,
discussed in, e.g., Ref. [5], but one that we do not attempt to
discuss here. We hope to discuss this question in future work.

A. Branches in NS5-brane transitions

We first briefly discuss the situation in heterotic string
theory, in particular possible sets of NS5-brane configurations
connected by a transition. We consider a set of M5-branes at
the same position in the 11d bulk, so that they sit in the same
CY threefold. This set of branes can have a complicated
configuration, perhaps with pointlike or curvelike intersec-
tions. We can imagine the collection of nearby possible
configurations, some of which eliminate intersections. We
will consider two particular situations for simplicity: (i) a
configuration with a set of pointlike intersections, and (ii) a
configuration with a stack of completely coincident branes. In
principle both can occur in the same configuration.

We first consider the collection of configurations around a
transverse-intersection case. There exists an 11d “resolution”
branch, in which the M5-branes are separated in the 11d bulk,
and often also a “deformation” branch in which the equations
describing the branes in the heterotic base B, are deformed to
remove the intersection. These situations are shown sche-
matically in an illustrative example in Fig. 9. In this example
the heterotic base is B, = P! x P!, and we have considered
bringing together just two of the M5-branes, each of which
wraps a P! in the P! x P!. We note in passing that these
branes cannot be made to coincide, so this does not form a
possible configuration in a deformation of coincident branes.

We next consider the collection of configurations related
to a stack of completely coincident branes. Again there is
an 11d resolution branch, as well as a deformation branch.
These possibilities are shown schematically in an illustra-
tive example in Fig. 10. In this example the heterotic base is
B, = P2, and we have considered bringing together just
three of the M5-branes, each of which wraps a P! in the P2,
In this example, shifting the branes in the CY manifold,
giving a “partial” deformation, leaves transverse-intersec-
tions, and there also exists a full deformation branch where
there is a single connected brane.

There may be many interesting possibilities differing in
some way from these examples. One such possibility is
shown in Fig. 11. Here shifting the branes in the CY
manifold removes all intersections, giving a set of dis-
connected branes. However there exists no deformation to a
connected smooth brane. We do not claim to be exhaustive
by the possibilities we have discussed. We also note that, as
seen in Figs. 9 and 11, not all coincident cases and not all

126004-25



BRAUN, BRODIE, LUKAS, and RUEHLE

PHYS. REV. D 98, 126004 (2018)

11d ‘Resolution’
branch

e
|

11d interval I | | | I

CY3 with
By = P?

Coincident

branes

L, |

IP)I

NI
Lt/

Partial

‘Deformation’
branch

‘deformation’ branch

FIG. 10. Schematic depiction of coincident M5-branes and the branches that remove the coincidence, as discussed in the main text.
In this example, the heterotic base is B, = P2. In the coincident situation, three P' M5-branes sit all at for example #; = 0 in B,, while
in the transverse-intersection case they are at for example u#; =0, u, =0, and u3 = 0 in B,.

transverse-intersection cases occur in the collection of
configurations connected to the other case. We see that
when the two do occur in the same collection, as in Fig. 10,
it is possible to move between the 11d resolution and the
deformation branch by passing through either one of the
coincident or transverse-intersection configurations.

In addition to M5-branes that can be deformed only
within the base B,, there exist a special set of branes
wrapping curves C in B, such that =K - C = 0, which
can also move in the heterotic fiber direction as discussed in
Sec. IV F. These fiber positions correspond on the F-theory
side to Ramond-Ramond moduli (in the IIB picture), rather
than to geometry as is the case for base positions. We will

11d interval I | | I

—

X

%)
—

CY ‘resolution’
CY; with / — / branch
By = P! x P!
RN Lo,
11d ‘resolution Coincident
branch — pl branes
/ X2
FIG. 11. Schematic depiction of coincident M5-branes and the

branches that remove the coincidence, as discussed in the main
text. In this example, the heterotic base is B, = P}, x P.. In the
coincident situation, two P! M5-branes sit at for example u; =0
in B,. Deformation to a single smooth brane is impossible, with
general deformations giving separated branes.

not treat this part of moduli space in this section, instead
restricting ourselves to deformations of M5-branes in the
base B,, and the corresponding F-theory geometry.

We note that upon restricting to base deformations alone,
some intersecting or coincident brane situations involving
curves C with =K - C = 0 cannot be deformed to remove
the intersection/coincidence. Recall that for supersymmet-
ric branes the embedding is holomorphic, so only algebraic
deformations preserve supersymmetry. In the Hirzebruch
space [F, with weight system

F: (124)

N = =
O =<

z w
0 0,
1 1

the transverse-intersection given by yw = (0 cannot be
deformed away: the general curve in this divisor class is
0 = y(az 4+ bw) which preserves the intersection. Similarly
the coincident brane situation given by y?> =0 has no
deformations.

B. Review of local dual F-theory geometry

We now review the known local F-theory geometries
dual to coincident or transversely-intersecting NS5-branes.
We first review the case of coincident NS5-branes. These
are M5-branes in the Hofava-Witten picture wrapping the
same curve in the base B, of the CY manifold X5, and
which are also at the same position in the 11d bulk. We
consider the case of two coincident M5-branes, as the
story with N branes is a straightforward generalization. It is
known [5,14,15,27] that in the F-theory dual of this

situation, a singular locus appears in the fourfold ¥,: this
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FIG. 12. A schematic depiction of the geometry in the base 33 of the F-theory fourfold ¥,, when in the dual geometry we pass through
a situation with (a) coincident horizontal M5-branes and (b) transversely-intersecting horizontal M5-branes. In each case on the left is
the resolved side, in the middle the singular situation, and on the right the deformed side. We have shown only those fibers that have

multiple components; the other fibers remain P's.

locus consists of a complex surface in the fourfold ¥,
which arises due to the appearance of a complex curve of
singularities in the F-theory base 33.

The appearance of this curve of singularities in 55 can be
understood by bringing together branes with distinct posi-
tions in the 11d bulk. We recall that the blow-ups of the F-
theory base correspond to the introduction of M5-branes as
we pull instantons off the Eg branes in the Hofava-Witten
picture. Additionally, Kéhler moduli associated to the blow-
ups correspond to the positions in the 11d bulk of the M5-
branes. As we bring two M5-branes together in the bulk, in
the F-theory geometry we move to an edge of the Kihler
cone,15 and a divisor collapses to zero volume. The curve of
singularities in the base is the image of the base divisor under
the blow-down, and corresponds to the coincident M5-
branes. The situation before the blow-down is shown
schematically in the middle of Fig. 12(a). Here all the
exceptional divisors have finite size, and as the M5-branes
are brought together the Kihler moduli are tuned so that one
divisor shrinks to zero size. As aresulta complex curve of A;
singularities appears in the base, which corresponds to a
complex surface of A; singularities in the fourfold. In the
case of N coincident M5-branes, the singularity is Ay_j.

Often there will exist deformations of these singularities
that are dual to deformations of the stack of NS5-branes in
the heterotic base B, into a single connected NS5-brane.
This branch is depicted schematically in the right of
Fig. 12(a). The resulting structure of reducible fibers in this
branch reflects the fact that we now have on the heterotic side
asingle brane, usually of higher genus, with some position in

15Actually, in order to blow-down the divisor we will have to
first flop the fourfold, passing into another Kihler cone on whose
boundary the desired divisor can be blown-down. This is
analogous to the discussion at the end of Sec. III B.

the 11d interval. As noted above in Sec. V A, in the M5-brane
configuration it can happen that (i) base deformation results
in multiple branes, or (ii) base deformation is not possible.
The former case occurs in Fig. 11; the dual F-theory
deformation branch will simply shift the two exceptional
divisors rather than combine them. In the latter case, there
must not exist deformations of the singularity.

Next we review the F-theory dual of transversely-inter-
secting horizontal NS5-branes. These are M5-branes at the
same position in the 11d bulk and wrapping transversely-
intersecting curves in the base B, of the CY manifold X5. We
review the case of two transversely-intersecting MS5-branes,
with a single intersection point, as the story with N branes and/
or multiple intersection points is a straightforward generali-
zation. As also discussed in Ref. [5], the F-theory dual of this
situation contains conifold singularities in the base 33, giving
rise to complex curves of singularities in the fourfold ¥,.

We can imagine reaching this situation by bringing
together branes with distinct positions in the 11d bulk.
This discussion is very analogous to that for coincident M5-
branes above. However in this case, as the F-theory Kihler
moduli are tuned to the edge of the Kéhler cone, a curve in
the base collapses to zero volume, rather than a divisor. This
situation is shown schematically in the left and middle of
Fig. 12(b). The resultis a pointlike A; singularity in the base,
giving a curve of A singularities in the fourfold. In the case
of N coincident M5-branes, the singularity is Ay_;. If there
are multiple transverse-intersections then there are multiple
conifold singularities.

As in the case of coincident branes, in the situation of
transversely-intersecting branes there will often exist defor-

mations of the singularity in the F-theory base B; that are
dual to deformations of the NS5-branes in the heterotic base
B, that give rise to a single connected NS5-brane. This
branch is depicted schematically in the right of Fig. 12(b).
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FIG. 13. Part of the triangulation of the ray system on the right of Fig. 5 for the F-theory base 83 when the heterotic base B, is a P2
with a particular NS5-brane configuration, in the situation before and after a removal of one of the blow-up rays. The result corresponds
to a situation with two coincident NS5-branes, and gives rise to a curve of singularities.

Again the resulting structure of reducible fibers reflects the
fact that we now have on the heterotic side a single brane. As
noted above in Sec. VA, sometimes it is not possible to
deform the branes in the base B, at all. In this case, the
corresponding F-theory singularity must be nondeformable.

C. Global dual F-theory geometry

We now discuss how the local singular geometry dual
to intersecting or coincident NS5-branes fits into the global
F-theory models that we have constructed. The result will be
a toric description of the F-theory fourfolds dual to heterotic
line bundle models with intersecting or coincident NS5-
branes and the surrounding brane configurations. Note that
we will mainly discuss the F-theory base rather than the
fourfold itself, but the F-theory fourfold is constructed by
taking an elliptic fibration, and hence the fan of the ambient
space for the fourfold is implicitly specified at each stage.16

We first discuss the simplest global models, where the
F-theory base is described by a toric fan. Here the fourfold
is a toric hypersurface in a 5d toric ambient space, as
opposed to a higher codimension complete intersection.
Examples of these situations were shown in Figs. 4 and 5.
In the corresponding heterotic situation, there are a set of
NS5-branes multiply wrapping P's, and each brane has a
distinct position in the bulk. We first discuss bringing two
or more of these branes together by tuning their bulk
positions. This may give rise to pointlike or curvelike
intersections between the branes. It will be simplest to first
discuss the resolution branch and singular situation
together, and then turn to the deformation branch.

As reviewed in Sec. V B above, transversely-intersecting
NS5-branes are dual to pointlike singularities in the
F-theory base, while coincident NS5-branes are dual to
curvelike singularities in the F-theory base. If the threefold
base is described away from the singular situation by a three-
dimensional fan, then pointlike singularities can arise when a
1d face is deleted in a 2d face, while curvelike singularities
can arise when we blow down a ray. The resulting fan will
describe the global singular F-theory geometry.

"®Note when we discuss blowing down, this requires flops of
the fourfold. After flopping but before blowing down the elliptic
fibration is lost. (See the discussion in Sec. III B.)

We consider as a first example the F-theory base shown
on the right of Fig. 5. In this example, the heterotic base B,
is a P2, with all NS5-branes wrapping P's at u; = 0.

Correspondingly all blow-ups of 33 are at u3 = 0. The
volumes of these exceptional divisors correspond to dis-
tances between M5-branes in the bulk. Hence we can think
of the gaps between the blow-up rays ¢; as corresponding to
the NS5-branes, and removing one of the blow-up rays ¢;
joins two gaps reflecting the fact that two M5-branes have
been brought together. This creates a curve of singularities at
the intersection of the divisors €;_; and ¢; |, where gy = u3.
An illustration of the triangulations before and after removal
of a ray is shown in Fig. 13. In general one can remove N
internal blow-up rays to bring together N + 1 NS5-branes,
giving rise to an A singularity. We note that blowing down
the rays at the top and bottom of the tower does not
correspond to bringing NS5-branes together; rather this
corresponds to putting NS5-branes back onto one of the Eg
branes at the ends of the 11d interval.

As a second example, consider the F-theory base shown in
Fig. 4. In this example the heterotic base B, isa P! x P!, and
the NS5-branes sit in two stacks at #; = 0 and v; = 0. The
gaps between the blow-up rays over #; and v; correspond to
the NS5-branes at u; = 0 and v; = 0 respectively. Removing
a ray corresponds to bringing branes into coincidence,
creating a curve of singularities in B;. However there is also
the possibility of transversely-intersecting branes, in contrast
to the previous example. Thinking of the gaps between the
blow-up rays as the M5-branes, we can bring a u; and a v,
brane together in the bulk by removing a 1d face that separates
a gap in one blow-up tower with a gap in the other. This
creates a pointlike singularity as expected from the dual
picture. Figure 14 illustrates the triangulations after a ray has
been removed and after a 1d face has been removed.

Choosing a different triangulation of the N-lattice polytope
A*, which translates to a different choice of fan for the base
employing the same rays, corresponds to a different ordering
of the M5-branes in the bulk. It is clear that only particular
gaps in the two towers of blow-up rays can be connected to
one another by removing a single 1d face. It is also clear that
only particular rays can be removed while leaving a triangu-
lation of the remaining polytope: for example, in the initial
triangulation in Fig. 14, we were able to blow down &, but we
could not have blown-down for example p,, as the result
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FIG. 14. Part of the triangulation of the ray system in Fig. 4 for the F-theory base f>’3 when the heterotic base B, is a P! x P! with a
particular NS5-brane configuration, in (center) the nonsingular situation, (left) after a removal of one of the blow-up rays to give
coincident NS5-branes, and (right) after removing a 1d face to give transversely-intersecting NS5-branes.

would not be a triangulation. Hence it is clear that the
triangulation reflects the ordering of the M5-branes in the
11dinterval, since it reflects which branes can be brought into
contact with one another. Figure 15 shows some examples of
the correspondence between orderings of M5-branes in the
bulk and triangulations of the F-theory base space, for the
example of a heterotic base P! x P! with a particular blow-up
pattern. For clarity we only show a subset of the branes, or
equivalently only part of the triangulation. For any toric
hypersurface example, there is a more complicated but
analogous relation between triangulation and ordering of
branes in the bulk.

We have so far discussed singularities in the F-theory
fourfold from the perspective of the resolution branch, as
we collapse divisors and curves in B;. We now discuss the
deformation branch, in particular its toric description, which
then will complete the picture of the global F-theory
geometry dual to intersecting or coincident NS5-brane
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situations in heterotic line bundle models. We note the
fourfolds we have so far considered are toric hypersurfaces,
which give the simplest global models from the perspec-
tive of toric geometry, and correspondingly are dual to
particularly simple dual NS5-brane configurations. Once we
have described the deformation branches of singularities in
these cases, we have described the dual to complicated
brane configurations anywhere in the 11d interval. One can
then discuss singularities arising from bringing these branes
together, and their deformation branches.

In the deformation branch, the singularity is removed by
complex structure deformation, dual to deformations of
the N'S5-branes in the heterotic base B,. We recall that if
the N M5-branes, which are to be combined and
deformed, are “nearest” to an Eg brane in the bulk, i.e.,
there are no branes between them and an end of the 11d
interval, the deformation branch can be described torically
as in Sec. IV C. There we blew down n; of the rays at the
top of each ith “tower” of blow-up rays, over a ray u; of

¢ ) 4 ) 4 )

£ A1

/

U1 V1 v1 Uy U1 2’[“ Uy U1 U1
V1 V1
21
] [ { J
® ®
] ® L ]
] ® L ]
{ ] [ o
U1 u1 <2 U1

Examples of the correspondence between the positions of the horizontal M5-branes in the bulk and triangulations of the

u; — vy face of the ray system in Fig. 4 for the F-theory base fj’; when B, = P! x P!. In the example on the right, there are intersecting
and coincident branes. Here we have included only 8 blow-ups rather than the full 24 for simplicity of the diagrams.
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B,, before blowing up over a general curve in the curve
class > .n;[u;] on {z; =0}. On the heterotic side this
corresponds to transforming the N branes back into small
instantons on an Eg brane, and then pulling out a single
smooth MS5-brane. This roundabout way of getting to the
deformation branch misses the intermediate stage of
coincident branes in the bulk, but must give the correct
final description. More generally, if M5-branes have been
brought together away from an Eg brane, i.e., there are
branes between them and the Eg brane, then we could
blow down also the rays corresponding to the intervening
branes. We would then blow up first on the curve of the
desired deformed brane, then sequentially on the curves of
the branes that intervened between the brane stack and the
Eg. To put this another way, since we have seen that
changing the order of branes in the bulk corresponds to
flops, we could also reach this situation by building the
general brane configuration near an Eg brane and then
flopping until it is in the right position.

This is easier to visualize in compactification to six
dimensions. We recall the toric bases in Fig. 3. To describe
the deformation branch when n of the pointlike M5-branes
come together in the bulk near an Eg brane, we can blow down
the top n rays over u; = 0 for example. We then extend the 2d

fan of the base into 3d by adding an auxiliary ray &, putting i,
at —n in the new direction. We then add a blow-up ray at

E:E"‘Zl'

(More precisely, atl =E+7, +2%+ 3y in the 5d fan.) The
twofold base is then a hypersurface in a 3d ambient space,
whose fan is shown schematically in the left of Fig. 16. In this
example we have only included one blow-up ray ¢, for
simplicity.

Clearly we may flop the triangulation of the (&1, u;, &, ()
face of the polytope. This corresponds to altering the
ordering of M5-branes in the bulk, specifically bringing
the “deformed”"” brane away from an Eg brane, leaving an ¢,
brane in between. This is clear as in each triangulation,
precisely one of &, and ¢ can be blown-down, reflecting
which is nearest the Eg brane."® The situation with multiple
blow-up rays ¢; is an obvious generalization. The situation in
compactification to four dimensions is clearly analogous,
though more difficult to visualize. To include multiple
arbitrary M5-branes will require going to higher codimen-
sion in the toric descriptions. The details of the fan
associated with a choice of triangulation again reflect which
of these branes can come into contact in the 11d bulk.

Finally we note one other global aspect of these singular
transitions: the Euler characteristic is unchanged. This
follows from the computation of the Euler characteristic

(125)

"The “deformed” brane is a set of points, so that deformations
are not very interesting in compactification to six dimensions.
18 . - . .

Of course, the singularity appearing during the flop should
generically miss the hypersurface, intersecting it only when the
hypersurface is tuned in a way that corresponds to the &; and ¢
branes being at the same position in the heterotic base.

Z1 C

uq U1
FIG. 16. Part of the triangulations giving the toric ambient
space for the twofold F-theory base in compactification to 6d for a
situation in which we have included arbitrarily placed M5-branes
through the blow-up ¢. In the triangulation on the left, the blow-
up ¢ is performed after €, while on the right ¢ is included first and

then ¢;. The two situations are related by a flop, and correspond
to different orderings of M5-branes in the 11d bulk.

in Sec. IV D. This computation was independent of the
precise NSS5-brane configuration, and hence the Euler
characteristic is unchanged under a singular transition dual
to a transition between NS5-brane configurations. We note
this means that after such a transition, there is no need to
include extra G, flux to meet the anomaly condition. All of
this is clear from the heterotic side as the overall class of
NS5-branes remains unchanged.

D. Comments on effective theory through transition

In Sec. IV, we have described the field content in
the various branches of a transition between NS5-brane
configurations, but we have not attempted a description of
the theory in the situation with coincident or transversely-
intersecting branes. The coincident case is particularly
interesting, and historically has been challenging to describe.
We note that on the resolved side we have a gauge group
U(1)9", and on the deformed side a gauge group U(1)%,
where g and g, are the genera of the branes in the stack and
the deformed brane respectively. It is difficult to see how to
understand in gauge field theory terms an enhancement to
SU(N) at the coincident point. This is however not prob-
lematic since the intermediate theory is not expected to have a
description in terms of a gauge theory. Instead, the four-
dimensional theory will be a dimensional-reduction of a six-
dimensional theory in which there will be tensionless strings
arising from M2-branes stretching between two NS5-branes
[32] or an NS5-brane and an Eg brane [33,34]. These strings
are known as M- and E-strings, respectively.

It is beyond the scope of the present work to give a
description of the four-dimensional theory obtained from
compactifying F-theory on a fourfold with a curve of
singularities in the base. Instead, we will confine ourselves
to a study of the three-dimensional theory obtained from
compactifying M-theory on the same fourfold. The advan-
tage is that in the three-dimensional theory we have a bona
fide gauge theory and avoid the subtleties coming with
tensionless strings. This three-dimensional theory is then
expected to lift to the four-dimensional theory. The three-
dimensional resolution and deformation branches of
M-theory on the smooth fourfolds on either side of the
singular transition have a straightforward description.
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Again, at the transition point, the M-theory fourfold devel-
ops a surface of singularities, whose field theory description
is more difficult. However, this has been investigated
recently in Ref. [80] and we can use their results to study
the theory. The resulting correspondence may provide a
useful perspective on the four-dimensional theories.

We first recall the field content of M-theory on a non-
singular CY fourfold, and its lift to F-theory. This three-
dimensional theory has N/ = 2 supersymmetry, so there is a
chiral multiplet and a vector multiplet, with all multiplets
equivalent on shell, containing two real scalar fields and a
Majorana spinor. The numbers of three-dimensional chiral
multiplets n, and vector multiplets 7, are
neh = hz’l(fl4) +h3'1(?4)’ Nyec = hl’l(?4)' (126)
When the fourfold is K3 fibered this theory is related by a
“lift” to the four-dimensional theory from F-theory, in which
roughly the elliptic fibers are collapsed resulting in an
effective extra dimension after T-duality. In this lift the
multiplets are mapped as follows [62],

k' (¥,) 3d vector multiplets
R (¥,) = k"1 (B5) — 14d vector multiplets

— ¢ h'“1(B;) 4d chiral multiplets ., (127)
metric of new noncompact direction
W2\ (Y,) + h>'(¥,) 3d chiral multiplets
h>1(B3) 4d vector multiplets
— § h21(¥,) — k21(Bs) 4d chiral multiplets.  (128)

h*1(Y,) 4d chiral multiplets

In the smooth resolution'® or deformation branch of a sin-
gularity, these results give the lift of the three-dimensional
matter content to four dimensions. We can note that the
hz*l([5’3) four-dimensional vector multiplets correspond to
three-dimensional chiral multiplets. It is these that correspond
to the U(1) gauge symmetries from NS5-branes in the
four-dimensional duality, cf. Eq. (95), hence the Abelian

|

1
g+1 g+1
g 29 +2 g
g+1 g+1
1

NS5-brane gauge groups and their possible enhancement
corresponds in three dimensions to the chiral multiplet sector.

We next review the three-dimensional theory resulting
from compactification of M-theory on a fourfold ¥, with a
complex surface S of Ay_; singularities, as developed in
Ref. [80]. Following their notation we will write ¢ :=
h'O(S) and p,:= h*°(S), which are respectively the
irregularity and arithmetic genus of S. In the singular
situation, there is an SU(N) symmetry and the field content
includes 1 vector multiplet and g + p,, chiral multiplets, all
in the adjoint. The singularity has a resolution branch and
often also a deformation branch, which correspond respec-
tively to the Coulomb and Higgs branches of the field
theory. In the Coulomb branch, the non-zero vevs of scalars
in the vector multiplets measure the Kihler moduli of the
resolution, generically breaking SU(N) to U(1)¥~!. The
gauge enhancement in three dimensions is straightforward,
as a result of U(1) gauge symmetries being now associated
to h"! rather than A>!. In the Higgs branch the scalars of
the chiral multiplets acquire vevs, measuring the complex
structure deformations of the singularity, and breaking the
gauge symmetry entirely.

The singularities that develop in our models are of a
particular kind. They arise when we shrink some excep-

tional divisor(s) in the base 33, whose volumes correspond
in the duality to distances between MS5-branes in the
Horava-Witten interval. This leaves a curve of singularities
diffeomorphic to the curve C wrapped by the coincident
heterotic NS5-branes. Hence the complex surface S of
singularities in the fourfold is an elliptic surface with base
curve C. Note that this means c¢;(S)?> =0, since the
Poincaré dual of the first Chern class of an elliptic surface
is proportional to the fiber class, and so also 12y}, =y,
where y},, is the holomorphic Euler characteristic. The
elliptic fibration of S is characterized by the number of
singular fibers, equal to the Euler characteristic of S. The
Hodge diamond is one of two types, depending on whether
the fibration is trivial (first case) or not (second case) (see,
e.g., Ref. [82])

Py 10Xhol. + 29 Py (129)

PNote that resolution of the fourfold tends to destroy the elliptic fibration, so there is no obvious F-theory interpretation. However,
this is related to an elliptic fibration by flops, which we can then perform. These leave multiplet counts unchanged: it is known that
birationally equivalent smooth CY manifolds have identical Hodge numbers (see [81]). Hence F-theory multiplet counts can be

performed before flopping.
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where in the second diamond p,=yp,+g—1=
é x + g — 1. The number of singular fibers is counted by
the intersection —12Kp -C. Note B; has only orbifold
singularities, so this intersection is well-defined. To com-
pute this intersection, note there is by construction a
projection collapsing the F-theory P!, that maps the
singular B; to the smooth B, and under which the curve
C is mapped one-to-one to a copy in B,. The intersection,
hence the number of singular fibers and also the Euler
characteristic of S, must then be counted by —12Kp, -C
where here C is the image in B,.

One can note that G, flux may lift massless directions,
altering any massless multiplet counts. The offending flux
may thread cycles involved in the transition. If there were
no such flux on one side, one may be forced to include it on
the other if the Euler characteristic changes, to preserve
anomaly cancellation. In Ref. [80] a computation of the
change in Euler characteristic in going from resolved to
deformed side yields

A(z(7) = N(N=D)(N+ DKZ. (130)
We see that as K?S =0 in the singular transitions we
consider, the Euler characteristic is then predicted to be
unchanged, as expected since we proved in Sec. IV D that
the Euler characteristic is independent of the NS5-brane
configuration.

In Ref. [80] the spectrum of the compactified M-theory is
computed at each stage of the singular transition. However,
their analysis is restricted to cases where ¢ =0, p, > 1.
This restriction is imposed to avoid nonperturbative cor-
rections from M5-branes wrapping the shrinking divisors in
the fourfold, which can contribute only if p, — g = 0. The
induced nonperturbative superpotential depends on the
volume v of a shrinking divisor as e~”, and hence blows
up. We see from the above Hodge diamonds that the
singular transitions we consider may not obey the particular
restrictions imposed in Ref. [80], and in particular may
have p, — g = 0. In the latter case, this physical obstruction
to the singular transition should appear dual to world-sheet
instantons in the NS5-brane transition. We see from the
above Hodge diamonds that the restriction ¢ =0, p, > 1
implies that g = 0, so the matter spectra computations in
Ref. [80] only apply when in the heterotic dual the NS5-
branes multiply wrap a P'.

We now review the spectrum computations of Ref. [80],
keeping in mind the above restrictions. At nongeneric
points in the Coulomb branch, vector multiplet scalar vevs
coincide, corresponding to partial resolution of the singu-
larity. If the ith value occurs k; times, the gauge symmetry
at this point is

SU(ky) % ...SU(k,,) x U(1)"1, (131)

where > 7 k; = N. At this point the Higgs branch has
complex dimension

(py=1)S (2= 1) 4 pyfm—1).

i=1

(132)

corresponding to deformations of the remaining singular-
ities. The expressions for generic points are the special-
izations with m = N and k; = 1, V i. Additionally, one
can note an alternative path from Coulomb to Higgs
branch as follows. At generic points in the Coulomb branch
there are p (N —1) neutral chiral multiplets. Giving
these vevs before sending the vector multiplet scalar vevs
to zero results in a U(1)¥~! gauge symmetry, and leaves
(py— 1)N(N — 1) charged chiral fields. The geometry then
has curvelike singularities, and these can be deformed away
by giving vevs to the charged fields, resulting in the full
Higgs branch dimension.

Recalling the discussion above in Secs. VB and V C, it is
clear how this M-theory geometry corresponds to dual
NS5-brane configurations. The situation of an Ay_; sin-
gularity on S corresponds to a stack of N NS5-branes
wrapping C in the heterotic base B,. Resolution of the
singularity (Coulomb branch) corresponds to moving M5-
branes apart in the bulk, and deformation (Higgs branch) to
deformation of the brane stack in the base of the CY
manifold. The N — 1 three-dimensional U(1) vector bosons
on the Coulomb branch come from the four-dimensional
chiral multiplets parametrizing distances between MS5-
branes in the 11d bulk. The three-dimensional chiral fields
parametrizing the Higgs branch come from the four-
dimensional chiral multiplets parametrizing brane configu-
rations in the CY manifold. Partial resolution gives multiple
stacks of branes, corresponding to the gauge group in
Eq. (131), and leaving available deformations of each stack,
corresponding to the branch in Eq. (132). Turning on vevs
of the p,(N — 1) neutral chiral multiplets at generic points
in the Coulomb branch corresponds to moving the branes in
the CY while at different 11d bulk positions. The alternate
path between Coulomb and Higgs branch corresponds
to first such a shift, followed by bringing the branes
together in the bulk, and finally deforming the resulting
transversely-intersecting configuration, as when following
the lower path in the example of Fig. 10, from resolution to
deformation.

Since the four-dimensional field theories of the reso-
lution and deformation branches are best-understood, the
three-dimensional theory of the singular situation is of
most interest. Given the above correspondence, the
three-dimensional gauge enhancement at the brane stack
appears to correspond to enhancement of four-dimen-
sional chiral multiplets. This appears to be distinct from
any gauge enhancement of four-dimensional vector mul-
tiplets, since those correspond to three-dimensional
chiral multiplets. This is an interesting role reversal.
We hope to investigate the lift to four dimensions further
in future work.
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VI. SUMMARY AND OUTLOOK

We set out to describe F-theory duals of heterotic line
bundle models in compactification to four dimensions.
As we have argued, the spectral cover does not provide a
useful description for these models, as all of the heterotic
bundle information is in the spectral sheaf with the spectral
sheet being trivial. The dual F-theory geometry correspond-
ingly contains two Eg singularities with G4 flux on these
loci that is naturally dual to the heterotic line bundles.
The requirement of having a standard F-theory dual
restricts the possible line bundle models, in particular they
are necessarily nonchiral. These models furthermore
require “horizontal” NS5-branes wrapping curves in the
base of the elliptic threefold for anomaly cancellation. The
remainder of the anomaly is cancelled by either line bundle
flux or vertical NS5-branes on the fiber.

The horizontal NS5-branes are dual to blow-ups in the
base of the F-theory fourfold, and we treat this aspect of the
duality in detail. We reviewed the local F-theory geometry
dual to the inclusion of a horizontal NS5-brane, and
described the global structure of F-theory fourfolds dual
to horizontal line bundle models with various choices of
NS5-brane content. We studied situations for which the
F-theory fourfold is described by a toric hypersurface, as
well as more general situations, the case reflecting whether
the NS5-branes wrap toric subspaces in the heterotic base.

We then verified various aspects of the duality for these
models. We first treated the matches concerning the Eg
fluxes: matching of anomaly conditions and bundle stabil-
ity conditions, and multiplets in the two Eg sectors
including massless U(1)s. We then examined the aspects
related to NS5-brane configuration / F-theory base geom-
etry: we gave the vector and chiral multiplet counts in this
sector, and proved for a broad class of models that these
matches hold quite generally. We also discussed an
interesting subtlety: when NS5-branes wrap base curves
that do not intersect the discriminant locus, the heterotic
chiral multiplet count is naively larger than the F-theory
count. We argued that the resolution has two parts: the first
is that some heterotic moduli are actually massive, and the
second is that some F-theory moduli may become massless
only in the stable degeneration limit. For the latter, one may
expect that the corresponding heterotic chiral multiplets are
lifted away from the limit by corrections to the supergravity
descriptions that are valid only in the stable degeneration
limit.

Finally, having constructed F-theory duals of heterotic
models with arbitrary NS5-brane content, we used these to
explore the F-theory duals of coincident and intersecting
NS5-branes. We found a satisfying picture of how the toric
description of the F-theory base reflects the heterotic NS5-
brane configuration: the ordering of these NS5-branes as
MS5-branes in the Hotava-Witten interval is neatly reflected
in the triangulation of the toric polytope, and the coinci-
dence or intersection of NSS5-branes is reflected in an

obvious removal of cones in the triangulation. In order to
have a description of the transitions catalyzed by coincident
NS5-branes in terms of effective field theory, we have
confined ourselves to a discussion of the three-dimensional
theory resulting from compactification of M-theory on this
singular fourfold.

The constructions in this work allow for various possible
extensions. First, we have not discussed intersections of
horizontal and vertical NS5-branes. Whereas coincident
horizontal NS5-branes correspond to singularities in the
F-theory base, vertical branes correspond to D3-branes.
Intersections between these sectors hence give a heterotic
(or F-Theory) description of D3-branes at singularities in
Type IIB. Investigation of this aspect may reveal new tools
for model building in heterotic string theory. Second,
F-theory models with surfaces of singularities in the base
provide an alternative description of the four-dimensional
theory arising from coincident heterotic NS5-branes, and it
would be very interesting to use F-theory to elucidate the
physics of such configurations. Third, it would be very
interesting to use these dual models, which in some
respects are quite simple and “clean,” as a basis for
attempting to extend the duality to heterotic bundles that
are not flat on the elliptic fiber. Note that this would allow
the construction of F-theory duals of chiral heterotic line
bundle models. Fourth, we would also like to extend the
duality to cases where the heterotic elliptic threefold has
multiple sections. In particular this would allow the
construction of F-theory duals of the heterotic line bundle
models constructed in Ref. [83] that realize the Standard
Model gauge group by exploiting the possibility of a
quotient under exchange of sections to introduce Wilson
lines.
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APPENDIX A: EXPLICIT BLOW-UPS IN 6D CASE

In this Appendix we explicitly perform the blow-ups
discussed in Sec. IIIC, for the example in the left of
Fig. 3, verifying that this toric procedure indeed removes
any singularities worse than Eg. We recall the setup. We
are interested in global F-theory models dual to six-
dimensional heterotic line bundle models. In this case
there are Eg singularities at the two poles of the F-theory
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P!, and hence the intersection of the remaining brane
locus with these Eg singularities produces even more severe
singularities, specifically with vanishing orders (f, g, A)~
(4,6, 12), which we call Eg singularities. The locus of these
intersections has class —12Kp,, and these singularities
require blow-ups in the F-theory base. We proposed that
a possible F-theory threefold after these blow-ups is the
fibration over the base given in the leftmost diagram of
Fig. 3. However it is not immediately obvious that this is so,
since we may expect that torically we do not have
enough freedom to blow up over all the intersection points.
We see that if we want to use toric blow-ups to resolve the
Eq singularities we must collect these singularities together
in single points on each Eg stack, then perform repeated
blow-ups over this point. We do this explicitly below,
showing the result is a crepant resolution of these two
singularities, leaving in the end only the two Eg
singularities.

We write z; for the homogeneous coordinates of the
F-theory P!, and u; for the homogeneous coordinates of the
heterotic base, which forms the other P! of the F-theory
base B,. After tuning Eg singularities at z; = 0 and z, =0
we have for the Weierstrass model the expressions

[ =254 9=223(z397 + 212296 + 2395)-

A =z{%2Z)°A,, (A1)

A, = 4717513 + 27(2197 + 212296 + 2395)*. (A2)

Now we tune such that all the intersections of {A, = 0}
with {z; =0} are at u; =0, and all the intersections
with {z, = 0} are at u; = 0 too. These intersections are
clearly governed by g; and g5, so we are restricting to the
case

5 2 12)

_ a4 _ 212
f=217314 g =55 (aztul® + 212,96 + p5ul

(A3)

where « and f are arbitrary nonzero constants, and f4 and
ge Temain arbitrary polynomials in {uy, u,}. We now blow
up at {z; =0,u; =0,x =0,y = 0}, adding a new coor-
dinate ¢, and taking the appropriate proper transform,
giving a crepant resolution. We put hats on the resulting
coordinates to indicate they are the coordinates after
resolution. We then have the identifications

=218, U =Iiley, X:ffg%’ )’25’8?’ (Ad)
T —Ap _ ads
f=&"f =254
§=e1% =223(a2ing? - ] + 212,96 + 23017 - €}").
(A5)

We can now perform another similar blow-up, this time at
{z1=0,¢;, =0,x =0,y = 0}. We will continue to write a

single hat on a coordinate to indicate it is the coordinate
after the blow-up. Then we have the following,
x=2xelel, y=Jelel, (A6)

a2 _3
21 =21€618, 1 =Z21€186,

f=etel f =218 4

A 6,6, 8585( 82812 . L1314 | 5 &
§=& g =22 (a2{ll;” - eey" + 212296

+ P20 - gy e)’). (A7)

We continue in this way until we have blown-up all the way
to €1,. It is straightforward to see that we will then have the
following expressions,

y=3L3,
(A8)

A PN )
{1 = ZILE’ up = M]C&., X = XLE’

T —dp_ pdpd

f=Cf =221 4,
A _ 6, _ 2525 22~12 12 2 2
g=C.°g=25%5(aztiy” - L.C;” + 212,96

+pn* - L' CP), (A9)
where L, = ¢,€363...€}3 and C, = ¢,...£1,. We see that in
the term with a f coefficient, there are no powers of ¢,.
Hence we cannot perform any more of these blow-ups, as
we would not be able to divide €%, out of g. It is also clear
that in order to be able to perform the 12 blow-ups, we did
need all 12 of the points of intersection of z; = 0 with
A, = 0 to sit on top of one another, since if g5 had a lower
power of i1; we would have run out of powers of ¢ factors
earlier.

We can now perform the blow-ups on the other Eg
brane. Analogously to above, we start with the point
{z0=0,u; =0,x =0,y =0}, and perform successive
blow-ups, with new coordinates e_;, e_,, .... Clearly after
this process is complete we will have the following
expressions,

i = 21Le+7
_ 7272 —_ 73 73
x=2XxL; L; , y=3L; L7,

T A4 r _ s4s4
f= C6+ Cf =45 4

A __ —60—6, _ 5555(,,22712 S 52 ~12
§=C.°C.0g = 1% (agiiny” - A + 212296 + P23011° - B),

(A11)
where
A= Lth‘i1 CgC{}.f B = L;jLLCECE, (A12)
in which
L., =eeh,...e,, C.. =ey1...e0p.  (Al3)
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These are the expressions in the final situation, after all
blow-ups have been performed. The hypersurface is deter-
mined by the standard Weierstrass equation in the new
coordinates,

92 =23 + frnt + gns. (A14)

It is clear that we still have two Eg singularities, which
now sit at Z; = 0 and Z, = 0 (and it is straightforward to
check from the ray diagram that Z; = 0 and Z, = 0 remain
P's in the threefold base). It is also clear that the Eg
singularities are geometrically non-Higgsable, by the fol-
lowing argument. The weight system has a row

11 €12 €4

yoOx w4y L oy iy g £-12
2 28 0 0 12 0 1 0 0 1 0 -~ 0 (A15)
It is easy to check that each term in g has degree 84 under g7 = aul?vl?, gs = pul*vi?. (B1)

this scaling. We see we could not have a term with 8 or
more powers of Z, in g, as it would overshoot the degree for
the scaling above. Since we also know every term in g
contains a factor 2‘1’25’ with a + b = 12, we see that we
cannot have a term with fewer than 5 powers of Z;.
Analogously we cannot have a term with fewer than 5
powers of 2,, and hence we have that g o 2323. We can also
make the analogous statement for f, so that f o 2123
Hence we always have that A « 219210, so the Eg singu-
larities are geometrically non-Higgsable. It is also clear that
we have removed all intersections of the remaining brane

locus with the Eg stacks, as follows. At Zz; = 0 we have

A,l; o = 27(p230}*B)*. (A16)

This expression involves only Z,, i1, and the ¢_;, &;. From
the fan it is clear that of these only &1, is allowed to vanish
when Z; = 0. However this is precisely the coordinate that
does not appear in B. Hence we have that A,|; _, # 0.
Clearly we can make an analogous statement for the 2, = 0
surface. Hence the remaining brane locus does not intersect
either of the Eg singularities. Finally we also note that for a
generic f, and gg there should be no other singularities.

APPENDIX B: EXPLICIT BLOW-UPS IN 4D CASE

In this Appendix, analogously to the six-dimensional
case in Appendix A, we show in an example that toric
blow-ups are sufficient to remove all singularities worse
than Eg in the F-theory fourfold dual to a four-dimensional
heterotic line bundle model. This example was discussed
above in Sec. IV B, and the result upon performing all toric
blow-ups will be the F-theory base fan shown in Fig. 4.

In this example, the heterotic base is B, = P! x P!,
where the two P's have coordinates u; and v; respectively.
Additionally we specialize to a particular tuning20 of the
functions in the Weierstrass equation,

“While we are here treating an example case with a particular
B, and a particular tuning of g; and gs, it will be clear that the
computations apply also to an arbitrary B, and to different
choices of tuning allowing toric blow-ups.

We then proceed to blow up multiple times over #; = 0 and
v =0 in each of the two z;, = 0 surfaces, each time
blowing up on a previous exceptional divisor, and each time
taking the proper transform to describe the crepant reso-
lution. This is exactly analogous to the procedure in
Appendix A, so we do not repeat it. Altogether we will
blow up 12 times over each of the four severely singular
loci. After all these blow-ups and proper transforms, it is
straightforward to see that we end up with the following
expressions for the Weierstrass model,

f=212f
g= 3?23(0(2%1?!%2@}2 A+ 712,96 + ﬁ%%ﬁ{zf)}z . B). (BZ)
where
12 _ '
A= H (eip—i) > (eipi) > 1,
i=1
12 _ '
B = H (e_ip—i) > (epi) > (B3)

i=1

again analogously to the six-dimensional case.

We can also verify that each of Z; =0 and %, =0,
intersected with the section, are P' x P's, so they are
diffeomorphic to the heterotic base. Let us focus on
the Z; =0 case. We know that none of the following
coordinates can vanish, {&_;, p_;, €1, ..., €11, P15 -+, P11, U1
v1,22}, SO we can set them to 1 using scaling relations.
Noting that

172 +ﬁ12 + 12?2 = 0 and ﬁz + 512 + 12?2 - 0, (B4)

we see that can rework the weight system to look as
follows.
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iy iy by Dy €p pr
1 1 0 O 0 0
0o 0 1 1 0 0 (BS)
0 1 0 O 1 0
o 0 0 1 0 1

We can then use the first two rows to set it; = v = 1,
giving the weight system for a P! x P!,

Uy Dy €1n P12
0 1 O

1 0 1

Clearly we can make the same computation for Z, = 0. We
can also ask whether the remaining brane locus A, =0
intersects either of the Eg stacks at Z; = 0 and Z, = 0. This
computation is exactly analogous to the six-dimensional
computation in Appendix A. At Z; = 0 we have

(B6)

Ao = 27(B02B)". (B7)
This expression involves only 2, i1y, ©; and the e_,;, €;, p_;,
p;. From the fan it is clear that of these only ¢, and p;, are
allowed to vanish when Z; = 0. However these are pre-
cisely the coordinates that do not appear in B, and hence we
have that A, | ;=0 # 0. Clearly we can make an analogous
statement for the Z, = 0 surface. So we see that the
remaining brane locus does not intersect either of the
Egs. We can also ask whether the Eg singularities at z; = 0
and Z, =0 are now geometrically non-Higgsable. The
result is that indeed they are, and one can verify this with
an exactly analogous computation as we used in the case of
compactification to six dimensions in Appendix A.
Additionally, for a generic f, and gg, there should be no
other singularities.
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