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We construct a generalized linear sigma model as an effective field theory (EFT) to describe nearly

conformal gauge theories at low energies. The work is motivated by recent lattice studies of gauge theories

near the conformal window, which have shown that the lightest flavor-singlet scalar state in the spectrum
(o) can be much lighter than the vector state (p) and nearly degenerate with the PNGBs (x) over a large
range of quark masses. The EFT incorporates this feature. We highlight the crucial role played by the terms
in the potential that explicitly break chiral symmetry. The explicit breaking can be large enough so that a
limited set of additional terms in the potential can no longer be neglected, with the EFT still weakly coupled
in this new range. The additional terms contribute importantly to the scalar and pion masses. In particular,
they relax the inequality M2 > 3M2, allowing for consistency with current lattice data.

DOI: 10.1103/PhysRevD.98.114510

I. INTRODUCTION

In this paper we explore a linear sigma model as an
effective field theory (EFT) description of gauge theories
with approximate infrared conformal invariance.
Asymptotically free gauge theories exhibit conformal
behavior in the IR when the number of fermions N
exceeds a critical value N. When N is taken just below

N5 the theory confines, but the low-energy physics below

the confinement scale may be markedly different from
QCD. The EFT is motivated by recent work [1-10] in
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which various nearly conformal gauge theories have been
studied using lattice methods [11,12]. These theories,
unlike QCD [13-16], have been shown to possess a light
flavor-singlet scalar state (o) with mass similar to the
pseudo-Nambu—Goldstone bosons (PNGBs or z), well
separated from the vector meson (p) and other heavier
resonances. "

Light composite scalars have been reported in SU(3)
gauge theory with eight flavors of fermions in the funda-
mental representation of the gauge group [1-4], SU(3)
gauge theory with two flavors in the symmetric (sextet)
representation [5-7], SU(3) gauge theory with four light
and eight heavy fundamental flavors [8], and an SU(2)

'"Throughout this work, we borrow the language of QCD to
label hadron states. For the lightest resonance in each channel, we
denote the flavor-singlet scalar by o, the flavor-singlet pseudo-
scalar by 7/, the flavor-adjoint scalar by ay, the flavor-adjoint
pseudoscalar by z, the flavor-adjoint vector by p, and spin-1/2
baryon by N or “nucleon”.
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gauge theory with one adjoint flavor [9]. This has moti-
vated us to consider an EFT in which the flavor-singlet
scalar is included as a dynamical degree of freedom.

Non-QCD-like confining gauge theories are interesting
in their own right, and in addition these nearly conformal
theories could be useful for constructing phenomenological
models. In particular, the light o could be a viable candidate
for a composite Higgs boson with dynamical electroweak
symmetry breaking. An important step towards developing
such a model is to show that a confining gauge theory can
generate a composite scalar state which is sufficiently light
in the chiral limit. Currently, lattice calculations cannot be
carried out close enough to the chiral limit to answer this
question, but EFT techniques could shed light on this
important issue. When the continuum EFT developed here
is employed to fit lattice data, it must also be the case that
any discretization effects are small.

Recent work indicates that chiral perturbation theory
does not describe lattice data of SU(3) gauge theory with
N; =8 fundamental flavors at currently accessible dis-
tances from the chiral limit [10,17,18]. This is not surpris-
ing since the ¢ is similar in mass to the pions in the quark
mass regime studied, and so a perturbatively implemented
EFT which omits the ¢ resonance will not be an accurate
description. One can extend chiral perturbation theory to
include the ¢ by coupling a flavor-singlet scalar into the
chiral Lagrangian in the most general way [19,20].
However, these models have a large number of low-energy
constants and are difficult to constrain with limited lattice
data. There has been another effort to develop an EFT based
on a hypothesis of spontaneously broken scale symmetry
[21,22], which has been shown to provide encouraging fits
to the lattice data [23-25].

The linear sigma EFT considered here has attractive
features in addition to accommodating a light flavor-singlet
scalar. For example, lattice calculations of SU(3) gauge
theory with eight fundamental flavors [4] indicate that the
pion decay constant varies significantly with the bare quark
mass. In the linear sigma model, where the scalar potential
breaks chiral symmetry spontaneously, the pion decay
constant has strong, tree-level dependence on the quark
mass. Lattice calculations of the spectrum of SU(3) gauge
theory with two sextet flavors [7] indicate that a multiplet of
flavored scalar mesons (ap) may become lighter than the
vector mesons as the chiral limit is approached. Light
flavored scalars are also predicted in Ref. [26]. We include
a multiplet of flavored scalars in the linear sigma EFT, but
alternatively they can be removed from the spectrum by
taking an appropriate limit.

In Sec. II we introduce the linear sigma field, its trans-
formation properties, and the leading order terms in the
Lagrangian. Since we are interested in applying the EFT to
lattice computations necessarily carried out at nonzero quark
mass, we include explicit chiral symmetry breaking terms in
the Lagrangian. In Sec. III we analyze the terms in the

Lagrangian, ordering them depending on the size of the chiral
symmetry breaking. We develop an operator ordering rule to
aid the analysis. We conclude that the chiral breaking can be
large enough so that a limited set of terms in the potential
becomes comparable to the one term that dominates in the
small-quark-mass limit, with the EFT remaining weakly
coupled in this new range. The additional terms contribute
importantly to the scalar and pion masses, relaxing the
inequality M2 > 3M2 [27], allowing for consistency with
current lattice data. We summarize our results in Sec. IV and
discuss open questions. In Appendix A, we describe the limit
that allows the flavored scalars to be removed from the
spectrum, and in Appendix B we discuss special consid-
erations that apply to the case N, < 4.

II. THE LINEAR SIGMA EFT

An EFT is determined by the global symmetries of the
system, a specification of the fields which transform accord-
ing to some representation of the global symmetry group, and
an ordering rule designating the relative importance of
operators allowed by the symmetries. For our case, the
global symmetry of the EFT is determined by the underlying
gauge theory, whose symmetry breaking pattern is
SUL(Ny) x SUR(Ny) x Uy(1) = Uy(Ny) after the Uy (1)
symmetry is broken explicitly at the quantum level.

We begin the construction of our EFT by taking the fields
to transform in a linear multiplet of the flavor group. The
linear sigma model for Ny > 2 was originally introduced
by Lévy [28] and further developed in much subsequent
work in the context of three-flavor QCD, cf. [29,30]. Since
the global symmetry group is a direct product group, the
dynamical fields carry two indices, M2, where the unbarred
subscript (barred superscript) transforms via linear action of
a matrix in the fundamental (antifundamental) representa-

M} — LEME(RY)) (1)

where L, R € SU; r(Ny). The field M(x) transforms as a
singlet under the Uy, (1) symmetry, which we will disregard
from here on. Group indices will be suppressed in the
remainder of the discussion.

When N, = 2, the isometry SU; (2) x SUg(2) ~ O(4)
allows one to choose the linear multiplet to be real. The four
real degrees of freedom may be identified with three
pseudoscalar pions and one scalar ¢ which transform
irreducibly in the adjoint and singlet representations of
the unbroken SUy (2), respectively. However, here we will
work with a complex linear multiplet of scalars. When
Ny > 2, the linear representation of SU; (N ;) x SUg(Ny)
is necessarily complex. The 2N} real degrees of freedom
may be identified with NJ% — 1 pseudoscalar pions and

Nj% — 1 scalar ay states, each set transforming irreducibly in
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the adjoint representation of SUy(N), as well as one
pseudoscalar 7' and one scalar o, each transforming as
singlets under SUy, (N ).

Itis possible to express the complex matrix field M (x) as a
linear function of 2N§- real component fields. However, we

choose to use a nonlinear decomposition of M(x) instead.
This has advantages that we will make use of shortly.

M(x)=exp [l@ ('&%ﬂf (x)Ti>] (\6/(—%+ aé(x)T’) )
(2)

The sum over the repeated adjoint indices is implied,
and 7" are the generators of SU(N ;) normalized such that
Tr[T'T’] = §". The mass scale F is the vacuum expectation
value (v.e.v.) of the ¢ field. Under parity, the matrix field
transforms as M (¥, t) — M' (=X, 1).

In the underlying gauge theory, the 7’ degree of freedom
is made heavy by mixing with topological fluctuations in
the gluon field strength. In Refs. [31,32], the #’ degree of
freedom is retained and a relationship between the 7’ and o
masses is derived. Here, we manually remove the heavy #/
degree of freedom from the EFT by setting #'(x) = 0. With
M (x) having been parametrized according to Eq. (2), the #’
degree of freedom is not mixed with the other field
components under SU; (N ) x SUg(N) chiral transforma-
tions. So, when #’(x) is set to zero, the fields in Eq. (2) still
transform in a representation of the chiral symmetry (albeit
a nonlinear one), but not of the Uy (1) symmetry.

Having removed the heavy 7/, we could do the same with
the a,. There is some evidence that the a is becoming lighter
relative to the vector state as the fermion mass is reduced, so
we will keep the a in the EFT for our discussion. However,
in current lattice data, the a) is still comparable in mass to the
vector. It is possible to remove the a, from the EFT as
explained in Appendix A. We find that the tree-level masses
of the other states and v.e.v. of the ¢ field remain the same,
even if the q is taken out of the EFT.

In the leading, chirally symmetric part of the effective
Lagrangian, we include all SU, (N ) x SUg(N) invariant
relevant and marginal operators. For N, < 4, additional
chirally invariant operators involving det M are marginal or
relevant and also need to be included. We consider this case
separately in Appendix B. In what follows, we exhibit the
terms appropriate for N, > 4. The effective Lagrangian is

L= %Tr[aﬂMaﬂM*] —Vo(M) = Ve (M),  (3)

where
—m2 2 2
Vo= Tr[M™M] + s—Tr[M"M]?
N pm? .
+ e MMM M) )
8f

Vo is symmetric under the complete global symmetry
group. The potential Vgp represents the effects of the
quark mass within the EFT, including the explicit breaking
of SU,(Ny) x SUg(Ny) chiral symmetry. We discuss the
form of Vg in Sec. III, keeping only the leading operators
necessary to describe the mass spectrum of the EFT. For the
analysis presented here, we work only to tree level.

We take m2 > 0, so that the theory exhibits spontaneous
chiral symmetry breaking in the chiral limit. We have
parametrized the coefficients of the potential V|, so that m,,
m, and f are the chiral-limit values of the mass of the o
state, the mass of the q states, and the v.e.v. of the field
after spontaneous symmetry breaking.

The M(x) field takes on a v.e.v. which is a global
minimum of the potential. We choose the v.e.v. to be
oriented along the direction of the trace (the “o direction”).
We denote quantities away from the chiral limit (Vgqg # 0)
by capital letters: M, M, F, and M, are the mass of the ¢
state, the mass of the a states, the v.e.v. of the field, and the
mass of the =z states respectively. F' is the same scale
appearing in Eq. (2) in order to canonically normalize the
pion kinetic term. We expect that f/F < 1 for F in the
range of the current lattice data.

The minimum of the entire potential (V =V, + Vgg)
is given by 6 = F and a}, = n' = 0, with F determined by
the extremization condition 6V (M)/SM(x)=0, which
reduces to

F [F 2 1] .
fLre
After reexpanding around this v.e.v., one arrives at the

following expressions for the masses of the pions and
scalars:

fm: Oo

—0. (5

O':F,ﬂi:a(i):()

o*v
2 SB
MIT - 8 2 . . ’ (6)
T o=F.n'=a,=0
3F? 1 %
M2 = m? (————) + 3k .
’ ’ 2f2 2 80_2 (r:F.Iri:uf):()
F? m2 (F? o*v
M2:m2—+—"<——1>+ SB (8)
¢ ¢ fz 2 f2 8(162 o=F x'=al=0

We can derive the expression for the pion decay constant
following the normalization conventions of Ref. [33] by
plugging the leading expression for the axial current,
A¥(x) = (2F//N;)0"z'(x), into the matrix element
(0|A#(0)|z/ (p)) = i6'/\/2F ,p*. One finds

~ ©)
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where F is the v.e.v. determined by the extremization
condition Eq. (5). Here there is an important distinction
between the linear sigma EFT and chiral perturbation
theory. In the latter, F, is a constant at tree level and
depends on the explicit chiral breaking only at loop level. In
the linear sigma EFT, the pion decay constant depends on
Vsp through Eq. (5) at tree level.

III. CHIRAL BREAKING

The quark mass matrix is the source of explicit chiral
symmetry breaking in the underlying gauge theory. In the
EFT, we take this breaking into account by introducing an
auxiliary spurion field, y(x), which transforms like y(x) —
Ly(x)R" under a chiral rotation. Vg contains operators built
out of y(x) and M(x) invariant under the chiral symmetry.
The symmetry is broken when the matrix field y (x) is setto a
constant value proportional to the quark mass matrix M,

x(x) = BM, (10)

where B is a new low-energy constant with dimensions
of mass. The spurion then breaks the chiral symmetry in
the EFT in the same way as the quark mass matrix in the
underlying gauge theory. We restrict to cases in which the
quark masses are all degenerate, M = m,1.

The spurion construction catalogs the operators which
may appear in Vgg on symmetry grounds, but we must
determine the relative importance of these operators with
respect to one another and with respect to operators that do
not contain y. With Vg # 0, the EFT is an expansion in
/A, M(x)/A, and y/A?, where A is the EFT cutoff. With
the EFT employed perturbatively, the cutoff can be taken no
larger than the mass of the lightest excluded state. In the
lattice data, for any value of m,, in the current range, this is
the vector state. We take A to be of order this mass
throughout the m, range.

Lattice data for nearly conformal theories [1,2,4,7]
indicates that M,~M, and M, ~ F [the v.e.v. of the
field o(x)]. To ensure that the EFT reproduces the latter
condition, we take the strength of the quartic potential to be
m2/f* ~ 1, within the weak-coupling range. Finally, we
take the four momenta to be of order the particle masses,
thus fixing /A ~ M, /A ~ F/A. For the existing lattice
data, the ratio M,/A is not much smaller than 1/2 but is
tending to smaller values as m, decreases [4,7]. As for the
ag mass M ,, we can set its value relative to M, and M, by
making an appropriate choice of m2.

Next let us consider the order of magnitude of the chiral
symmetry breaking expansion parameter. A measure of
chiral symmetry breaking in the gauge theory is m,B,
where B, = (0lyw0),, —o/ f2. The v.e.v. is the chiral
condensate for a single massless fermion flavor and f,

2Throughout this work, we use the notation A ~ B to denote
A = O(B).

denotes the chiral limit pion decay constant. In the chiral
limit, we will have the GMOR relation [34] (M2 = 2m,B,)
but away from the chiral limit, 2m,B, will not correspond
directly to M2, even at tree level. We normalize the spurion
so that y = Bm,1 = B,m,1 up to small corrections.

We compare the size of the chiral breaking effects to the
ratio M, /A, which controls the expansion in powers of
fields and derivatives. In order to measure the size of
Bm,/A? relative to M, /A, it is convenient to define the

quantity a by:
Bm M \¢
q _ o
A (A) ' (1)

Each factor of y/A? in a Lagrangian operator therefore
contributes a factor of (M,/A)* to physical processes. We
emphasize that « is not a free parameter, but rather is
determined by m,. As the chiral limit is approached,
becomes larger. In the limit m, — 0, Eq. (11) dictates
that @ — 0.

We construct the EFT using the small quantities 0/A,
M(x)/A and y/A>. They have sizes

9 Mx) M, v (M
Z o ~—C d Z=(—-2)1 12
ATTA A M AT A (12)

respectively. To provide an estimate for the size of each
operator coefficient, we take the Lagrangian to have the
simple schematic form

Lo A (%) " (M/(\x))NM (%) GE)

such that the coefficient of an operator has order of
magnitude A*~N»~Nu=2N; This form arises from dimen-
sional analysis with the scale of each coefficient set by the
mass (~A) of the lightest excluded state. We note first that
Eq. (13) sets the quartic couplings in V| to be O(1). This
relatively weak value leads to F' ~ M, as seen in the lattice
data. Relative to the estimate of Eq. (13), however, the
coefficient of the Tr[M'M] operator in V,, must be set to a
smaller value (much less than A?), a conventional tuning
needed to produce the light scalar.

The quartic interaction as well as corrections to V)
consisting of higher powers of M(x) as dictated by Eq. (13)
are relatively weak. The same will be true of all the terms
we employ in Vgg. Whether couplings with these sizes
emerge from an underlying nearly conformal gauge theory
with a relatively light scalar is an open question. The
answer will require further lattice study. Here we assume
that they do, at least for the operators that play a role here.

Using the order of magnitude estimate for the operator
coefficients in Eq. (13) together with Eq. (12), one finds
that each term in the Lagrangian has an order of magnitude
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size M3(M,/ A)N»TNutaN,=4 This motivates us to define a
power counting dimension

D =N, +Ny+aN,, (14)

where a is given by Eq. (11). The leading-order Lagrangian
is defined to include all terms with D < 4. In the chiral
limit, taking N, =0, this corresponds to keeping only
marginal and relevant operators. More generally, the terms
to be included will depend on «, that is, on the comparative
size of chiral symmetry breaking. We will consider a
relatively large amount of chiral symmetry breaking,
corresponding to a as small as unity.

A. The breaking potential

For a as small as 1 and N, > 4, the leading operators
that enter the breaking potential are shown in Table I.
The most general leading-order breaking potential may be
parametrized as

9
Vs = —Zz’ioi(x)- (15)
P

The first term (for which D =1 + a) takes the form
—¢1Bm,Tt[M + M"]. We set ¢ = f/\/N;, ensuring
that consistency with the GMOR relation near the chiral
limit is maintained after having set B = B, up to small
corrections. The appearance of f in ¢; amounts to a tuning
relative to the Eq. (13) estimate that this coefficient should be
~A. This small value for ¢; also ensures that operators other

TABLE 1. Operator content of the leading-order (D <4)
breaking potential when a = 1, corresponding to a relatively
large amount of chiral symmetry breaking. We show that this
amount is required to fit currently available lattice data.

Symbol Operator

O, Trb(‘LM + MT)(]

0, Tr[M*M|Tr[y ™M + My
0O; Tr[(M*M) ("M + My)]
0, Trly'M + MTy)?

Os Trly'yM™ M)

Os Try x| Tr[MTM]

Oy Trly" My ™M + MTyMTy]
Oy Trfy | Tely ™M + My
Oy Tr[ ) "M + My)]

than O; can play a significant role in Vgg, even when
qu/A2 < 1. Since the coefficient of O, is symmetry
protected, this value is technically natural. This is not true
of the tuned coefficient of Tr[M M| described earlier. For all
the other operators in Table I, the principle of inclusion is that
D =4 when a = 1. For each of these, we estimate the
coefficients using Eq. (13).

We compute the leading-order expressions for the
masses and the scalar ve.v. [Egs. (5)-(8)] for the
general breaking potential, simplifying the expressions
by absorbing factors of N, in the coefficients: ¢;9 =

\/NyCro, c3=703/\/Ny, c46=Nslsq, 57 =757 and
cg = N/*zg. We find

F?=f>+ zm—Jz Zqug—ﬁ— 6Bm,(cy + c3)F +2B*m2(4cy + cs5 + c + 2¢7) + ZB3m§,ﬂFC9 , (16)
M2 = 2qu%+ 2Bm,(cy + c3)F +8B*m2(cy + ¢7) + 233m2&1:c9, (17)

M2 =m2 + 6qu§+ 6Bm,(cy + c3)F +4B*m(4cy + cs5 + ¢+ 2¢7) + 6B3m3¥, (18)
M2 =m? ;22 + 4qu£+ 8Bm,cyF + 2B*m%(8cy + ¢5 + ¢ + 2¢7) + 4B3m; ﬂFCQ. (19)

To ensure that M, ~ F for all values of Bm,,, we set the
strength of the quartic potential m2/f? ~ 1, a value within

its weak-coupling range.

B. Large quark-mass behavior

Equations (17), (18) can be combined to express M2 in
terms of M2,

M~ M3+ m} = 4B*mi(2cs — c5 = co +4eq). (20)

where m2 must be positive in a theory with underlying

spontaneous symmetry breaking. For sufficiently small
values of Bm, (sufficiently large values of a), the right-
hand side of Eq. (20) will be highly suppressed and one
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finds the inequality M2 > 3M?2, which is not respected by
the lattice data.

This inequality is present quite generally for any Bm,
small enough such that the operator O dominates Vgp.
This can be seen from Egs. (5)—(7), the factor of 3 in Eq. (7)
arising from the fact that the stabilizing potential is quartic.
Although we have shown only that the inequality appears
for Ny > 4, in Appendix B, we show that it arises also for

For large enough values of Bm,, however, this inequality
is not in general present.3 To analyze the terms in Egs. (16)—
(18) and determine the requisite size of Bm,, we first use
Eq. (13) to estimate the sizes of the operator coefficients:

C2,3 ~ A_l
-2
Ca567~ N\
C&g ~ A_3. (21)

Using Eq. (11), the right-hand side of Eq. (20) can be
estimated to be of order

M\ 2a-2
4B*m%(2cs — ¢5 — c6 + 4cq) ~ M2 (ﬁ) . (22)
Thus if @ can be taken as small as unity, that is if Bm,, can
be made as large as M A, the unacceptable inequality
cannot be established based only on order of magnitude
estimates. We now consider more general features of the
EFT for each of the qualitatively different regions of Bm,,.

Region (i): Near the chiral limit, where Bm, < m2 ~ f2,
Egs. (16)—(18) lead to M2 < M2 ~ F? ~ f2, corresponding
to a > 2 as shown in Fig. 1. The inequality M2 > 3M?2 is
present. Near the upper boundary of this region, the
operator O; contributes at the same level as the terms in
Vo, while the additional operators are suppressed.

Region (ii): As Bm, is increased beyond m2, the
quantities M2, M2 and F? begin to grow and the operator
O, begins to dominate the ¢ mass term in V. This is a
transitional region.

Region (iii): Now suppose that Bm, becomes of order
fY2A3/2 This is achievable even if A, taken here to be of
order the mass of the excluded vector state, increases
moderately with m,. We then have Mz ~ M2 ~ F? ~ fA.
This gives Bm, ~M,A (a=1), the requisite order of
magnitude to avoid the inequality. At this level of chiral
symmetry breaking, one can see that each Lagrangian
operator in Table I contributes at the same level (~f?A?) as
the dominant, quartic term in V. It can also be seen that
symmetry-breaking operators with higher powers of M or
¥, which have D >4 when a =1, contribute at a
lower level.

3The evasion of the inequality will depend on the signs as well
as the order of magnitude of the coefficients ¢, 5 6 7. These will be
determined by details of the underlying gauge theory.

FIG. 1. Cartoon showing the dependence of the quantity «
[defined in Eq. (11)] on the quark mass. Roman numerals refer to
different quark mass regions described in the text below.

The key condition Bm, ~ M ,A maintains itself even as
Bm,, is taken larger, into the range f'/2A%? < Bm, < A
As shown in Fig. 1, a stays close to 1 in this region. Here,
Egs. (16)—(18) lead to M% ~ M2 ~ F* ~ (Bm,)*/A*, and
each of the operators O,_g contributes to the Lagrangian at
the same level (Bm,/A)* as the quartic term in V.
Operators with higher powers of M or y are suppressed
to at least the level (Bm,)®/A%.

To summarize, the key condition Bm, ~ M,A is met
throughout the range f1/2A%? < Bm,, < A%, where the EFT
remains within its range of validity. The picture here is
analogous to the Banks-Zaks limit in the loop expansion of
gauge theories. The leading O, term in Vg, being a relevant
operator, has been assigned a relatively small coefficient. The
other operators in Table I can then contribute comparably,
with additional operators being suppressed.

There is a price to pay for the relatively large amount of
explicit chiral symmetry breaking invoked here. The
dependence of the EFT masses and the decay constant F
on the fermion mass is governed by Eqs. (16)—(19). When
the O,_g terms become comparable to the leading terms,
the form of this dependence becomes less evident.
Nevertheless, it should be possible to provide fits to the
smooth, monotonic behavior of the lattice data [1-7]. At
tree level, the EFT coefficients entering these fits (c,_g)
depend on the scale setting scheme used to express the
lattice data at each value of the quark mass. For a scheme in
which A varies with my, it will be necessary to model the
quark mass dependence of A. There will also be quantum
loop corrections to consider. While our EFT is relatively
weakly coupled, with the strength of the quartic potential
far smaller than (47)2, the size of these corrections will
depend sensitively on N. Factors as large as (’)(N}) can

enhance the loop factors of order 1/(4x)?, lifting the
effective loop expansion parameter closer to unity.

IV. CONCLUSIONS

We have constructed a generalized linear sigma model
as an EFT for nearly conformal gauge theories with
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spontaneous chiral symmetry breaking. Such an EFT may
naturally accommodate several features indicated by recent
lattice studies of these systems, including a light flavor-
singlet scalar meson, significant dependence of the pion
decay constant F, on the quark mass m, [1-9], and the
possibility of relatively light flavored scalars a [7,26]. It is
also possible to remove the ay states from the spectrum by
lifting their masses to infinity, as we explain in
Appendix A.

We investigated the linear sigma EFT by introducing a
spurion field to represent the explicit breaking of chiral
symmetry coming from the quark mass in the underlying
gauge theory. This enabled the various chiral symmetry
breaking operators to be enumerated and organized accord-
ing to their order in an expansion in a chiral symmetry
breaking parameter, proportional to the quark mass m,,. To
further facilitate the organization of operators, a measure o
was employed, with values in the range a 2 2 correspond-
ing to the approach to the chiral limit. We presented the
operator content of the leading-order chiral-breaking poten-
tial for N > 4, summarized in Table 1. These operators
become leading when the chiral breaking is larger, corre-
sponding to the smaller value o ~ 1.

We derived the tree level, leading-order expressions for
the EFT quantities 2, M2, M2, and M2, observing that the
o mass and the 7 mass are related by Eq. (20). For small
chiral breaking, the suppressed contributions of the oper-
ators O, 567 imply that M2 > 3M2, which is incompatible
with the lattice results in Refs. [1-9]. However, for
sufficiently large chiral symmetry breaking, but still in a
range where the EFT is under control (corresponding to a
being close to unity), this inequality is relaxed leading us to
conclude that the linear sigma EFT may indeed provide a
viable description of these mass-deformed, nearly con-
formal gauge theories.

Looking to the future, it will be important to improve the
lattice data for the SU(3) eight-flavor and other nearly
conformal gauge theories, moving as close as possible to
the chiral limit and minimizing lattice artifacts. One can
then fit the data to Egs. (16)—(19), and estimate corrections
arising at the quantum-loop level of the EFT. If favored by
fits to lattice data, this EFT can be used to extrapolate the
data to the chiral limit.
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APPENDIX A: REMOVING
THE FLAVORED SCALARS

The flavored scalar states a, do not affect the tree-level
relations shown in Egs. (16)—(18), and these results con-
tinue to hold even if we remove the a, from the EFT by
taking the limit m, — oo. In this limit, the fields are
constrained to minimize the part of the potential propor-
tional to m,. To derive this constraint, it is helpful to rewrite
the potential shown in Eq. (4) as

mgN f
812

m; t 212
+—2 [Tr[M"M] - ,
where a constant has been added to V(. To minimize the
first term in Eq. (A1), the matrix that is squared and traced
over should be set to zero, leading to a family of nonlinear
constraints

VOZ

Tr M*M—iTrM*Mﬂ ’
(=g )

Ny

(A1)

. 1
MM = —Tr[MM]1.
Ny

(A2)

Both sides of Eq. (A2) are hermitian, and taking the trace
of each side does not lead to an independent constraint.
Therefore, imposing Eq. (A2) as a constraint removes
Nj% — 1 real field degrees of freedom.

The constraint Eq. (A2) can be conveniently expressed in
the field basis defined in Eq. (2),

2 2 i2
. L a
O 2% W Ty aarT =T %

Ny /Ny Ny

independent of the 7 and 7’ fields. The constraint is satisfied
by setting aj =0. The resulting Lagrangian with the
constraint imposed is

1, (A3)

o’ 1 m2
L= 2—MTr[8”28”2] +3 (0,0)* + 762
m2

50" = Vsplai o, (A4)

8f

where the pions are represented by the X field satisfying the
nonlinear constraint *'X = 1. Despite couplings in Egs. (3)
and (4) becoming large in the m, — oo limit, the resulting
tree-level potential for the ¢ Eq. (A4) is weakly coupled as
long as m2/f? is not too large. The Lagrangian Eq. (A4)
is only leading order, and should be supplemented by
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higher-dimensional operators inherited from the linear
sigma EFT. In general, these operators will also be needed
to cancel extra UV divergences that arise at loop level in the
m, — oo limit.

APPENDIX B: THE LEADING-ORDER
LAGRANGIAN FOR N, <4

In this Appendix, we investigate whether for Ny < 4 the
inequality M2 > 3M?2 still arises for small Bm,, that is,
whether it remains necessary to take Bm, large, into
Region (iii) of Fig. 1. We show that this is the case for
Ny =2 and 4.

When Ny <4, operators that are invariant under
SU,(N;) x SUg(N,) transformations involving detM
become marginal or relevant and must be included in the
leading-order Lagrangian. We shall consider only new
operators that are invariant under the discrete parity sym-
metry M(X,t) - MT(=X,t).

If the ' state were included in the EFT, new determinant
operators which break U, (1) would provide it with mass.
However in the following we manually remove the 7’ from
the EFT, as we did in Sec. II. We first consider the simpler
case of Ny =3 or 4, where only one new operator enters
the chirally symmetric part of the potential V(M ). We then
turn to the important case of N, = 2.

1. N;=3, 4

In this case, V(M) can be conveniently parametrized as

- {m_g ot fz] Te[M' M]

VolM) = =17 4N,

m2—m2 A R
+ [871.2+§:|T1‘[M M|
57
Af“ [Ny :
2Nf [—] (detM + detM™). (B1)

VNs

As before, we choose the parametrization such that the
constants f, m, and m, are the v.e.v. of the ¢ field and the
masses of the corresponding particles in the chiral limit.
This is the case for any value of the new dimensionless
constant 4. With the new determinant operator included,
Egs. (5)—(8) are now modified to

y)
- Z} Tr[MTMM'M]

F [F? Af? F? F
0= F 71|+ [0 -2 7 - 009

F Ny=1 2 8VSB
-2 =
5

fm2 Oo

, (B2)

GZF,ﬂi106:0

oV
M2 == "5B , B3
g On'™? o=F xi=a}=0 ( )
3F2 Af? o F
2 _ - 4\
F Nf_l 82VSB
—2(N,—1)| = B4
( 4 )(f> :| i 802 U:F,ﬂi:uf):(; ( )
F?> m2 [(F? A F?
2 2 o
Mo=mim <f2 1) N, [(Nf O

F\ N1 82VSB
-y -0 7+2(7) " +

O':F,ﬂi:af):O

(B5)

We now test for the presence of the inequality when the
chiral breaking is not large [below the threshold of Region
(iii)], where Vg is dominated by O,. We find the mass

For N, =4, the inequality is still present, meaning that
Bm, must again be taken large, into Region (iii) to avoid
the inequality. Intuitively, the new term in Eq. (B6)
vanishes because the new determinant term in V|, firstly
preserves chiral symmetry (making no contribution to M?2)
and secondly contributes to the ¢ self-interaction only a
term of the form &*.

For N = 3, the inequality could be avoided even when
only the operator O, is present, depending on the sign and
size of A. In this case, it would not be necessary to evade it
by increasing Bm, and bringing the other operators of
Table I into the mix.

M2 = m? +3M2+/1f2 (B6)

2. Nf=2

The N;=2 case is of particular relevance
because the nearly conformal SU(3) gauge theory with
N; =2 sextet flavors has been studied on the lattice.
Here, even more determinant operators are marginal
and must be included in the leading-order Lagrangian.
We first consider scalars transforming in the complex
linear representation of SU;(2) x SUg(2). A full set
of independent determinant operators to include in
VQ(M) is

det M + det M7,
Tr[MM][det M + det M7].

The leading-order expressions for M, M, and F are unaf-
fected by these operators and are given by Egs. (5)—(7).
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Therefore the inequality is also unaffected. This is
because the determinant operators preserve chiral
symmetry and contribute only quadratic and quartic ¢
self-interactions. For scalars transforming in the real

representation, there are no determinant operators that
are independent. The inequality M2 > 3M?2 continues to
hold for quark masses in regions (i) and (ii) in this
case too.
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