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We calculate the coherent bremsstrahlung process v + A" — A + v + y off a nucleus NV with the aim of
revealing the neutrino mass via the photon endpoint spectrum. Unfortunately, the large required power of a
monochromatic neutrino source and/or large detector mass make it difficult to compete with traditional

electron-spectrum endpoint measurements in nuclear f decay. Our neutral-current process distinguishes
between Dirac and Majorana neutrinos, but the change of the photon spectrum is of the order of m,/E,
and thus very small, despite the final-state neutrino coming to rest at the photon endpoint. So the
“Dirac-Majorana confusion theorem” remains intact even if E, > m, applies only for the initial state.
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I. INTRODUCTION

Two important questions of neutrino physics could be
addressed if it were possible to have an experimental source
of “stopping” or “slow” neutrinos. The first is that of the
neutrino mass. If the neutrino has an energy comparable to
its mass, then various phase space or kinematic factors will
vary in a way involving the mass and so offer a way of
determining it.

Secondly, there is the question of whether neutrinos are
Majorana or Dirac. If the neutrino is a self-conjugate
particle (Majorana) it has only an axial current, as opposed
to the non-self-conjugate (Dirac) case where it has both
vector and axial currents. According to the ‘“confusion
theorem” [1], however, both cases lead to the same
experimental results when the neutrino is relativistic. But
with slow or nonrelativistic neutrinos, differences can
appear in principle and can offer a way to determine the
nature of the neutrino.

Unfortunately neutrinos are invariably produced with
relativistic energies so that it has been difficult to carry out
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such studies. One line of work, such as the KATRIN
experiment [2], has been to study f-decay near the endpoint
of the spectrum where the electron has almost all the energy
so that the neutrino is slow. This approach involves very
sensitive and elaborate electron spectrometry. Furthermore,
as this is a charged-current process, it is not sensitive to the
Majorana vs Dirac question.

A new signature to search for low-mass weakly inter-
acting massive particle (WIMP) dark matter was recently
proposed [3] in the form of coherent bremsstrahlung
¥ +N — N + y + . The photon is emitted by the very
nonrelativistic nucleus A/ with a mass taken to be much
larger than that of the WIMP. At the endpoint of the photon
spectrum, all kinetic energy of the WIMP is released as
electromagnetic energy which is relatively easy to detect
with good precision. So in the CM frame, which here is
almost the same as the laboratory frame, both the nucleus
and WIMP come fully to rest when the photon energy is
maximal. The crucial point is that the photon spectrum,
although at a low absolute level, continues smoothly all the
way to the maximum possible energy.

Inspired by this idea and by the recent observation of
coherent neutrino scattering [4] one may wonder if the
same process, substituting a neutrino v for the WIMP y,
could be useful to measure the neutrino mass m, because,
near the photon endpoint spectrum, one produces slow
neutrinos. For a fixed initial energy E,, the photon endpoint
energy and the shape of the endpoint spectrum must depend
on m,,. A related idea is to produce the neutrinos themselves
through an inelastic process [5].
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The purpose of this short paper is to calculate the
bremsstrahlung spectrum of this process, which is coherent
both for the neutrino-nucleus and nucleus-photon inter-
action, with particular attention to the Dirac vs Majorana
difference. Moreover, we will estimate the detection rate for
a plausible experimental setup.

II. CALCULATION OF NEUTRINO
INDUCED BREMSSTRAHLUNG

We consider a monochromatic neutrino beam scattering
off a heavy and stable nucleus, such as tungsten. The elastic
version of this process, i.e., without photon emission, was
calculated long ago [6]; however due to the relativistic
nature of the outgoing neutrino this process is insensitive to
the neutrino mass. The same cannot be said for the
bremsstrahlung process shown in Fig. 1 if we consider
the regime where almost all of the available kinetic energy
is taken by the photon. We will neglect the effects of the
nucleus being inside an atom because the timescale of
the interaction is much faster than the average timescale for
the electrons to respond [3].

The bremsstrahlung cross section follows from the
Feynman diagrams shown in Fig. 1, where we denote
the neutrino initial and final four-momenta p and p’, the
nucleus four-momenta g and ¢’, and the photon four-
momentum k. The calculation vastly simplifies in our case
where the nuclear mass M is much larger than the neutrino
energy E, or the photon energy w, allowing us to ignore
recoil effects. Moreover, in this limit the nucleus propagator
simply contributes (Mw)~2 to the squared matrix element.
The photon-nucleus vertex contributes a factor |€MAq"|2,
where ¢ is the photon polarization vector and Ag = g — ¢’
the four-momentum change of the charged particle. The
photon transversality condition ¢,k = 0 implies that we
can add or subtract k to (¢ — ¢’) so that, after imposing
the energy-momentum conservation of the overall process,
€,Aq" = —e,Ap”. In the Coulomb gauge € has only spatial
parts and after averaging over directions of photon emis-
sion and summing over photon polarizations, the rate is
proportional to |Ap|*. Overall we find the bremsstrahlung
cross section

v, p
N.q N.d
FIG. 1. Feynman diagrams for coherent neutrino-nucleus scat-

tering with bremsstrahlung. The neutrino is denoted v with initial
and final momenta p and p’, the nucleus N with ¢ and ¢', and
photon y with momentum k.

do, _ Z’a 1 |Ap|? M2
&dp'do  (27)* 12M*E)|p| :
x 8O(E, - E, — w), (1)

where M is the matrix element of v scattering in the
large-M limit.

We then integrate over the remaining phase space,
where we use d°|p’| = 2zd cos 0|p’|*d|p’|. This is used
to integrate over the energy delta function, so a Jacobean
dp'| = E,/|p’|dE, comes in and we find
!/
|

d*oy, 27%a|Ap|? 1 |p
= Tl |Ms

L
dwdcos® 3z M* = 2z 16M? |p|

%@

where |p| = VE}-m2 and |p'| =+/(E, —®)* —m?.
Moreover, 6 is the neutrino scattering angle and the second
factor is the vA scattering cross section do/d cos 0,
however with the alteration that E, = E, — @ (heavy
nucleus approximation).

In the soft-photon limit (w <« E,) this becomes the
ordinary elastic v scattering cross section. In this limit
we can ignore k in the momentum balance so that |Ap| =
|Aq| and therefore |Ap|?/M? — |Av|?, where Av is the
velocity change of the nucleus. Our result then agrees with
the usual classical nonrelativistic soft-photon bremsstrah-
lung rate, serving as a verification of our overall factors.

Finally, we need the matrix element | M|* derived in the
Appendix. Here we assume a Dirac neutrino, discussing the
differences from a Majorana neutrino in Sec. III. We
assume that the nucleus is scalar; however our results hold
for any large nucleus, such as tungsten, as only the
coherently enhanced vector coupling matters [6]. In addi-
tion, we use M > E, > m,, ignore the recoil of the
nucleus, and ignore m, everywhere except in the final-
state neutrino variables. With these approximations we find

|M|? = 4GEMPE,[Z(1 — 4sin®0y) — N)?
X (E, + [p'[cos ), (3)

where Z is the nuclear charge and N the neutron number.
Henceforth we will neglect the neutral-current term on
protons proportional to (1—4sin?6@y ) =0.075. Performing
the final phase-space integral to remove the neutrino
scattering angle we find

2|pllp'?
P E(RP + P -—F—|. 4

do, GiN?*Z’a
do  6m*M*w

where we may use |p| = E, everywhere.
We will be interested in the endpoint of the cross section,
i.e., when |p/| < |p|. In this case we get

doy, GEN?Z’a

2
do  61*M*w EEp

: (5)
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FIG. 2. Endpoint spectrum of v + A" = N + v + y for mono-
chromatic incident neutrinos (energy E,) with mass m, (blue) and
zero mass (green). There is no difference between Majorana and
Dirac neutrinos when E, > m,. E, —® is the energy of the
outgoing neutrino.

where

E;‘p/| = (Ev - w) (Ev - w)2 - mz% (6)
This result reveals how one would measure the neutrino
mass. When the outgoing neutrino is relativistic the cross
section scales as (E, — w)?, but experiences a sharp cutoff
at m,,. To see the endpoint explicitly, we plot both (E, —w)?
and (E, — w)+\/(E, — w)* — m? in Fig. 2. As expected, for
(E, — w) < few m, there is a significant difference between
the massive and massless cases.

So far we have considered only a single generation of
neutrinos, but all three mass eigenstates are produced by a
neutrino source which, if produced by charged-current
interactions, provides ratios determined by the mixing
angles. As coherent scattering is via the neutral current,
all three mass states interact equally. Thus one would in fact
see three “endpoints,” each causing a dip proportional to
the production rate.

III. DIRAC VS MAJORANA NEUTRINOS

A longstanding question is whether neutrinos are Dirac
or Majorana. The difficulty in answering this question is
due to the “Dirac-Majorana confusion theorem.” When the
neutrino masses are small compared to the other energy
scales in the experiment then the differences between Dirac
and Majorana neutrino interactions become suppressed
by factors of m,/E, [1]. Specifically, the two Majorana
helicity states are equivalent to the left-handed particle and
right-handed antiparticle Dirac states when m, — 0. In
Ref. [1] the authors noted that the confusion theorem holds
even when one of the neutrinos is nonrelativistic; however
the relative size of the suppression compared to the purely
relativistic case was not studied.

At tree level, for experiments studying tritium or other
beta decays [2], there is no difference as the process is via

the charged-current interaction. In this case the Feynman
rules and thus matrix elements are the same [7]. However,
in our neutral-current process there is a difference between
the Dirac and Majorana squared matrix elements which is
found in the Appendix to be

A|M|? ~4GEM*N>m2. (7)

For simplicity we have neglected here terms that are higher
order in m,, for slow final-state neutrinos as discussed in the
Appendix. The fractional difference is

AJM,[? my
IM> EL(E, + |p'|cos )

(8)

When the final neutrino is nonrelativistic, E], ~ m,, the
fractional difference is O(m,/E,). While for relativistic
neutrinos this is O(m?/ E?), and in this sense our slow final-
state neutrinos somewhat improve the situation, the relative
difference is still extremely small. In other words, it is
relatively easier to distinguish Dirac and Majorana neu-
trinos only because the terms which are the same for both
Dirac and Majorana neutrinos are suppressed near the
kinematic endpoint.

To illustrate the difference, in Fig. 3 we plot the differ-
ential cross section do/dw for an exaggerated case of
E, = 3m,. To emphasize the behavior near the endpoint we
have divided the predicted spectra by |p’|, the momentum
of the outgoing neutrino. We assumed a mixture of neutrino
helicities as would be produced from a charged current
source; however this is not mandatory. Although there are
quantitative effects, it seems that there is little characteristic
difference between the Majorana and Dirac cases. Such an
experiment would require a very strong, low-energy, source
of neutrinos.
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FIG. 3. Differential cross section do/dw vs the scaled final

neutrino energy (E, — @)/m, for Dirac (green) and Majorana
(blue) neutrinos. We show a moderately relativistic initial
neutrino energy E, = 3m,. We scale by the neutrino momentum
|p’| to better show the fractional differences.
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IV. EXPERIMENTAL ESTIMATES

A. Endpoint cross section

Of course, the Dirac vs Majorana question only makes
sense if the bremsstrahlung method allows us to find the
neutrino mass in the first place. To this end, the photon
spectrum needs to be measured with sufficient precision in
the endpoint region. A minimal requirement is to measure a
significant number of events in a region within a few m, of
the massless endpoint. To arrive at a numerical estimate we
therefore define the endpoint cross section as the integral of
the massless cross section from the endpoint to 2m,,

do

Eb dab
Oend =
E,—2m, dw m,=0

da (NZ\2GiE,m]
=907 (7) — 4+ O(m}), )

mu

where A is the mass number of the nucleus, so M = Am,,
with m, = 930 MeV the atomic mass unit.

We see from Eq. (9) that by going to heavier elements we
gain by a coherence factor (NZ/A)?. In fact, only the vA/
scattering process provides a significant coherent enhance-
ment because the bremsstrahlung modification contributes
(Z/A)?, where the factor Z*> comes from the coherent
photon interaction with the nucleus and 1/A? from the
decrease of |Ap|?/M? for a heavier nucleus.

B. Nuclear recoil approximation

Our most significant approximation is the neglect of the
kinetic energy of the nucleus. This enters in deriving Eq. (2)
and the above simplifications of the three-body kinematics.
Negligible nuclear recoil is also required experimentally as
one needs to avoid excessive blurring of the endpoint
spectrum by nucleus recoil. The photon could emerge in
any direction relative to the impinging neutrino, so the
nucleus needs to absorb a momentum between 0 (forward
emitted photon) and |Aq|=2E, (backward emission),
so the recoil energy E,. is in the range between 0 and
(2E,)?/2M = 2E?/M. The condition E,.. < m, implies

A
E, < \/2Mm, = 590 keV /"

1
1841 eV’ (10)

where m, is the smallest neutrino mass to which the
experiment could be sensitive and the numerical value is
for tungsten with an atomic weight of A = 184. When this
approximation is not valid more detailed calculations are
necessary.

C. Estimated cross section

We use tungsten (Z = 74) as an example as used in the
coherent scattering project “v-cleus” [8]. Using the largest
useful £, of Eq. (10) as a benchmark, our endpoint cross
section on tungsten is

— 2351078 e () 11
Oend = 2.3 X em* (v ) (11)
Evidently a very powerful source of monochromatic
neutrinos would be needed to carry out such a study
experimentally.

The most promising source would consist of elements
which decay solely through electron capture. Two possible
candidates are ®Ge and °'Cr. Both decay via electron
capture, with a lifetime of 270 and 27 days respectively.
Chromium was planned as the source for the SOX experi-
ment [9] and was used in the GALLEX experiment [10].
To study the Majorana vs Dirac question the neutrino
source would additionally have to be of low energy so the
m,/E, is not entirely negligible. In that case, Ge with its
decay at 110 keV would be preferable, and would allow
one to probe m, ~ 0.1 eV.

Either way, it would be extremely challenging to find a
combination of realistic source power and detector size
capable of overcoming the small cross section of Eq. (11).
While experiments using these types of sources have been
performed, the relevant cross section was an ordinary weak
one. In particular for the GALLEX experiment using
a >!Cr source, the absorption cross section on gallium was
58 x 107 c¢m? [10]. In our case, we need many events in
the very narrow energy range near the endpoint defined by
the neutrino search mass, which is what makes Eq. (11) so
small. Moreover, the nature of our process as a radiative
process of the order of a relative to a weak process and the
nonrelativistic nature of the radiation process, bringing in
the factor |Ap|?/M? < 1, is not completely overcome by
coherence factors.

One possible way to improve the cross section would be
to consider an electron rather than a nucleus as a target
to avoid the large 1/M? factor. Unfortunately one loses
the coherent enhancement of the cross section, and must
deal with the significantly more complicated kinematics.
A similar process was considered in [11], though not for the
purposes of neutrino mass detection.

V. CONCLUSIONS

In this paper we have explored the possibility of using
coherently enhanced inelastic neutrino scattering to deter-
mine the neutrino masses. As the photon can carry the
entire available kinetic energy of the system one could
measure the masses of the neutrinos by measuring the
endpoint of the photon spectrum.

To this end, we calculated the coherent bremsstrahlung
produced by neutrino scattering for both Dirac and
Majorana neutrinos. We showed that suppressions to the
rate caused by the low velocity of the nucleus and by
moving to the kinematic endpoint strongly reduce the cross
section relative to an ordinary weak one.

Although impractically intense monochromatic neutrino
beams would seem to be needed for an experiment, a
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number of interesting points arise from the calculation.
Since we go beyond the soft photon approximation we are
able to establish the shape of the photon spectrum near the
endpoint, namely, E,|p'| = (E, — w)\/(E, — @)* — m?.
Further, we explored the confusion theorem in this
context. While in principle there is a difference in the rate
between Dirac and Majorana neutrinos, it is suppressed by
a factor of m,/E, and so one would need an exceedingly
precise measurement with a low-energy source to detect it.
Finally we would like to note the principle we apply here
could be applied to other reactions, some of which might
be more favorable experimentally. These processes would
consist of a quasielastic neutrino scattering, leading to a
three-body final state. Taking one of the particles to its
kinematic endpoint can lead to a “stopping” final neutrino.
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APPENDIX: MATRIX ELEMENTS

We calculate the matrix element for the scattering pro-
cess v+ N — N +v of a relativistic Dirac or Majorana
neutrino with mass m, and energy E, > m, on a heavy
nucleus with mass M > E,. Using the Feynman rules of
Ref. [7] we find

G
MP = B pon(1 =S, Dirac Ala
2 (1 =7y (Ala)
MM = iﬂfyf‘y%]fv Majorana (Alb)
S \/j 1 ’
where we have neglected global phases. Moreover
5 =11 -4si*0,)Z-Nl(qg+4),  (A2)

is the matrix element of the nucleus current with N the
number of neutrons and Z that of protons. We have
assumed the nucleus to be scalar or that it has so many
nucleons that we can ignore the axial interaction relative to
the coherent vector one. Note that for the Majorana case we
simply needed to replace (1 — ) with 2y°; i.e., a Majorana
neutrino only couples axially.

One can actually see from this observation that the
confusion theorem must apply even when only one of

the neutrinos is relativistic [1]. For the Dirac case, to
get to Eq. (A1) we must evaluate the spinor expression
#(p")y,(1 = ys)u(p). For the Majorana case there is only
the axial current, 2@(p’)(y,ys)u(p), to evaluate. The two
cases will be equivalent only if the vector current term
yields the same as the axial current term. This will be the
case if one of the u’s is an eigenstate of ys, that is, a helicity
state. In particular, only one of the u’s needs to be a helicity
state since the y5 can be passed from one side to the other
with merely a sign change. Thus in the relativistic limit the
difference between Dirac and Majorana will always be
suppressed. To see the form more explicitly, however, we
must preform the full calculation.

We consider the nucleus to be highly nonrelativistic and
recoil effects can be neglected, implying that we can use
JN = —N(2M,0), where we neglect the contribution from
protons as explained in the main text. Thus we only need
the O component of the neutrino current. Since we will
eventually consider the case E, > m, the initial neutrino
source will have an almost definite helicity. In the squared
matrix element we find, assuming an initial helicity 4 and
summing over the final one,

7" (1 =7 )vil* =8(E, — hp|)(E, — h[p'|cos®).  (A3a)

2017 u|* = 16(E,E,, + |p||p'| cos 0 — m7),  (A3b)

where @ is the neutrino scattering angle, E, = +/p? + m?
and analogous for E. To write the above we used [12]

1
v :E(ﬁ+ m,)(1+ hy’§) (A4)
with the spin vector
E
S= (M—”ﬁ) (AS)
ml/ ml/

Note that in the Majorana case the result of Eq. (A3b) does
not depend on the initial helicity 4. This is because in the
relativistic limit the two helicities play the role of neutrino
and antineutrino and the vector interaction rate of the
neutral current is the same for v and v. Including axial-
current interactions with nuclei, the v and U scattering
rates would be different due to weak magnetism [13].
In the Dirac case, for h = —1, the result is the same as
for Majorana neutrinos up to m?2 corrections, whereas for
h = +1 itis much smaller and vanishes for m, = 0 because
this “wrong-helicity” case represents the sterile right-
handed Dirac component.

For nonvanishing m,, neutrinos from the source have a
“wrong-helicity” component with a probability (m,/2E,)?,
which should be included in the rate. For a nice demon-
stration of this point, see Appendix A of Ref. [14]. Thus
there are in principle three effects that can distinguish
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between Dirac and Majorana neutrinos: (i) the higher
probability of 4 = +1 Majorana neutrinos to interact;
(ii) the difference between E, and |p|, which enters via
different S dependence of Dirac and Majorana neutrinos;
and (iii) the extra term m? in the Majorana case which tends
to cancel the energy terms for small energies. In the elastic
case, this term decouples the neutrino from the neutral
current at low energies.

Putting this all together with 1— (m,/2E,)* as the
probability for the h = —1 initial state and (m,/2E,)?
for the h = +1 one, we find for the summed squared matrix
elements and the modified flux factors

MPP = 262N (1=

X (E, + |p|)(E, + [p'[cos0),  (Aba)

IMY? = AGEN*M?(E,E, + |p||p'| cos 0 — m7).  (A6b)
In the Dirac case the correction due to the h = +1
component is of order (m,/2E,)* through the flux factor
(m,/2E,)* and the cancellation in (E — |p|), and it has
been left out. Thus these relations are exact up to O(m?).
We will consider the case where E, < E, so we can
simplify these expressions by neglecting the wrong-helicity
neutrinos and setting E, = |p| and we find

|IMP|? = 4GEN’M?(E E, + E,|p’| cos 0), (A7a)

|IMM|? = 4GEN’M?(EE, + E,|p'| cos@ —m2).  (AT7b)

These are the expressions that are relevant for the endpoint
spectrum discussed in the main text.
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