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We study the 2nd-order scalar, vector, and tensor metric perturbations in Robertson-Walker (RW)
spacetime in synchronous coordinates during the radiation dominated (RD) stage. The dominant radiation
is modeled by a relativistic fluid described by a stress tensor T, = (p + p)U,U, + g, p with p = 2p,
and the 1st-order velocity is assumed to be curlless. We analyze the solutions of 1st-order perturbations,
upon which the solutions of 2nd-order perturbation are based. We show that the 1st-order tensor modes
propagate at the speed of light and are truly radiative, but the scalar and vector modes do not. The 2nd-order
perturbed Einstein equation contains various couplings of lst-order metric perturbations, and the scalar-
scalar coupling is considered in this paper. We decompose the 2nd-order Einstein equation into the
evolution equations of 2nd-order scalar, vector, and tensor perturbations, and the energy and momentum
constraints. The coupling terms and the stress tensor of the fluid together serve as the effective source for
the 2nd-order metric perturbations. The equation of covariant conservation of stress tensor is also needed to
determine p and U*. By solving this set of equations up to 2nd order analytically, we obtain the 2nd-order
integral solutions of all the metric perturbations, density contrast, and velocity. To use these solutions in
applications, one needs to carry out seven types of the numerical integrals. We perform the residual gauge
transformations between synchronous coordinates up to 2nd order and identify the gauge-invariant modes

of 2nd-order solutions.

DOI: 10.1103/PhysRevD.98.123019

I. INTRODUCTION

As the theoretical foundation of cosmology, cosmologi-
cal perturbation has been extensively studied to linear order
[1-6], and successfully applied to large-scale structures [7],
cosmic microwave background radiation (CMB) [8-15]
and relic gravitational wave (RGW) [16-20], etc. Nonlinear
effects beyond the linear perturbation become interesting
in the era of precision cosmology [21-29]. The cosmic
evolution in Big Bang cosmology is very long, from
inflation to the present accelerating stage, and the effects
of nonlinear perturbation during expansion might accumu-
late substantially and be significant for cosmology. The
metric perturbations in general relativity can be decom-
posed into three irreducible parts: scalar, vector, and tensor,
giving rise to six types of couplings of metric perturbations:
scalar-scalar, scalar-vector, etc., at the 2nd-order level. In a
Robertson-Walker (RW) spacetime, the 2nd-order cosmo-
logical perturbation is the lowest order of nonlinear
perturbations. In the literature, Tomita studied the 2nd-
order perturbations in synchronous coordinates and ana-
lyzed the 2nd-order density contrast for some special cases
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[30]. Gravitational instability was studied in the 2nd-
order perturbations in association with large-scale structure
[31-33]. Ref. [34] discussed the cosmological effects of
small-scale nonlinearity. In Lambda cold dark matter
(ACDM) framework, Ref. [35] calculated 2nd-order
scalar and vector perturbations in the Poisson gauge.
Gauge-invariant 2nd-order perturbations were studied in
Refs. [36,37], and in Ref. [38]. The 2nd-order density
perturbation was studied with the squared RGW as the
source in the Arnowitt-Deser-Misner (ADM) framework
[39-41].

Matarrese et al. studied the equations of 2nd-order scalar
and tensor perturbations for the scalar-scalar coupling in
Einstein—de Sitter model filled with a pressureless dust
[42,43], the 2nd-order vector due to scalar-scalar coupling
was explored in Poisson gauge [44,45]. In Refs. [46,47] we
have performed a systematical study of 2nd-order pertur-
bation in the matter-dominated (MD) stage, and for the
scalar-scalar, scalar-tensor, and tensor-tensor couplings, we
have derived all the analytical solutions of 2nd-order scalar,
vector, tensor metric perturbations, and of the 2nd-order
density contrast.

In the RD stage, the scale factor a(z) can increase up to
~10%* times, much more than in MD stage. The 2nd-order
perturbation during RD has not been analytically explored
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in literature, which motivates our study in this paper.
The dominant cosmic radiation driving the RD expansion
can be modeled as a relativistic fluid with a stress tensor
T,, = (p+p)UU,+ g, p with the pressure p = cZp and
2= %, which is more complicated than the dust model
[42,43,46,47], as the velocity U* is involved. For this, we
have to solve the equation of covariant conservation
T, =0 and determine U¥, as well as p, up to the 2nd
order. The 2nd-order perturbed Einstein equation will be
decomposed into the equations of scalar, vector, and tensor,
by the procedures similar to those for MD stage [46,47];
and for the case of scalar-scalar coupling, we derive the
analytical solutions of 2nd-order scalar, vector, and tensor
perturbations under general initial conditions. Since the
solutions contain residual gauge modes in synchronous
coordinates, we shall also calculate residual gauge trans-
formations from synchronous to synchronous up to the 2nd
order, and identify the gauge-invariant modes of the 2nd-
order metric perturbations, the density contrast, and the
velocity.

In Sec. II, we give some basic setups, including notations
of metric perturbations and the relativistic fluid model.
In Sec. III, we derive the analytical solution of 1st-order
perturbations and the 1st-order residual gauge transforma-
tions. We analyze how the tensor modes as dynamic
degrees of freedom (d.o.f.) differ from the scalar and vector
modes.

In Sec. IV, for the case of scalar-scalar coupling, we
decompose the 2nd-order perturbed Einstein equation into
the equations of 2nd-order scalar, vector, tensor metric
perturbations, and also derive the equations of the 2nd-
order density contrast and velocity from the covariant
conservation of T,,.

In Sec. V, we derive the solutions of the 2nd-order metric
perturbations, density contrast, and velocity, which involve
time and momentum integrals.

In Sec. VI, we perform the synchronous-to-synchronous
transformation, and identify the residual gauge modes in
these 2nd-order solutions.

Section VII is the conclusions and discussions.

Appendix A lists the expressions of perturbed quan-
tities used in Einstein equations, Appendix B gives the
perturbed Einstein equations up to 2nd order for a general
RW spacetime, and Appendix C gives the synchronous-to-
synchronous gauge transformations of the metric pertur-
bations, the density contrast, and the velocity up to 2nd
order. We use a unit with the speed of light ¢ = 1.

I1. BASIC SETUPS

A flat Robertson-Walker metric in synchronous coor-
dinates is given by

ds* = g, dx'dx’ = a*(7)[—d7* +y;dx'dx’],  (2.1)

where 7 is the conformal time, the indices y, v =0, 1, 2, 3
and i, j =1, 2, 3, and

_ m,1le
Yij=06ij vy + 57 (2.2)
with yfy and yg) being the Ist- and 2nd-order metric

perturbation, respectively. Writing g/ = a~%y"/, one has

yi =8 — J,(l)ij _ %Y(Z)ij + y(l)ikylil)j_ (2.3)
Raising and lowering the 3-dim spatial indices, such as
yik and y@ik will be done by 6Y. We use the same
notations for metric perturbations as in Refs. [43,46,47].
The 1st- and 2nd-order metric perturbation can be further
written as

P = 2pW5; + 4D, with A=1,2,  (24)

where ¢4 is the trace part of scalar perturbation, and ;(S?)

is traceless and can be further decomposed into the
following:

A 1(A) , T(A .
V=D W 1 T with A=1.2, (2.5)
where D;; = 0,0; —15,;V? and x| is a scalar function,
and D, j;(H(A) is the traceless part of the scalar perturbation.
There are two scalar modes of metric perturbations,

¢ and D; 1@ of each order. The vector metric pertur-

bation y ,»lj(A) satisfies a condition 9’9/ ;(l.lj(A) — 0 and can be

written as

M =08" 108", with 9BY =0, A=12,
(2.6)

where BSA) is a curl vector, and the vector metric perturbation
also has two independent modes. The tensor metric pertur-

(4)

. T . e
bation y,; " satisfies the traceless and transverse condition:

7'Wi =0, 6")(;('4) = 0, having two independent modes.

The RD stage of expansion is driven by a relativistic
fluid (without a shear stress), whose stress tensor is
T, = (p+ p)U,U,+ g, p, where p and p are the energy
density and pressure measured by a comoving observer in
the locally inertial frame, respectively, and U = % with
d)* = —ds? is the fluid 4-velocity with a normalization
condition g, U*U” = —1. The energy density p is
expanded up to 2nd order as the following:

1

2
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where p© is the background density, p(!) is the Ist-order
density perturbation, etc. We introduce the density contrast

(4)
W=l A=12 (2.8)
p0
The pressure is also expanded up to 2nd order
1

2

For the fluid, we introduce the Oth-, 1st-, and 2nd-order
sound speeds as the following:

(2.10)

which can be taken to be ¢; = 1 and ¢} = { in applications

[48], and we assume c,2V = % for computation convenience,

its actual value should be determined by future experi-
ments. The expansion of U* is expanded up to 2nd order

Ut =UOw 1 ye 1 U@k,

5 (2.11)

The coordinate 3-velocity [11] v =4 = Uy

= - = {0 18 expanded
up to 2nd-order

. | .
Ul — U(1>I + _U<2)1.

: (2.12)

By g, U*U" = —1, the component U is given up to 2nd
order

(2.13)
Here, mU" is the total energy of a particle, and mv(l)kv,((l>
is the nonrelativistic kinetic energy in the comoving
coordinate in Newtonian mechanics. By U’ = v'U",
one has

UOi=0, UyWi=g-lypi —pyRi=g-142i (2.14)
One then writes the covariant velocity U, = g, U” as the
following:
_ 1 (Hm (1)
Uy=—a 1+§v o, (2.15)
1 1 . e
U,»za(v,(- )—1-}/[(-/-)@(1)/—#51},(» >). (2.16)

Note that the lowest order of U; is 1st order.

The Einstein equation is expanded up to 2nd order of
perturbations

1
G =R\ - 59 RI™ = 87GT ., with A=0,1,2.

(2.17)

For each order of (2.17), the (00) component is the
energy constraint, (0/) components are the momentum
constraints, and (ij) components are the evolution equa-
tions. The Oth-order Einstein equation gives the Friedman

equations
a\* 8ziG ,
Z) == 42,0 2.18
<a> 5@, (2.18)
" N\ 2
_2a__|_ (ﬁ) = 871Ga2p(0). (2.19)
a a
By ¢2 :% of RD stage, Eqs. (2.18) and (2.19) have a

solution a(7) « 7 and

3 d*r)

©0)(7) = 2.20
) 872G a*(7) oc ( )

The covariant conservation of the stress tensor is
™., =0. (2.21)

The dynamics of gravitational systems is determined by
(2.17) and (2.21). The component u = 0 of (2.21) gives the
energy conservation

9%°po+ dollp + p)UU"] + 8,[(p + p)U°U']
+TGo(p + p)U°U° +TY(p + p)U'U
+ T8 (p + p)UU° + Ty (p + p)UU°

+ T (p+ p)UU™ =0, (2.22)
and the component u =i gives the momentum
conservation
g i+ l(p + p)U'U"] + 0,[(p + p)U'U

+ 2l (p + p) U™V + T ((p + p)U™U'

+Too(p + YUV + Ty p + p)U'U°

+T%,(p+ p)U'U™ =0, (2.23)

where the nonvanishing Christopher symbols are listed in
Egs. (A1)—(A4). To each order of perturbation, (2.22) and
(2.23) will determine p and U*.
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III. 1IST-ORDER PERTURBATIONS

Although 1st-order perturbation in RD stage is known
in the literature, here we give a detailed analysis of the
equations, solutions, and gauge modes, because the 2nd-
order solutions depend upon them. In addition, the 2nd-
order equations and gauge transformations have similar
structures to the Ist-order ones. Moreover, the 1st-order
solutions will give an insight on how the tensor perturba-
tions as dynamic d.o.f. differ from the scalar and vector
perturbations.

The (00) component of Ist-order perturbed Einstein
equation is

| n 1 o 1
G\ =Rl - 5 gOIRM = 8zGTY). (3.1)

The expressions of the Ist-order perturbed Einstein tensors
for a general RW spacetime are listed in Appendix A. By
(A9) and (A19) for the RD stage, the above gives the Ist-
order energy constraint

6 1 3
_;¢<1> +2v2p) +§v2v2;( 1) = ?5(”, (3.2)

which involves only the scalar modes ¢!, (V) on the left-
hand side (lhs), and 5" on the right-hand side (rhs). The
(0i) component of 1st-order perturbed Einstein equation is

G\ =R\l = 8zGT(). (3.3)
By (A6) and (A20), the above for RD stage gives the 1st-
order momentum constraint

/a 1 ' 4
Dy 2yt — 20 (3.4

y 1
2¢,(i) +5 2)(!/ T

2

which involves both vector and scalar modes, and the
velocity vgl) on the rhs. Both constraints equations (3.2)
and (3.4) do not involve the tensor modes and contain
only Ist-order time derivatives, indicating that they are not
dynamical equations. Now decompose the 3-velocity
as vgl) = vilm + v!lim with Bivf(l) = 0. Applying V29
to (3.4) leads to the longitudinal momentum constraint
1
240 +§v2)( )

, 4
= _7_2”“(1)’ (3.5)

which tells that the longitudinal velocity »1(1) is related to
the scalar modes. A combination [(3.4)—0; (3.5)] gives the
transverse momentum constraint

(3.6)

i.e., the curl velocity vf(l) is only related to the Ist-order

vector mode. The (ij) component of 1st-order perturbed
Einstein equation is

G =R -15,ar0 L2, R0 -

(1)
ij i 5% 3 SJTGTU ,

(3.7)

which, by (A11) and (A21), gives the Ist-order evolution
equation

" 4 ’ 1
206+~ 5,, + ) = VU5 + 2 Dy

1
+TDUZH sz )(” —§5UV2V2)( (]>
L iy tay LTy 1 Tay
+§)(ij +_Zij +§)(ij +;)(ij
1 3
_vaul — CL 5Ws;, (3.8)

where ;Df)(Hlk ) —|—1Df‘;(H]k —15; Dkl;(”m I=2V2D, /(D -
16, V2Vl and ;( ) +x k], -V )(U( =0 have
been used. The evolutlon equation (3.8) involves 2nd-order
time derivatives of all three types of the metric perturba-

tions, and gives the dynamical equations. We decompose it
into the trace and traceless parts

2
sV 42500 — Lyegm - Lgeg i 23 50
T 3 18 72
(3.9)
iy w1y vz )
D'V + = D,,)( +- Dl,x V' +-V2Dy
Vosay (1 gy (1 Tay 1T<1>
+§)(ij +;)(ij +§)(ij +;)(ij
1
- Ev%“) =0. (3.10)

Applying 3V2V=20'9/ to Eq. (3.10) gives the scalar mode
equation

A7 4 )(H +3 L g2, 4 20 (3.11)

Note that the term $V?¢/(1) in the above has a plus sign,
which is in contrast to the minus sign —1 V2¢(!) of the trace
part equation (3.9). The scalar modes described by (3.9)
and (3.11) behave as a wave in RD stage, as will be
revealed by their solutions. A combination 9’[(3.10)— %Di J
(3.11)] yields the vector mode equation

ay 2

2+ ;)(iljml =0, (3.12)
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where an irrelevant x-independent constant has been
dropped. Observe that (3.12) is not a hyperbolic type of
partial differential equation, implying that the vector
modes do not propagate in space and are not a wave.
Besides, (3.12) tells that the Ist-order vector modes is
independent of the scalar and tensor modes, but depends
on the curl velocity by (3.6). A combination [(3.10) —5 D
(3.11)—(3.12)], yields the tensor mode equation

Tay | 2

)(ij +;)(1/ v){t/ _O’ (313)

which is a hyperbolic equation, indicating that the tensor
modes propagate at the speed of light and are gravitational
waves. Also observe that (3.13) is not related to the scalar
nor the vector modes, furthermore, it is homogenous and

does not depend on the perturbed stress tensor T L}) of
relativistic fluid. We do not consider the neutrino free-
streaming during RD stage [49,50] that can give an
anisotropic stress as a source of the tensor modes.
Therefore, at 1st-order, RGW is a free wave propagating
in the RW spacetime background. So far, the 1st-order
evolution equation (3.8) has been decomposed into three
equations, (3.11), (3.12), and (3.13), for the three types of
metric perturbations, which are independent of each other.

To solve the equations of the scalars, we need to know

s() and vgl), which serve as the source for the 1st-order
metric perturbations. For this, we resort to the covariant
conservation of stress tensor. The 1st-order part of (2.22)
gives the lst-order equation of energy conservation (see
also (4.24) in Ref. [11])

W) =3¢ (p(0 + p)

)+ pO)(7] = 0,

1y +§(p(1>

+ 9;[(p© (3.14)
i.e., the continuity equation for a fluid. By (2.8), the above
is written in terms of the 1st-order density contrast

1

s 3 (2 N\ s Z apr _ 220
t\ L 3

: (3.15)

which contains the scalar ¢(!) and the longitudinal velocity
vl The sound speed c; appears in the above 1st-order
equation. Similarly, the 1st order of (2.23) gives the 1st-

order momentum conservation equation (see also (4.25) in
Ref. [11])

4 r 16
()Jr POy (1) +—P(O>U§1):Ov

4
ApOstl) 4 2 plor : 3

3

which is also written as

26 40—,

Wl A

(3.17)

i.e., the Euler equation for a fluid. The vector equa-
tion (3.17) can be decomposed into longitudinal and
transverse parts

4 oy
e +§UH<1> =0, (3.18)

(3.19)

We find that the trace of evolution equation (3.9) can be
given as the following combination

L32)2T9 30y 47 v2(3 5) —2—(3 15),

(3.9) = o

6
(3.20)

and so is the scalar part of the traceless evolution equa-
tion (3.11) as the following:

d

(3.11) = V2| (3.2) + T% (3.2) = V2(3.5) +3-(3.5)

9

+§(3.5)+%(3.15)—T—2(3.18) . (3.21)

(This also occurs for the 2nd-order scalar perturbations.)
This means that we can use the equations of constraints and
conservations to solve the scalars, and the solutions will
satisfy the evolution equations automatically.

Now we solve for the 1st-order perturbations. First, the
T(1)

Ist-order tensor y;;
modes

in (3.13) is written in terms of Fourier

N

T(1 1 ik-x )
)(ij( )(XJ) - W/d%e * Z €ij (k)i (),

s=+,X

k = kk, (3.22)

with two polarization tensors satisfying

s s

€j(k)e7 =0, ek =0, €;(k)el(k) = 25,.

1

For RGW generated during inflation [16,18,19], the two

S
polarization modes &y (z) with s =4, x are usually
assumed to be statistically equivalent and the superscript
s can be dropped. During RD stage the mode is given by

@) =5 \/\/bH (k) +b2H()(kT)}

|

a(r) 2k

[—b e + bye k7], (3.23)
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where by, b, are k-dependent coefficients, to be determine
by the initial condition during inflation, or a possible
subsequent reheating stage [16,19]. There are cosmic
processes occurred during RD stage, such QCD transition,
and e " e~ annihilation [51], which modify only slightly the
amplitude of RGW and will be neglected in this study.

Next, the vector mode equation (3.12) has a general
solution

L(1)
ij

+ Cyy5(x), (3.24)

. c 1ij(X)
T

where Cy;; and Cy;; are arbitrary, time-independent func-

tions, and can be written in a form Cy;; = 9,Cy; + 9; C

with C{; being a curl vector satisfying 0'C{; = 0, and
similar for C;;. Substituting (3.24) into the transverse
momentum constraint (3.6) yields the solution of transverse
velocity

1
S0

=3 (3.25)

Cy, j(X)7
which is time independent, consistent with the transverse
momentum conservation (3.19). Neither vector nor tensor
mode involves the Ist-order sound speed c; .

Then we solve for the scalars. By the longitudinal
momentum conservation (3.18),

4

Taking % on the energy constraint (3.2) and combing with
the momentum constraint (3.5) and canceling the scalar
71 Jead to

d ¢V 4 d1
—6— |[7—| + V2| =50l =3— |51 (3.28
dr{ T " 2" dr |7? (3.28)
Plugging 51 of (3.26) and ¢ " of (3.27) into (3.28), one

arrives at a 3rd-order differential equation of longitudinal
velocity

2 2
7 3¢ iy _8LE2
T
— 2vlay jvwl —0, (3.29)

which can be solved directly. By the Fourier transformation

1
UH(I)(X’T) _ G )3/2/d3kezkx i )7 (3.30)
T

(3.29) written in the k-space is

s = _3_UII( ) (3.26)
C " 3 2 " 6 2 2 ’
L o0 4 3L I +<C%k2_ ‘Lt >vk<1>
plugging it into the energy momentum conservation (3.15) )y !
gives the following: + ik Ul'(“) =0, (3.31)
2 _1
¢<1>/:_sznw_l@yum o, 32y
3cg T 3 which has a general solution
|
3c2 2 2
| c kt\—*_ (3¢ crkt 53¢ 5 c kt\?
0 = (BF) T (P )yl + (ki (k) + s (5T) R (23,75 4+ 35-(7)
cpkr\ 3 1 3¢z 3¢z 1 3c? crkr\2
() (55 -5 ()): (3:32)

where d;, d,, d; are k-dependent integration constants, J,(x) is the Bessel function and I['(x) is the Gamma function, and

oF, is the generalized hypergeometric function. For the case of the sound speed ¢? =

2

i _DPr (2
ke 2 \ke

Uk

D; =

L —ikz/V/3 D, = —
\/§>e i 3<kr

with D;, D,, and D; being k-dependent constants with D, = 3v/3d, +2v/3d;, D, =
‘/_dz +3 L\/3, 3d,. Given the solution vl other 1st-

[6], the solution (3.32) reduces to

2 i

\/§> eikt/ V3, (3.33)

~¥34, +1/3d,, and

order scalar perturbations follow straight forwardly. The

Fourier transform of (3.26) gives the 1st-order density contrast
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5y = 4
4D, 8 | 8i 4K\
kP \k2 | \Br 3
8 8 4k\ ,
— )ik V3 3.34
+ (k - 3) (3.34)

1  klnt 2 2i
=D/|—=— D —ikt/\/3
(i 3)+ 2( m)

2k

z H / ; / d d
: [Dze—zkw«mgem}Tfm,

(3.35)

where D, is a k-dependent constant. Equation (3.2) in the
k-space gives

I _ 250 4

k k4 2 Egbk pﬁbk
__p, 21nr+D24\/§ie_ikT/ﬁ_ 4V3i Jike/V3
k k*t KPr
6D4 4 [* —ikt ikt dr'
et s ]
(3.36)

We have checked that these solutions satisfy the scalar parts
of the evolution equation, (3.9) and (3.11). The constants
D, D,, D3, D, should be determined by the initial
conditions, say, at the end of inflation.

The 1st-order solutions of (3.24) and (3.33)-(3.36)
contain coordinate-dependent gauge terms, which need
to be identified. [See (C16)-(C19), (C21), and (C24) in
Appendix C and also Ref. [46] for the synchronous-
synchronous transformation in an RW spacetime.] For
RD stage with a(z) « 7, one has the residual gauge trans-
form of the metric perturbations as the following:

P = ¢ +%A<1) +v2?<1> lnr—l—%VZC”(l) (3.37)
A0 — 10 240 1n ¢ =20, (3.38)

7V = - - oY, (3.39)

770 = 10, (3.40)

where A, €l and ¢+ with 9,C+(M7 = 0 are small
X—dependent functlons that describe the transformation.
The transformation of Ist-order density contrast and
3-velocity are

_ 4
5 =) +T—2A(1>, (3.41)
m
2l — i A7 (3.42)
T
gt = 7, (3.43)

Equation (3.43) states that the transverse velocity is gauge
invariant. In the k-space these are

B =) + Al ><Tl—%1 )—%c”( . (3.44)
AV =W 24V —2cV, (3.45)
AU A -G )
) = s (3.47)
5 = sV +T4—2A,‘j>, (3.48)
=[I(1) _ U{I{( ) ﬁ (3.49)
T
FLi _ L (3.50)

By these we can identify the gauge modes in the 1st-order
solutions. First, the lst-order tensor modes are gauge
invariant by (3.40). Next, (3.39) tells that the constant
term C,;; in the vector solution (3.24) is a gauge term,
which can be removed by choosing the gauge transforma-
tion function C+(' to satisfy C; ( ) 4 C; ( )= ¢y, 7» s0 that
the gauge-invariant modes in the vector solution (3.24) are

11y Cuj(x)
veT

(3.51)

By the relation (2.14) and the solution (3.25), the transverse

part of Ist-order velocity U’ is gauge invariant, given by

Cllj j(X)
8r

a-lpti —

(3.52)
Both (3.51) and (3.52) decay as z~! and can be neglected as

an approximation; i.e., we assume that the relativistic fluid
is irrotational during RD stage, and set
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oV =4V =y =0. (3.53)
This approximation will simplify calculation of 2nd-order
perturbations.

The transformations (3.44) and (3.45) state that D; and
D, terms in the scalar solutions (3.35) and (3.36) are gauge

terms and can be removed by choosing

D

A = —71, (3.54)
3D

clV = k—;‘ (3.55)

so that the gauge-invariant modes of two scalars are

(1 _ 2 2i —ike/\/3 2 2i tkr/\/_
=D, il
P (kf " \/_T> Vv V3
Zk T H J : J d
_? |:Dze—1kr/\/§ +D361k7/\/§j| 7 (356)
)(H(l) —_ D2 4\/§ zkr/\/— D 4\/_ lkT/\/_
k kz'c Ko
4 [ - o dr’
_ k/ |:D2€_lkr/\/§ + D3elkr/\/§i| 71/- (357)

By the transformation (3.48), the D; term in the density
contrast solution (3.34) is a gauge term and is removed

by choosing the same Al((l) as (3.54), so that the gauge-

invariant mode of density contrast is

(1) _ 8 , 8 4K\ i3
s =D — =
2(](1' +\/_7: 3 ¢
8 8 4k\ .
D — )ik, 3.58
T e (3.58)

Finally, (3.49) shows that the D; term in the velocity (3.33)
is a gauge term, and the gauge-invariant mode of velocity is

It is revealing to compare the behaviors of the Ist-order
perturbations in RD stage. The scalar modes (3.56) and
(3.57), the density contrast (3.58), and the longitudinal

velocity (3.59) all contain a factor e=*%/V3, 5o that they are
waves propagating at the sound speed % of the relativistic

fluid. On the other hand, as mentioned below (3.12), the
vector modes (3.51) and the transverse velocity (3.52) are
not a wave and do not propagate, they simply decrease with
time. In contrast, the tensor modes (3.23) are waves and
propagate at the speed of light. It is also interesting to
compare with the MD stage [43,46,47], in which the scalar,
vector, and density contrast are not a wave and do not
propagate, only the tensor modes propagate at the speed of
light. Therefore, the tensor modes always propagate at the
speed of light, regardless of the spacetime background, in
contrast to the scalar and vector modes.

So far, we have obtained the gauge-invariant 1st-
order solutions. As we shall see in the next section, the
couplings (products) of the Ist-order solutions will
appear in the 2nd-order perturbed Einstein equation, and
constitute a part of effective source for the 2nd-order metric
perturbations.

IV. 2ND-ORDER PERTURBED EQUATIONS BY
SCALAR-SCALAR COUPLINGS

To study the 2nd-order cosmological perturbations, we
need the 2nd-order perturbed Einstein equation, which are
listed in Appendix B for a general RW spacetime. Since
the vector mode and the curl velocity are neglected in
(3.53) as an approximation, there remain only three types
of products of I1st-order perturbations: scalar-scalar,
scalar-tensor, and tensor-tensor. In this paper we consider
the scalar-scalar coupling.

The (00) component of 2nd-order perturbed Einstein
equation is given by Eq. (B8), which for RD stage is
written as

6 oy 3
L, - —29 12V 42 Ly le =505 +Es.  (41)
WV = p, <k_+%) e=ike/V3 4 D, <k__;\/_) eikt/ V3
‘ 3 ’ 3 where a subscript “S” in ¢gz>, etc., indicates the scalar-scalar
(3.59) coupling; 5 is the 2nd-order density contrast; and
s
|
8 / !
Eg = _2UH( )k gy H ¢ ¢ _ 6¢(1) ¢(1) _ 6¢(2)¢(1),k _ 16¢<1)V2¢(1> ¢ VZV 4 2¢ ).kl Hk<ll)
7 ,
o1
__v2¢ v ) 4 4)(”( kl)(.Uk(ll) __vz v ) 4 )(H kI H v v ) 4 3)(” klvz ||
1 1
_§V2)( (172372, l(1) _ZX”( klm)(Hklm + vz || v (4.2)
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which consists the coupling terms of 1st-order scalar metric perturbations, as well as the longitudinal velocity »/(!) which is
absent in the dust model as for the MD stage [43,46]. Equation (4.1) is formally similar to the 1st-order equation (3.2),
except for Eg as a part of the effective source on the rhs.

The (0i) component of the 2nd-order perturbed Einstein equation (B12) for RD stage is given by

1 1 4
2057 +5Duts” 5k = =05 + M, (4.3)
where
16 8 8 6
=22 I ik M (g2, ) _ 2 2 H
Mg =— Vv = ol Wy, +312v,l vy 12<1+c> -8 — 89! 3¢ V2
4 ’ !
_§¢() V2y Hl ¢ k || ¢,(i1)V2)(H(l) _2¢( Y, ky H ¢ 3 .Uk(l_l) V2y (1).k
1 , 1
vz 102, gx“/f,-l)vzﬂf”(” ko §V2;(”“>V2;(!',» )(H( VR, (4.4)

Equation (4.3) is similar to the 1st-order equation (3.4), except for M; in the effective source, which contains the Ist-order
pressure perturbation ¢7 8" & p(!) and the velocity »!) from Tg), as well as the scalar-scalar couplings. Equation (4.3) can
be further decomposed into two parts, similar to the 1st-order case in Section III. Writing the 3-velocity as 1;52) =

vf(z) + U’Hi(z) with ' Ul-l(z) =0 and applying V29" on (4.3) lead to the longitudinal part of momentum constraint
’ 1 !
2¢g~2) + §V2}(!(2) = - 7,'— l)S + \% ZMS{I, (45)

where

, 1 P Sy 1 , 1
VMY, = _8¢<1>¢<1) _§¢<l>vzxn(l> _§¢<l>vzxu<l) _Evz)(umvz)(um —y!';f”vzx (1)
_ g 8 Iy _ 16 I 8
v = ¢ + ¢ )2l _T_ZUH(I),klZ’kl 32 vH Jky2y ?vzvllm)vz)( (1)
6 6
— = (14 2)sOV20lI0 = 2 (1 4 ¢2)5 ol 4 gO#L I _ g(1IF292 1) 4 2921 Y2yl
T T

! 1 i
_245(1)’“)(!'1((11)+8)(!‘I<(1)v2v2)(“(1) ,k+6v2)(||(1)v2v2)( (1)

SKlm

1 2 ! 1 ’
+ 6)( V )k §vz)(‘Hk(l) V2, Il0k _ E)(||(1) ,klm)(Hk(ll) ) (4.6)
A combination [(4.3)-0; (4.5)] gives the transverse part of momentum constraint
1 1oy, 4 10 _
EZSI‘(J‘) ! = _7_2”&'( '+ (Mg — O,V 2M'slz>7 (4.7)

where
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16 8 8 6 / ,
(- 0,918y gl & g gv*v”vww - S+ el - ¢<l>ku<‘> 24!/
e (1 (1), I () 2k _ LIz, iy 2,0
+ A = 2Ryl +3xk, 'y 6x,ki Vi +6x vy

1 o1 16 8
+6vz)(||(1>v2)(!li(l) _,Xll( )kl || + FAvas - ¢<1).kv!|k(1) _?¢(1)v21jll(l) +7;721}H(1)’k1)(.Uk(11)

6

16 6
+t32 UWI)”‘Vz)(”k(l) V%” V2V + = (1 + )8Vl 4 — (1 4 )8\ pll0k
T ' T :

3

— p(HAL, || 10 v2v2)(||(1)’ — V22 () 4 2¢(1)’,kl)(’Hk(11) _éx!lk(l)vzvz)( (1) .k

Kime |-

1 o1 / 1 /
— VIV _gx!l,jl”vw v2 K'w2y +y”““‘””x”,§,”

Equations (4.5) and (4.7) are similar to the Ist-order equations (3.5) and (3.6), respectively.
The (ij) component of 2nd-order perturbed Einstein equation (B20) for the RD stage is given by

2y 4 2y 2 2 1 1
24 0;j +;¢<s ) i + ¢§,3; ~ V2§ )51'1' +§Dzﬂ(!< = Dz])(! s VZD 5 VIV §

1 T(2)" 1 T2 T2 3C
+2)(Sl(j) + ZS!/ VZ Slj - TN5( )511+SSU (49)

U oioy (1 1y
+§)(Sij + )(s;/

The 2nd-order pressure perturbation clzvégz)  p® appears on the rhs. This 2nd-order evolution equation is similar to the

Ist-order (3.8), except for the extra part in the effective source

8 1 12 6 2

+4¢<1>~"¢f,1>5,-j+4¢<1>v2¢<1>6i,-—4¢<1>¢<}->—2¢ s 6,,-——¢ Wl
+§¢<1>'vz)(u<1> gy 1 ¢ Vs, — 60D + 20 T205,
¢ V2 || ¢( 2y H +¢k)(u ¢ V2 H + ¢ V2 (1
3¢ V2205, + 45 (V020 v2¢ V205, — 2ty Ik
—2¢_(;f,)-x!',»(”‘k+§¢f,-1,-)vzx”<”+—Z”< )klm)(\\]fh; v .kvz)(!|k(1)5

_%V2;(||(1>V2V2)(H(1) v2 Lyl 5;(,,- ‘kV%‘ik 3 MV

L ji)m
vzv + v )v2ZHU 2)(!|z<) ||k(l]) + )(kuv

2
T)(u( VKL || >5 + V )vz)(n(l) )(H 1)KLy, || — kL, H )511'

1
T3 VOV, + v D'W2y )5, +;(”“";(”(]> 3;(,1 vy (4.10)

which contains the scalar-scalar metric products, as well as the terms of v/(!) and c%é(l)  pU) that are absent in the
dust model.

We also decompose the evolution equation (4.9), by similar procedures to the 1st-order case. First, the trace part of (4.9)
is the following:
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3
CN5< L (4.11)

" 4 ! 2
2¢§2) + ; ¢§2) _ 5 v2¢g v2v2 || 3

where

8 36 sy 4
Sk, = ?UU]((I)UH(I)JC _ T_C%5<l)¢ + 6¢ Jpk 1 8p(1IV2h(1D) — 6p(1) (1 — 4¢’(21>XH(1)~,H + —¢(1)V2V2)( (1)

4 1
+3V2¢ V2 + V I0)72372,l) _3)(\\ VK72, H v2)(“(1)’kv2)(!lk(l>+1)(“( )klm)(”(m

_gﬂ()kz 42 vz, )vzlnuy_Zﬂ(n(w’.kzx!l,((lw’_3X||<>kz 0" 4 w2, >vzxu<1>"+15_2v2)(u<1>'v21 )

(4.12)
The traceless part of (4.9) is
Lo e Lo ey 2 y Loiey 1 ey 1 Ter 1 1e 2, TR _ &
l/¢s +2Dz/)(S +- DUZS += VDU)(S +§)(su +;XSij +5){Sij +_ZSU ——V Szj _SSij’ (4.13)
where
_— 1,
Ssij = Ssij — gsskéij
8 i i _ 8 6 I _ 2
:T—z’l)’i ij —?U.k UH( k5 + C%é ))(U T— V 5 —6¢ ¢
12 . /
2005005, ~ 4p ) + 5 p0VH05 7¢<1>x!',5”+—¢<1>v2x“<1>6,;,-
_¢(1>’){!t§1>’+_¢(1)'v2 5-—6¢ ) H +2¢ vz)(ua) ¢ V2 H
1
— IR0 DIk ¢ vz}(uu)kgij_§¢<1>vz){}\i<j>
4
9¢ V2205, + 45V w20 —3 V2Vl D, — 29150
4
2¢(k]>)(lll( +_¢(]:l))(\\(l).k15ij +_¢Fi;>vz)(||(|) _ §V2¢(')V2)( (1)
1 k
31k:/v v2 || v2 ||(] vz)(ll(l).kvz)(“(l)gi'_gZH'(l)’ v2)(.Ui(k')
1 2
3 || vz H _|_9)(H JKIN72, || 5 _|_ vzv + v )VZZ,Hi(jl)
8 ).kl m K
—EVZ;(”U)WVZ;(”“ 2)(“[( Z“k(z,' +€XH( ).kl )(llk(zm5u+ZH() )(ij)
1 2 / ’
—5;(“(”1;(”“5 3;{,, vy + v W' V2 ', (4.14)
Applying 3V—2V~29, 0; to (4.13) gives the equation for the scalar )(H< ) as the following:
AP+ ;(” +3 Lu2 0 4 29 = 3y-2v-254, (4.15)

where
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9 2 1 1
ZpWep) — SV EVZXW”VZXW‘) - EX}%}QH(IW

- 2
8 =377 |-

+ VZ{ 2 Ik( )yl (1), +%C%5<1)v2%||(1> _§¢(1>v2¢(1) —§¢<1)’V2)(”“) —g¢(1>’v2;(u<1>' —4¢(1>"V2;(”(1>

9

4 1 y
Z pky2y H + ¢ )(“ kl+§v2)(\\(l),kv2)(!|1{(1) 3 V kl+6)(|\( )kl H V (1972, l1)

8 8 6 6
—|—T—2V21)H(1)V21JH(')+T—U||,§1>VQU||<1)”‘——ZC%VZ(S(‘)VZ)(H“)—|—T CL5()k1 ll(1 +2¢ kV2¢F,i>+2¢(]>V2V2¢)(I)

—Efﬁ( Y, Ky H V2¢ (1) _¢( )y Kl || V2¢ (ay _ 6¢( ) Kl H +6V2¢ ”vz (1

T
—|—§V2V2;(H<1)V2¢(1> V2 || V2¢ +_¢(1),kv2v2)(H 345 klm+ V2 || vzv
+15—8VZVZX““)WV%”“)—gx,kzmvzx” klm_|_3)( vz (1 kl+ V2 H V (4.16)

By a combination &' [(4.13)—1D;; (4.15)], one has

1 " 1
syt xsy =8y = O,V S (4.17)

ZZSk] Skj
By V72 [0; (4.17)+(i <> j)] and by (2.6), one gets the vector mode equation

Loty 1 10y

EZSij + )(SU = Vsij» (4.18)

where the rhs is the effective source [see (B29)]
Vsij = V7285, + V285, —2V2V- ZSS",f,”
ll(1)
_ o, [3¢ P20 4 2t 4 gm VZ)((l),k]
2|6 2smw i _ 12 parg2, 100 Z grgz 0y Z epv2, 0 4 L gmveye )ikt I
- 0,0,V T—ché Viy —745 V2 I — W2y It — 61 V2 y —I—g(ﬁ V2V () 20 Xk
2 H 2, [1(1).k L g (1)1 -2 2 |(1 6 2 H 6 , (1).k,1(1)
+ V V;( ’ +§1,kl Ve WA+ 0,V My2y r NV2y ?cL5 Xk
o2 12y i 12y on i 2, I0 (1), (1) 1y oz, I il
29 IVE) =2 g = 22 g - g A — 6D — 6t
5 1
+ v2 || v2¢ 3¢ v2)(||kj 3¢k111 + vz H vzv Eﬂfﬁ‘lfllj')vz)(” kl+3)( v
8 6
~0,0,V2V2 | 5 B @yl 8 I0gz o _T_czvzfs VAW 4 S s )+ 24P
2 "
+2¢<1)v2v2¢(1) _7¢( Y, okl H V2¢ vz)(||(1) _ ¢( Y, Ky || V2¢> 1y _ 6¢(1) ,kz)(’H]fll)

" 4
1 6212l +—V2V2;(H(1>V2¢<1) V2 || v2¢(1),k +§¢<1)’kv2v2)(!lk(l> _ 3¢F]:l)nq)(||(l).klm

1 1 ,
V2 || V2V . E;(.Hk(,l")ivz;(”(w"m+1—8V2V2;(”(1>V2V2;(”(1)+§;(.H,{(11)V2;(H k1+ V2 || V

1)

+ (i < j), (4.19)
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which consists of the scalar-scalar couplings, as well as v/(!) and ¢7 ") o p(1). Equation (4.18) is similar to the 1st-order
equation (3.12) aside from the source V;;. For consistency, we have checked that V;; satisfies the condition (2.6).
Although the Ist-order vector is vanishing by assumption, the 2nd-order vector is generated by the coupling of 1st-order
scalar perturbations.

Finally, [(4.13) —%Dij (4.15)—(4.18)] gives the 2nd-order tensor mode equation

1 7|
5;(;5-” + ;(;] ——v vo?) = i (4.20)
Unlike the 1st-order equation (3.13), it is inhomogeneous with the rhs being the effective source [see (B31)]
_ 3 _ _
Jsij =S5 =5 Dy V2V 285 — V7285, — V7S, +2V2VRSE
3 1
= D;; _Z¢(l)¢<l) _§¢(1)v2%||(1> _2¢F]:>)(||(1),k +5v DLy [ 16%“"( IR -3 !I}{(l)vzx (1).k
8 8 6 2 2
+T—2”Ui(l)v!|j(l>—371)!%1)””(1)‘](517‘*‘ 25 )(HU) T_ 25(1)V2}(“(1>5ij+2¢(1>¢,(ilj)__¢(1)v2¢<1)
12 ! 4 ! ! // 7
_7(/)(1)%![_5,1) +_¢(1) Vs, — gy H )4z ¢ s, — 60 H )12V, +_¢fi1j)v2)( m
7
—§v2¢ V2l 5,J+ Lpnwzy, I ¢ T R e S A Vo L L P L
20925, 4 400 TR0V, 1 209 2 vz 0gRe s,
7 | 11
18v2 [¢ V2 H )(.Uk(ij)VZZH(l)'k__VZXHO)J{VZ)(!'](( 9)(” VK272 || 511_‘_3)( VZ)(H”
1 &l 1 - Koy 1 / '
-3 ”,U Z”()+6ZH( ).kl )(Hk(m5,+)(H 1), )(.U]{(j}) _§X||(1),kzx!lk<ll> 5, — 3%1 V ) 42 vz)(n V2
3 4 5 8 i ! ! "
2D V- 2{ ~ ”151)71”“)’"+T—2Ci5<1)vzﬂf”m __¢(1>v2¢(1> __¢<1) V2,0 __¢<1>v2;(||(1> — 4" V2 )
4 1 y
9¢ Eave H + ¢k1)(” k1+§vz kv, H 36 V kl+6)(||( )kl || V (1972, l1)
3 1 6 1
- DyVV- 2[ V2OVl 4 5 1+ 3 I0gzy VIOV 4 S G s V) + 2004V
12 ! "
126V — : “Zp K, H + V2¢ 'W2y (1) — (1)K, H +V2¢ 1) — gV ,kl)(!|k(11)

+6V2¢ ”v + vzv )v2¢(1) Vz || V2¢ _|_7¢(1),kv2v2){“ 3¢ )(H ),klm

—l—sz)(Hk(l)VZVz;(H(l)’k+QV2V2)(”(1>V2V2;(”(1) V klm_|_3)( vz Ia k1+ vz H V }
1

—a[ POV 4 a0l | g)(’éjnvzxm,k] 5, [ POV L oga I gx‘k(il)vz)((l),k:|

2 24 li ! ! " 2
+6i8,»V‘2[2c%5“>V2x“>—Tqb“) V210 Z 2172, I (1) _ 121 v2){\\<1>+§¢ V220 1 404N

Vz g2, % Zlk(l‘)v2)(||(l).kl] _ 3iv_z[ g2yl 1 8 2 smpz ), 6 Sy
’ T
12 , 12 ) " y
4 2¢(1)v2¢’(1) _ 7¢(l) ’k)(“k(jl) _ 7¢(1) VZ)(!KI) _ ¢ VZ H ¢( ), kXHIS/) ¢(1) V2XH ¢ k ||
+ vz H VZ(/) 3¢ 1ky2,y, H 34, Uy H + V2 H V2V 5)(!lk(llj)vz)(ll(l),kl +§)(,Hk(}) V2l &
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- L6, I 6 I 12 ya )0 _ 12 ygn, )
=0V |0 VRO 4 S sV e s ! + 200V = S ) =S Vo
¢ vz || ¢(1)’.kx!\k(i1) _6¢(1)”v2)(u 6¢ ”k H v2 H v2¢ d) vzﬂf“kz 3¢kl){l
1 1 ' , 1
V2 H VZV El!lk(zli>vzlll(l>’kl+§)(,Hk(,-l) V%{WU ,k:| +8,-8]V‘2V‘2[ V2 (D724l UHk(l)vsz(l)k
12 oo 2,1(1) 12 ).kt Nl (1 )k2 (1) ()22 4(1) 24 (1) kl H 2 2,,11(1)
——cV5 IV2y +12 czst) X ki +4¢ Ve, + 49V Vg —741) + V¢ 'V
—2¢(1)' K, H +2V2¢ — 12¢(1)" KLy H +12V2¢ i ve + V2V Iw2p0 + V2 H V2¢
+§¢‘”"‘V2V21,”,f 6¢ klm+ vz || VZVZ;(” \k(lmv2)(||(1),klm
5 2 ,
+§V2V2;(”(1>V2V2;(”(1>+§;A‘k(ll) VZ;(H kl+ vz || V2 I (4.21)

which consists of the scalar-scalar couplings only, and gets no contribution from Tg)

, since the relativistic fluid has been
assumed to have no anisotropic stress. We have checked that the source Jg;; satisfies the traceless and transverse condition.

So far the 2nd-order perturbed Einstein equation has been decomposed into the equations for the 2nd-order scalar,
vector, and tensor, respectively. To solve them, we need to specify the 2nd-order density contrast and velocity, and resort to
the 2nd-order energy-momentum conservation (B32) and (B33). For RD stage (B32) for the scalar-scalar coupling gives the

2nd-order energy conservation

;3 1 4 16
s + - (c%v - §> 53 + gvzv” — 49y + 2ol Wkl o1 4 ) DIk L o(1 4 ¢2)5DV2l )
! !/ 4
—6(1 +¢c2)6Wp) — 1691 p) — ng,;(H( 'D — 84, Dyllx = g, (4.22)

Moving the coupling terms to the rhs, this is also written as

;3 1 4 '
5 +2 <c2N - §> 8 = =3 V2o + 495 + A, (4.23)

which is similar to the Ist-order (3.15), where

16 ,
AS——?v”( el 2 (14 2)6W oIk —2(1 4 ¢2)50V2l ) 4 6(1 4 3 )5 M)
+ 1640 ¢ + 3)(”/(1 ;{H<1>’kl—§v2xll<l>’v2 )+ 8¢ o) (4.24)

is part of the effective source. The 2nd-order pressure perturbation c,z\,ﬁ(sz) o p® appears in Eq. (4.23). From (B33) follows
the 2nd-order momentum conservation

cjzvé(szl) + g Ug), = Fy, (4.25)
which is similar to the 1st-order (3.17), where
Fg=-2(1+ C%)(S(l)'v!li(l) —2(1+ c%)é“)v“‘i(l)/ 8 H )vH -3 y}‘;l)v%\\“) _ 46%5,(1‘1)4’(]) 4_30U!|l_(1>¢(1>/
+2c260Hk I _ gcg(sf})v%(w - 2 ol + g oV I0), (4.26)
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To proceed, by [V720' (4.25)], (4.25) is decomposed into a longitudinal part

4 1oy
cjzvé(sz) + 3 U!(” = Fl (4.27)
with
Fl=V20F

4 / / !
_§v Wylk 4 v-2| —2(1 4 C%)@? IOk —2(1 4 )50 V2l —2(1 + c%)5<‘>’kv}‘,§” —2(1 4 2)sV2l()

8 Ing2, 0 gvsznvzvu(n — 436Dk — 42 p1T250) 43 gD ﬂqgm’vzvum
4 2 8 16
+2025 ).kl H()+3C 1>’kv2;(!',§‘>_§c§v25<1>v2;(“< 31)\\ )ALy, H ) 5 2 pll)kg2, || + Vzv” IV2y
(4.28)
By [(4.25)-0; (4.27)], one gets the transverse part
4 ,
s =F5 (4.29)
with the effective source
ng_lEFSl—alF!
' 8 40
—2(1 4 ¢2)6WM v‘Hi(l) -2(1+ c%)é(l)v_”im —gv!‘i“)v%\\(l) - 40%5,(51)45(1) —l—?v!'(l)qﬁ( ) 2260 k)(Hk(l
2 8 ’ ! ’
—§CL5 AveY L Iy 9v!',.<”v2;(ll<'> +a,-v—2[2(1+c§)5f;> Ik 4 2(1 4 ¢2)50'V2pll (1)
+2(1+c%)5<1)’kv”k(l)/+2(1+cf)5(1)vzv“(1)' 3 V2vH —|— VQZ}” AVEVLLSY —|—4c%5(,:)¢(1)*k
+4C%¢(1)v25( —?v” ¢ ) 4O¢ )2l (1) 2(:25 VAL, H 4 k2, H + szzé V2l
8 i I 16 D 0 >
+3vH +3 pll(Dky2y v vl(WV2y (4.30)

being a transverse vector function.
Similar to the 1st-order relations (3.20) and (3.21), we find that the trace of the 2nd-order evolution equation (4.11) can be
formed by a combination

(4.11) = —%(4.1) —%%(4.1) +§v2(4.5) —%(4.23), (4.31)

and the scalar part of the 2nd-order traceless evolution equation (4.15) can be formed by a combination
5 d ) d 6 3 9
(4.15) =V |(4.1) + T (4.1) —7V=(4.5) + 3d— (4.5) +—(4.5) +—-(4.23) — 5 (4.27)|. (4.32)
T T T T T

Thus, we can use the equations of constraints and conservations to solve the scalars, and the solutions will satisfy the
evolution equations automatically.
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V. SOLUTIONS TO THE 2ND-ORDER
PERTURBATIONS

Now we solve the 2nd-order equations given in the last
section. First, the 2nd-order tensor equation (4.20) has the
general solution

Pk _
)(sl] X, T /( %lkx<ISij(k?T)

& k){ bs\F"q'kT bs\/i _MD
5.1)

where b} and b3 are polarization-dependent and k-
dependent coefficients, to be determined by initial con-
ditions, their associated term is the homogeneous solution
of (4.20) and has the same form as (3.23). The integrand of
the inhomogenous solution in (5.1) is given by

ie—ikr

T )=
X / T/elkT JSi]'(k,T/)dT/
T ’

ieik‘r

- kz /T‘L'le_ikfjsl'j<k,‘[,>d7,,

Ig;(k,7) =

(5.2)

with J; ; being the Fourier transform of the source Jg;; in
(4.21) consisting of products of 1st-order solutions.

Next, the vector mode equation (4.18) has the general
solution

ZSIJ (X 7) = ¢1;5(X) +L<X)

+2/ / 2V (x, e, (5.3)

with V;; given by (4.19), and c¢y;; and ¢,;; are two time-
independent functions and correspond to the homogenous
solution to be determined by initial values. (Actually c;; is
a gauge mode as shall be seen in the next section.) Plugging
the solution (5.3) into (4.7) gives the solution of transverse
2nd-order velocity

J
12 cyi(x) 7
USi(): ]8 +Z(MSi
1

T .
- 4_1/ T’zV’S’U(X, 7)d,

where (Mg; — aiv—ZM;‘k) has been defined in (4.8). This
solution can also be derived from the integration of the
transverse part of the momentum conservation (4.29), as we

have checked. Although the 1st-order curl vector vl-l(l)

- BiV‘ZM;‘k)

(5.4)

is
vanishing by assumption, nevertheless, the 2nd-order vil(z)

is generated according to (5.4).

Next, we solve the 2nd-order scalars by similar proce-
dures to the Ist-order case. From the longitudinal part of
2nd-order momentum conservation (4.27),

4 |
62—~ e Ll
N

(5.5)
3¢k

(2)

Plugging this 6¢" into the energy conservation (4.23) gives

gz')gzl in terms of vH< ), as the following:

@y Lo lev=3 0, laoa i, 1
bs' =320 T g s +3 Vs T3 b
3 CIZV —3 . 1

Taking [% (4.1)] gives

6 " 6 / |
205+ 508+ 2gd 4 v
T T 3
3 o 6
:T_Qag —T—35§ + Ej. (5.7)

Plugging the longitudinal momentum constraint (4.5) into
the above gives

6 .0r 6 0o
S5 T ods

320 6

R [0 1
)—?V%)S( +MSI

(5.8)

Then, plugging 85 of (5.5) and ¢\ of (5.6) into (5.8)

yields a 3rd-order differential equation of v!(z) as
n 3 2 " 6 2 2 ’
pl® +%Ug<z) _ CN2+ pl®
X g2, 10 _ 22,
- =V — ey Voo ” = Zs, (5.9)
where the effective source is
B 3 " 9C12v Il 9C12v +3 Il 3CN , 3CN
ZoEghs v e T At s
T T
-5 MY+ 5 R ES. (5.10)
Written in the k-space, (5.9) and (5.10) are
m 3C2 " 6C2 + 2
R R L~ I
T T
2ol = 7 (5.11)
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3 I 93 i 9k +3 1 3ck 3¢c2 T ! T
Zsw=7Fg + 4: Fg — ;’,z Fg — TNAgk - 4—;VASk =5 WM + 5 Rl (5.12)

For a general 2nd-order sound speed ¢, the homogeneous solution of (5.11) is similar to the 1st-order solution (3.32) with a

replacement of ¢; — cy, the inhomogeneous solution of (5.11) is complicated. For the case ¢%, = % and a general ¢;, (5.11)

becomes

2\ 1 k2 4 k
Ll (- 5o ol = Zato) (5.13)

The explicit expression of Zg in (5.10) is

4t T 27 T T
— 2|25 ) () L B p(g2, (1) 2T (Y g2, 1) o g2, (g2, i) o B (g2, (1)
Zs(x,7) =V 345 ¢ +18¢ Vey —|-9¢ Vey —I-IOSV)( Vy +36X’l Vy

+%U!IZ<1>UH<1)J_%Uuu)czv!ll(l) +%(1+C%)5fll>y|\<1>~z+%(1+C§)5<1>vzvu<1) _%4,( )1l
8 (12,1 4 [[(1),2m , lI(1) 8 100572 H Vz 10072, 3 1 251 (1) 8 1y, (L)
—gqb v Jrgl] X im +9 v — V2 2—( +c7)5We —z 0y

8 " 1 4 1 i 1
=l 2 (1 s I S (1 c%>a$>v”<'> ! +§<1 )T 3 (14T

3 ! ! 3 "
—5(1+c§)5<‘>¢<1> —5(1+c§)5<‘>¢<1> — 2yl 2¢ Dyl )4 — 271 (1) —2T¢ Jp)
87 1y 8t Y P 5t
_?45 V2¢(1>—?¢(1>V2¢(1) _345(1) VZVZ;(”“)—l—gb(l)VZVz;(H( + ¢ s Hlm +2 ¢ )dmyy H
4 / ! !
__Tvzd, V2l _Zv2¢<1>v2)(u<1> +ixu(1) 1’”;(”1(,,1, VZ;(II 'V )(” Limy72, II
9 12 36
_,_18)(\\ ).Imyg2 H vz)(H(vazvz)(”(l) _15_78v vzv + vz || v
2 2|3 2y s (1)1 3 2\ s(1)"x72,,(1) _ 9 Sl
—%)( AV (R v _5(1+CL)5,1 v 2(1+CL)5 V2o 2(1—|—c) v

9 " ! 9 9 ! " 3

5 (1)) V2l — 2 (1 + )5 1l _ 2(1 +¢2)5(1' 2yl —5(1+cg)5<1>~lu!',<“
—%(1+C%)5(1)V2UH(1 W—|—4UH ) l"’—|—4vH pl W5 im 4721172l — 472 9l(D 721 (1)
- 30%5“)”(]5(1)’[ —32pV25 — 6c%5“>’¢<1>’»1 — 62 V251 — 3c§¢<1)”v25<1> —3c26( )"
+ 1001011 4 1060 W2l (0" 4 20D ¢ " 4201 V2l (D 4 101D ¢ ¥ 10¢<1>’”V2ull<1>

3 " "
+*C%5( ) zm)(H;m) + 0%5(1) .lvz)(!ll(l) —7C%V25(1) VZJ(H(I) + 3C%5( y lm)(”IEn> +2c2 s LIN72y H

2
_C%v25(1)’v2)(||(1)’ +; 2 51 )Im)(”l(m) +C25 11V2y H 2V25 IV2y Zy\\(l)”,lrn)(”l(nll)/
4 " // ! 8
_gyum 12 +3 2 g2, V20— 4l (1) NV 3UH vzl + 42,0 'V
" 4 /// ,,, 3 "
_2,ju<1),zmx!ll<r;> 3vu 11V2y H +3 2 g2, V2l QT(HCL)g D il ——(1+c )51 2 pll ()

3 " 3 " 3 ’ ! 3 ’
—2—(1+c%)5(1)*lv”(1) ~ 5 (14 )07l —Z(1+ )50yl =~ (14 cp)s vl
T T
+ 200510 zm__vzyu W2l —3 260 g >z_§c%5< V- __CL¢, Iv26) =3 2 gvzs)
T T ! T
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10 yo 100, 10 .., ;3 , 3
+ =l 4, _vn ¢ _¢<1> V2UH<1)+_¢(1> V2ol 4 = 250 my I = 2 51 )”"x”En)

T T 2t ' 2r L

1 1 , 1 ;2 , 2 "
+TC%5 lv2 H + 2 2 51 zvz H -5 c%V26(1) Vz;(”(”—2—c%V25(1)V2;(H(1> —;vll(l)’lmﬂf!lz(nlz) _;U”(l)'lmﬂf,“lg)

4

_gvuu)/-lv@(!'l( 3 UH )12y, || +—V2yH 'V + v21,H VZ;(H<‘)"+T—62(1+c%)5<,1)'y”<1)”

6 , 6 6 ;8
+T_2(1 + 2)s'v2yll) +T_2(1 + )8t ”v”,( y +T_2(1 + )82yl +T_21,’Hl<1)v21,\\ +5 VZUII )v2yll(1)
12250 4ma +EC%¢<1>v25< 20 gl ’_@¢<1>'vzvu<l>_6 2 5(0m (0 _ 4 5<1)’lv2;(”,
72 ! 72 72 72 72 Im 72 ’
+3czv25 W20 v||< amy Iy 16 16 a g VZvH w200 ] (5.14)
72 ‘L' Amo 32

and its Fourier transform is Zg, (7) can be given, which is a lengthy expression. Here, as an illustration, one typical term of
(5.14) has the Fourier transformation as the following:

1 12 —ik-x 1262 1) ikyx 1) ik,x —ik-x
(27;)3/2/d3x{76%¢(1)v26(1)]e = (2,[)9/L2 2/d3x</d3kl¢§(l)e . )(/d3k25§<2)ek2 (—|k2|2)>€ K

12¢
— ~ 3L2/d3k1 /d3k2k2|2¢k G (ky + ky — k)
12¢
= —(2”—);12/& k -k |2¢k1 k k)’ (5.15)

where the 1st-order qﬁl((l) and 61((” are known in (3.56) and (3.58) for c% = % [For a general c;, 51((1) and ¢§:) are given by

(3.26) and (3.27), using the solution pI( (3.32).] Other terms in (5.14) can be calculated similarly to (5.15). Once Zgy is
obtained, the general solution of (5.13) follows:

Bl ao - (o)) o)
el - )5 o)

kt V4 3(k*7? 4 6)
— 33k’ cos(\/§>> ‘2; ; / —7 Zg (7)d7, (5.16)

where G, G,, G5 are k-dependent constants and correspond to the homogeneous solution, having the same form as the 1st-
order solution (3.33). (The G, term is a gauge mode as shall be seen in the next section).
The general solution of 2nd-order density contrast in k-space follows from (5.5) as the following

85 = -4l 4+ 3Fl,

4G, 8 8i 4k 8 8i  4k\ . 8 k’l‘
G —zkr/\/' G _ _ 1k1/\/§ 3F” -
= + < 72+fr 3> + 3<k1’ —\/.T 3>e +3F g + 5 COS

—%Sing—%) +%cos(%>> / <9cos<f/?_> + 3V3ke/ sm(i(/g)) Zj{‘;(, Jar' 1 (—%m(%)
) S )5

1 12(1(21’2 +6)
kt? KB

Zg (7')dr (5.17)

The general solution of scalar gb(szk) is given by integrating (5.6),
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/ 3 1 [+
(si):_”!f)_/ 3 !’kd "‘ F” Z/ Agkdt + G,

1 kint 2 2i . 2 2i )
-G/ -"—"—" G| =4+ — —lkr/\/§ G.| = - — zkr/\/§ G
(=57 +e; zm)e e

2k (7 ) , 3 1 [+
2 [ s o T 2 ) - [T A
* (k72 +6)In7’ + 3 1 klnz 13 (K*7? +6
+/ : kz)T/ Zsk(¢')dd +< ) R )ZSk(T/)dT/

NS
|38
o
o
w2
7N

(o) () () e () 20
(Gon(5)- G () 5w 1

(5] (o) () 5
[B) [ () - weo) 4P

where G, is a k-dependent constant, which is also a gauge term, as shall be seen in the next section. Finally, plugging (5.17)

,i
b
T

o

and (5.18) into (4.1) in k-space, one obtains the general solution for scalar ;(”( ) as the following:

e 18 jor 6 4o 9 5oy 3
X sk k4T¢Sk P¢Sk Kt 25Sk +7 K Esk

2Inzt 44/3i 4\/§i : 6G, 4 [t o N
= -G, . +Gy—5— 2 —lkT/\/_ kZT elkr/ﬁ—i_k—;_%/ [Gze—tkf/ﬁ+G3etkr/ﬁ]7

2Int [*3(k*72+6 t6(k*c2 +6)In7 + 18
- / (k3f’ )ZSk(r’)dr’+/ ( k4)’ Zg (t)d?

—f(T) [ (pens(12) - 3vvesn(8)) 2
() f oo () -2 (5)) e
[k3 7 ( ) <3C°S<l\€ﬁ>+\f“ S‘“(%))ZS,‘;(, )dr’}dr“

(7

[k3 7S ) <3 sin <f/§) V3ke cos<’\‘/f§ >> Z%T(f/)dfi e

3 27
k4 Ese +57- k4 2

9

, 9 3
Fﬂk+ Fl + 2k2F!k A 30 / Agi(7)d7. (5.19)

2k

We have checked that the scalar solutions (5.16), (5.17), (5.18), and (5.19) satisfy the scalar parts of the evolution
equations (4.11) and (4.15). Thus far, all the solutions of the 2nd-order perturbations have been given.

The above 2nd-order solutions involve many terms of integrals of the scalar-scalar coupling terms, each of which
contains [ d°k integrations and time integrations [ dz. In the k-integrations, two functions D, (k) and D5 (k) appear, which
depend upon the concrete initial condition at the beginning of RD stage and should be practically determined by the
precedent inflation or reheating stages. Various models of inflation will give different D, (k), D;(k). Moreover, in actually
doing integration, one should avoid IR and UV divergences [20] which may arise from the lower and upper limits of [ &k,
so that D,(k), D;(k) may be required to satisfy certain conditions. As an illustration, suppose D,(k) o kM1 and
Ds(Kk) o k2. Then we shall have the following typical integration terms:
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K, (k +k )n2+2 _ |k _ k1|n2+2
3k n Kk — k. |™ kn1+2 1
/d lkl | 1| OCAI dkl 1 kkl ’

where n; and n, are linearly related to N and N,, and the integration limits K; and K, are introduced as possible cutoffs to
ensure IR and UV convergence. All other terms can be treated similarly.
The time integrations can also be carried out. The types of time integrations of Age in (5.18) and (5.19) are already

.klr’ ,k21”
ad 1 dr de i d’ i
contained in those of Zgy (7), the latter has four types of terms: %, Le” v [T e ﬁ and ([T 4 ¢ "VF) ([T 4 e7VF). The
single time integrations of Zg,(7) have the following nontr1v1a1 terms:

T /_ly ik
—-e 5 o k™ 1I“(l—n ! T),
7’7 V3

odt [7di’ _p k I ik
[ [ w05 s (10, 55).
T 7’ V3 V3

TdT/ r dT// —ikl—t” 7 dT/// _iszm
/ T/—n< e e ) =almnk k),

tdt’ _l'kl_’/ 7 di” _,'k2’//
—e '3 —r e 'VF =zg(nnk, k),

T/n

TdT/ ikS_T/ dT” _le// ‘L'/ dT/// _l'l"ZTW
T/_ne v r// v 7 e 7| =n(nnik, ko, ks),

v dr _ - ikt ikt
“Inte 'V x 37(ik "_llan<1 —n,O,—) —(1=n)2c"F (1 —n,l—n;2—n,2—n;——>,
‘L'/" ( ) \/§ ( ) 252 \/§

- / d// _l_// k
/ 2 ie 7 —(n—1)7 77", F, =nl=m2=n2—m-
o V3

—(n=1)72¢"""(1+ (n—1)In7)Ei <—lk7§> +(n— 1)_235_51"+1k” ! <F<1 - n,%) —(n- 1)lan<1 - n,O,%)),
/ —lnr ( T/Cii””e .k]j;) </ a:/-/l/” _"2}’”) = z4(minsky ka).
The double time integrations of Zg, have the following nontrivial terms:
/Td%;,ei% /T,f,i,:ei% = z5(ty 3 ky, ky),
Td%ei% / i;/; A / d;,,,” e = 26(7 15 k1, ko, k3),

TdT ]‘1 dT// M 7 dT/// —ileW e d,[.//// _l‘kZTW
/ T/ ‘/3 / T//n e V3 i e V3 i e V3 = Z7(T;n;kl, k2’ k3’ k4)

In actual computing, 7y, ..., z7 in the above can be defined as functions and recalled. In our test computing, the triple time
integrals, z¢ and z7, take more computing time than z;, ...z5. As an illustration, we plot real parts of z; and z7 in Fig. 1.

We mention that in the MD model [46,47], the scalar modes are not a wave and do not contain the oscillating factors et ,
so that the time integrations consist of powers of time z, which are simpler than the RD model.

VI. 2ND-ORDER RESIDUAL GAUGE MODES

The 2nd-order perturbation solutions in the last section have the residual degrees of gauge freedom. A general 2nd-order
coordinate transformation can involve a 2nd-order transformation vector £, and the square of a 1st-order transformation
vector EV# as well. For synchronous-to-synchronous coordinate transformations in a general RW spacetime, we list &% in
(C12) and (C13), §<2>" in (C27) and (C28) in Appendix C (see also Ref. [46]). For the RD stage and the scalar-scalar
coupling, 5(2)" is given in (C35), (C36), and (C37). The 2nd-order transformations of the 2nd-order metric perturbations for
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(@) (b)

FIG. 1. Left: real part of z;(z;1;k;, k,) at fixed k,; right: real part of z7(z; 15 ky, k. k3, kg) with fixed ky, k,, and ky.

a general RW spacetime are given by (C31), (C32), (C33), and (C34), which, for the RD stage and the scalar-scalar
coupling, reduce to

. 172 1 2 oy 1 4
¢g2>:¢g2)+7 —ZAOV2AM — — AMIALD _ 4504 _,¢<1>A<1>+L27 _,A(l)vaa)_Af;)A(l),z
T 3 3 T T 3
2
- (m;) AL AW +1mBA<1>JmC”,E;) +§A<‘)~IV2CHI(1) —§¢<1)V2A(1> — 29V A0 +§ AWdnp, m)(u(l)]
_A'_VZAU)/TM(IT,—I—A(;)/T4¢(1)(T/’X).ld1-/_A(l),lm /T2D1M||(1)(T/’X)d1_,
31'/ ’ 31’ 31"
24V25I(D (¢ x)- AD 1
_A(ll)/ %T’X)dr’—k—z—F%VzAm+§V2CH(2), 6.1)
’ T T

where A® and Cll® in the last line are due to the vector &2¥, and

1
757 =8 4 SIADAD £ V22407240 4 8AOVECIN) 4 VRV (340 Al 37240 V2AD

— 4AV2V2H () — gAimp (1) SA(‘)*’VZ)(HI(I) + 12A(1)’lmC”z(nll) _ 12V2A(‘)V2CH“))]

+ 20T U2 (A0VRAD) + 3929240 AL) — V2ADT2A0)] - Ly2y2 A vy )
T ’ T

+ 340D, A0 1 4A0mg2, 0] 4 (1n7)2[V2(245) A 4 3V-27-2(V2A1724 () — Admng () )

+In 7240 429 2(4g(v2A0) - AMmp, LI —240192¢1V) 4 v29-2 (224 V2V 00

_ 9A(1)’lm"Dzm)(!lr$]) _ SA(I)’lmvz)(!‘z(r;) _ 4V2}(!|1(])V2A(1>’1 _ 6D,m;(”(1>V2A(1)Jm + 12¢(1)’lmA,(11n)1 _ 12V2¢<1)V2A(1)
+ 67242l _gammn I 4 Dl 4 g-2(84DV2CI0) 4 2clDimp, 0) —2clh1g2ch0)
+ v—zv—2(12¢(1).zmd\l(n11) — 1222l - ZCUI(I)WW;(”(W _ 9C||(1),zmnDlm){Urgl) _ 8CH(1)-1’”V2;(UIE,11)

_ 4v2)(!|l(1)v2cH(l)J — 6D,/ I0v2Clim 4 3v2cH(l)-lv2c!|l(1> _ 3C”(])’Zm"C,H1(,21)]

—4V2 [VZA(I) /def/ _|_A(11) /def — A)dm /def

7 7 7

w2, I (7 x)
_ AW / wtﬁ] — 240 Iz —2c1@), (6.2)
’ T
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and
Z;(jz) :1;5'2) +Tl2 {28iV‘2<—AFJ¥)V2A( 4+ 4A( >1C||(> 4AFJ<I)V2C||(1) 3 2y, H 2A(1)’1Dlj)(”(l)>
+a,-a,v—2(A<1>JAf}>) +20,0,V-2V2 (- DimAl) | V2ANV2A0) 4 472409210 — 4A0m D)
8 41
V220 4 240-m Dy, 4 I +3A“>’"1V2x,,£3)>} 20,V 2(ADV2AD) 4+ 9,0,92(A1A)
T
1 /
—20,0,92V-2(A0mA ) _g2amy2q)) L {mv—z (3 Dz 0 —|—A(1>-1D,j;(<1)>
T
/ 4 !
—20,0,V2V2 <3 DV2Y2 ) 4 Admp, ) +§A(1)~’"V2)(,n<11)>} + [In 7220,V 2(A}})v2A )
— 0,0, 2(ANmAN)Y 1+ 20,0,V-2V2(A0mAL) 7240019240 —m{za,.v—z <4¢f}>v2A<1>
_4¢(1),1A( 3 D2y, || +2A( )imp, )(”() 3 Vz || +A(jl)’lmD,m;(H(')+Dlj)(”<')V2A(')I
3

+240ncll) —2Af}j)v2c<1>1) ~20,0,V2V2 <4v2¢<1>V2A< —4gmpl) 17272,

+3A lmnD m)(H()‘f'iA lva || VZ H VZA +2Dlm)(”(l)v2A lm+2A lmncH()

Imn

—2V2A“)’ZV2C,I(1)>] + [—26,-v—2<4¢j V2l — 4pmiclih 3CH MV D 4 2climp, Y
+iCH vz || +C”(”’"Dlm;(”(”+Dlj;(”<1)V2C” 1y clim anH > CH 2l )
8
+28,6/-V‘2V‘2<4V2¢<1)V2C” — 401 lmCH +3C” 1IV2V2y, H +3C” Im72,, H +3C”(1)’Zm”Dzm)(!ln(l)
V2 H 2l Jr2Dlm)(||<1>V2C|\(1).,1mJFC||( zmnCH —Wv2cla zszH ﬂ

+o, {Am'l/fwdr’—A(;)/def’}

T : T

4 4
+a,~ajv-2[v2A<‘>/ —¢ (x )d '+ Al /—¢ (z )dr’

T T

2D, L (¢, 2 4V2 () (¢ x)!
—Am'lm/ “imk” 7-3) ; (7, x) dT—A(ll)/ AV ARSA (ALY S 3 ET x) dr’] _ctP 4 (i < j), (6.3)
: T

7 ij
and

Z;(jz) :)(;Sz) +11_2 {—&,»V‘z (_ DA L 2AM2A0 34 V2Y2I0) 4 240y () +§A(1),mv2x!‘r£ll>
+4v2A0v2Cl® —4A<1>-lmc.l§,?> —4A0D, 1) 1 49,92 (3 A +A(')"Dlj;(”(1))
+4ajv—2<3 D20 4 aap 0 )+4v 2(ADv2A0 — ADAT) 12402l 4ol v2A
— 24l 24Vl - 9,0,v-2v- 2( AWImAQ 1 724724 +§A<1>V2V2;(”(1>

+2A(l)llemxH<l>+§ mv2 H +4A( )lan 4V2A V2C||(l)):|
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4“”[5 V2(A0mAL — 2ANV2A0) 4 4V2(A)V2A0 — ADAY) 4 9,0,2V2 (a0 AT
- V2AOVAD)] - [gl.jv—zgmwvzvzﬂuw’+A<1>.zmplm;(<1>’+%A<1>,mvz){]y>’> 12400

2

_za,.v—2<§A<1>vzx!';'>’+ (01D ) 2av2( AUVZ;(J(])I—FA“)JD,,-;(W)

W |

2 i ’ 4 !
+8,~8JV‘2V‘2 <§A<1)V2V2;(”<‘> + AWmp, Il +§A(l)-mv2;(,,ﬁll)>] - (ln7)2[5 V2(Al ”’"’A()

—V2A2A0)) 272240 A0) 4 240 w240 )+aav 27-2(AMmng () 724015724 (0))]

llj Jmn

+lnt |:5ijv_2 <4¢ lmA v2¢ VZA 3 IVZVZ H 3 Iva ” + A 1), lmnDlmZ.Uﬂ(l)
4
_ §V2)(||,1(11)V2A moy 2A lmVZD m)(“ 2A( ). lmnCn + 2V2A ZV2C71(1)> _ 2A(l),l l])(”l( ) 2A Dlz)(H( )

— 2A,(i1)’lDlj)(H(l) — 4v_2(2¢,(i1)JA,(llj> + 24)(]1” ¢ v2A v2¢ lmC”( ) A( ) lmC“( )

JImj J JImi

A(;j}vZCu(l),l + C!|Z(U1>VZA(1),Z) +2aiv—2< mVZ || +2A( Am py j)(Hm) 3 vZ H —I—A( ).lm DIMH(I)
2 m
+Dzj)(”(1>V2A(1)’[) +20,V72 (3 g2l A imp D gA,(i””sz!'f” + AP Dy 0

2
+ DliZ(l)va(l),l) + 8,»8JV‘2V‘2 <4¢ lmA 4V2¢ v2A0) 3A(1>’1V2V2)(,H1(1) 2 lsz)(”zm

4
_ 7A( ), Imn ) m)( 3 vZ || VZA 4D1MH(1)V2A(1),lm _ 2A(1)’lmv2Dlm)(H(l) _ 2A<1)’lmnC,Hl(n1121
+ 2V2A(1)”V2C”lm)] + {&jv—z <4¢(1),1mcl(nll) — 4242l —§C” 122y, H zcn g2y, H
+ C||( )lmnD m){ VZ ” v2c|| moy 2c|| lvaD m)(” 4 VZCH lv2cH C” ZmncH( )

—2CH<1)~1D,.J.;A‘,()—2CUJ.< "D =2V Dy 10 — 4v=2 (2 D) 29 Y — 29 w21

lmj

vl 4 29,v-2 <3 Clmy2 () 4 ol imp, I

2
+3C|| gz 4l Dlm){(l)+Dlj)(||(1)v2C|(l),l> 20,9 2( CImy2 10 im0
Jrzcll lvz H CH 1).Im Dzm)((1)+Dzi)(”(l>vzc(l)’l> _aiajv-zv—z <4V2¢<1)V2C” 44, szII

2 8 4
Jr3‘C|| JIV2V2y H +3C” Jim72y, H Jr7C\|(1),zmanaun(l)+§vz)(’\\l(1)vzc||(1),z+4Dlm)(||(1>vzcu(1)z

Jr2C||(1>.zmv2Dlm)(||<1)JFCH( zmnCH _v2cla ZVZCH ﬂ (6.4)

The 2nd-order transformation of the 2nd-order density, density contrast, and velocity for a general RW spacetime are give
in (C38), (C39), (C42), (C43), and (C44). For the RD stage and the scalar-scalar coupling, (C39) reduces to the following
transformation of the density contrast:

52 _ 52 +2—;4A(1)A(1> 4Inz
T

5@ _ A(I)A<1>,z+i[_4A(1)CH(1),1+85(1)A(1)]_g5(1>’A<1)_25<1)C||(1)./_25(1>A(1),1lm+i14(2)
N N 1.2 K Tz R T A A 1'2 ’

(6.5)
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and (C43) and (C44) reduce to the following transformation of velocity

2 2
17!( ) _ Ug( ) +?314(1>A(1) +?V—2[1;H<1)1 (1

+ 440 ¢ )+ 4gpHv2AM

— 240 pimy i) ——A D2y

<1>vzv<1>]+1{A<;>c<1>.z+v—z< 20101720 1 24D g2Cl0)
—|A

>] +111_TA( )A( ).l [21)“ ZCH(

A2
+v—2( 4y ||( )C||( )im _ 4l(1).0572,, || )] +lnT[21)”(l)’1A<Il) +V_2(—41)Hl<nll)A(l)’lm (l),lvzv\\l(l))] +2
’ ’ T
(6.6)
2
17;(2) _ v;@) +?[ 1) 4 ) +9,V- 2(- P4 ( _A(l)v2y||(l))] : [ 2A< )C||( )1 +2A(1).1d|l(i1) +4A.(i1)¢(l)
— 240D, 4 9,2 <2C” 240 — 241Vl — 440160 — 4p(V2A0 4 24") pimy i)
4 (2 (1), _a, 1M~ ) (1), im [(1).1x72 ||
+3AJV)( + [-4v, ' C MoV (40, C 4 4CI01v2y )}
+Ine[—4olV AL 4 9, v-2(40 AW 4 44017210y (6.7)
|
The above synchronous-to-synchronous transformations are A2 (r.x) = ( )( )Inz + cllt )( ) (6.10)
general, in the sense that two vector fields &M and £2)
involved simultaneously. These expressions are lengthy due pe) (x)=C 1(2) (%) (6.11)
to the parameters AW clM and Cilm of the 1st-order ! ! '
vector &V, and only a few terms are due to the parameters and (6.1)—(6.7) reduce to
A® Il and c 2 of ¢@). In particular, (6.4) and (6.7) tell
that the transformat10n of 2nd-order tensor and curl velocity 4—5(2) (r,%) = ¢(2) (z,%) A(Z)(X) m—TV2 A2 (x)
involve only &), independent of A, ClI®) and Cil(2>. S S = 3
Recall that the transformations are similar in the dust model 1
vzcl 6.12
for MD stage [46], but there is no velocity. + C(x) ( )
However, distinctions should be made between &2 and I 12) , ,
& as pointed out in Ref. [46]. In applications we are (z.x) = (z.%) @ (x)Inz -2 (x),
often interested in the following case: the 2nd-order (6.13)
solutions are transformed [52] at the same time the 1st-
order solutions are fixed. That is, we just transform the 2nd- _1(2) 12 _a @ e
order solutions without altering the 1st-order ones. This is 57 (7. %) = Xsij” (7.X) = 0;C7(x) = 0,C57 (%),
referred to as the effective 2nd-order transformations, (6.14)
which requires
_T(2) T
£V =0, but &2 0. (6.8) P e ) s e o
5(2) _ 5@ 440
Contrarily, if one would set £? =0 [40,53], only &) o5 (v.x) = &5 (7.%) +12A (x). (6.16)
remains, one would have no freedom to make g(()? = 0and AQ)
gf)f) = 0 anymore, because &) has been already fixed in 172(2)(1, X) = vy )(z.x) + T(X), (6.17)
ensuring g'(()})) =0 and g&) =0.
For the effective 2nd-order transformations, (C35), 5?}(2) (r.x) = v?@) (7.%). (6.18)
(C36), and (C37) reduce to ! '
) which has the same structure as the l1st-order residual
a(z)(r x) = Al )(X) (6.9) transformations (3.37)—(3.42). From (6.15) and (6.18) we
' T ) see that the 2nd-order tensor and curl velocity are invariant
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under the 2nd-order transformation within synchronous
coordinates, so the solution )(;SZ) of (5.1) and U;@ of (5.4)
are gauge-invariant modes. Equation (6.14) tells us that ¢y;;

=2 of (5.3) is a gauge term and can be
eliminated, so that the gauge-invariant vector mode is

/ / HZVSIJ X, T d //

(6.19)

in the solution Xsij

i) Cai)(
)(Si(j)(x’ 1) = —-—=

where V;; is in (4.19) and does not change under this
effective 2nd-order residual transformation with &2# % 0,
but £# =0

To identify the residual gauge modes in the 2nd-order
scalar solutions, we write (6.12), (6.13), (6.16), and (6.17)
in k-space

7 1 K k2
(1) =) (1) + A (2__1111) _?Cm ),

3 (6.20)

2, o

(2)
=G -
¢Sk 2 k72+ \/§r

N

kT \/§1

kK

1 [z 7 (k*t? +6)In7 + 3 1kl t3(k*7? + 6
/Ask(r’)dr’+/( L) LL Zg(T)dd + | 5 — - / ( T3/+ )
kt 3 kT
2

@ =@ —240 me 2%, (6.21)
=2 2 4 e
Ok (1) = o5 (2) + 54, (6.22)
e
A
_[I(2 2
P (2) = g (z) + (6.23)

Comparing them with the solutions (5.18), (5.19), (5.17),
and (5.16), respectively, tells us that G; and G4 terms in the
solutions are gauge terms, which can be removed simulta-
neously by choosing

AR -G (6.24)
k
) 3Gy
ar ==z (6.25)

Thus, the gauge-invariant modes of the 2nd-order scalar
perturbations are

2 2i . 2k [ _ i di’ 3
> —lk‘r/\/.+G3 (_l> elk‘r/\/?:_/ [Gze—lk‘r/\/g+G3elkr/\/§]7f+7F!S|Vk(T)
T

3 4

Zs(7)de

2 © (%) +%Sin (%)) /(9 COS(%) + 33k sin (%)) Z;{‘;(, ) 4z
2 (kN _ 2 ke \\ [ ke
() v (05) ] (o5

> 3V/3ke cos<l\>§>) Z;‘g(, ) 4o

kt
r 2 k /! ,[// k k Z /
+/ {Wcos(%>/ <3cos<\/§) + V/3kt' sm(\%))%dﬂ] dt”’
r 2 k I 7 k / k / Z /
+ / {Wsin<%) / (3 sin(%) —V/3k7 cos (\%)) S;ZT(,T )df’} dt”, (6.26)
: £2(12.72
Ai{z) =G24]Z{§l ik V3 _ 4fl oike/V3 _ / G, ek IV3 4 G e,k,//f] dr’ 21}111/ 3(k ]:; l+6) Zgo(7)d7
T T
©6(k*z2 +6)In7 + 18 43 kt kv’ \\ Zsi(7)
+/ e ZSk(T/)dT/_kTSHl(\/g)/ (9005(\/5) +3V3kt' s1n(\/§>> A dt’

() [ ) -
() (o) i
()2

_TASk(T) — 53

12 (k" [
+/ Lé ”sm(\;g>/ <3s1n<\/_> 3kt cos
3 27 L 27 gl 4+ 2l
+k4ESk+MFSk() k42 +2_k2F (r) -

)5

:| dT”

5)) e

(6.27)
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i 4k . 4k
5;2]{)_Gz(i_i_i__)e—tk‘r/\/g+G3<i_i__

k2 3r 3

Len(25)- ()

>eik‘r/\/§ + 3F.‘S‘k + <_

() () () 50 () ()

+¥sin<\k/—g>> / <9 sin(i}%) 3V/3k’ cos (f/§)> Zilg(, )dr +# T%ﬁ,—l—é)zﬁ(r’)(h’ (6.28)
ool e (ml2) () ol

e ) 8- () 5) L)

— 33kt cos (’\‘/—%)) ch‘;if/) 7 + % / T%zﬁ ()d7, (6.29)

where Zg, Eg, Ag, F! arein (5.14), (4.2), (4.24), and (4.28),
which do not change under this effective 2nd-order trans-
formation induced by £, So far, we have obtained all the
gauge invariant solutions of the 2nd-order perturbations in

Egs. (5.1), (5.4), (6.19), (6.26), (6.27), (6.28), and (6.29).

VII. CONCLUSION AND DISCUSSION

We present a systematic study of the 2nd-order cosmo-
logical perturbations in RD stage in synchronous coordi-
nates based on the Einstein equation. The dominant
radiation is modeled by a relativistic fluid with the energy
density p, the pressure p = ¢2p with ¢Z = % and the velocity
U*, and we assume that there is no shear for the fluid
and the Ist-order velocity is curlless. The model has
more complications than the pressureless dust model in
the MD stage [43,46,47] since the spatial components 7';;
of stress tensor are nonvanishing and have to be specified
nontrivially.

We give a detailed analysis of the structure and the 1st-
order solutions and residual gauge transformations, on
which the 2nd-order perturbations are based. We have
demonstrated that, during RD stage, the 1st-order scalar
modes, density contrast, and longitudinal velocity all
propagate at the sound speed % instead of the speed of

light. The Ist-order vector modes and curl velocity are not a
wave and do not propagate, and they simply decrease with
time. In contrast, the tensor modes are waves and propagate
at the speed of light. Compare this with the MD stage
during which only the tensor modes propagate at the speed
of light, whereas all other perturbations are not a wave and
do not propagate. Hence, we conclude that the tensor
modes are truly radiative as dynamic d.o.f., regardless of
the background matter, but the scalar and vector modes are
not. Sometimes in the literature all metric perturbations
were misleadingly referred to as six gravitational waves

(GW). Our analysis suggests that the term gravitational
waves should be reserved for the tensor modes only.

The 2nd-order perturbed FEinstein equation contains
various couplings of 1st-order metric perturbations derived.
The case of scalar-scalar coupling has been considered in
this paper. The Ist-order vector metric perturbations is
taken to be vanishing, consistent with the curlless 1st-order
velocity. When these coupling terms are moved to the rhs of
the Einstein equation, they together with 7', of the fluid
serve as the effective source for the 2nd-order metric
perturbations. The resulting 2nd-order Einstein equation
has a similar structure to the 1st-order Einstein equation,
except that the effective source is now more complicated.
The (00) component of Einstein equation is the energy
constraint, the (0i) components are the momentum con-
straints which are decomposed into longitudinal and trans-
verse parts, and the (ij) components are decomposed into
the respective evolution equations of 2nd-order scalar,
vector, and tensor metric perturbations. Moreover, to
specify p, p, and U* that appear in the source, the equation
of covariant conservation 7#¥.,, = 0 up to the 2nd-order
needs to be solved. The presence of velocity U* makes the
calculations algebraically more involved than the dust
model. We have solved the set of equations for the 2nd-
order metric perturbations, density contrast, and velocity
analytically, and obtained all the 2nd-order solutions in the
integral form. They consist of the homogeneous part for
general initial conditions and the inhomogeneous part due
to the effective source. We have analyzed also the general
2nd-order residual gauge transformations in synchronous
coordinates, which involve both the 2nd-order vector £2)
and the 1st-order vector £(1). We have obtained the explicit
expressions of transformations for all the 2nd-order per-
turbations, which are lengthy and have many terms due to
the square of &) and the products of Ist-order perturba-
tions with £1). In particular, we also have distinguished the

123019-26



SECOND-ORDER .... [II. PRODUCED BY ...

PHYS. REV. D 98, 123019 (2018)

transformations due to the 2nd-order vector £ from those
due to the combinations of the 1st-order vector £1). The
Ist-order solutions are often fixed in actual applications,
only those transformations due to &?) are effective. In this
case the effective transformation of the 2nd-order pertur-
bations have similar structure to the 1st-order perturbations.
After this analysis, we have identified the gauge-invariant
modes of the 2nd-order solutions.

These 2nd-order analytical results of RD stage, in
conjunction with the 2nd-order results of MD stage
[46,47], can be used to study nonlinear effects of
cosmological perturbations. As an advantage of analyti-
cal results, one will be able to focus on certain aspect of
the nonlinearity of 2nd-order perturbation. For example,
one can study separately the tensor modes, as well as the
vector modes, besides the scalar modes. And one can
examine the individual contribution of each k-mode to the
nonlinearity, the transfer of perturbation power among
different modes, the interference of positive and negative
frequency modes represented by D, and Ds;, the
influences by initial conditions, the separate influence
by the growing and decaying modes. Furthermore, one
can pick up a particular period of evolution and estimate
the dynamic behavior there. These aspects can provide
possible advantages that other methods often lack. To use
these solutions in specific applications, one needs to carry
out numerical integrals, such as zj, ..., z7, and choose the
appropriate initial conditions. These possible applications
will need more work.

To improve the above work, one can calculate the
couplings involving the lIst-order tensor mode, which
may have effects comparable to the scalar-scalar. As possible
extensions, one can study 2nd-order perturbations for infla-
tionary models. These will be left for future studies.

Cosmological Structures” of the Chinese Academy of
Sciences, No. XDB09000000.

APPENDIX A: PERTURBED QUANTITIES

The quantities listed in this appendix are valid for a
general flat RW spacetime in synchronous coordinate. By
(2.1) and (2.2), the nonvanishing Christopher symbols up to
2nd order are

/

g ==, (A1)
! !
0 _ m L ay a o 1 o
Lij = 5!1+< vij 57 >+ <Zm + 70 )
(A2)
i i 1 )i 1 2)'i 1 i 1)/
Iy :_5 (5 5) ) + (ZV§) —57(1) k}/j'k ) (A3)
i Vi o Ui 1
ij_ (Eyj‘,k +2 k.j _57/]1(
1 Dim,, (1) 1 im,,(1) 1 1)im., (1)
+ <—§7’( Y ik —57’( Y kg +§7( Y
I @i 1 I .
w2, (A4)
The Ricci tensor are R, =T%, ,—T%, ,+T% %, T¢I .
One calculates the Oth-order Ricci tensors are
0 a a 0 0 a' a
Ri) = =343, RE) =0, Ry = 6,4+ (92,
R = 64" and the 1st-order perturbed Ricci tensor

!/
Riy = 3¢ +3% 0 (A5)
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a’ a’\? 1 1
2Dl (D) —Zw2p. I Dk ([ +—Dk (1)
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The 1st-order Ricci scalar is

1 " a v y
R — = <_6¢(1> - 1gg¢(1) +4V2p(D) 4 Diﬂll(l),tj),
which is independent of the Ist-order vector and tensor.

The Ist-order Einstein tensor is

1 a/ , 1
G(():)) = R(()l)) _zg((J(()))R(l) = _6;(]5(1) 4 2v2¢(1) +§V2V2;( (1)
G(()l) R(<)1>’
0 _1s 2pm L 2 mp0
ij ij 504 5 47ij

a//

" ! ’ ! 2 1 ! !
=205+ 4% g5, 4 4l - V25, + {4——2( )]45( 18, + =Dyl + LD, 0
a N 2 a

a?_,a Lo Lo iy 1 !
+[(E> _2;]1)1.]%”(1)+ {2 DY+ L0~ Lo, 0] g2 i

1 1ay a 1(1) a’\?2 a” 1(1 1 1(
+§%ij() +§)(,-,-()+ a _ZFXUUJ“_W: X ku -V

Lray @ty [(4)_,9
Taxiy o Toxg o Ty _2a )(,] ——V)(,J
The 2nd-order Ricci tensors are

/ /
R =39 52y 13 527 4 6L pMp0) 4 6pp 1 350 p) 4 L piiyltp 0
% 2a 2 a 2 &

Ty

1 .. ’ / a/ .. / 1 T 1 Jes
+ZDU)(H(1) DU/Y”(I) +ZDUI”(1)DUXH(1) +§)(T(l)lj)(lj<) +_/YT(1)U)(U

4

Cl/ ii T(1) 1 ii " 1 1ii ’ a, ii ’
+Z”T(l)%/<) +§IT(1)/DU1H(1) +§x”“ iDy| M +%W” iDy| M

L 1)y a T gy
2 T pij ) 4 & T b 1)
+5xy DI 45—y Dy

! 1 /. 1
Ré?:(ﬁ,(iz)+1Dij)(H<2)”+Z}(l,( T+ 490 ¢ + 49! ¢ g DIV

+¢W'D MH J__¢ JDU)(” + ¢l JDij)(H( __¢ J)(J

I

1 . Ly
1M % _ED ||(>/DMH<1)_§D 0 )Dk)(”(>1+5Djk)(,UiI>Dij”(l>
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5d ., a\? a’ | PR | /
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+ 3D ¢ Dijx”k“)—ED"’X”(”DM&') 5D YIOD, )+2Dk I p II<>+2Dk 10Dy Y

1 1 1 1 I Tay N N N N
+4Dkl ¢ )Dk)(”( ) M k H( ) +2Dk ”z( )Dk%\\(l),l _E)(kj( )D;c)(ﬂ(l) _5){" (1) ij;r“<1) —Elkj(-)Dkl)(H; )
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I T

2)(](” Dkl){H +2)(,,k D’k;(H ;){l” Dy Iy _ 2){ T kzD]ZIIH ;Zz, ’kaz (1) 2}( ()kzDMIIU
+;){;(kl>Dk I 2 ZTOHD, D +2)(kl<z/>Dk u<>+§){ QI +4){k;} DIV +i DV
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@

The above expression of R; ; corrects some typos in (B3) of Ref. [46] where a factor % was missed in the three terms of

[(£)2 + <. The 2nd-order Ricci scalar is
R® :% 2V29) — 9";’¢< —~ 3¢ Dkl 17— 12¢0g0" — 36%4)(1)’47 + 605 pVF + 1641V V2g(1)

+ 49D l)(sz 2¢ m _ 2¢flil>)(T(l)kl — DMy I D, IV _%Dklxwl)’pkwll(l _34 Dk 1D Dyl
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d T(1y
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The 2nd-order perturbed Einstein tensors are

2 2y 1 o
G(()o) = RE)O) - 59(()0>R(2)

— v2¢( _ _¢ _|_ Dkl}(Hk(IZ)

_12;¢(1)’¢(1)+3¢(1)’¢ +3¢ ¢ k4 8p1INV2p(1) 4 21 Dkl H()

—r/)(ifD"’x”“)—; LA D >—a_Dklxll(1)Dka(1)’
’ a

. ~km 1 1 Ll
_me!lkﬁ Dk )(H()+2Dk V2D, ) EDk )(Hk< D

+§ka;(”,“)ka;(”“)’1 —%ka;(”}”plk 100 _ g0 0w

1 a a Tay
_Z’(’d() Ly — a}( Tk, 0 _;Xk; VDI

|0

1
_)(T(l)kmDm)(”k +2)( kmv2ka){H(1)_'_Eka)(H(l)vZ)(Z(l)

n ix;i” 'l I %XZS)Zka)(HI( ) é%“ it T z/xT(l)kleTl(l)
TG 2 TR O, (A16)
Gy =Ry, (A17)
Gl(',,z') = R,(? - %az <; yf?) RO — % azyg})R(l) - % a*6;R®
— 5, {_%V2¢(2) e 2";/4,@’ n {2“_" _ <%’) 2] 4O _ 411 D2

_ 2¢(1)k¢(11) _ 2¢(1)v2¢(1) + (d)(l)’)z ¢( )le ||( ) d)(l)Dk[XUk(ll)

Cl/ / 1), m 1 m
+ZDkl;(H(1>DM||<1> +me!lk(> Dl ) _EDk V2D, )

_%Dk I )lemZ”Z(l)_~_£1_‘ka)(H(1),1Dkw!|n(ll)+2Dkl 100 pn ICD)

3 ’ ! 1 " a U
2 DRV DI o 2 DHAN DI 4 &y T D)

T(1)
Dk H()kl()

- e 1 m Lo oim T(1
+ 5 Tk Dle.Uk( ): _EXT(l)k V2D, _EDk UGV (1)

_.|_

8

il T 3 T 1 T
T(1)k l)(u(m) +SZ ()kl)(kl() +2)( ()kl)(kl( )

1

_|_

X

_I_

y d
¢.<ij) +5-

2a 4 4

+
= N = A= = W

a

123019-30

" al T(1) 1 m T(1 3
ZT(I)leka(l) +Z}(T<1)k1){k1( ) _EXT(I)k vz)(krfl ) — 2y

a\? a’ 5 a oy 1L(2)k 1 1ok

3 pra g, T0) ; 1y T i)( (7K, 0] 4 %Z;(l)”Dkle(l)

T(V)km.1,,T(1)

Xkm,1

Dij)(”<) +- Dk II( ) 4 Dk)(\ VZD )(” )+%Dij)(”<2)”

lo, 1)

1 1oy
Z)(ij



SECOND-ORDER ....

II. PRODUCED BY ...

PHYS. REV. D 98, 123019 (2018)

/
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—ED/CU(H(I)’“DU)(H(I) _EDM( )Dk)(”( ) +2 DYy || Dk/)(H _E)fkj( >D§‘)(H<1)
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_2)(1]!](

1 1
2 pt )kszXHU 2}(h(]k)Dk (M — ZIT(l)kzDMU;kl)
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+2le(kl>Dk (1) +2)(T kle])(Hk(l +21k (l])Dk (1) +2)( T )kszwHi(])
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(A18)

The above expressions are valid for a general expansion stage and corrects some typos in (B7) of Ref. [46] where four terms

of 2L -

(2)%] were missed and which was valid only for MD stage.

The 1st-order energy-momentum tensor is

7o = (01 + pO)UsU ) + g p) = a?p 5"

’

15 = (00 + pO)[UUY = ~(1 + 2)pVa?o]!.

= azp(O)(c%y(-%) + 5,-]-c%5(1)).

)

TS}) =[(p +P)UU; + g;p]"V
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The 2nd-order energy-momentum tensor is

2 1 1 0 1
T = <§P(2) + —P<2)> [U6U)® + (0 + pO)[UsUo)® + gy 5 p

2 02
1
= §a25<2)p(0) +(1+ c%)azv(l)mvﬁ)p(o), (A22)
2
75 = (o + pO) U O[U] + (o) + p)[U) O[]
1
= —pO(1 + )2 (r‘,“ W70 )) =001+ e, (A23)
2 0) 1 I 1
Ty = (0O + p NIV + g 3PP + 595 O + g1 P
1 1
=pO(1 + C?)azvgl)vﬁl) +a’5; EC%VP(O)‘s(z) + 5“271('5)0@(0)
+ a2y§}>c§p<°>5(1>. (A24)
APPENDIX B: 2ND-ORDER PERTURBED ar 4 24 sy 39 (o _ D50
oM +—-6V + cr 0
EINSTEIN EQUATIONS FOR A a 3
GENERAL RW SPACETIME L3+ @) — (14 AV (Ba)
In this Appendix we list the perturbed Einstein equations The 1 4 .
and the equation of covariant conservation for a flat RW ¢ Ist-order momentum conservation 1s
spacetime with a general scale factor a(z). J
The (00) component of 1st-order perturbed Einstein 26+ (14 )V + (1 + c2)oi=0. (BS)

equation, i.e., the 1st-order energy constraint is

=3 <%>25<1). (B1)

The (0i) component of the Ist-order perturbed Einstein
equation, i.e., the 1st-order momentum constraint is

—6% 40 4 2720 +%vzvz)( (1)
a

2o Ly iy L L0 g1 2y (4,0
¢J~ +§ iiX +§)(ij —_( +Cs) Z v
(B2)

The (ij) component of 1st-order perturbed Einstein equa-
tion, i.e., the 1st-order evolution equation is

" al !
216, + 4Z¢(1) 5+ ') = V)

1 1
+§Dlﬂu<) L& D,J;(” VD
1 a /
2 L(1)” L(1)
_—5 VV —|—2)(U —|——)(l.j
1 Tay d a"\?
+5)(l] +E%l} v)(z] 30% z 6(1)511

(B3)

The 1st-order energy conservation is

The following are the 2nd-order perturbed equations
for the scalar-scalar coupling of 1st-order perturbations.
The (00) component of 2nd-order perturbed Einstein
equation is

GY) = 8xGT(). (B6)
where G} is given by (A16) and T' is given by (A22).
For the scalar-scalar coupling, this gives the 2nd-order
energy constraint

V2¢( __¢ + D"’xl(k

+3¢ g
— ) DHI0) 2 DRI ) __Dk 10,11

1% 40 g0 4 3407 00
a
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D ~km -
_me‘\\k( )s Dk )(H(l)_i_ Dk ;(“(l)szkMH(l)

1
_ Eka)(!lk(])Dml)(H(l)J

3 ny Lo (1 1
+§Dk H "D | D —ZDk )(,H1< )Di)(,urgl)

1
=82G|a?85 p + (1+ c)atol Vol © | (BT)
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where a subscript “S” in q,’r(Sz), etc., indicates the case of scalar-scalar coupling, and the 1st-order scalar perturbations ¢(!)
271, vl are already shown in Sec. III. Moving the scalar-scalar coupling terms to the rhs gives the following 2nd-order

energy constraint:

6 2
Z(/ﬁ +2v29 ) +3 L eyl 3(%) 5y + Es,

where

N\ 2 !
Eg = 6(1 + ¢2) (‘i) Dl (DI 24245(1)'45(1) — 6V g1 — 6V pk — 16121
P , ,

3¢ IV2V2 (1) 4 2Dk, || V2¢’> V2l 4 )(H )kl || )
!/
_ivz)(ua)'vz)(u(l)' + 24 I, Iy v Myl 4 lxn g2l
12 a 3
1 1 m K
_§vz){u(1)v2vz)(u<1) _me okt 1) vz I 2y,
The (0i) component of the 2nd-order perturbed Einstein equation is
GY =R = 8xGT(),
where Rg) is given by (A13) and Té%) by (A23). For the scalar-scalar coupling it is
1
P + 1D +41sf, T+ 4gV g0+ ag 0l + gD 0
+ W'D ”)(H J __¢ JD”)(” + (! ]Dij)(”( ) ——D 107D,y 1Y
1 1 1
——D 1D ., 1) Dik ” [[(1) Dkl D €1
2 w7ty D™t I
1
_ 8ﬂc[_azp<0>(1 +cg>< 20 4yl mp ) +§U§>> — )01 + ¢

Moving the couplings to the rhs, one has the 2nd-order momentum constraint

I 1oy, a\?
2¢S1 +5 Dz])fk‘s“ )J+§XSZS)]:_3<1+C?)(E> Ugi)+MSi7

2

where
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gV 2"
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The longitudinal part of momentum constraint (B12) is

20 + v, 1@ = _3(1 4 ¢2 )<a> 1?4 v2md, (B14)
and the transverse part is
Lrerd - a0 ) (V00 4 (- 0,972 B15
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The (ij) component of 2nd-order perturbed Einstein equation is
@ _ 2

G;;’ =8zGT};", (B18)

where ngz_) is given in (A18) and ngz_) in (A24). For the scalar-scalar coupling, (B18) gives the 2nd-order evolution equation
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Moving the coupling terms to the rhs yields the following 2nd-order evolution equation:

" a/ ’ 2 2 a” 1 a’ 2 2 1

3
(4N _, 4 p o, Lo vzl Lo d ey
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where
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The trace part of 2nd-order evolution equation (B20) is
2\ a/ 2y 2 1 a/ 2 a/ 2 1
25 +4~ ¢ =V + [4+6<c —3) <a oy v2v2 =3 () e sk (B22)
where
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The traceless part of 2nd-order evolution equation (B20) is

1
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where
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The vector part of the equation (B24) is
LLor 100 {23 (L) 22 h0 2 (s 4 vsk  _oyry-gk B28
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where the rhs of the above is
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_2 N 2 (D)2, [1(1) 2 (4 2 H 2 a"\? (1), l1(1)
+9,V2(6(1 + ¢2) ; v VAl 4+ 6c7 | — p DV2y —|—6cL " Y

+ 2¢(1>V2¢f 12 ¢ Viky || 12 ¢ vsz_(l) — V2 || ¢(1)’.k)(7Hk(})/
_ 6¢(1)uv2)(!lj _ 6¢ )" k H + vz H v2¢ 3 ¢ ka H 3¢ kl)(j
+ vz H VZV v )KL 3){ V2 ¢ :|

—aiajv—2v—2{6(1+cz)< )vzv V20 +6(1+c%)<62>20’£1)v21}“)k
_6CL( >v25 IV2y 6(:%(%')25 )KLy, H +2¢ kv2¢f]:>+2¢(1)v2v2¢(1)
_ 12 ¢ )kl H + 12 V2¢ D'W2I00) — (1)KL, H + V2 l(1y
— 61"k, ” +6V2¢ I)HVZZH(I)+§V2V2)(”<1)V2¢(1) vz H V2¢
+§¢(1)”‘V2V2;(!I,fl> —3¢,(1iz)m)(”m'klm+gv2)(“k(1)v2v2)(”(l)’k—EZ.kImWZH(l)'klm

5 1 ,
2ROV 4 gz a gl v %(m ). (B29)

The tensor part (GW) of the equation (B24) is

I 1oy d 10 a\? _d"l 1o 1o, T2
Elsl'(j) +_ st) + [ (1=3¢3) ” —2; ZSi(,')_EVZISi(j)

_ 3 _
= Ssij =5 Di VAVASG, = VS — VS G +2V VS (B30)
where the rhs is the effective source for the 2nd-order tensor
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_ 3 _ _ _ _
<SSij - EDijv_zv_QS:Skkll - V_ZS:Skkj.i - V_ZS'skki.j + 2v_2v_25§k11,ij>
= D=2 g — Lgwzan _agWme Loz imgzim  Liw i
Y14 3 * 6 16
1 a\? a\?
L vy } 61+ @(5) MO o 4 cg>(5) oD yl4

(4 (1), 1) _ AN 2 w2
+ 6¢7 p sl i =2t p RAVEZIOF +2¢ (/5 —=pWV2plls

3
a ) N ) ”
—12=¢Vy +4L ¢ IV 05, — gyl 4 2 ¢ V5, — 6
7
+ 29124 ll0 5U+ ¢ D20 _v2¢(l)v2)(\\(1)5ij+_¢<1)V2XU1,(J,1)
1

—§¢ V2V (D, +3¢k;(,1 — P2k, 4 2yl k¢ku

‘i”” 125, + 4y v2¢ v2¢ V25, + ;( (Dy2y2,
2

_§v2)(||(l>v2v2)(\\(l) Vz || V2 || +)(kl,V

11
_gv SYUCORE v II s, ,_9)(” JA2Y72, H 5t/+3)( vz){\\u

1 1y ,
_EZ!L( )kzZII( ) +6IH( )klm II( )5 ‘H( ).k H 3){\\(1) ’kl)(.Uk(z]) 5,

3111 V —l— V ()72 I s

3 -2 ARSI [1(1).k > (d\? o2 (1) _ 2 2(1)w2.4(1)
_EDUV (14 ¢?) — ) v vt +4cy ” sWVy _§¢ Vg

@y 0 = 2 g2 ) _ agr g2l ~ 4 gy, I I
—8E¢ X —§¢ X" —4¢ X 9¢ )43 ¢k1

1 1

V2 lkg2, H V ).kl Iy AL, H — W2, Iy, lay
5V 36 +6Z g A YA

3 a2 a\?
3Dy VV [6(1 +e2) (-) V2ollOW210) 4 6(1 + ¢2) <—> B RAVHI(OR

a a !

N 2
—6cg< >v25 IV +6cg<%) LI 20420 4 211 T2925(1)

1% ¢ L v2¢ A1) — kD 2500720
— 6p(1)" KLy || +6V2¢ )'V2y ‘_‘Vzvzﬂ(l)vz(ﬁu) V2 || V2¢
2
+§¢(1)‘kvzvz)(,“k< 3¢klm klm+ V2 H VZV 1—8V2V2;(““>V2V2;{ (1

V kln1+3)( V2 Ia kl+ vz || V ]
—8[ pIV2y || +2¢ kZij _)(‘k(jl)v%((l),k]

—a,[ IV L ogi I xk,V }
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N 2 /
90,9 {126% (Z) SVl — 24i¢<1>'vz){u<l> _ 2V — 12020
a

2 2

+2OTIOI 4 gD Loz, Iy, gx,lle)vzﬂf(”’“}
a\? a I CARFOYMI

- 0;V~? {6(1 +¢2) <—> v V2l +6c%<a) D2, 4 62 <E> Sk
+ 2¢(1)VZ¢F 12 ¢ 12 ¢ v2)(||(1) _ ¢ VZ H ¢<1)/’kx!|k(jl>/
_6¢(1)//v2)(U 6¢ ”k || vz || v2¢ 3¢ vz)(ﬂkj 3¢kl)(/

5 v2, | Dy2y2, ) _ V ).kl vz (1
"’ﬁ X X "’3)(

! /N 2
~0,v- 2{ < > '(1>vzv||(1) +6c2 <‘;) NV, || +6c% <‘;) 5(1),1()(’\\]((1_1)
+2¢ v2¢ ¢ 12 ¢ v2)(||i(1) _¢ v2 H ¢( ) .k ”<z>

a
_6¢(1)//v2){’\\i(1) —6¢5 //k || + vz || v2¢ 3¢ kv2 || 3¢ l)(z
+ vz H vzv v k1+3)( v ]

N 2
+a,0jv—2v—2[12<1+c§)( )v%l V2l +12<1+c§)<i> SAVERI O
v
a2
—12c%< >v25 2y —|—12cL<a> S 1 42l 1 4g(IV2V24(0)
_24 ¢ kl || +24 v2¢ (1)_2¢ kl || +2v2¢ [[(1y

— 129 ”kl H +12V2¢ ”vz (1 +§V2V2)(”(1)V2¢(1)+—V2;(’H,€(1)V2¢<l)k

+g¢(l),kv2v2)(U 6(;5 kzm+ V2 || vzv V ).klm
+gv2vzx||(1>vzvzxu(1)+§ZU]€(II)’V2)(H kl+ vz || V2 I(1 (B31)

The equations of covariant conservation of energy and momentum are given by (2.22) and (2.23). Substituting I', in

(A1)—(A4) and U* in (2.13) and (2.14) into (2.22) and (2.23) and only keeping scalar-scalar couplings, we arrive at the 2nd-
order energy conservation

57 +2a"(a) '8 + (=1 +33)da "6
+(1+ c%)vg,ﬁk -3(1+ c%)f/)ff)' +4(1 4+ c?)a”(a’)‘lv“(l)*kv}‘k(l)
+4(1 4 )l L1 4 2)sQ Ik 4 2(1 4 3)sMV20lI0 —6(1 + ¢2)5 )

—12(1 + A)pW' gD — (1 + 2)Dyr| V' DD —6(1 4 )l vl = 0, (B32)

and the 2nd-order momentum conservation equation
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625(2)’i—|—2(1—|—cz,) "(a’)_lvgz)i—k(l+c%)v(32)’i
+4(1+ 2)d" (@) Dol 4 2(1 4 ¢2)50) (D4
+2(1 + ¢2)8Mpl0 21 4 c2)pl Nyl
+2(1 +c3 )v” )72y ll(1) +4c? sU ’¢
—10(1 + ¢2)ol Wi — 262 50 ik lI()

+2(1 + 2)olDEDi I = 0, (B33)

which are for a general RW spacetime.

APPENDIX C: GAUGE TRANSFORMATIONS
FROM SYNCHRONOUS TO SYNCHRONOUS

The formulae for the gauge transform between two
general coordinates for a flat RW spacetime, as well as
between two synchronous coordinates, have been analyzed
in Appendix C in Ref. [46]. But the transformation of the
stress tensor of a relativistic fluid has not been given. Here
we shall add some new results on p and U*.

A general coordinate transformation is given by
[42,43,46,48]

W = gD %gfy”g(l)a +%§(2)M (C1)
where &V is a 1st-order vector field, and &2 is a 2nd-
order vector field which is independent of &(V¥. They can
be denoted by the parameters

EA0 — (4) £

= 9ipA) +dWi with A=1,2.

(C2)

i = (. The transformation rules of

f _
gﬁu gib g(l/)’( )

[32,48]. Writing g, = g,(,oy) + gf,},) +1 gf,z,,) to the 2nd order,
and similar for g,,, one has

with the constraint 9;d)
a tensor, such as a metric, are g, (x) =

g (¥) = g (x), (C3)
G (x) = gia) (x) = Langhe (x). (C4)

G (x) = 982 (x) = 2L g (¥) + Lo (Langi! (%))
- ﬁg(Z)Q;S%) (x), (C5)

where the Lie derivative along & is defined as
Legh) = gatM* + gl €0 + gl 0%, and others are
similarly defined. Under (C1), a scalar function transforms
as f(x) = f(X). By writing f(x) = fO(x) 4+ fM(x) +
1@ (x), one has

)(x) = fO(x), (C6)
FO@) = fOx) = Lan fO(x), (C7)

FOx) = fO(x) = 2L fN(x) + Lo (Lan fO (x))
— ,Cé(z)f(o) ()C), (CS)

where L:f = f ,&%. A 4-vector Z* transforms as Z*(X) =
9r. 7%(x). Writing Z¥(x) = ZO% (x) + ZWr(x) +1 220 (x),

one has
ZOm(x) = Z2Ok(x), (C9)
Z00(x) = Z04(x) — L ZO%(x).  (C10)
ZOH(x) = ZOHk(x) - 2L nZWk(x) + L (C,:(l)Z(O)”(x))
- [,5(2) M (x), (C11)

where L7V = Z!,E% — EoZ% and LeZ, = 7, (&% + £, , 2%

The above transformations are general for any two
coordinates. In this paper we are only concerned with
the ones from synchronous to synchronous coordinates.
Moreover, for the 2nd-order transformations (C5), (C8),
and (C11), we should distinguish the role of 5(2) from that
of &1, The real interesting case of 2nd-order gauge
transformations is that the 2nd-order perturbations are
transformed while the 1st-order perturbations are fixed.
As we mentioned around Eq. (6.8), this is the effective 2nd-
order transformations, which require that 5(1) =0, but
&) £ 0 in (C5), (C8), and (C11).

First consider the Ist-order transformation. In the

synchronous coordinate, requiring goo(x) = —a?(z) and
Goi(x) = 0 leads to &% as the following:
A(x)
(1o = CI2
5 (T’ X) a(’[) ’ ( )
dr’

Wix).  (C13)

where A() and C(V' are small, arbitrary functions depend-
ing on x only, and C(V' can be decomposed into

cWi(x) = clMi(x) 4 ctWi(x), (C14)
where the transverse part satisfies 0,C+(Vi =0. By
Eq. (C4), the residual gauge transform of the metric g;;
within the synchronous coordinates is
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oA
4 =+ (=250,
a

ny [T dr ! !
-2Afij>/ m-cﬁ}-c})), (C15)

from which the residual gauge transformations of each
mode are identified as the following:

/
AU = 50 + Ly /iJr V2l | & a0,
3 (7) a’
(C16)
A — (1) ) de (1)
JW = I —24 —=2C", (C17)
a(r)
7V =t k), (C18)
T T
A =g €19
By (C6), the Oth-order energy density transforms as
59 = p)_ By (C7), the density perturbation transforms as
B A

which leads to the transform of the density contrast

"
50 — 50— [2“/

- (C21)

a/
-4 1AW,
“

e (7 O
5,(-2)(7’X)—4A(')(x)i/ %dT/—ZA(I)(X)'k/ ki (T’
’ alt

a(7)

fd_r’/ dt" +240(x )’kC“(l)(X),ki/ aa('T) (x) /%—FC{@(X),

240 (x)#A( ().kl/

a(?) ] a(?)

where A is an arbitrary function of 2nd-order, C,@

By (C9), the Oth-order 4-velocity transforms between
synchronous coordinates as U0 = U©° = 4=! and

U0 = y0i = . By (C10), the Ist-order velocity trans-
forms as
oo = ymo = o, (C22)
_ A
oW = g 4 —. (C23)
a

Using Eq. (2.14) and UM = =15V (C23) can written as
transformation of the 1st-order 3-velocity

. - A
o= i p —— (C24)
a
whose transverse and longitudinal parts are
,EJ_(I)i —_ ,UJ_(I)i’ (CZS)
()
I — oy A7 (C26)
a

Now we determine the 2nd-order synchronous-to-syn-
chronous gauge transform for a general RW spacetime.

First we determine the 2nd-order vector £2). By the

. _(2 2 (2 2
requirements 9(()0) (x) = 9(()0) (x) =0, gf)i)(x) = g(()i)(x) =0,
and (C12) and (C13), the formula (C5) gives

(C27)

)dr——A D(x)AM (x ).

(C28)

is an arbitrary 3-vector of 2nd order and can be decomposed into

(1)

Cl@ = Cl»(z) + C,-l(z). We remark that the transformation (C28) is general as y,,;” in the integration term contains the 1st-
order scalar as well as the 1st-order tensor. Equation (C28) can be also written in terms of the parameters

. dr
2A(1),kzc‘ (1) /
PG ] aw

T /
+A<2>/ | cle),
a(?)

1 240ky2¢l0 (),k/f

(1) 0
2 Ak /’Zlki (T,'vx) de — Ak / 2 (7, %) a7
a(7) a(7)
1 v di (7 di”
__ b amam A<1>.kA<1>/ /
2a2(7) * ) oa@ ) a@
(C29)
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eV
:8iv—2[_v2A(1)/ 4¢a((7 X) Ak / 4¢ a( ) dr’ 4 240k /)(kz (T’X>d1’

7) (7') a(t)
W o\l , W)t
T , 7 dt dr’ ) (T’X)
2A(1).k/ Md’ ALK Il / __2A<1),kvgc(1)/ 4A( )/ g
+ ( /) T (X) kl a(T/) k a(’Z’ ) + 761(1_/) T
(1) /
T dr
_opk [ (7X) 2A<1>,kc<_1>/ cle) 30
/ a@) ki | oGy TC (C30)

With this, we now determine the transformation of 2nd-order metric perturbations (see also Ref. [46])

_ a’ 1

2 1 2
O = 4@ _FA(I)A(I) +5 [_§A<1>v2A(1> - 340 A } 2¢ =2 g0 A

a © dr 4 1 T dr dr" 2 1
= (OAv2ye) A( )A(l),l / / IVZA _A(l),lmA( )
T [ / a(r’)] [ 3 ! 1) a@ a(r”) 3 v 3 om
7120 1 2 dr’ 4
S AMIg2 gD 2 AW A1) 1m / Al )lmCH( ) (1),1v2CII(1) AL v2N(Y
o | ] [y Saane] [ [ [ R

(1)
2 4 4 " (T X)
_2¢FII)A(1).I +_Z(1>A(1),lm:| +v2A(l)/ ¢ ( ) )d +A / ¢3 (( ) ) d7 _A(l),lm/ A Im (T X) dr

34 im 3a(r a 3a(7)
D)/,
72}( (T,X) dT
—AW/ im0 gy A VZA / VZCH C31
3a(7) + a@) 3 (C31)

The residual gauge transforms of the y/1(2), ;(iljm, ;(iij are given in (C56), (C57), and (C58) of Ref. [46], which are listed as
following:

7@ =412 +l2[A(1)A(1) + 2V—2(A(1)v2,4(1 ) +3V2V- 2( lmA — V2l VZAU))]
a

/

+4i |:/ dr’ :|[2v 2( (1)v2A(1 ) +3V- 2y- ( lmA VZA v2A(1))] _A'_a_z[gv—z(A(l)szH(l))
a

a? a(t)
m 3 ' Im
+ 6V‘2V‘2(—)(§,ln)’l A —)(5,1,,)14(1)’”" _ 2)(52,1A(1),m +240). /mCH —2v2AV2Cl)y] - Ev—zv—zmrln) Am 4 (1)
pe / 7 /" T /12
(D A (1).0m N4y _ / dr / dr (1), 4(1) / dr (1) 4 (1), 20 41072 4 (1)
A 2 A 2 AV)'A 24, AWML _2v-2(A(DIg24
+)(lm + X Im ] |: a(r’) a(r”) A + a(r’) [ ( A )
d
+ 3v—2v—2(v2A(l),lv2A(ll) — A, lmnA(ln)mH + [/ (T )] [ZA lCH + 2v—2(4¢ IV2A(0 +)(lm)A(])'lm
’ a(”

(1),1v2c||(] )+ 3V2V2(—y lmn (’i) _ 3)(5;)# 1).0mn _ 4)(( LA (1) mn _ 2;((,1,3’[V2A<1)*”’ _ 2Z§V]n>v2A(1)l

lmrz
+4gimaAll) _ 4v2p(v240) 4 2v2A<1>»lv2c!‘}” —24Wmn V) ol >cll 14 V2 (8¢v2Cl)
+ 2)(< )C||( )dm _ ch (1) lv2c!|l ) + 3v—2v—2(4¢ lmcﬂ 4V2¢ VZCH lm"cH( ) -3 Em),ncll 1).lmn
_ 4)(§m)snc|\(1),mn _ ZJ(E,IHHVZCH(UJ” _ zxgi)v2c\\ ), lm + v2cH lv2cH C||(l),lmncH( ’)1)]

24 2241 A (1)
_4v—2 VZA(I)/ 2¢ (T/’X) a7 +A(11)/ 2¢ (T/’X) dr _A(l),lm/ Xim (T X>d /
a(t’) ’ a(7') a(7')

T Jm T /
— A /xlm(( )) dr] 2A(2>/ dr/)_zc(Z), (C32)
T

a
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and

75 =i +ai[—zaiv—2(Afj¥)v2A<1>) +8,0,V2(ANIAY) = 28,0,V2V2(AImAY) _ 72A17240)))

+4a—‘f { / G‘Z )][ ~20,V2(AVV2A) + 9,0,V 2(ANIAY)) - 20,0,V2V2(ANImA|) — 7240)7240)))]
il 20,9240 CY — 24 VO — 7AW ;(E})A(W) +20,0;,V2V2(2v2A V2l
— 240l MM A A g gyt 4] [2av 20 AW 4 £ A

= 20,0,;972V (3, AW 4, A +2)(§:,31'1A“)"")] + U %] EAR AR

— 9,0, 2(ANImAL)Y 1 20,9,V-2V-2(AMmmAl) 72400 IVZAFI”)}—[ / a‘(”)]{zav 2(49 V240

_ 445(1)’114,(11,') +)(§;,),;[A(1)’" + 2){5/!)’114(1),1” +)(grlnymA(?),l +)(§,1,,)A,(;)’lm +X§})V2A(1)’l +240 )znclll<W> 2A(1.)V2C“(1)”)
—20,0,V2V2(4V2p(IV2A0) — ag(0impgl) gy Im g 35 (1) A(dmn g 4 g (mn 9, (D 15724(1)
+ 24 VAW oAl o242l 4 [220,V-2 (49 V2 CI0) — 491D § Ml

+ ZXEJ,LCH“)’Z" +)(§rln)' C!\j( )l +)(( )C\\(l).lm (!)vzcu(l),z C\|(1),znd\l<nj) _ CIIIS v2cl. !

+20,0,V2V2(4V2p(OV2CID) — 4g0imcl) Dy g gy (DLl 350 il (1).dmn

(1)1 I Ia <23 (¥.%)
T 2Rl 4 g2l . Wl _ 2yl )]+a,.[A<1>J / A 0

/

—Af,”/ . (() g ]+88V2[V2A /14452)(;,)”‘)41 + A /%dﬂ

12)((1)(1/ X),n o
_A(l).lm/ n ( ) _ Al / In > ' _ - ( ) : :
a(?) dr @) di'| = Ci;7 + (i < ), (C33)
1(2)

which shows that transformation of )(#” depends on &) only through Cijo

7 =2+ H[a V2(A0mAY) _72A02A00) 4 4V2(ADT2A0 ~ ADAD) 4 5,0,7-27-2 (a0 mA D

4a’' T d
— VZA(UVZA(I))] + % |:/ (T ):| {5 V—Z( lmA — V240 VZA(I)) + 4V‘2(A(i1j)V2A(” _ A<i1)’lA(llj))
a a , , N3
9 T-2T-2( A(1).Im 2 2 2_‘1/ =2, (1)dm 4 (1) 4 (1).0m (D1 4 (1).m
+0;0,V—~*V (A A - V2Ahyz40 )] + [-6 (){lm +)(l A +2, A

+ ZVZA(1>V2C”(1> _ 2A<1)lmC,Hl(rr11)) _ 2)(( ) + 28 \Vas 2()(1] —i—)(;])A(l)’l) + zajv—z()(gil)lA(l)

ij
_H(E;)Au),l) + 4v—2<AFil)v2C|\(1) + C.HI_('l VA _ (})» C”U —A CH, ) — 8iajv—2v—2()(§rlrl)»lmA(1) +Z§r]n)A<1)’lm
+215,13’1A<”’m +240m ) —292A0VECI0)] - 15,9~ (x AW 4 g A 4 2] S ANy
+ 2,0 A0 — 29, v-Z(;(,J M) 4 1AMy Z 29,720, +;(§,)A<‘>»l)
+ 8,0,V 202 (AW T A gy i A Y] [ / %] [5,;V-2(A0mAL) 72401924

+ 2v_2(_2Afi1) ( ) + 2A ll]va ) + a a V 2v ( lmﬂA V2A lvafll))]
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Tt dt -
+ |:/ 2 :| [6ijv_2(4¢ lmA 4v2¢ v2A) )(Erln)nl A _4Z(I)le(l),mn +)(§1) AW)dmn _ ZXEL)ZVZA(I)

a( /) Im,n m,n

L 2AWIng2D g0 lD) +2va lvch(l)) —ng})zf\(”’l—%})f\f})’l—%PAS”J—4V‘2(2¢>,<i1)”A,(11,~)
+ 20 Al _2¢ WA —24)w2pm — APl AWl 4 A2l +C”(.1.>VZA<1>J)
+20,V (1A +2x§) “*""+x§m>’ AF) A A 4 ] VPADT) 420,92 (DA 4 () A
2 "A +x§n3Af,»” + 24 VA 4 0,0,9 2V 2 (41 Al — 4V2DV2 AW —xﬁnfn’”A““
_4)(2’!)7;114(1),,"” _ 7)(;:’371114(1).1,11” — 2 (l)Jva(l),m _ (1)V2A dm _ A1) .lmv2 —2A ),zmnclll;?
+2v2a w2l 4 [5--v—2(4¢ sl _ 4529wl l’"cll (1)n 4;551)"0“( Jmn g ) I

2)(5,1,1)'1V2C” b 4 2 Cll(1).imyz2,, +V2C” ’VQCH CH(I),[mnc”( )y - 2;(()CH<) 2){(, CH. )il
—21§}>c”.“>-’—4v—2(2¢,. ’c”. +2¢ 'V — 292l — 2l — Il 1 2l
+ 20,92 (i CIOm 200l IOy ) D 4 vl
+ 20,92l +2x§,-,2nc\‘< ”'"+x§3,2"”c”,-“>'l+x§3,20”-<”’ i VACI0) = 9,0,V2V2(4V2 (V210
_4¢(1).lmc”(l) (1)’lmcH(1),n+4_)((l)’lc\|(1),mn+7Z<1) cla )lmn+2 lvzcu
+ 4y )2 CIWm ol myg2y 1)y cl0amn D) g2l g2y, (C34)

T(2)

Equation (C34) states that transformation of ;" involves the Ist-order transformation vector & only, but not the 2nd-

order vector &)

In (C28), (C31), (C32), (C33), and (C34), )(,(-/l-> contains the tensor ;(,-ij , which belongs to the type of scalar-tensor

coupling and will not be considered. For RD stage and the scalar-scalar coupling, the transformation vector (C27), (C29),
and (C30) reduces to the following:

A
o =A%) (C35)
T
4, 4D (. x)k L (t2D,. (D¢
,B<2):V—2[V2A(1>(x)/ ¢ (7, X) o +AD(), / ¢ (T/,X) dT/_A(l)(X).kt/ 4 ,(T’X)d’[/
T T T
2 4V2 I (7, : 1
-t [T G 2 (I (8 + 20 (AT ), = S A0 0N
(Inz)* kAl 2 2
+— AD(x)*AD(x) , + AP (x) In7 + CI®)(x), (C36)
e 4D (¢ D (7
=0,V2 [—VZA(I)(X)/ %—(/T’X)dr’—Am(x)k/ Mdﬂi + 240 (x): l/ Mdf/
T ! T T
4V
+an [ WXk g~ 21 e (x) 41 x) 5 - 2 TA<1>(X),kv2c<1>(x),k]
D (7
+4AM /‘l’ df — 240 (x)* /th’x)dr’—|—2A(1)(x)*kC”<1>(x),kiln1+Cfm(x), (C37)

and the transformations of the 2nd-order perturbations are given by (6.1), (6.2), (6.3), (6.4), (6.5), (6.6), and (6.7) in the
context.

Next we give the residual transform of p(®) and U®* for a general RW spacetime, which has not been given in Ref. [46].
By using Egs. (C8), (C12), (C13), and (C27), and omitting the 1st-order curl vector, one gets the residual gauge transform of
the 2nd-order density perturbation
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! ! 1 " 1 / ! 1 T d ! I
52 = p@ — %p«» A0A0) 4 ?p@ ADAM 4 . [—2pW AW 4 pO APl 4 - U W;)]pa» Afll>A<1),z

T d / 1 ’
_ { / _T] pDami _gpl el Lo g, (C38)
a(”) a

which can be written in terms of the 2nd-order density contrast

a// " 72 a/2 a//
52 = s — 22_3A(1)A(1) +2— 2A(1)A(1) 4 2ﬁA(1>A(1) 4 24_4A(1>A<1) +— [_45(1)A(1) + 2A(l‘>cH(1)~l]
a ad a~a a ada ’

!/ T d / !/ 2 , T d /
_4“_2 /—T,Af}>A<1>J+“—2[—4AF}>C<‘>-l+85<‘>A<'>]——5<1)A<‘>—25f}>c<‘>-l—2 / L P AM
a a(t') a a a()

a dT " /

(1) i a a
w2 [ A 2 A 4 (€39)

From (C11), (C12), (C13), and (C27), the O-component of the 4-velocity transforms between synchronous as the
following:

] 1 A Al
20(x) =~ (v“)l - ) <v§‘) + —’) = a ') (C40)
a

a a

From (C24), since 51" = vV 4 a=1A(D_ the above is the definition of T*°(x) in the new synchronous coordinate. By
using (2.13), (2.14), (C12), (C13), (C27), and (C28), and omitting the 1st-order curl-vectors, one has the transformation of
i-component

4 . 4d . 24 . 1 i
U(z)’:U(z)’+a—iA(1)~’A(1>+a—iv“(1)~’A(1>+?[—Afl')’ c\\<1>,z+3Afll>c\\<)zz+4A i) = 2401

1 i 2 © dr’ .
L2V g 20004 4 ;[ |5 }Afll)A“)-“

a(7)
! dz I1).i Wi 1o
- ) AWML 0l 4L —A@. C41
+[/ a(rﬂ[ K F2ATT (C41)
By U®i = ¢~ and U®' = g~ 192, the above is written as

@i _ @i 4 i 24 g Al () (1) 0 (W
5O = o2 4 22 AMIAD 4 22040 4~ AP 34D I 444D — 240001
a

o W (100 4 A el 2] (74 ] ) ) N PP RN I @,
+ [=20) 7 CIE 4 201 CY ]—l—a @) AV AW @) [—20) T4+ 20 ]+ A

(C42)

This can be decomposed further. Taking V=29, upon (C42) to eliminate v(?) and #-(>), one obtains the transform of v/ as
the following:

/ !/
17||(2>:U||(2>+2_“A(1>A<1)+2_iv—2[1,n<1>,1A<;>+A<1)vzvu<1>] 1[ <>CH 4 v=2(=2¢lm zva +2A Dy2cllm)
a ’ a

+ 441G 4 4gMv2A) — 240 Mim _ A,y 4 0N | g2 (g D) ) m
L[ [* dd d
e R A P e A | R e

a a(t) a(7
A

(I)JVZVUIU))] _~_7‘ (C43)
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Then, [(C42) —0' (C43)] gives the transform for »-(2) as the following:

24

7 =yt 4 2L [ iAD) 4 G2 (=l D14
a

— 240t 4 giv=2(2cl D124 ()

Ww2pl0)] + L1224
a

A
AVl

Wil 424 Iy 440 i)

A(l),lqs’(ll) _4¢(1)V2A(l) +2A(1)){(l)lm +2AF11))(Fr1rL)lm)]

JIm

+ [_41}\\(1)1@\(1),1 + aiv—2(4v7\\1m Cll(1).1m +4C”(1>’IVZ7J.UI(1))]

M 4 9V (4y

JIEAE

||() ()lm+4A

172y || )] (C44)

which does not depend on &2, similar to the transformation of »(1)7 that does not depend on V¥ in (3.43).
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