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Metric for a rotating object in an infrared corrected nonlocal gravity model
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Here, we derive the metric for the spacetime around a rotating object for the gravity action having a
nonlocal correction of R[J™2R to the Einstein-Hilbert action. Starting with the generic stationary,
axisymmetric metric, we solve the equations of motion in a linearized gravity limit for the modified
action, including the energy-momentum tensor of the rotating mass. We also derive the rotating metric from
the static metric using the Demianski-Janis-Newman algorithm. Finally, we obtain the constraint on the
value of M by calculating the frame-dragging effect in our theory and comparing it to that of general

relativity and Gravity Probe B data, where M is the mass scale of the theory.
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I. INTRODUCTION

The framework of an effective field theory of quantum
gravity predicts nonlocal correction terms in the gravity
action. The effects of these nonlocal terms correspond to
both the infrared (IR) and the ultraviolet (UV) behavior of
gravity. The cosmological effect of nonlocal terms added to
the Einstein-Hilbert (EH) action in the late-time era are
poorly studied. It is well known that the cosmic microwave
background and supernova data suggest that our Universe
has gone through two accelerating expansion phases in the
early Universe and in the recent era, respectively, known as
inflation and late-time acceleration. Therefore, explana-
tions of inflation and late-time acceleration are the primary
motivations for the study of any nonlocal correction in the
cosmological context.

The correction term required to explain the accelerating
expansion of our Universe in recent times has to dominate
at large distance. Nonlocal correction term in the EH
action was first proposed by Wetterich [1]. However, this
model does not produce the desired cosmological evolu-
tion. As the first attempt in this direction, in 2008,
Deser and Woodard introduced a class of models consid-
ering a general nonlocal term of R f(CJ~!' R). The functional
form of f(C0-'R) is obtained by fitting it with the super-
nova data. The structure formations of various functional
forms of f(LJ°'R) have since been studied by several
authors [2—18].

In this work, we consider the “RR model” developed
in Ref. [9], which contains a nonlocal term like RCJ2R.
This nonlocal term mimics the cosmological constant at
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late times. Such a nonlocal term also appears in the
effective action of pure gravity theory [19-21].

In 1918, Lense and Thirring derived a metric which
describes the spacetime structure outside the rotating object
in the weak gravity regime which is known as the Lense-
Thirring metric [22,23]. One can obtain the Lense-Thirring
metric by taking a weak field and slow rotation limit to the
Kerr metric. The progress of the work presented here is
similar to that of Ref. [24], wherein the rotating metric
(Lense-Thirring metric) is derived for the nonsingular
infinite derivative gravity. In this work, we derive the
Lense-Thirring metric for the RR model of nonlocal gravity
taking two different approaches. We start with writing a
field equation for the model in the linearized gravity limit
which assumes the perturbative field &,z on top of the
background Minkowski metric 7,4. This field equation is
solved for different components of the general rotating
metric. Thus the achieved metric is characterized by two
scalar potentials (denoted by ® and W) and one vector
potential. In the general relativistic limit, the two scalar
potentials are the same, which is nothing but the Newtonian
potential. We also derive the same metric using Demianski-
Janis-Newman (DJN) algorithm [25,26].

The Kerr metric in general relativity (GR) is singular at
r =0and @ = /2, where (r, 0, ¢) are the Boyer-Lindquist
coordinates. This is called ring singularity since r = 0 and
0 = /2 correspond to the equation of a ring x> + y*> = a?
and z = 0 in Cartesian coordinates [27]. We find that the
rotating metric in nonlocal gravity model considered here
also bears the ring singularity at » = 0 and 6 = /2.

Since GR has been proven to be correct in all experi-
ments to date, any modification to GR needs to be checked
against the experimental data. We calculate the geodetic
precession and the Lense-Thirring precession in an orbit
around Earth considering the rotating metric obtained here
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for the RR model. We constrain the value of mass scale M
present as a coefficient of the RC1™2R term in the action by
comparing the calculated values of geodetic and Lense-
Thirring precession to the Gravity Probe B satellite
data [28].

This paper is organized as follows: In Sec. II, we review
the RR model of the nonlocal gravity and write the field
equations for the model. In Sec. IT A, we derive the field
equations in the linearized gravity limit. The Lense-
Thirring metric or rotating metric for the model is derived
in Sec. III. The analysis of the ring singularity for the metric
obtained in Sec. III is done in Sec. IV. We calculate the
geodetic precession and the Lense-Thirring precession for
the abovementioned metric and compare it to the exper-
imental values of both precessional motions observed by
the Gravity Probe B satellite in Sec. V. Finally, we conclude
our work in Sec. VL.

II. THE MODEL AND BASIC EQUATIONS

Let us begin with the RR model of the nonlocal gravity
specified by the following action:

S—l/d“ V R+M2R1R+£ (1)
T2 ) VT 300

Here, M is the mass scale associated with the nonlocal
correction to the EH action. In the limit M — 0, the
above action (1) reduces to the EH action. The extensive
study of the action under consideration has been done in
Refs. [6,7,29].

The equation of motion for the field g,z [30-33]
corresponding to action (1) is

2 1 2M? 1
2K2T(1/} = G(l/i + gMzGa/}@R + ?g(l/}R@R

2 1 2 ~ -
—§M2(vavﬁ+ gaﬁD)ﬁR+§M2V(,,R 'VpR™?
2M?
- 9ap (Vo RTIVIR2 4+ 2R72), (2)

where G, is the Einstein tensor and 7,4 is the energy-
momentum tensor of the matter. Another equivalent form of
the field equation can be obtained by redefining the
operation of the inverse of the d’Alembertian operator
on R as the scalar field and converting Eq. (1) into an
equivalent scalar-tensor action. This approach gives rise to
the following equation of motion:

M2
KzTaﬂ = Gaﬂ —T{2<Gaﬂ — Vavﬂ +gaﬂD)S+gaﬂvavyS
1
_v(aUVﬁ)S_Ega/}Uz}, (3)

_ 1 _ 1
where U = —-5R and § = —5U.

A. Linearized limit

We consider the linearized gravity limit of the field
equation written in Eq. (2). In the linearized gravity limit,
we take g, as a perturbed metric around the Minkowski
background 7,4 by a small amount,

gaﬂ = ﬂaﬂ + haﬂ’ |h| < 1. (4)

Using Eq. (4), one can find the expressions for the Riemann
tensor, the Ricci tensor, and the Ricci scalar as follows:

1
R}/(l&[)’ = E (858(1hyﬁ + aﬁayhaé - a[)’aahy& - a(sayhﬂa)’ (5)

1
Rap = 5 (07 Dulyp + Op0, hly = 0yOuh = D). (6)

R = 0,05h™ — Oh. (7)

Then the field equation (2) becomes
2K2Taﬂ = - {Dhaﬁ - aya(a}%
2M?
+ (1 - D‘1> (0,0ph + naﬂay&;hﬂs)

2M?
(142 Yy

2M?
+5 D—Zvavﬂayaémﬁ] :

III. METRIC FOR ROTATING OBJECT

In this section, we calculate the spacetime metric for the
exterior region of the rotating object for the nonlocal
gravity model considered in Eq. (1). Consider the generic
rotating metric as

ds® = —(1 4 2@)df* + 2h.dxdt + (1 — 2¥)dx>.  (9)

In the case of general relativity, ® = ¥ is the Newtonian
potential. Note that the components of £, are

hOO - —2@, (10)
hij = —leﬂij, (11)
h = ho,& + hoy9 + ho.2. (12)

The components of the stress-energy tensor for the rotating
object having energy density p = m&°(¥) with mass m and
angular velocity v; are given by

Too =p, Ty; = —pv;. (13)
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Notice that the rotation of the object explains the presence
of the angular momentum terms T, in the stress-energy
tensor. Taking the trace of linearized field equation (8) and
substituting the metric given in Eq. (9) and the stress-
energy tensor components given in Eq. (13), we obtain

p==2(1 - M2O-")(Th - 8,05h).  (14)

Using Egs. (8) and (14), we obtain the equations of motion
for hyo, h;j, and hg; as

p=4(1 - M207")(V20 - 2V2Y), (15)
. _g M2\ (V20 — 2V2W) — 4V2%,  (16)

kpv; = —2V2hy;. (17)

One can see that there are no off-diagonal terms /g, in the
Egs. (15) and (16). It is also apparent from Eq. (17) that
the equation for the off-diagonal terms is unaffected by the
nonlocal gravity correction and has the same form as in GR.
Solving Egs. (15)—(17), we get

m Gm (e ™Mr—4
O(r) = S L e W T
(r) 2471'M%r(e ) r < 3 ) (18)

D (—e‘M’—2)=@<$), (19)

- 24xM3r r
b MU 4Gmuv, (20)
O = ZHM?,r N ro
muv 4Gmuv,
he = — R L 21
0y 271M?,r r ( )
muv 4Gmv
hy, = — L= 2 22
0z 271'M?,r r (22)

We consider the case in which the source is moving in such
direction so that its angular momentum points in the z
direction. Therefore, we can write the velocities as follows:

v, = -y, vy = X, v, =0. (23)
Using Egs. (18) and (19), we rewrite Egs. (20)—(22) as

hox = =2y (®(r) +¥(r)),

hoy = 2xa0(®(r) + ¥(r)). hy, = 0. (24)
The resulting metric is given by

ds* = —(1 4 2®)dt* + 4(® + ¥) (xwdtdy — ywdtdx)
+ (1 -2%)dx2. (25)

Furthermore, we can convert the above metric from
Cartesian coordinates to Boyer-Lindquist coordinates
(t, r, 0, ¢) via the transformations

x =V r?+a’sinfcos ¢, y=Vr*+a*sinfsing,

7z =rcos0, (26)

and as a result we get

JsinZ0
m
+ (1 =2%)(dr* + r*d6? + r’sin0d¢?),  (27)

ds? = —(1 4 2®)dr* + 4 (® + W)depdr

where J is the angular momentum, defined as v = %

This is a case of a very slowly rotating object, and
therefore we take > + a® ~ r? in the transformation equa-
tions. If we take the r — oo limit, then the metric in Eq. (27)
reduces to the rotating metric in GR, which shows that
the nonlocal gravity correction attenuates at very large
distances.

A. Rotating metric from DJN algorithm

The Demianski-Janis-Newman algorithm provides a
scheme to transform a static metric into a rotating metric
using complex coordinate transformations [25,26,34,35].
In this section, we apply this algorithm on the weak gravity
static metric for the RR model written in Eq. (1) to
reproduce the metric in Eq. (27). First, we write the static
metric for the RR model

ds? = —(1+20)dr* + (1 -2¥)dx*,  (28)

where @ and ¥ are given by Eqgs. (18) and (19), respec-
tively. Transforming the above metric into spherical polar
coordinates, one can rewrite metric (28) in the following
form:

ds? = —f,d* + f,dr* + fo(d6® + sin20d¢?),  (29)

where f, = 1 +2®, f, = 1-2¥, and fq = r*f,.
Performing the null coordinate transformation

[25,26,34,35] 1 = u + (1535)"/*r, Eq. (29) yields

ds? =—(14+2®)du® —2+/(1+2®)(1-2%¥)dudr + f odQ?,
(30)

where dQ? = d6” + sin*0d¢?. The next step is to complex-
ify the coordinates in metric (30) as follows:

r—r =r+aicosé, u—u =u—aicosd. (31)
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In Eq. (31), we introduced rotation parameter a defined by

= % Using the above transformations and the ansatz
idf = sin 0d¢, we obtain the differential transformations
of r and u as

dr = dr' — asin?0d¢, (32)
du = du' + asin®0ddp. (33)

In the DJN approach, we have to be careful while choosing
transformations for r, r*, and % that the functions f; remain
real, and their angle dependence should be of cos.
Ensuring this, the transformations we find are

r—r, (34)
1 Re(r)

—- W, (35)
2 <|r. (36)

Therefore, our functions become

F mr —mr
ft(r)_)ft(rig):1+m(e —-4), (37)
- mr
O)=1+———(e"+2 38
FA0) = F10) =1+l (e ), (39
r? = X =r? + a*cos?0. (39)

Then we write down the null rotating metric

ds? = —f,(du + adr + @ sin 0d¢$)* + 2pdrde

+ Xf,(d6? + 6sin’0d¢?), (40)
where
. fr.
@ =asinf — {|=asinb, (41)
fi
a’sin’6
0'2:1+r2+a2, (42)
a= J;, (43)
fi
p = —f,asin0. (44)

The last step is to convert the null metric into Boyer-
Lindquist form. To do that, we have to make sure that

G Fa-FG

; )

h(r) = (46)

are functions of r only, where A = (fq/f,)o°. It is true
provided that ® < 1, such that f;! = f,. These trans-
formations are valid only when we consider the very small
perturbation around the Minkowski background. After
some trivial algebra, we obtain

ds? = —(1 +2®)di? + 4a(® + V)sin20dpdt
(1 -29)

dr?
2+ a2

+

+2(1-29) <d92 + sin?0 (’2 ; az) d¢2) . (47)

where
~ mr
b= (pMr_y). 48
247M2T (e ) (48)
- mr
g M mr ). 49
2am3E ) (49)

IV. RING SINGULARITY

In this section, we investigate the ring singularity in the
metric (27). We follow the same procedure as in Ref. [36].
Let us consider a rotating ring having mass m and radius a.
The ring lies in the X-Y plane with z = 0, and the angular
velocity of the ring points in the direction of the Z axis. The
(00) component of the energy-momentum tensor of the
source is given by

Toy = mé(z) —5(x2 +7);2 — @) . (50)

The above distribution for the energy-momentum tensor is
similar to that of the distributional form of the energy-
momentum tensor of the Kerr metric [37]. We also have the

following nonvanishing components of the stress-energy
tensor:

Toi = Toov;, (51)

where v; is the same angular velocity as defined earlier.
Now we rewrite the general linearized metric given in

Eq. 9),

ds® = —(1 4 2®)d? + 2h.dxdi + (1 = 2¥)dx>.  (52)
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The differential equations for each component of the metric
are given by

(O+Mm?)
(30 +4M?)
(O+Mm?)
(30+2M?)

V2ho(F) = —8Gmwyd(z)8(x? + y* — a?),
V2hoy (F) =8Gmwxd(2)8(x* +y* —a*).  (53)

V2O(F) =4Gmd(z2)8(x* +y* — a?),

V2Y¥(F) =4Gmé(z)5(x> + y* —a?),

In the next section, we solve Eq. (53) and examine the
presence of ring singularity. Before going to the next
section, let us look at the Kerr metric given by [38]

2mr 4marsinZ0 >
ds?=—(1-"—)d* ———dtd Zdr?
s < 3 ) 3 ¢+A r

2ma?®rsin@

+Xd0* + sin%0 <r2 +a*+ 3

) d¢*,  (54)

where T = 2 + a%cos?0 and A = 12 — 2mr + a2, with a
being the rotation parameter. It is easy to observe that the
Kerr metric in Eq. (54) becomes singular (see Ref. [27])
when X becomes zero. The Kretschmann scalar blows up as
X =0 at r=0 and § = x/2, which in Cartesian coordi-
nates means that [27]

¥ +y?r =ad?, z=0, (55)

which is nothing but the equation of a ring of radius a. Thus
GR admits the ring singularity in the Kerr spacetime.

A. Computation of metric components
hoo, h0i’ and hy

Solving the differential equations written in Eq. (53) and
obtaining expressions for the metric components is easier in
momentum space. Therefore, we first find the Fourier
transform for 5(z)8(x* + y* — a?),

Flb(2)8(x* + y* = a?)]

= / dxdydz5(z)8(x* + y* — a?)elkrekv ez (56)

The above integral can be computed in cylindrical
coordinates:

X = pcos e, y = psing, =2z (57)

We have

Flo(z)8(x*+y* —a?)]

0o o0 2
— / dZé(Z)éikZZ/ dppé‘(pZ _02)/ ”dggeikxpcostpeik),psin(p
—0 0 0

— ), (a\/k?ﬁ-kﬁ), (58)

where J, is a Bessel function.

Using Eq. (58) in the differential equation for @ and
taking the inverse Fourier transform, we get the following
expression for the potential ®:

_ Bk (K + 4M2)
O(r)=—4
(F) = ~4aGm / (2x) 12(k> + M?)

x Jy (611 [k2 + k%) etkex gikyy pikez (59)

where @’k is the differential volume in momentum space.
To study the ring singularity in our model of interest, we
restrict ourselves to the ring plane (i.e., the X — Y plane,
z = 0) and transform Eq. (59) in cylindrical coordinates via
the following transformations:

k, = {cos ¢, ky, = {sing, k,=0. (60)

Then we have the final expression for ®(p) being

(382 + 4M?)

IGET R

@(p) = ~Gm [ " desofad)in(ép)

which in the limit M — 0 gives the metric potential in the
case of GR:

®or(p) = —3Gm / " ATy al)o(Cp).  (62)

A similar expression can be found for P,

(3% +2M?)

GG

W) = =G [~ desu(ad)n(cp)

To compute the Ay, first we find the Fourier transform of
x8(2)8(x + y* — a?),

Flx6(2)8(x* + y* — a?)]
= /oo dz6(z)e'*= /)oo dpp*s(p* — a?)

% /271 dweikxpcos weik},psingo cos @
0
kx 2 2
=nma——=J| a\/ky +k; |, (64)
K+ kS

and similarly we also obtain
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FIG. 1.

k,
Flyd(2)6(x* + y* — a?)] = na——=—1, (a\ [k2+ kf)
\/ ki + ks

(65)
Then hy; are given by the following expressions:
&Pk 1 k.
2K fi2 + 12
x Ji (a\ /K2 + kg) e'kxx ik pik:z

&Pk 1k
hoy(7) = —16Gma)a/ — 2

CE ot g
x Jq (a m) eikex gikyy gik:z

By using cylindrical coordinates and setting z = 0, we can
obtain similar expressions for the cross terms,

hoy(F) = 16Gma)a/

(66)

(67)

hox(x.y) = 2Gmaa’ / A (a) T (Cp). (68)
PJo

oy (x.y) = ~2Gmaa’ / " A (al) 0 (Cp). (69)
PJo

where we remember that p = /x> + y? is the radial
cylindrical coordinate in the plane z = 0. Note that since
0 = n/2, we have

(70)

f:cosqﬁ, X:sinqﬁ.
p P

Thus all of the radial dependence and the singularity
structure are taken into account by the following integral:

2 4 6 8 10

0.001

—

—0.254

lel
)
—0.50<W

—0.754

Y(pm)

—1.501

-1.754
—— Nonlocal theory

—— GR

-2.00 - . . .
0 2 4 6 8 10
om

Plots for ®(pm)/Gm? and ¥(pm)/Gm?*. We have taken ma = 1.0.

Hip) = [ e @) ()
0
which has the same form as Hgg(p) [36]:
Honlp) = [ dentat)nr).  (12)

Computation of the integrals involved in expressions of
gravitational potentials @ and ¥ in Eqgs. (61) and (63) and
of H(p) in Eq. (71) is not possible analytically. Here, we
solve them numerically and show the results in Figs. 1 and 2.
We divide and multiply Eqs. (62), (63), and (71) by m and
reparametrize {, a,and p as {' = {/m, d’ = am, p’ = pmin
order to make all of the quantities dimensionless. In our
numerical calculation, we consider M/m = 0.001. It is
evident from the figures that the gravitational potentials
@ and ¥ and the off-diagonal components of the metric A,
show the singular characteristic at mp = 1.

—— Nonlocal theory
—— GR

0 2 4 6 8 10
om

FIG.2. H(pm)/m vs pm. We have taken ma = 1.0. H(pm)/m
for the RR model and general relativity overlap with each other.
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V. FRAME-DRAGGING EFFECT

The rotating metric is valid in the weak field limit for any
rotating astrophysical object which possesses the axial
symmetry. Thus the metric derived in Eq. (47) can be
applied to the spacetime around Earth, under the assumption
that the underlying theory of gravity has a nonlocal
correction like that given in Eq. (1) to the GR action.
Any object which revolves around Earth will experience two
types of precessional motion of general relativistic origin.
One is due to the geodetic drift, and another is due to the
frame-dragging drift. The Gravity Probe B satellite has
measured these two precessions, and they were compared to
the predicted value from general relativity.

The geodetic precession is caused by the curvature of the
spacetime due to the rotating object’s mass, and the Lense-
Thirring precession or the frame-dragging effect is the result
of drifting of the frame due to the rotation of the object. As we
can see in Eq. (9), the metric is composed of a scalar field ®

and a vector field /2. These scalar fields and the vector field
depend on the shape of the body and mass and velocity
distribution of the body. These fields can be expanded in
terms of multipole moments. For our calculation, we con-
sider only the monopole moment. The formulas for instanta-
neous geodetic precession and instantaneous Lense-Thirring
precession in Cartesian coordinates are given by [39]
3 - 1 -

QG:EVQJXV, QLTZEVxh, (73)
where V is the four velocity of the orbiting gyroscope and
hg; are the off-diagonal terms of the rotating metric. The

instantaneous geodetic precession and Lense-Thirring pre-
cession for nonlocal gravity theory can be expressed as

1
QG(NL) = ge_Mr(—l +4eMr — Mr)QG(GR), (74)

Qrrive) = QLrGR)> (75)

where general relativistic expressions of geodetic precession
and Lense-Thirring precession are given by

3Gm,, - 2G -
QG(GR) = 3 r QLT(GR) = ?J' (76)

The unchanging Lense-Thirring precession €7y, can be
also explained by the fact that the off-diagonal terms [see
Egs. (20)-(22)] of the metric which are due to rotation of the
object are not affected by the nonlocal correction of the
RR model.

The Gravity Probe B satellite containing four gyroscopes
was launched in 2004. These gyroscopes measured geodetic
and frame-dragging precessions in orbit with an altitude r =
650 km from the surface of Earth. The result of the
measurements done by Gravity Probe B for the geodetic

drift rate was Qg = 6601.8 4 18.3 milliarc sec /yr and
for the frame-dragging drift rate was Q;; =372+
7.2 milliarc sec/yr [28]. The GR predicted geodetic drift
rate is  Qggg) = 6606.1 milliarc sec/yr and frame-
dragging drift rate is Q; 7(gg) = 39.2 milliarc sec/yr.

One can constrain the value of M by checking for what
values of M, Qg (yr), and €7y ) match with Qg ) and
Q;7(cr) having the difference well within the error bars of
the Gravity Probe B results. Since M comes multiplied by r
in Eq. (74), we find a constraint on Mr which comes out to
be Mr < 0.117. Considering the value of the radial distance
of the Gravity Probe B satellite from the center of Earth,
which is r = 7021 km, and which we can obtain by
converting the above constraint into the constraint on M,
which is M < 3.299 x 10~ eV. This is the reverse of the
condition obtained in Ref. [24], which can be justified in a
way that IR corrections to GR are taken here, while in
Ref. [24] UV corrections were considered.

VI. CONCLUSIONS

In this work, we derived the metric for the exterior
spacetime of the rotating body starting from the general
rotating metric in the modified gravity theory having
nonlocal gravity corrections to the Einstein-Hilbert action.
The rotating metric which we found in Eq. (27) reduces to
GR form in the large r limit. We also found that the off-
diagonal terms of the metric are unchanged from the
rotating metric in GR.

In the last section, we calculated the instantaneous
geodetic precession and instantaneous Lense-Thirring pre-
cession of a satellite orbiting Earth for the model consid-
ered in Eq. (1) using the rotating metric derived in Eq. (27).
We found that the instantaneous geodetic precession
Qg for the model (1) differs from that of GR Qg )
by a multiplicative factor, while the instantaneous Lense-
Thirring precession is the same as in GR. We compared the
values of geodetic precession and Lense-Thirring preces-
sion to the Gravity Probe B satellite’s data and put the
constraint on the value of the scale M, which comes out to
be M <3.299 x 10713 eV.

The rotating metric obtained in this paper can be utilized
further in the studies of the metric for the Kerr black hole
and tests of nonlocal gravity theory using gravitational
wave astronomy. In particular, one can derive the metric for
the Kerr black hole as the Kerr metric with small pertur-
bation and can calculate the deviations in the frequencies of
the gravitational waves emitted by the test particle orbiting
a super massive black hole, which consequently can be
useful in modeling extreme mass ratio inspirals for the
modified gravity with nonlocal gravity corrections.
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