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One of the most powerful cosmological data sets when it comes to constraining neutrino masses is
represented by galaxy power spectrum measurements, PggðkÞ. The constraining power of PggðkÞ is
however severely limited by uncertainties in the modeling of the scale-dependent galaxy bias bðkÞ.
In this work we present a new proof-of-principle for a method to constrain bðkÞ by using the cross-
correlation between the cosmic microwave background (CMB) lensing signal and galaxy maps (Cκg

l )
using a simple but theoretically well-motivated parametrization for bðkÞ. We apply the method using
Cκg
l measured by cross-correlating Planck lensing maps and the Baryon Oscillation Spectroscopic

Survey (BOSS) Data Release 11 (DR11) CMASS galaxy sample, and PggðkÞ measured from the
BOSS DR12 CMASS sample. We detect a nonzero scale-dependence at moderate significance, which
suggests that a proper modeling of bðkÞ is necessary in order to reduce the impact of nonlinearities
and minimize the corresponding systematics. The accomplished increase in constraining power of
PggðkÞ is demonstrated by determining a 95% confidence level upper bound on the sum of the three
active neutrino masses Mν of Mν < 0.19 eV. This limit represents a significant improvement over
previous bounds with comparable data sets. Our method will prove especially powerful and important
as future large-scale structure surveys will overlap more significantly with the CMB lensing kernel
providing a large cross-correlation signal.

DOI: 10.1103/PhysRevD.98.123526

I. INTRODUCTION

Galaxies, due to complexities inherent to their formation
and evolution, are biased tracers of the underlying matter
distribution. In other words, the galaxy power spectrum
measured from redshift surveys, Pggðk; zÞ, is related to the
underlying matter power spectrum Pðk; zÞ (which cannot
be directly measured, but represents the true source of

cosmological information) through a factor b known as
bias [1]:

Pggðk; zÞ ≈ b2autoPðk; zÞ; ð1Þ

The subscript “auto” refers to the fact that Pggðk; zÞ is an
autocorrelation quantity, since it corresponds to the Fourier
transform of the 2-point auto-correlation function of the
galaxy overdensity field, ξðrÞ.
Galaxy bias also enters in cross-correlation quantities,

such as the matter-galaxy cross-power spectrum Pmgðk; zÞ.
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This quantity is given by the Fourier transform of the
2-point cross-correlation function between the matter (dark
matter plus baryons) and galaxy overdensity fields, ξmgðrÞ.
However, the bias appearing in Pmgðk; zÞ differs from that
of Eq. (1):

Pmgðk; zÞ ≈ bcrossPðk; zÞ: ð2Þ

The difference between bauto and bcross, explained more in
detail in Sec. II, is expected based on results of N-body
simulations [2–6], as well as theoretical arguments.
Heretofore, the bias has often been modeled as a scale-

independent quantity in cross-correlation analysis [7–10].
However, this approach is truly reliable only on large, linear
scales (k < kmax ¼ 0.15 hMpc−1 today and k < kmax ¼
0.2 hMpc−1 at a redshift of about 0.5) [1], therefore
preventing one from fully retrieving information on cos-
mological parameters. The simplest and best-motivated
forms of the scale-dependent biases read [1,11–23]:

bcrossðkÞ ¼ aþ ck2; ð3Þ

bautoðkÞ ¼ aþ dk2; ð4Þ

where a, c, and d are three free parameters describing the
scale-dependent bias. It is worth remarking that, while
various phenomenological expressions for bðkÞ abound in
the literature (although see [14] for earlier criticisms related
to phenomenological parametrizations), the expression we
use is extremely well motivated on both theory and
simulations grounds. As a token of the robustness of this
model, it is remarkable that at least three well-known but
distinct theoretical approaches to the study of galaxy bias
(peaks theory [16], the excursion set approach [17], and the
effective field theory of large-scale structure [21]) predict
exactly the same functional form for bðkÞ in the mildly non-
linear regime that we are interested in, with results from
simulations agreeing with these findings (see the Appendix
for further discussions). In fact, in Fourier space, the
lowest-order correction to a constant bias one can expect
on general grounds, based on the sole assumption of
isotropy, is a k2 correction (a correction linear in k would
instead not respect isotropy).
Our goal is to provide a proof-of-principle for a correct

and simple treatment enabling the retrieval of information
on bauto and bcross, in order to more robustly extract
information from galaxy redshift surveys. To this end we
require, in addition to galaxy power spectrum data [sensi-
tive to bauto, Eq. (1)], measurements sensitive to the matter-
galaxy cross-spectrum PmgðkÞ [containing information on
bcross, Eq. (2)]. Since the matter distribution is responsible
for the gravitational lensing of CMB photons, we expect
the cross-correlation between CMB lensing and galaxy

overdensity maps, Cκg
l , to carry information on PmgðkÞ and

hence on bcrossðkÞ. Here κ denotes the CMB lensing con-
vergence.1 The information one can extract on bcrossðkÞ
(and therefore on a) is put to best use when combining Cκg

l
measurements with galaxy power spectrum data PggðkÞ.
The reason is that an improved determination of bautoðkÞ
(through the improved constraints on a) significantly
bolsters the constraining power of the galaxy power
spectrum. This improved determination is especially
important for the estimation of cosmological parameters
affecting the growth of structure, such as massive neutrinos.
Previous works have suggested combining lensing and

clustering (power spectrum) measurements [24,25] or
adopting a scale-dependent galaxy bias parametrization
[26–30]. In this paper, it is the first time that:

(i) Cκg
l and PggðkÞ measurements are combined,

interpreted and analyzed in light of the simple
but well-motivated [1,11–15,17,18] scale-dependent
biases models given by Eqs. (3) and (4).

(ii) The achieved increase in constraining power of
PggðkÞ is used to extract tighter and more robust
limits on the sum of the neutrino masses Mν. We
show that our limits on Mν are substantially
strengthened when compared to previous results
obtained through a scale-independent treatment of
the bias [8–10].

This work should be seen as a proof-of-principle of our
methodology, rather than a fully fledged analysis. There are
several aspects of our method and analysis that deserve a
more in-depth investigation, as we shall discuss later in our
paper: we plan to return to these issues in future work.

II. THEORY

To obtain information on cosmological parameters from
Cκg
l , one must be able to model the theoretical prediction

for Cκg
l given a set of cosmological parameters. Within a

ΛCDM framework and adopting the Limber approximation
[31,32], Cκg

l reads:

Cκg
l ¼

Z
z1

z0

dz
HðzÞ
χ2ðzÞW

κðzÞfgðzÞPmg

�
k ¼ l

χðzÞ ; z
�
: ð5Þ

The theoretical matter-galaxy cross-power spectrum Pmg

appearing on the right-hand side of Eq. (5) is modeled
following Eq. (2), with the theoretical bcrossðkÞ given by
Eq. (3) and determined by the choice of parameters a and c
in the MCMC analysis, while the theoretical nonlinear
matter power spectrum Pðk; zÞ is computed using the
Boltzmann solver CAMB [33] and HALOFIT [34,35] starting

1A CMB photon coming from a direction n̂ on the sky is
deflected due to lensing by an angle dðn̂Þ ¼ ∇ϕðn̂Þ, where ϕðn̂Þ
is the lensing potential. The lensing convergence is then given by
κðn̂Þ≡ − 1

2
∇2ϕðn̂Þ.

ELENA GIUSARMA et al. PHYS. REV. D 98, 123526 (2018)

123526-2



from the given cosmological parameters. Furthermore, χðzÞ
is the comoving distance to redshift z, fgðzÞ is the redshift
distribution of the galaxy sample, HðzÞ is the Hubble
parameter, and WκðzÞ is the CMB lensing convergence
kernel [24,36–47]:

WκðzÞ ¼ 3Ωm;0

2c
H2

0

HðzÞ ð1þ zÞχðzÞ χðzCMBÞ − χðzÞ
χðzCMBÞ

; ð6Þ

where H0 and Ωm;0 denote the Hubble parameter and
matter density at present time. Comparing the theoretical
prediction for Cκg

l [right-hand side of Eq. (5)] to its
measured value through the likelihood function allows
us to derive constraints on bcrossðkÞ. In Eq. (5) we have
chosen for simplicity not to include the contribution of
redshift-space distortions, as well as the contribution of
lensing to the observed galaxy clustering. The former is
negligible on the scales of interest, whereas [48] showed
that neglecting the latter at z ¼ 0.57 induces a relative error
of less than 5% in Cκg

l , which is well below the current error
budget in the measured Cκg

l .
From peaks theory [49], as well as on more general

grounds, one expects differences between bcrossðkÞ and
bautoðkÞ [Eqs. (3) and (4)]. To some extent, these differences
are partly attributable to stochasticity [1,11–15,17–20,
22,23] (see also Figs. 1 and 2 of [2]). The stochastic
component, which is expected to be scale-dependent and
hence more complex than a simple white shot-noise
component [50], originates from the discrete nature of
galaxies as tracers of the density field, as well as the non-
Poissonian behavior of satellite galaxies whose spatial
distribution does not follow that of the dark matter in
halos [51]. Autopower spectra measurements therefore
include a stochastic component, whereas cross-power
spectra measurements are substantially less sensitive to
the stochastic component. We take into account this
difference by considering two separate parametrizations
for bcross and bauto as per Eqs. (3) and (4).2 Equations (3)
and (4) are used to model the theoretical values of Cκg

l
[Eq. (5)] and PggðkÞ [Eq. (1)] respectively when comparing
them to their measured values in the likelihood function,
allowing us to derive constraints on the bias parameters a,
c, and d.
Note that, on simulations grounds, bcross is typically ex-

pected to increase with increasing k (i.e., dbcross=dk > 0),
whereas the opposite behaviour is expected for bauto (i.e.,
dbauto=dk < 0). To see this behavior in simulations of
luminous red galaxies (LRGs, which we will use in our
work) at z ¼ 0.5, see the light blue short-dashed and long-
dashed curves in the second panel from the left of the upper
row of Fig. 2 in [3]. This behavior is even more enhanced
for more massive and hence more biased galaxies, see the

purple and dark blue curves in the same figure.3 On
theoretical grounds, such a behavior is not unexpected.
Concerning bcross, it is known that on small scales the
matter-galaxy 2-point correlation function ξmgðrÞ traces the
halo density profile ρðrÞ (see, e.g., Fig. 1 in [52]) and hence
rises steeply. One therefore expects bcross to rise on small
scales (large k), as seen in simulations. Turning to auto-
correlation measurements instead, halos are extended
objects and therefore the distance between halos cannot
be less than the sum of their radii: this effect of halo
exclusion is translated into the fact that, on small scales, the
galaxy 2-point correlation function ξðrÞ → −1 [14,50,53].
Therefore, one expects bauto to drop on small scales (large
k), again in agreement with what is observed in simula-
tions. This justifies our choice of treating bcross and bauto
separately, albeit using the same functional form for both,
which is justified on both theory and simulations grounds.

III. DATA SETS AND METHODOLOGY

The baseline data set we consider consists of measure-
ments of the CMB temperature, polarization, and cross-
correlation spectra from the Planck 2015 data release
[54–56]. We combine the high-l and low-l temperature
likelihoods, as well as the low-l polarization likelihood.
This dataset combination is referred to as CMB.
In addition, we also include the galaxy power spectrum

data from the BOSS DR12 CMASS sample [57,58]. We
denote this data set by PggðkÞ. The measured galaxy power
spectrum is compared to the theoretical value through the
likelihood function, where the theoretical galaxy power
spectrum Pth

ggðk; zÞ is modeled as follows:

Pth
ggðk; zÞ ¼ b2autoðkÞ

�
1þ 2

3
βþ 1

5
β2
�
PHFνðk; zÞ þPs: ð7Þ

In Eq. (7), β ¼ ΩmðzeffÞ0.545=bautoðkÞ parametrizes the
amplitude of redshift-space distortions at the effective red-
shift zeff ¼ 0.57 determined by the BOSS collaboration
[57,58], and bautoðkÞ is given in Eq. (4).4 PHFνðk; zÞ is the
theoretical non-linear matter power spectrum computed
using HALOFIT [34,35]. Notice that we do not model
nonlinear redshift-space distortions in Eq. (7) because their
contribution on the scales of interest (k < 0.2hMpc−1) is
small (see e.g., Fig. 5 of [59]). Finally, Ps is a nuisance
parameter taking into account residual shot-noise contribu-
tion due to the discrete nature of galaxies. We consider the

2Note that a relation between the bias parameters c [Eq. (3)]
and d [Eq. (4)] is still not present in the literature.

3For LRGs, bcross and bauto appear to be nearly equal up to
k ∼ 0.2hMpc−1, suggesting that in principle we could have taken
c ¼ d. However, in order to be conservative we have decided to
allow the two scale-dependent factors to be independent. In fact,
as we shall see later, data ends up detecting differences between
c and d.

4We also verified that if we consider a linear redshift distortion
parameter, β ¼ ΩmðzeffÞ0.545=a, this choice has no effects on our
results.
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same wave number range used in [10], 0.03 hMpc−1 <
k < 0.2 hMpc−1, in order to avoid the use of non-linear
scales, whichwould require amore sophisticated biasmodel
beyond the relatively simple onewe are using. In futurework
we will explore how a more sophisticated bias model can
allow us to push to more nonlinear scales.
In addition to the CMB and galaxy power spectrum data,

we consider the cross-correlation, measured by Pullen et al.
[43], between CMB lensing convergence maps from the
Planck 2015 data release [60] and galaxy overdensity maps
from the DR11 CMASS sample [61]. We refer to this data
set as Cκg

l . Following [43], we limit our use of the
measurements of Cκg

l from l ¼ 130 to l ¼ 950, thus
removing the points in the low-l range. The choice is
dictated by the observed discrepancy between measure-
ments of PggðkÞ in the North and South Galactic caps [62],
as well as possible contamination from the thermal
Sunyaev-Zel’dovich (SZ) effect or other unknown system-
atics on large angular scales, to be discussed briefly later.
This observation suggests that large-scale clustering mea-
surements could be affected by systematics (see also [63]).
It is worth pointing out that Cκg

l measurements are
extremely valuable due to their ability of breaking the
degeneracy between a and σ8. While Pgg is sensitive to the
quantity a2σ28, C

κg
l is instead sensitive to the combination

aσ28. The combination of Cκg
l and Pgg is thus capable of

breaking the degeneracy between the parameters a and σ8.
We assume the standard six-parameter ΛCDM cosmo-

logical model, complemented by four parameters describ-
ing the scale-dependent bias (a, c, and d) and the sum of the
three active neutrino masses Mν. For Mν we adopt the
currently sufficiently precise assumption of a degenerate
mass spectrum [64–70]. We do not model the modification
to the scale-dependent bias induced by massive neutrinos
[2,71–103], as [84,103] found that this effect is negligible
given the sensitivity of current data.

We sample the posterior distributions of the cosmological
parameters using the publicly available MCMC sampler
COSMOMC [104,105]. We assume a Gaussian likelihood
for Cκg

l , with covariance matrix estimated by jackknife
resampling [43]. The theoretical values of Pgg and Cκg

l are
convolved with the respective window functions, which take
into account the finite geometry of the surveys, before being
compared to their measured values in the likelihood function.
Unless otherwise specified, a uniform prior is assumed

for all cosmological parameters. We allow Mν to be as
small as 0 eV, ignoring prior information from oscillation
experiments, which set a lower limit of 0.06 eV [106–108].5
For completeness we also report constraints on Mν when
this lower limit is imposed. For a we impose a uniform
prior in the range between 0 and 5, while for c and d we
adopt a uniform prior between −50 and 10 (in units of
h−2 Mpc2). The choice for the lower ranges of c and d is
dictated by N-body simulations [2,6]. These prior ranges
are large enough to not cut the respective posterior
distributions where these are significantly different from
zero: in other words, the data really will be deciding the
preferred ranges of c and d, and not the priors.

IV. RESULTS

Table I shows the constraints we obtain on a, c, d, and
Mν, for various data sets combinations. We begin by
considering the CMB CMB-only data set, and find Mν <
0.72 eV at 95% C.L. [54].
The addition of Cκg

l (second and third rows of Table I)
allows us to constrain a and c. We find a ≃ 1.5� 0.2 at 1σ, a
value which is low when compared to the expectation from

TABLE I. Constraints on the bias parameters a, c, and d, as well as the sum of the three active neutrino massesMν. The bounds onMν

not in square brackets have been obtained imposing a lower bound of Mν > 0 eV, i.e., only making use of cosmological data, whereas
the ones in square brackets have been obtained imposing the lower bound set by neutrino oscillations ofMν > 0.06 eV. The CMB data
set denotes measurements of the CMB temperature and large-scale polarization anisotropy from the Planck satellite 2015 data release.
Measurements of the angular cross-power spectrum between CMB lensing convergence maps from the Planck 2015 data release and
galaxies from BOSS DR11 CMASS sample [Cκg

l ], as well as the galaxy power spectrum measured from BOSS DR12 CMASS sample
[PggðkÞ], are then added. Rows featuring the symbol 0.06 were obtained fixing the sum of the neutrino massesMν to the minimum value
allowed by oscillation data, 0.06 eV.

Dataset a (68% C.L.) c (68% C.L., h−2 Mpc2) d (68% C.L., h−2 Mpc2) Mν [eV] (95% C.L.)

CMB≡ PlanckTTþ lowP <0.72 [<0.77]
CMBþ Cκg

l 1.45� 0.19 2.59� 1.22 0.06
1.50� 0.21 2.97� 1.42 <0.72 [<0.77]

CMBþ PggðkÞ 1.97� 0.05 −13.76� 4.61 0.06
1.98� 0.08 −14.03� 4.68 <0.22 [<0.24]

CMBþ PggðkÞ þ Cκg
l 1.95� 0.05 0.45� 0.87 −13.90� 4.17 0.06

1.95� 0.07 0.48� 0.90 −14.13� 4.02 <0.19 [<0.22]

5This choice for the lower limit of the Mν prior can also be
viewed as a phenomenological proxy for models where the
neutrino energy density can be smaller than the one predicted in
ΛCDM, if not vanishing, see, e.g., [109].
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simulations for this galaxy sample (a ≈ 2 [57,58]), although
compatible at ≈2.5σ. We attribute this low value to a deficit
of large-scale power observed in several measurements
of Cκg

l [24,110], including ours. Explanations range from
systematics introduced in the Planck 2015 lensing maps
[110–112] to contamination from thermal SZ [113].
The observed deficit in power also affects the bounds on

c, because a, c, and Mν are mutually degenerate when
considering Cκg

l measurements only. The reason is that a
decrease in a can be compensated on small scales by
increasing c. An increase in c increases power on small
scales: this can be compensated by increasing Mν in order
to damp small-scale power.
The fourth and fifth rows of Table I report the bounds

obtained from theCMBþ PggðkÞ data set. In this case a and
d do not show a strong degeneracy. The reason is that the
shot noise in Eq. (7) smooths the matter power spectrum on
small scales and partially breaks the degeneracy between a
and d. A negative correlation between d and Ps is then
induced. Finally, the estimate of a ≈ 2 is now compatible
with expectations [57,58] and the limits on Mν are consid-
erably improved, reaching Mν < 0.22 eV at 95% C.L..
The addition of Cκg

l measurements leads to the bounds
reported in the sixth and seventh row. For both the
CMBþ PggðkÞ and CMBþ Pgg(k)þ Cκg

l combinations
we find a negative d, in agreement with the expectations
from N-body simulations [2,6]. The bound reported
on Mν for the CMBþ Pgg(k)þ Cκg

l data set combination
(Mν < 0.19 eV at 95%C.L.) is the strongest available bound

in the literature obtained when considering comparable
datasets [7–10,114–134] and within the assumption of
a ΛCDM model.6 Previously, the study [10] obtained
Mν < 0.30 eV at 95% C.L. for the CMBþ PggðkÞ data
set with a scale-independent treatment of the bias.
The improvement in the constraints onMν can be seen in

Fig. 1: the previous result of [10] is represented by the red
curve. The small peak appearing at low values of Mν has
been attributed to possible systematics in the measurement,
resulting in a slight suppression of small-scale power and
hence a preference for higher neutrino masses. Moreover,
the red curve is obtained through a scale-independent
treatment of the bias [i.e., bautoðkÞ ¼ a]. Thus, the results
obtained using the scale-dependent expressions for bautoðkÞ
[Eq. (4)] and bcrossðkÞ [Eq. (3)] lead to a constraint on Mν

which is tighter and, especially, more robust (see blue and
magenta curves in Fig. 1). We notice that the impact of the
Cκg
l data set on improving our Mν constraints is rather

modest, which is best explained by the currently modest
signal-to-noise of this measurement. We expect that future

FIG. 1. One-dimensional marginalized posterior for Mν ob-
tained with the baseline CMB dataset (CMB temperature and
large-scale polarization anisotropy, black line), in combination
with the PggðkÞ dataset (galaxy power spectrum from the DR12
CMASS sample, blue line), with the Cκg

l dataset (CMB lensing-
galaxy overdensity cross-correlation angular power spectrum,
green line), and with both PggðkÞ and Cκg

l (magenta line). We also
show the posterior obtained in [10] for the CMBþ PggðkÞ dataset
with a scale-independent treatment of the bias (red line).

FIG. 2. 68% and 95% CL allowed regions in the combined two-
dimensional planes for the parameters Mν, a and d [the bias
parameter d enters the modeling of PggðkÞ as this is an auto-
correlation measurement, see Eqs. (1) and (4)] together with their
one-dimensional posterior probability distributions. We consid-
ered the combination of the CMB data with the PggðkÞ galaxy
power spectrum data (blue contours), with the further addition of
the Cκg

l CMB lensing-galaxy overdensity cross-correlation an-
gular power spectrum (red contours). In order to compare these
two combination of data, we do not show the parameter c in the
plot as it is not present in the autocorrelation parametrization
[Eq. (4)].

6However, see also [135–140].
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high signal-to-noise measurements of Cκg
l , in combination

with a reduction of systematics, should significantly
increase the impact of this data set, and therefore of our
methodology, on constraining the cosmological parame-
ters. Finally, triangular plots showing the joint posteriors on
a, d, and Mν are shown in Fig. 2.
The bounds obtained are among the most conservative in

the literature, given the bare minimum number of datasets
adopted. We expect that the addition of geometrical
information from BAO measurements would contribute
strongly to further lowering the upper bound on Mν. This
might open the doors towards possibly unraveling the neu-
trino mass hierarchy from cosmology [10,120,141–151],
due to parameter space volume effects. The neutrino
mass bounds, and accordingly the volume effects, are
actually stronger in dynamical dark energy models where
wðzÞ ≥ −1 [152] (see also [153–159] for related work).

V. CONCLUSIONS

In this work, it is the first time that measurements of the
cross-correlation between CMB lensing and galaxy over-
density maps [Cκg

l ], and of the galaxy power spectrum
[PggðkÞ], have been: (a) combined and analyzed in light
of a well-motivated parametrization of the scale-dependent
bias bðkÞ and (b) used to obtain tighter and more robust
constraints on the sum of neutrino masses Mν. We detect
scale-dependence in the bias at moderate significance, thus
showing that already on linear or mildly nonlinear scales
(k < 0.2 hMpc−1), modeling leading-order corrections to
the usually assumed constant bias is important. The upper
bound onMν of 0.19 eV we have determined by combining
CMB data with PggðkÞ and Cκg

l measurements is among the
strongest and most conservative in the literature obtained
with comparable data sets [8–10,57,115,120].
We expect our method to be particularly useful for future

surveys, in particular for constraining cosmological param-
eters or models which affect small-scale clustering or the
growth of structure (for example, massive neutrinos and
σ8). Moreover, our method can be extended to a tomo-
graphic analysis, using several redshift bins, allowing one
to sample more modes and constrain the time-dependent
suppression in the matter power spectrum due to neutrinos
[160]. Alternatively, weak lensing surveys can be used in
place of CMB lensing maps [161]. In order to increase the
available number of modes by modeling increasingly
nonlinear scales, a more accurate treatment of the scale-
dependent bias is necessary [4,5,126,162]. It will be
particularly interesting to interpret CMB lensing-galaxy
cross-correlation measurements within perturbation theory
frameworks, for instance within convolution Lagrangian
effective field theory [5]. The use of such approaches
will be particularly useful when cross-correlating with
future galaxy surveys which will probe higher redshifts,
and hence increasingly linear scales at a given wave

number. We plan on exploring these and other issues in
future work.
Finally, we expect the signal-to-noise ratio (S=N) for

future CMB lensing-galaxy overdensity cross-correlation
measurements to improve significantly. CMB-S4 like
experiments in cross-correlation with future galaxy surveys
should provide a S=N of≳150, allowing a proper modeling
for the scale-dependent bias to be made. This modeling will
allow a substantial recovery of information on the matter
power spectrum and improve our constraints on cosmo-
logical parameters, such as Mν [163,164].
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APPENDIX: THE BIAS MODEL

In this section we discuss our choice of the bias model,
Eqs. (3) and (4), by studying the impact of using other
different functional forms and quantifying to some extent
the systematic error introduced adopting an incorrect
model.
As discussed in Sec. I, our model for the scale-dependent

galaxy bias is motivated by both theory and simulations. In
particular, the k2 model we adopted can be derived within at
least three very different theoretical approaches to under-
standing galaxy bias by linking the statistics of haloes to
fluctuations of the primordial density field. These three
extremely well-motivated and well-studied approaches,
which give the same expression for the leading terms of
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the scale-dependent bias, are: peaks theory with Gaussian
smoothing (see Eq. (10) in [16]), the excursion set
approach (see Eq. (50) in [17]), and the effective field
theory of large-scale structure.7 A hybrid peaks theory-
excursion set approach also leads to the same form for the
scale-dependent bias (see Fig. 4 of [18]).8 Moreover, the
agreement with predictions from N-body simulations (e.g.,
[2,6]) further lend support in favor of the robustness of our
choice of bias model, as being the one most justified by
theory and simulations on mildly non-linear scales.
Nevertheless, several phenomenological bias models

exist and have been used in literature. For instance, some
reasonable choices of bias models could be those consid-
ered in Sec. II A of [14]. These include some well-known
bias forms such as the Q-model of Cole et al. [165], the
model of Seo and Eisenstein [166] and variants thereof
[12,13,167], the model of Huff et al. [168], or the power
law bias model of Amendola et al. [28]. For concreteness,
we have examined how the bounds would change if we
used the Q-model of [165]:

bðkÞ ¼ bQ
1þQk2

1þ 1.4k
; ðA1Þ

where bQ and Q mimic the scale dependence of the power
spectrum at small scales.
After marginalizing over bQ and Q, we find that also for

this bias model, as for the one we used in our manuscript,
the upper limit onMν is tighter than the one obtained using
a scale-independent bias model. The reason is that the
Monte Carlo shows a preference for values of Q which
result in the value of the bias decreasing as k is increased
(i.e., db=dk < 0). This is exactly the same behavior we
observed using our k2 model, where the data prefers
negative values of the d bias parameter (in agreement with
theoretical arguments and simulations, although at no point
in the analysis have we used this information, i.e., the prior
on dwas large enough that the data would have been free to
choose positive values of d as well). In other words, galaxy
power spectrum data, when interpreted using the bias
models we examined, seem to prefer a bias which decreases
when moving towards smaller scales: this effect can
naturally be compensated by decreasing Mν, in order to
reduce the small-scale suppression in the power spectrum
caused by neutrino masses. Notice that this behavior is

exactly what is expected from N-body simulations [2,6].
Of course, we cannot confirm that this behavior occurs for
any possible scale-dependent bias model one can think
about, but the results of N-body simulations as well as
our investigation of two independent bias models (the
Q-model and the k2 model we examined here) suggests that
this might well be the case. A complete investigation,
however, is well beyond the scope of our work. It would
definitely be interesting to return to this point in more detail
in the future.
Finally, in order to somehow quantify the systematic

error due to the choice of the bias model, we opted for
providing a qualitative assessment by comparing the
posteriors we obtain for the scale-independent bias param-
eter a, according to whether or not the k2-correction is
switched on (i.e., in one case we allow c and d to vary, and
in the other case we set c ¼ d ¼ 0). We plot the results in
Fig. 3, with the red curve being the one obtained when the
full scale-dependent bias model is used, whereas the black
curve is obtained by considering the extreme case where we
switch off the scale-dependent correction. As we can see
from Fig. 3, the shift in the posterior of a induced by
introducing or not the scale-dependent correction is min-
imal, well below the 1σ level. From a qualitative point of
view, we can expect that an incorrect bias model would lead
to systematics in the recovered value of the a bias
parameter, which instead we find to be in agreement with
the theoretical value for the galaxy sample in question
(a ∼ 2).

FIG. 3. One-dimensional marginalized posterior for a (scale-
independent bias parameter) obtained by combining the baseline
CMB dataset, with the PggðkÞ data set and with the Cκg

l data set
used in this work. The red line shows the posterior obtained
introducing the k2-correction, while the black line illustrates the
posterior obtained with a scale-independent treatment of the bias.
The k and l range we choose are the same for both the cases
considered.

7The k2-correction can be understood by looking at the
derivatives of ϕ appearing in Eqs. (52,53) of [21].

8The k2-correction can also be seen in the well-known review
paper [1]. In particular, in Eq. (2.66), the term bδ coincides with
the standard large-scale constant bias, while the term proportional
to b∇2δ corresponds to a k2-dependent term.
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[20] L. Verde, R. Jiménez, F. Simpson, L. Alvarez-Gaume, A.

Heavens, and S. Matarrese, Mon. Not. R. Astron. Soc. 443,
122 (2014).

[21] L. Senatore, J. Cosmol. Astropart. Phys. 11 (2015) 007.
[22] E. Castorina, A. Paranjape, and R. K. Sheth, Mon. Not. R.

Astron. Soc. 468, 3813 (2017).
[23] C. Modi, E. Castorina, and U. Seljak, Mon. Not. R. Astron.

Soc. 472, 3959 (2017).
[24] T. Giannantonio et al. (DES Collaboration), Mon. Not. R.

Astron. Soc. 456, 3213 (2016).
[25] S. Joudaki et al., Mon. Not. R. Astron. Soc. 474, 4894

(2018).
[26] U. L. Pen, Mon. Not. R. Astron. Soc. 350, 1445 (2004).
[27] S. More, H. Miyatake, R. Mandelbaum, M. Takada, D.

Spergel, J. Brownstein, and D. P. Schneider, Astrophys. J.
806, 2 (2015).

[28] L. Amendola, E. Menegoni, C. Di Porto, M. Corsi, and E.
Branchini, Phys. Rev. D 95, 023505 (2017).

[29] F. Beutler, U. Seljak, and Z. Vlah, Mon. Not. R. Astron.
Soc. 470, 2723 (2017).

[30] F. Beutler et al. (BOSS Collaboration), Mon. Not. R.
Astron. Soc. 466, 2242 (2017).

[31] D. N. Limber, Astrophys. J. 119, 655 (1954).
[32] M. LoVerde and N. Afshordi, Phys. Rev. D 78, 123506

(2008).
[33] A. Lewis, A. Challinor, and A. Lasenby, Astrophys. J. 538,

473 (2000).
[34] S. Bird, M. Viel, and M. G. Haehnelt, Mon. Not. R. Astron.

Soc. 420, 2551 (2012).
[35] R. Takahashi, M. Sato, T. Nishimichi, A. Taruya, and M.

Oguri, Astrophys. J. 761, 152 (2012).
[36] H. V. Peiris and D. N. Spergel, Astrophys. J. 540, 605

(2000).
[37] C. M. Hirata, S. Ho, N. Padmanabhan, U. Seljak, and N. A.

Bahcall, Phys. Rev. D 78, 043520 (2008).
[38] L. E. Bleem et al., Astrophys. J. 753, L9 (2012).
[39] B. D. Sherwin et al., Phys. Rev. D 86, 083006 (2012).
[40] A. Vallinotto, Astrophys. J. 778, 108 (2013).
[41] R. Pearson and O. Zahn, Phys. Rev. D 89, 043516 (2014).
[42] F. Bianchini et al., Astrophys. J. 802, 64 (2015).
[43] A. R. Pullen, S. Alam, S. He, and S. Ho, Mon. Not. R.

Astron. Soc. 460, 4098 (2016).
[44] F. Bianchini et al., Astrophys. J. 825, 24 (2016).
[45] S. Singh, R. Mandelbaum, and J. R. Brownstein, Mon.

Not. R. Astron. Soc. 464, 2120 (2017).
[46] J. Prat et al. (DES Collaboration), Mon. Not. R. Astron.

Soc. 473, 1667 (2018).
[47] F. Bianchini and C. L. Reichardt, Astrophys. J. 862, 81

(2018).
[48] A. Moradinezhad Dizgah and R. Durrer, J. Cosmol.

Astropart. Phys. 09 (2016) 035.
[49] J. M. Bardeen, J. R. Bond, N. Kaiser, and A. S. Szalay,

Astrophys. J. 304, 15 (1986).
[50] T. Baldauf, U. Seljak, R. E. Smith, N. Hamaus, and V.

Desjacques, Phys. Rev. D 88, 083507 (2013).
[51] A. Dvornik et al., Mon. Not. R. Astron. Soc. 479, 1240

(2018).
[52] E. Hayashi and S. D. M. White, Mon. Not. R. Astron. Soc.

388, 2 (2008).
[53] R. Casas-Miranda, H. J. Mo, R. K. Sheth, and G. Boerner,

Mon. Not. R. Astron. Soc. 333, 730 (2002).
[54] P. A. R. Ade et al. (Planck Collaboration), Astron.

Astrophys. 594, A13 (2016).
[55] R. Adam et al. (Planck Collaboration), Astron. Astrophys.

594, A1 (2016).
[56] N. Aghanim et al. (Planck Collaboration), Astron.

Astrophys. 594, A11 (2016).
[57] S. Alam et al. (BOSS Collaboration), Mon. Not. R. Astron.

Soc. 470, 2617 (2017).
[58] H. Gil-Marín et al., Mon. Not. R. Astron. Soc. 460, 4188

(2016).
[59] T. Okumura, N. Hand, U. Seljak, Z. Vlah, and V.

Desjacques, Phys. Rev. D 92, 103516 (2015).
[60] P. A. R. Ade et al. (Planck Collaboration), Astron.

Astrophys. 594, A15 (2016).
[61] L. Anderson et al. (BOSS Collaboration), Mon. Not. R.

Astron. Soc. 441, 24 (2014).
[62] A. J. Ross et al. (BOSS Collaboration), Mon. Not. R.

Astron. Soc. 424, 564 (2012).

ELENA GIUSARMA et al. PHYS. REV. D 98, 123526 (2018)

123526-8

https://doi.org/10.1016/j.physrep.2017.12.002
https://doi.org/10.1016/j.physrep.2017.12.002
https://doi.org/10.1088/1475-7516/2014/03/011
https://doi.org/10.1088/1475-7516/2014/03/011
https://doi.org/10.1088/1475-7516/2012/11/014
https://doi.org/10.1088/1475-7516/2012/11/014
https://doi.org/10.1088/1475-7516/2017/10/009
https://doi.org/10.1088/1475-7516/2017/10/009
https://doi.org/10.1088/1475-7516/2017/08/009
https://doi.org/10.1088/1475-7516/2017/08/009
https://doi.org/10.1088/1475-7516/2013/10/053
https://doi.org/10.1103/PhysRevD.88.063515
https://doi.org/10.1103/PhysRevD.88.063515
https://doi.org/10.1016/j.dark.2016.04.005
https://doi.org/10.1016/j.dark.2016.04.005
https://doi.org/10.1103/PhysRevD.94.083522
https://doi.org/10.1103/PhysRevD.96.123503
https://doi.org/10.1103/PhysRevD.96.123503
https://doi.org/10.1046/j.1365-8711.1999.02692.x
https://doi.org/10.1046/j.1365-8711.1999.02692.x
https://doi.org/10.1046/j.1365-8711.2001.04508.x
https://doi.org/10.1016/j.astropartphys.2005.11.007
https://doi.org/10.1016/j.astropartphys.2005.11.007
https://doi.org/10.1103/PhysRevD.75.063512
https://doi.org/10.1103/PhysRevD.75.063512
https://doi.org/10.1111/j.1365-2966.2011.18705.x
https://doi.org/10.1111/j.1365-2966.2011.18705.x
https://doi.org/10.1103/PhysRevD.82.103529
https://doi.org/10.1111/j.1365-2966.2012.21903.x
https://doi.org/10.1111/j.1365-2966.2012.21903.x
https://doi.org/10.1111/j.1365-2966.2012.21911.x
https://doi.org/10.1111/j.1365-2966.2012.21911.x
https://doi.org/10.1103/PhysRevD.88.023515
https://doi.org/10.1103/PhysRevD.88.023515
https://doi.org/10.1093/mnras/stu1164
https://doi.org/10.1093/mnras/stu1164
https://doi.org/10.1088/1475-7516/2015/11/007
https://doi.org/10.1093/mnras/stx701
https://doi.org/10.1093/mnras/stx701
https://doi.org/10.1093/mnras/stx2148
https://doi.org/10.1093/mnras/stx2148
https://doi.org/10.1093/mnras/stv2678
https://doi.org/10.1093/mnras/stv2678
https://doi.org/10.1093/mnras/stx2820
https://doi.org/10.1093/mnras/stx2820
https://doi.org/10.1111/j.1365-2966.2004.07746.x
https://doi.org/10.1088/0004-637X/806/1/2
https://doi.org/10.1088/0004-637X/806/1/2
https://doi.org/10.1103/PhysRevD.95.023505
https://doi.org/10.1093/mnras/stx1196
https://doi.org/10.1093/mnras/stx1196
https://doi.org/10.1093/mnras/stw3298
https://doi.org/10.1093/mnras/stw3298
https://doi.org/10.1086/145870
https://doi.org/10.1103/PhysRevD.78.123506
https://doi.org/10.1103/PhysRevD.78.123506
https://doi.org/10.1086/309179
https://doi.org/10.1086/309179
https://doi.org/10.1111/j.1365-2966.2011.20222.x
https://doi.org/10.1111/j.1365-2966.2011.20222.x
https://doi.org/10.1088/0004-637X/761/2/152
https://doi.org/10.1086/309373
https://doi.org/10.1086/309373
https://doi.org/10.1103/PhysRevD.78.043520
https://doi.org/10.1088/2041-8205/753/1/L9
https://doi.org/10.1103/PhysRevD.86.083006
https://doi.org/10.1088/0004-637X/778/2/108
https://doi.org/10.1103/PhysRevD.89.043516
https://doi.org/10.1088/0004-637X/802/1/64
https://doi.org/10.1093/mnras/stw1249
https://doi.org/10.1093/mnras/stw1249
https://doi.org/10.3847/0004-637X/825/1/24
https://doi.org/10.1093/mnras/stw2482
https://doi.org/10.1093/mnras/stw2482
https://doi.org/10.1093/mnras/stx2430
https://doi.org/10.1093/mnras/stx2430
https://doi.org/10.3847/1538-4357/aacafd
https://doi.org/10.3847/1538-4357/aacafd
https://doi.org/10.1088/1475-7516/2016/09/035
https://doi.org/10.1088/1475-7516/2016/09/035
https://doi.org/10.1086/164143
https://doi.org/10.1103/PhysRevD.88.083507
https://doi.org/10.1093/mnras/sty1502
https://doi.org/10.1093/mnras/sty1502
https://doi.org/10.1111/j.1365-2966.2008.13371.x
https://doi.org/10.1111/j.1365-2966.2008.13371.x
https://doi.org/10.1046/j.1365-8711.2002.05378.x
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1051/0004-6361/201527101
https://doi.org/10.1051/0004-6361/201527101
https://doi.org/10.1051/0004-6361/201526926
https://doi.org/10.1051/0004-6361/201526926
https://doi.org/10.1093/mnras/stx721
https://doi.org/10.1093/mnras/stx721
https://doi.org/10.1093/mnras/stw1096
https://doi.org/10.1093/mnras/stw1096
https://doi.org/10.1103/PhysRevD.92.103516
https://doi.org/10.1051/0004-6361/201525941
https://doi.org/10.1051/0004-6361/201525941
https://doi.org/10.1093/mnras/stu523
https://doi.org/10.1093/mnras/stu523
https://doi.org/10.1111/j.1365-2966.2012.21235.x
https://doi.org/10.1111/j.1365-2966.2012.21235.x


[63] C. Hahn, R. Scoccimarro, M. R. Blanton, J. L. Tinker, and
S. A. Rodríguez-Torres, Mon. Not. R. Astron. Soc. 467,
1940 (2017).

[64] J. Lesgourgues, S. Pastor, and L. Perotto, Phys. Rev. D 70,
045016 (2004).

[65] F. De Bernardis, T. D. Kitching, A. Heavens, and A.
Melchiorri, Phys. Rev. D 80, 123509 (2009).

[66] C. Wagner, L. Verde, and R. Jiménez, Astrophys. J. 752,
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