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B. mesons and their properties on the light front
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We investigate the unequal-mass relativistic bound-state system, the B, mesons, in a light-front
Hamiltonian formalism. We adopt an effective Hamiltonian based on soft-wall light-front holography,
together with a longitudinal confinement that was first introduced for heavy quarkonium. We also include
the one-gluon-exchange interaction with a running coupling, which produces the spin structure. We present
the mass spectrum and light-front wave functions. We also use the light-front wave functions to calculate
decay constants, charge and momentum densities, as well as distribution amplitudes. The results are
compared with experiments and other theoretical approaches, all of which are in reasonable agreement.
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I. INTRODUCTION

The B, system is the only known heavy meson family
with unequal quark masses, which provides an important
testing ground for understanding strong interaction physics.
While the spectra and properties of the ¢¢ and bb mesons
are extensively studied in experiments, data on b¢ or cb are
relatively scarce. Until now, only two states, the ground
state and its first radial excitation, have been confirmed in
experiments [1,2]. Meanwhile, ongoing and forthcoming
high energy experiments, e.g., the LHC and Relativistic
Heavy Ion Collider, are expected to generate a large
ensemble of these particles. For these reasons, there are
renewed interests in theoretical investigations [3—6].

Light-front quantization is a natural relativistic frame-
work to describe the intrinsic partonic structure of hadrons
[7]. Among various light-front approaches, light-front
holographic (LFH) models stand out as semiclassical
approximations to QCD (see Ref. [8] and the references
therein). Meanwhile, a computational framework known as
the basis light-front quantization (BLFQ), has been estab-
lished to tackle the many-body dynamics and has been
applied to QED [9,10] and QCD [11,12] bound states. In
the latter case, LFH is embedded in the BLFQ formulation
to model the heavy quarkonium (charmonium and botto-
monium) system. The results have shown good agreement
with experiments and other theoretical models.

In this work, we adapt the successful Hamiltonian of
Refs. [11,12] to the B, system in the BLFQ approach. In

This term controls the short-distance physics and embeds
the spin structure information. We solve the B, system
without introducing any additional free parameter (other
than the ones employed in charmonium and bottomonium).
Therefore, it is also a test of the predictive power of the
model proposed in Ref. [12]. This work is a straightforward
yet necessary step for developing a relativistic model for
hadrons based on light-front holography and light-front
dynamics.

We begin by introducing the effective light-front
Hamiltonian and the basis function approach in Sec. II,
following Ref. [12]. Presented in Sec. III are results
including the mass spectrum, wave functions, decay con-
stants, transverse charge and momentum density, and
distribution amplitudes. They are compared with experi-
ments and other theories whenever available. We also
discuss the differences between B, and heavy quarkonium.
Section IV summarizes our current work and provides a
brief discussion of possible improvements.

II. HAMILTONIAN FORMALISM AND THE BASIS
FUNCTION REPRESENTATION

The light-front Hamiltonian formalism leads to an
eigenvalue equation H|y,) = M2|y;). Here, we adapt
the effective Hamiltonian of Refs. [11-13] for unequal
quark masses,
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TABLE I. Summary of the model parameters.

Ny «k(GeV) m.(GeV) my (GeV) rms (MeV) (SJW (MeV)  Npax = Liax Ref.
cc 4 0.966 1.603 31 17 32 [12]
bb 5 1.389 . 4.902 38 8 32 [12]
bc 4 1.196 1.603 4.902 37 6 32 This work

where Z’ 1 =+/x(1 =x)7, is the holographic variable [8]
and Cr = (N2 —1)/(2N,) = 4/3 is the color factor of the
qq color singlet state. In this paper, we investigate the B,
system as bc, i.e., B;. Therefore, m, 1s the mass of the
bottom quark, and m; the anticharm quark. x and (1 —x)
are the longitudinal momentum fractions of b and ¢,
respectively. We incorporate a running coupling for the
one-gluon-exchange potential, which is modeled as [12]

a(Q%) = 1/[ByIn(Q*/A* + 1)), 2)

where ) = (33 —2N,)/(12x), with the quark flavor
number taken to be N r= 4. We use A =0.13 GeV, and
in order to avoid the perturbative QCD IR divergence, we
use 7 = 12.3 such that a(0) = 0.6. See Ref. [12] for more
details.

We adopt a Fock space limited to the |¢g) sector where
the state vector reads

dkl (m)
Z;/ 2x1—x /(2) ss/h(klv )

z:lgvbgfﬂpzl—kxﬁl)

|WhP]m

—ky + (1=x)P,)|0).
(3)

xdiy (1= x)P*

In the expression above, y/gl/’})l(z 1, X) represents the light-
front wave functions (LFWFs), and s and 5 are the spins of
the quark and antiquark, respectively. The anticommutation
relations of creation operators and the orthonormal relation
of state vectors in this work are similar to those for heavy
quarkonium [12].

We use a basis function approach, BLFQ [14], and
following Ref. [11], we represent the LFWFs in terms of
transverse and longitudinal basis functions ¢,,,, and y;, with
basis coefficients y,(n, m, 1, s,5),

=Y wilnm 5. 5) (kL) x

n,m,l

w“/h (k. .x) (1=x))xi(x
(4)

For the basis functions, we employ

- 1 dzn! (g, \ "
) =y [ (4
¢nm(QJ_ ) b (n—|—|m)'(b>
x e3P LIM (g% /52 em
=4zl +a+p+1)

L ru+Dri+a+p+1)
T(l+a+ DI+ B+1)

X xg(l - x)%Pga‘ﬂ)(Zx -1), (5)

xi(xa,p)

which are the analytical solutions of the effective
Hamiltonian without the one-gluon exchange. Here, ¢,,,
is the two-dimensional harmonic oscillator function with n
and m the principle and orbital angular momentum quan-

tum numbers, respectively, with g, = k 1//x(1=x),

g9, =1q9.|, 6, =argg,, and L‘,,m‘(z) is the associated
Laguerre polynomial. Note that the conserved total mag-
netic projection m; is the sum of the orbital projection m
and the sum of the spin projections, m; = m + s + 5. We
adopt b =k for the scale parameter in the harmonic
oscillator basis. For the longitudinal basis function y;, [

is the longitudinal quantum number, and Pga’/} )(2) is the
Jacobi polynomial. The dimensionless parameters a and f§ are
associated with the quark masses: a = 2m;(m;, + m;)/x*
and = 2m,,(m;, + m;)/x*. When the one-gluon exchange
is implemented, one can solve the eigenequation by diagonal-
izing the Hamiltonian matrix. Hence, the obtained eigenval-
ues represent the spectra as squared masses, and the
eigenvectors are the coefficients v, (n, m, 1, s, 5).

III. NUMERICAL RESULTS

In this work, we adopt model parameters from those of
the charmonium and bottomonium calculations without
doing further parameter fitting. In particular, we adopt the
quark masses from the charmonium and bottomonium
applications [12] (see Table I). On the other hand, the

(k7 +75)/2, where

Kpp and k. are the confining strength of the charmonium
and bottomonium system, respectively. This is in accor-
dance with the heavy quark effective theory [15]. All the
calculations in this paper, unless otherwise stated, are based
on N .y = Luax = 32, which is associated with UV and IR

confining strength is taken as k;; =
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FIG. 1. The reconstructed B.(b¢) spectrum at N, =

Loax = 32. The horizontal axis is JP, and the vertical axis
is invariant mass in giga-electron-volts. We compare with data
from PDG [16] and Lattice [17-19], with central values shown as
solid lines and uncertainties as shades.

regulators Ayy = by/Np =~ 6.77 GeV and A = b/
VNpax = 0.21 GeV.

A. Mass spectroscopy

In order to identify the multiplet of magnetic substates
belonging to a single angular momentum j, the effective
Hamiltonian is diagonalized for various m;’s. One needs to
perform the state identification to deduce the full set of
quantum numbers n**!¢; or jP, where ¢ is the orbital
angular momentum and n is the radial quantum number
(not to be confused with the basis quantum numbers n and /).
The reconstructed mass spectrum up to the BD open
flavor threshold is presented in Fig. 1, in which we use
the dashed lines for the mean values of invariant masses:

M M4 M
M \/ L L (6)

- 2j+1

The boxes indicate the spread from different m;, i.e.,
6;M = max(M,, ) — min(M,, ), which is nonzero due to
the violation of rotational symmetry arising from the
Fock space and basis space truncations. We also employ
the mean spread to quantify the rotational symmetry
violation from all high spin states below their respective
dissociation thresholds,

We provide the experimental values compiled by the Particle
Data Group (PDG) [16] and results from Lattice [17-19] for
comparison. Note that the rms deviations in Table I are
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FIG. 2. The mass spectrum for charmonium, B, and botto-
monium below their respective dissociation thresholds. Note that,
aside from an overall shift, the mass scales are similar. We only
select the states with J = 0 and 1 for comparison. Experimental
results from PDG [16] are in red, while our results are in black.
The spread in m; values, defined in Eq. (7), is indicated by a
rectangular black box around the J = 1 theory results. This is
scarcely visible in many cases. The mean spread of charmonium
is larger than the other two. All the three systems have similar
patterns in the spectrum, while the heavier system has more states
below the threshold.

evaluated with respect to 8 and 14 states for charmonium and
bottomonium [12], but only with respect to two experi-
mental states for B,.

We note that the mean spread of b¢, which is evaluated
with a total of 12 states below the threshold of this system,
is smallest in Table I. We compare the mass spectrum of B,
and heavy quarkonia in Fig. 2 for selected states. It is a
challenge to visually ascertain which system exhibits
the best rotational symmetry. However, as evident from
Table I, on the basis of the fraction of the mean spread
relative to the total mass, we can see that the violation of
rotational symmetry is larger for charmonium than for B,
and bottomonium. This suggests heavier systems retain
rotational symmetry in our approach better than lighter
systems.

B. Light-front wave functions

Obtaining the LFWFs is a major motivation for this
formalism, as they provide direct access to hadron observ-
ables. We present some of the valence LFWFs with different
polarization and spin alignments for B, states. Specifically,
we have the relation m; = s + s, +m, where m is the
orbital angular momentum projection. Since the phase

114038-3



TANG, LI, MARIS, and VARY PHYS. REV. D 98, 114038 (2018)
-3. =2. -1. 0. 1. 2. 3 -3, =2. -1. 0. 1. 2. 3
1. 1. 1._|\|||IIII|IIII|IIII|\III|II||_]~
0.8 0.8 l12.5 0.8: :0.8 IO.SO
0.6 100 0.6? ’ _,0'6 025
= 75 L 1
04 04 Joa o
50 - i
0.2 0.2 —-10.2  -0.25
Iz.s n ] I
_1\||I||||I||||I|4||I\11|I||||_ —-0.50
s p S 0 O35 3
k. (GeV) k. (GeV)
a) P1y—11(kz, by = 0,2). Left : (m + 1) = Even; Right : (m + 1) = Odd.
-3, =2. -1. 0. 1. 2. 3 =3. =2. —-1. O. 1. 2. 3
1._”|||||||||||||l\|||\||||||||_]. I._||||\||||||||||||||||||\|||||_].
08F Jos '10 08f - . Jos l0~°75
- B - * 0.050
0.6F Jos 05 0.6F . 106 o005
= i ] 0 = L ] 0
0.4 —-04 0.4+ -04
: 1 os g ] oo
0.2+ —0.2 0.2+ -02  -0.050
: ] I_l.o ' ] I
i 1 i 1 ~0.075
poaa b by b brr s b I T T T W N 0 A I A A B I
R S e B R T N 03t 3

ky (GeV)

ky (GeV)

b) ¥ (ks ky = 0,2) = 34 (ke, ky = 0,2). Left : (m 4 1) = Even; Right : (m +1) = Odd.

FIG. 3.

LFWFs of the ground state B, shown as plots of their magnitudes vs x and k, at k, = 0. In general, spin alignment a) is

dominant and reminiscent of nonrelativistic behavior, while b) is purely a relativistic component.

exp(im@) factorizes in the wave function on the two-body

level, we drop it while retaining the sign for negative k 1sie.,
we visualize the LFWFs at k, = 0 (0 = 0 and 6 = ).

In Fig. 3, we show the ground state pseudoscalar
LFWFs. There are two independent components with
different spin alignments for the 0~ state: yy | _ 4 (k. x) =

(ki x) =g (ko x)] and yr | (kpox) =y (k).
The former is dominant and reduces to the nonrelativistic
wave function in the heavy quark limit, while the latter is of
pure relativistic origin.

Furthermore, B, has another significant feature that is
distinguished from quarkonium (the equal-mass mesons).
For the heavy quarkonia, charge conjugation is a good
symmetry and is reflected by states having components
either even or odd in (m +[) [11]. There is no charge
conjugation symmetry of B, but we do observe that our
solutions are dominated by either even or odd (m + I).
Table II exhibits this dominance, along with the compari-
son with heavy quarkonia of the ground states. In a separate
test calculation, we verified that, as the mass difference
between quark and antiquark decreases, the contribution
from even (m 4 [) is getting smaller and progresses
smoothly to the equal-mass limit.

The LFWFs of B, do not have symmetry with respect to
X = % in the longitudinal direction, another feature distin-
guishing B, from heavy quarkonium. The wave function
peaks in x near the bottom quark mass fraction, i.e.,
x =my/(my +m) = 0.75, as expected from the major
role of the kinetic energy terms in the Hamiltonian.
This asymmetry will have interesting consequences
for other observables as discussed in the following
subsections.

TABLE II. The probabilities of finding the specified even or
odd (m + [) in the ground state of heavy mesons. The dominant
spin alignment listed here is the components that persist in the
nonrelativistic limit. Note the systematic increase of these
dominant components with the increasing meson mass.

Even/odd (m + [)

T 2 7 2 7 2
[py—yp(kp, )] [y g (ks )"+ [wag (ko X))

System Odd Even Odd Even
cc 88.01% 0 11.99% 0
bc 91.62% 0.35% 7.98% 0.05%
bb 96.61% 0 3.39% 0
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TABLE 1L

Pseudoscalar and vector decay constants of the ground state B. and its vector partner B}.

The uncertainties of this work indicate the sensitivity to basis truncation, which is taken to be

Afpe = 2|fb5 (Nmax = 32)

— fpe(Nmax = 24)|. The results (this work) are compared with those from lattice

QCD (Lattice, [3,4]), QCD sum rules [21,22], light-front quark model (LFQM, [23]), covariant confined quark
model (CCQM, [24]) and Bethe-Salpeter equations (BSE, [26]). An early effort using QCD sum rules provided 300
MeV as an estimate for fp and 500 MeV for fp. [28,29].

Constant (MeV) This work Lattice [3,4] QCD sum rules [21,22] LFQM [23] CCQM [24] BSE [26]
fB, 523(62) 427(6) 528(19) 551 489.3 578
B 474(42) 422(13) 384(32) 508

C. Decay constants

Meson decay constants, f,, are hadronic properties
defined from the matrix element of the local current that
annihilates the meson. They are

(O[ey*ysb|P(p)) = ip"fep.
(Oler*|V(p,2)) = &My fy, (8)
for pseudoscalar (P) and vector (V) states, respectively.

Here, p is the momentum of the meson, and e’; is the
polarization vector,

e; (k) = (ez (k). e; (k). €1,(k))
(’:i—sz sl ’;_L>’ 1=0

MykT * My, My

(2€LA ki .0, ei/l)

A
= ; ©)
A==+l

where €, = (l,ii)/\/i, and we adopt A=m; as the
angular momentum projection. The decay constant can be
computed in the light-front representation in terms of
LFWFs with different polarizations and corresponding
current components. In this work, we choose the “good
current” (4 = +) and the longitudinal polarization (1 = 0)
for the calculations [20]. This choice leads to the decay
constant as

frv _ [ /dkl 10
2 /2Nc 0 2 / l—x Tl?iT

(ky.x), (10)

where the minus and plus signs correspond to the pseu-
doscalar and vector states, respectively. Here, calcula-
tions have been done with N, = 32, corresponding to

Ayy £ K/N max & my, + mg, where Ayy is the ultraviolet
regulator. This is to balance the needs for better basis
resolution and a lower UV scale owing to the omitted
radiative corrections. We present a survey of recent work in
Table III along with results from Lattice [3,4] and other
approaches (see Refs. [21-26]) for comparison. Lattice
results are systematically smaller than the other methods by

about 20%, as also discussed in other references (e.g.,
Refs. [21,27]).

In Fig. 4, we compare the vector decay constants of B,
and heavy quarkonia [12]. We can see a trend that
decay constants within each meson system decrease with
increasing radial quantum numbers. This trend seems
reasonable since increasing radial quantum numbers cor-
respond to less binding and a larger spread in the radial
probability distributions. In addition, we note that the
vector decay constants increase with the mass of the system
for corresponding states, e.g., J/¥ < B.(13S,) < Y. This
trend correlates with decreasing size as the mass increases,
which is discussed further in the next session.

D. Charge and longitudinal momentum densities

The transverse density offers insight into the hadron
structure. In this work, we study the charge density in the
transverse impact parameter space of B, mesons. By
definition, it is the two-dimensional Fourier transform of
the Dirac form factor [30,31],

z A, N 2 A2
pe(bi) = We LOLF (g7 = =AY),  (11)

where A | is the transverse momentum transfer and b can

be interpreted as the conjugated position of A | at which the
current probes the charge density. Analogous to the charge

1. T T T T T T T T T
charmonium i i i
< osp* B + 4 §
8 | a bottomonium i i
@ 06l ® PDG 1 1 ; i
< -
5]
I I A
S 04 3 § °
>
© r ° 7 T !
3
o 021 -+ - B
L ° 1 1 4
1 1 1 1 1 1 1 1 1
Jy ¥ (3770) 135, 235, 3%, Y Y Y

FIG. 4. The decay constants for vector states of charmonium,
B, and bottomonium. Results of charmonium and bottomonium
are from previous work [12] and the PDG [16].
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distribution, we can perform the two-dimensional Fourier
transform of the gravitational form factor, which can be
interpreted as the longitudinal momentum density in the
transverse plane [32]. In the LFWF representation of the
two-body (b¢) approximation, they can be expressed as

pC(EJ') :%;/0147r(1dix)2 lpss(l_fic’x) 2
=3 [ e ()|
+Z/12;1x_2x <%x> 2 (13)

‘ 0.2 ‘ 0.4 ‘ 0.6 ‘ 0.8 ‘
b, (GeVv™)

‘ 0.2 ‘ 0.4 ‘ 0.6 ‘ 0.8 ‘
by (GeV™)

The charge density and longitudinal momentum density on the transverse plane of the pseudoscalar and scalar states.

Each density is normalized to unity, as the unit charge and
the total longitudinal momentum of the meson, respec-
tively. The momentum density is more concentrated in the
center than the charge density, where the difference is a
relativistic effect [12]. This pattern can be observed in
Fig. 5, where we present the results of pseudoscalar and
scalar states. We compare the rms radii of pg(l; 1) among
heavy meson systems, which are 0.84, 0.58, and
0.57 GeV~! for J/¥, B.(13S,), and Y, respectively.
This result is consistent with the trend of decay constants:
for the heavier system, it has smaller radii, and therefore it
is easier for it to decay.

E. Distribution amplitude

Distribution amplitudes (DAs) are defined from the
lightlike vacuum-to-meson matrix elements and can be
written with LFWFs as

T T T T T T T T T T T T % [ T T 7T T T T T T T T T T T T T T T T T T TT
I ! ! . S 17 Y s, ! 1

3. }— B ! . 3. 115, ... 238, .
I j i 1

L i L 315, 38, 1

— 2. 4 ~ 2t 4
s [ 1 5 [ |
1.+ — 1. .

0. | ‘ 0. - = ! u

[N TN N I TN TN TN [N S N TN [N TN N SN AN TN S | [N N N I TN TN TN [N S T TN (NN SN N SO (N TN N |
0. 0.2 0.4 0.6 0.8 1. ) 0.2 0.4 0.6 0.8 1.
X X

FIG. 6. The DAs of the ground states of charmonium, B, and bottomonium (left panel). DAs of the pseudoscalar and vector B,.’s and
their radial excitations (right panel). Vertical dashed lines indicate the constituent quark mass fraction of the corresponding system.

Specifically, peaks of the DAs of quarkonium occur at x =
x =my/(my, + mz) = 0.75.

mC/(mC +

mg) = my/(my, + mz) = 1/2, and the peak of B, is close to
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f &k
S ) = s [ 5 v ),

(14)

with fpy the decay constants for pseudoscalars and
vectors, respectively. Note that DAs defined here are
normalized to unity. We compare the ground states pseu-
doscalar DAs of the charmonium, B, meson, and botto-
monium in Fig. 6. The width of the DA decreases, while the
peak height increases with the mass of the system, and
approaches a § function in the nonrelativistic limit. For
charmonium and bottomonium, peaks are at x = 1/2 due to
the equal mass of the constituent quark and antiquark,
while for B, the peak is close to the constituent quark mass
fraction, i.e., x = my/(m, + mz) =~ 0.75, which is consis-
tent with the distribution of the LFWFs in the previous
section. We present the DAs of the ground-state pseudo-
scalar, vector and of their excitations. Note that the
pseudoscalar and vector DAs have similar patterns but
they are not identical. This is due to the different configu-
ration mixings as controlled by the one-gluon-exchange
interaction in this model. The radial excited states have
important distinctions: dips appear with the radial excita-
tions. This pattern also appears in charmonium and
bottomonium in BLFQ and in other methods [33,34].
Wiggles near both extremes of x arise from the limited
range of basis spaces employed.

IV. SUMMARY

In this work, we investigated the unequal-mass meson
system B.(bc¢) within the BLFQ approach. All model
parameters are fixed by reference to charmonium and
bottomonium systems. We found reasonable agreement
with existing experiments and with other theoretical
calculations.

We carried out the calculations with the basis limit
Nmax = Lmax = 32, which corresponds to the specific UV

(IR) regulator by/N . #6.77 GeV(b/ /N pax ~0.21 GeV).

We first predicted the B, mass spectrum and presented the
LFWFs of some selected states. These results are obtained
from diagonalizing a light-front Hamiltonian based on
light-front holography. We discussed a significant differ-
ence between the LFWFs of B, and heavy quarkonium:
only the unequal-mass system B, allows both positive and
negative charge parities in the wave functions, due to the
absence of charge conjugation symmetry.

We calculated other observables with LFWFs such as the
decay constants of pseudoscalar and vector states. For
additional applications and tests of our model, we calcu-
lated transverse charge and momentum densities.

Our successes here in applications of the model for heavy
quarkonium to the unequal-mass heavy meson system
provide support for further extensions to lighter systems.
One anticipates greater challenges to the model which are
likely to require the inclusion of a dynamical gluon in a
higher Fock sector. This naturally incorporates self-energy
processes and raises challenging issues of renormalization
[35,36]. Additional significant physics should also be
included such as chiral symmetry breaking, etc.
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