
 

Form factors for semileptonic Bc decays into η, η0 and glueballs

Ruilin Zhu,* Yan Ma, Xin-Ling Han, and Zhen-Jun Xiao†

Department of Physics and Institute of Theoretical Physics, Nanjing Normal University,
Nanjing, Jiangsu 210023, China

(Received 17 May 2018; revised manuscript received 27 November 2018; published 28 December 2018)

We calculated the form factors of Bc transitions into η, η0 meson and pseudoscalar glueballs, where the
Bc meson is a bound state of two different heavy flavors and is treated as a nonrelativistic state, while the
mesons η, η0 and glueballs are treated as light-cone objects since their masses are small enough compared to
the transition momentum scale. The mechanism of two gluon scattering into η0 dominated the form factors
of Bc decays into η0. We considered the η-η0-glueball mixing effects, and then obtained their influences on
the form factors. The form factors of Bc transition into η, η0, and the pseudoscalar glueball in the maximum

momentum recoil point were obtained as follows: fη0;þðq2 ¼ 0Þ ¼ 1.38þ0.00
−0.02 × 10−3, fη

0
0;þðq2 ¼ 0Þ ¼

0.89þ0.11
−0.10 × 10−2, and fG0;þðq2 ¼ 0Þ ¼ 0.44þ0.13

−0.05 × 10−2. Also phenomenological discussions for semi-

leptonic Bc → ηð0Þ þ lþ ν̄l, Bc → Gð0−þÞ þ lþ ν̄l, and Ds → ηþ lþ ν̄l decays are given.

DOI: 10.1103/PhysRevD.98.114035

I. INTRODUCTION

Hadron-hadron colliders currently provide the unique
platform to investigate the production and decay properties
of the Bc meson as the bound state of two different heavy
flavors. In pace with the running of the CERN Large
Hadron Collider (LHC) with the luminosity of about
L ∼ 1033 cm−2 s−1, one can expect around 109 Bc events
per year [1]. When a tremendous number of Bc events are
reconstructed, one can systematically and precisely test the
golden decay channels of the Bc meson or hunt for its rare
decays [2].
The B−

c meson has two different heavy flavors, and its
decay modes can be classified into three categories: (i) the
anticharm quark decays with c̄ → d̄; s̄; (ii) the bottom
quark decays with b → u; c; and (iii) the weak annihilation
where both the bottom and anticharm decays. These three
categories of decay modes contribute to the total decay
width of the B−

c meson and are around 70%, 20%, and 10%,
respectively [3]. There are currently a lot of theoretical and
experimental works on the singly heavy quark decays of the
Bc meson, some of which can be found in Refs. [2,4–10].
And the studies of the rare weak annihilation decays of
the Bc meson are few, some of which can be found in
Refs. [11–16].

In this paper, we will investigate the decay properties of
the Bc meson into the light pseudoscalar mesons η, η0 and
glueball. The light pseudoscalar mesons with quark con-
tents are organized into two representations: singlet and
octet according to flavor SUð3Þ symmetry. Because of
isospin symmetry, the form factors of the Bc meson into the
isospin triplet π0 is trivial, where the contributions from the
quark contents uū and dd̄ in π0 will be canceled out. Thus
the form factors of the Bc meson into the light meson π0

will only depend on a small isospin symmetry breaking
effect, which is very similar to the case where the cross
sections of eþe− → J=ψηðη0Þ are around pb while there is
no signal for eþe− → J=ψπ0 [17,18].
In the flavor SUð3Þ symmetry, the light mesons with

quark contents form the flavor octet and the flavor singlet.
The masses of these light mesons become identical and
trivial in the limit of zero quark mass. For different masses
for the light u, d, and s quarks and the flavor symmetry
breaking, the light mesons in the flavor octet and the flavor
singlet will gain their masses. On the other hand, the axial
Uð1Þ anomaly will lead to a large mass difference between
the η and η0, which cannot be ignored [19–23]. Besides the
flavor singlet and octet contents, even then the gluonium
states will be mixed with each other with the identical JPC

and form the physical η0 states [19–24]. The η meson is
viewed as the mixing state between flavor singlet and
octet contents, and the gluonium content is usually sup-
pressed. However, the conventional singlet-octet basis is
not enough to explain the content of η0. For example, the
gluonium contribution reached a few percents in B → η0
decays. Thus the η0 is viewed as the mixing state among qq̄,
ss̄, and gg.
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The Bc meson is treated as a nonrelativistic bound state,
where the heavy quark relative velocity is small in the rest
frame of the meson. The nonrelativistic QCD (NRQCD)
effective theory is employed to deal with the decays of
the Bc meson. Considering the mass of the light meson,
P is less than the Bc meson, i.e., m2

P ≪ m2
Bc
, and a large

momentum is transferred in the Bc transitions into the light
meson P. The light meson P can be treated as a light cone
object in the rest frame of the Bc meson. In the maximum
momentum recoil point with q2 ¼ 0, the form factors of the
Bc transitions into the light meson P can be factored as the
hadron long-distance matrix elements and the correspond-
ing perturbative short distance coefficients.
We will discuss the properties of the form factors of the

Bc transitions into the light pseudoscalar mesons η, η0, and
glueball. We will employ the form factor formulas into the
related semileptonic decays, naming Bc → ηð0Þ þ lþ ν̄l
and Bc → Gð0−þÞ þ lþ ν̄l.
The paper is organized as followings: In Sec. II, we will

introduce the NRQCD approach, the η-η0-glueball mixing
effect, the light cone distribution amplitudes, and the
scattering mechanism of two gluons into light mesons.
In Sec. III, we will calculate the form factors of the Bc
meson into η0 and glueball. Especially, we will determine
the quark-antiquark pair and gluonium contributions to the
form factors and discuss their properties. In Sec. IV, we will
study the semileptonic decays of the Bc meson into η0 and
glueball. And we will tentatively analyze the processes
Ds → ηþ lþ ν̄l. We summarize and conclude in the end.

II. FACTORIZATION FORMULAS

A. NRQCD effective theory

The heavy quark relative velocity is a small quantity
inside the heavy quarkonium, and then the heavy quark pair
is nonrelativistic in the rest frame of heavy quarkonium.
The quark relative velocity squared is estimated as v2 ≈ 0.3
for J=ψ and v2 ≈ 0.1 for Υ [25]. The Bc meson is usually
treated as a nonrelativitic state, and the quark reduced
velocity squared is estimated in the region 0.1 < v2 < 0.3.
The calculations of the productions and decays of the heavy
quarkonium and the Bc meson with a large momentum
transmitted usually refer to the NRQCD effective theory
established by Bodwin, Braaten, and Lepage [25].
In the NRQCD effective theory, the Lagrangian is

written as [25]

LNRQCD ¼ ψ†
�
iDt þ

D2

2m

�
ψ þ cF

2m
ψ†σ · gsBψ

þ ψ† D4

8m3
ψ þ cD

8m2
ψ†ðD · gsE − gsE ·DÞψ

þ icS
8m2

ψ†σ · ðD × gsE − gsE ×DÞψ
þ ðψ → iσ2χ�; Aμ → −AT

μ Þ þ Llight; ð1Þ

where ψ and χ represent the two-component Pauli spinor
field that annihilates a heavy quark and creates a heavy
antiquark with quark mass m, respectively. σ is the Pauli
matrix. The electric and magnetic color components of the
gluon field strength tensorGμν are denoted as Ei ¼ G0i and
Bi ¼ 1

2
ϵijkGjk, respectively. The space and time compo-

nents of the gauge-covariant derivativeDμ are denoted asD
and Dt, respectively. Llight denotes the Lagrangian for the
light quarks and gluons. The short-distance coefficients cD,
cF, and cS can be perturbatively calculated according to
the matching procedure between QCD and NRQCD
calculations.
Within the framework of NRQCD, the heavy quarko-

nium inclusive annihilation decay width is factorized
as [25]

ΓðHÞ ¼
X
n

2ImfnðμΛÞ
mdn−4

hHjOnðμΛÞjHi; ð2Þ

where hHjOnðμΛÞjHi are NRQCD decay long-distance
matrix elements (LDMEs), which involve nonperturbative
information and obey the power counting rules, which are
ordered by the relative velocity between the heavy quark
and the antiquark inside the heavy quarkonium H.
The leading order NRQCD decay operators for the decay

of S-wave heavy quarkonium are

Oð1S½1�0 Þ ¼ ψ†χχ†ψ ; ð3Þ

Oð3S½1�0 Þ ¼ ψ†σχ · χ†σψ : ð4Þ

These operators are also valid for the Bc family with two
different heavy flavors.
For a certain process, the matching coefficients multi-

plying decay LDMEs are determined through perturbative
matching between QCD and NRQCD at the ampli-
tude level. The covariant projection method is another
equivalent but more convenient approach to extract the
short-distance coefficients of the NRQCD LDMEs. The
corresponding projection operators are defined as

ΠS¼0;1ðkÞ ¼ −i
X
λ1;λ2

u1ðp1; λ1Þv̄2ðp2;λ2Þh
1

2
λ1
1

2
λ2jSSzi

⊗
�

1cffiffiffiffiffiffi
Nc

p ;
ffiffiffi
2

p
Ta

�

¼ i
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2E1E2

p
ω
ðαpH −=kþm1Þ

pH þE1 þE2

E1 þE2

× ΓSðβpH þ=k−m2Þ⊗
�

1cffiffiffiffiffiffi
Nc

p ;
ffiffiffi
2

p
Ta

�
; ð5Þ

where ω ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1 þm1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þm2

p
with E1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 − k2
p

¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ k2
p

and E2¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2−k2
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2þk2
p

. The parame-
ters α and β satisfy the relations as α ¼ E1=ðE1 þ E2Þ, and
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β ¼ 1 − α. We have the spin S ¼ 0 and ΓS¼0 ¼ γ5 for the
spin-singlet combination. For the spin-triplet combination,
we have the spin S ¼ 1 and ΓS¼1 ¼ =εH ¼ εμðpHÞγμ.
f 1cffiffiffiffi

Nc
p ;

ffiffiffi
2

p
Tag denote the color-singlet and color-octet

projection in the SUð3Þ color space. For the decays of
B−
c , pH is the B−

c meson momentum; p1 ¼ αpH − k is the
bottom quark momentum with the mass m1 ¼ mb; p2 ¼
βpH þ k is the anticharm quark momentum with the mass
m2 ¼ mc; k is half of the relative momentum between the
anticharm and bottom quarks with k2 ¼ −k2.
The heavy quarkonium state is not limited to heavy quark

pairs in a color singlet configuration according to NRQCD.
The heavy quark pairs in a color singlet configuration is only
the leading order of the Fock state of the quarkonium.
Other Fock states sometimes play an important role in the
inclusive production of heavy quarkonium. In the form
factors of the Bc meson into the light mesons, the dominant
contribution is from the color singlet configuration.

B. η-η0-Glueball mixing schemes

The η-η0-glueball mixing effects are discussed in lots of
literature. The popular mixing schemes which are widely
employed in this literature are the quark-flavor bases
[23,26–30] and the flavor singlet-octet bases [31–37]. In
the quark-flavor scheme, the basic quark components are
ηq ¼ qq̄ ¼ ðuūþ dd̄Þ= ffiffiffi

2
p

and ηs ¼ ss̄, while the basic
flavor components become η1 ¼ ðuūþ dd̄þ ss̄Þ= ffiffiffi

3
p

and
η8 ¼ ðuūþ dd̄ − 2ss̄Þ= ffiffiffi

6
p

for the flavor singlet-octet
scheme. In addition, the gluonium state ηg ¼ gg is intro-
duced when it has the identical quantum numbers as the
two light quark states. For a η-η0-glueball mixing with
identical spin parity JPC ¼ 0−þ, one has

0
B@

jηi
jη0i
jGi

1
CA ¼ Uðϕ;ϕGÞ

0
B@

jηqi
jηsi
jηgi

1
CA; ð6Þ

with the matrix1

Uðϕ;ϕGÞ ¼

0
B@

cosϕ − sinϕ 0

sinϕ cosϕG cosϕ cosϕG sinϕG

− sinϕ sinϕG − cosϕ sinϕG cosϕG

1
CA:

ð7Þ

The QCD states ηi with i ¼ q, s, g form the physical mass
eigenstates η, η0, and glueball. One candidate for the

physical JPC ¼ 0−þ glueball state is the ηð1405Þ, where
the corresponding analysis was performed in Ref. [33].
Here we assume that the physical η state does not mix with
glueball, under which two mixing angles ϕ and ϕG are
sufficient.
Another equivalent mixing approach for the flavor

singlet-octet scheme can easily be obtained by the replace-
ments of ηq → η8, ηs → η1, ϕ → θ, and ϕG → ϕ0

G. The
small angle ϕG ¼ ϕ0

G is adopted for simplification in the
literature [29,30,33]. When sinϕG → 0, the mixing only
occurs between the two quark states.
Considering that the flavor singlet and octet states can be

decomposed into the quark flavor states, one has

0
B@

jη8i
jη1i
jηgi

1
CA ¼

0
B@

cos θi − sin θi 0

sin θi cos θi 0

0 0 1

1
CA
0
B@

jηqi
jηsi
jηgi

1
CA; ð8Þ

where

cos θi ¼
ffiffiffi
1

3

r
; sin θi ¼

ffiffiffi
2

3

r
: ð9Þ

The parameter θi ¼ arctan
ffiffiffi
2

p
≃ 54.740 is always named as

the ideal mixing angle. From the observations, vector or
tensor meson mixing angles where the axial vector anomaly
plays no role are always close to this ideal angle.
The relations between two mixing schemes can easily be

obtained as

cos θ ¼
ffiffiffi
2

p
sinϕþ cosϕffiffiffi

3
p ; ð10Þ

sin θ ¼ sinϕ −
ffiffiffi
2

p
cosϕffiffiffi

3
p : ð11Þ

Equivalently, one can get the mixing angle for the flavor
singlet-octet scheme as θ ¼ ϕ − arctan

ffiffiffi
2

p
.

According to the quantum field theory definition, the
decay constants of the mesons are defined as

h0jq̄0γμγ5q0jηð 0ÞðpÞi ¼ ifq
0

ηð 0Þ
pμ ðq0 ¼ q; sÞ; ð12Þ

where the decay constants of the mesons are also related to
the decay constants of the quark components as

fqη ¼ fq cosϕ; fsη ¼ −fs sinϕ; ð13Þ

fqη0 ¼ fq sinϕ cosϕG; fsη0 ¼ fs cosϕ cosϕG; ð14Þ

where the relations will turn to the traditional form in
Ref. [27] when ϕG → 0.
If one defines the meson decay constants through the

flavor SUð3Þ octet and singlet axial vector current as

1Here we do not consider the mixing between the η and
glueball, which is consistent with the experimental constraints of
the production and decays of η [23,26–37]. If considering the
mixing between the η and glueball, one has to introduce an
additional mixing angle, and the mixing matrix will have not zero
element.
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h0jJμ;i5 jηð 0ÞðpÞi ¼ ifi
ηð 0Þ

pμ ði ¼ 8; 1Þ; ð15Þ

the relations of the decay constants of the mesons become

f8η ¼ f8 cos θ8; f1η ¼ −f1 sin θ1; ð16Þ

f8η0 ¼ f8 sin θ8; f1η0 ¼ f1 cos θ1: ð17Þ

The flavor singlet and octet decay constants can be
obtained by the quark flavor decay constants [27]

f8 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2q þ 2f2s

3

s
; θ8 ¼ ϕ − arctanð

ffiffiffi
2

p
fs=fqÞ; ð18Þ

f1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2f2q þ f2s

3

s
; θ1 ¼ ϕ − arctanð

ffiffiffi
2

p
fq=fsÞ: ð19Þ

From the above equations, one would have θ8 ¼ θ1 ¼ θ ¼
ϕ − arctan

ffiffiffi
2

p
in the strict flavor SUð3Þ symmetry where

fq ¼ fs.
There are several experimental methods to extract the

values of the mixing angle and the decay constants, which
have been discussed in the literature [26–29,31,38–41].
In Ref. [27], the decays of η0 → ργ and ρ → ηγ are

investigated, where the ratio of their decay widths is
given as

Γðη0 → ργÞ
Γðρ → ηγÞ ¼ 3tan2ϕcos2ϕG

0
B@mη0

�
1 − m2

ρ

m2

η0

�
mρ

�
1 − m2

η

m2
ρ

�
1
CA

3

: ð20Þ

In the η0 → ργ decays, the contributions from ηs and ηg
components are suppressed. Inputting the latest PDG
results: Brðη0 → ργÞ ¼ ð28.9� 0.5Þ%, Brðρ → ηγÞ ¼
ð3.00� 0.21Þ × 10−4, Γρ ¼ 149.1� 0.8 MeV, and Γη0 ¼
0.196� 0.009 MeV [42], the mixing angles are extracted
as tanϕ cosϕG ¼ 0.827þ0.39

−0.34 .
In Ref. [28], a global analysis of radiative V → Pγ and

P → Vγ decays was performed to determine the gluon
content of the η0 mesons. Allowing for gluonium in the η0,
the mixing angles were found to be ϕ ¼ 41.4°� 1.3° and
sin2ϕG¼0.04�0.09, naming tanϕ cosϕG ¼ 0.864þ0.059

−0.078 .
In Ref. [38], the KLOE Collaboration measured the

mixing angles by looking for the radiative decays
ϕ → η0γ. Ignoring the gluonium contribution, the mixing
angle is fitted into ϕ ¼ 41.4°� 0.3°stat � 0.7°syst � 0.6°th.
Allowing for gluonium in the η0, they yielded ϕ ¼ 39.7°�
0.7° and sin2 ϕG ¼ 0.14� 0.04, naming tanϕ cosϕG ¼
0.770þ0.037

−0.036 .
The LHCb Collaboration recently has fitted the

mixing angles as ϕ ¼ ð43.5þ1.4
−2.8Þ° and ϕG ¼ ð0� 24.6Þ°

by a study of B or B0
s meson decays into J=ψη and J=ψη0

at proton-proton collisions [41]. Compared to the small
angle ϕG in Refs. [28,41], a larger mixing angle ϕG is
obtained in Refs. [29,38,43].
The quark flavor decay constants can be obtained by

their two-photon decays. One has [27]

fq ¼
5α

12
ffiffiffi
2

p
π3=2

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðη → γγÞ=m3

η

q
cosϕ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðη0 → γγÞ=m3

η0

q sinϕ
cosϕG



−1
; ð21Þ

fs ¼
α

12π3=2

	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðη → γγÞ=m3

η

q
sinϕ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðη0 → γγÞ=m3

η0

q cosϕ
cosϕG



−1
: ð22Þ

The decay constant fs is not well determined in this
way and has a large error. To extract the values of fs,
one can use [27]

fs
fq

¼
ffiffiffi
2

p ðm2
ηcos2ϕþm2

η0sin
2ϕ −m2

πÞ
ðm2

η0 −m2
ηÞ sin 2ϕ

: ð23Þ

We input the latest PDG results: Brðη → γγÞ ¼
ð38.41� 0.20Þ%, Brðη0 → γγÞ ¼ ð2.22� 0.08Þ%, Γη ¼
1.31� 0.05 keV, and Γη0 ¼ 0.196� 0.009 MeV [42].
Imposing the mixing angles ϕ ¼ 41.4°� 1.3° and
sin2 ϕG ¼ 0.04� 0.09 in Ref. [28], the decay constants
are extracted as fq¼ð1.05�0.02Þfπ and fs¼ð1.34�
0.03Þfπ with fπ ¼ 130.4 MeV.When imposing the mixing
angles ϕ ¼ 39.7°� 0.7° and sin2 ϕG ¼ 0.14� 0.04 in
Ref. [38], the decay constants become fq ¼ ð1.03�
0.02Þfπ and fs ¼ ð1.28� 0.02Þfπ . We will input these
values in the following calculations.

C. Light cone distribution amplitudes

The light cone distribution amplitudes (LCDA) of ηq and
ηs components in η have the form [20]

Φðq;sÞ
η ðx; μÞ ¼ 6xx̄

	
1þ

X
n¼2;4;…

anðμÞC3=2
n ðx − x̄Þ



; ð24Þ

where x and x̄ ¼ 1 − x are the momentum fractions of the
light quark and antiquark inside ηq;s, respectively. C

3=2
n and

the following C5=2
n are the Gegenbauer polynomials. anðμÞ

is obtained by the scale evolution at leading-order loga-
rithmic accuracy

anðμÞ ¼
�
αsðμ2Þ
αsðμ20Þ

�γn
β0
anðμ0Þ; ð25Þ

where β0 ¼ 11CA=3 − 2nf=3 with flavor number nf and
the anomalous dimension γn reads as
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γn ¼ 4CF

�
ψðnþ 2Þ þ γE −

3

4
−

1

2ðnþ 1Þðnþ 2Þ
�
; ð26Þ

with the digamma function ψðnÞ.
The evolution of the LCDA of the quark contents will

mix with the gluonium state for η0. In Ref. [44], the
evolution equation for the LCDA of the mixing qq̄ and
gg states has been calculated. The corresponding light cone
distribution amplitudes are [45–48]

Φðq;sÞðx; μÞ ¼ 6xx̄

�
1þ

X
n¼2;4;…

½aðq;sÞn ðμÞ þ ρgna
ðgÞ
n ðμÞ�

× C3=2
n ðx − x̄Þ

�
; ð27Þ

ΦðgÞðx; μÞ ¼ xx̄
X

n¼2;4;…

½ρq;sn aðq;sÞn ðμÞ þ aðgÞn ðμÞ�C5=2
n−1ðx − x̄Þ;

ð28Þ

where aðq;s;gÞn ðμÞ can be obtained by the scale evolution at
leading-order logarithmic accuracy,

aðq;sÞn ðμÞ ¼ aðq;sÞn ðμ0Þ
�
αsðμ2Þ
αsðμ20Þ

�−γnþ
; ð29Þ

aðgÞn ðμÞ ¼ aðgÞn ðμ0Þ
�
αsðμ2Þ
αsðμ20Þ

�−γn−
; ð30Þ

where the parameters γn� and ρn are

γn� ¼ 1

2

h
γnqq þ γngg �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγnqq − γnggÞ2 þ 4γngqγ

n
qg

q i
; ð31Þ

with

γnqq ¼ −
γn

β0
; ð32Þ

γngq ¼
nf
β0

2

ðnþ 1Þðnþ 2Þ ; ð33Þ

γnqg ¼
CF

β0

nðnþ 3Þ
ðnþ 1Þðnþ 2Þ ; ð34Þ

γngg ¼
4CA

β0

	
2

ðnþ 1Þðnþ 2Þ −
Xnþ1

j¼2

1

j
−

1

12
−

nf
6CA



; ð35Þ

and

ρgn ¼ −
1

6

Qn

1 − Pn
; ρqn ¼ 6

Pn

Qn
; ð36Þ

Pn ¼
γnþ − γnqq
γnþ − γn−

; Qn ¼
γnqg

γnþ − γn−
: ð37Þ

D. The scattering mechanism of
two gluons into light mesons

For the Bc meson decays into ηð0Þ, the mechanism of two
gluons scattering into ηð0Þ will play an important role. The
two gluons scattering mechanism is blind to quark charges
and light quark flavors, so the amplitude is identical to qq̄
and ss̄ except for the mixing factor and the decay constant.
The amplitudes of two gluons scattering into quarks and

gluonium contents in lowest-order perturbation theory can
be obtained by calculating the corresponding Feynman
diagrams that are plotted in Fig. 1.
The amplitude of two gluons scattering to each quark

content is

Mðq;sÞ ¼ −iFðq;sÞ
g�g� ðq21; q22Þδabεμνρσεa1μεb2νq1ρq2σ; ð38Þ

where the momenta of two initial virtual gluons are denoted
as q1 and q2, respectively. The polarization vectors of two
initial gluons are denoted as ε1ðq1Þ and ε2ðq2Þ, respec-
tively. The form factor Fðq;sÞ

g�g� of two gluons transitions to the
quark-antiquark content can be written as [45,46]

Fðq;sÞ
g�g� ðq21;q22Þ¼

2παsðμ2Þ
Nc

Z
1

0

dxΦðq;sÞðx;μÞ

×

	
1

xq21þ x̄q22−xx̄m2
Pþiϵ

þðx↔ x̄Þ


; ð39Þ

where mP is the meson mass.
The amplitude of two gluons scattering into the gluon

content can be written as

MðgÞ ¼ −iFðgÞ
g�g�δabε

μνρσεa1με
b
2νq1ρq2σ; ð40Þ

where the form factors FðgÞ
g�g� of two gluons scattering to the

gluonium content can be written as [45,46]

(a)

(b)

FIG. 1. Feynman diagrams for two gluons scattering into ηq, ηs,
and ηg.
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FðgÞ
g�g� ðq21; q22Þ ¼

2παsðμ2Þ
Q2

Z
1

0

dxΦðgÞðx; μÞ

×

	
xq21 þ x̄q22 − ð1þ xx̄Þm2

P

x̄q21 þ xq22 − xx̄m2
P þ iϵ

− ðx ↔ x̄Þ


;

ð41Þ

where the typical scale Q2 is introduced to preserve the
dimensionless for the transition form factors. The choice
of Q2 has some freedom, and Q2 is adopted to jq2i j or
jq21 þ q22j in Refs. [45,46]. In this paper, Q2 is adopted as
m2

P, and the LCDA of gluonium content is adopted as the
form in Eq. (28).
For η, we assume it does not mix with glueball, which is

consistent with the experimental constraints [23,26–37].
The amplitude of two gluons to η is written as

Mðq;sÞ
η ¼ CηMðq;sÞ; ð42Þ

and the corresponding form factor of two gluons scattering
to η is

Fðq;sÞ
ηg�g�ðq21; q22Þ ¼ CηF

ðq;sÞ
g�g� ðq21; q22Þ: ð43Þ

According to the mixing scheme in Eq. (6), we have
Cη ¼

ffiffiffi
2

p
fq cosϕ − fs sinϕ, which can be viewed as the

effective decay constant of η. In this case, the light meson
mass in the formulas becomes mP ¼ mη.
For η0, the mixing between the quark and gluon contents

should be considered. The amplitude of two gluons to η0 is
written as

Mðq;s;gÞ
η0 ¼ Mðq;sÞ

η0 þMðgÞ
η0

¼ Cðq;sÞ
η0 Mðq;sÞ þ CðgÞ

η0 M
ðgÞ; ð44Þ

and the corresponding form factors of two gluons to η0 are

Fðq;sÞ
η0g�g� ðq21; q22Þ ¼ Cðq;sÞ

η0 Fðq;sÞ
g�g� ðq21; q22Þ; ð45Þ

FðgÞ
η0g�g� ðq21; q22Þ ¼ CðgÞ

η0 F
ðgÞ
g�g�ðq21; q22Þ: ð46Þ

In this case, the light meson mass in the formulas becomes
mP ¼ mη0 . According to the mixing scheme in Eq. (6), we

have Cðq;sÞ
η0 ¼ ffiffiffi

2
p

fq sinϕ cosϕG þ fs cosϕ cosϕG, which
can be viewed as the effective decay constant of η0.
Following the two gluon scattering mechanism proposed
in Refs. [45,46], we do not need to introduce the decay

constant of ηg and we parametrize CðgÞ
η0 ¼ sinϕGC

ðq;sÞ
η0 .

For glueball, the mixing between the gluon and quark
contents should also be considered. The amplitude of two
gluons to glueball is written as

Mðq;s;gÞ
G ¼ Mðq;sÞ

G þMðgÞ
G

¼ Cðq;sÞ
G Mðq;sÞ þ CðgÞ

G MðgÞ; ð47Þ

and the corresponding form factors of two gluons to
glueball are

Fðq;sÞ
Gg�g�ðq21; q22Þ ¼ Cðq;sÞ

G Fðq;sÞ
g�g� ðq21; q22Þ; ð48Þ

FðgÞ
Gg�g�ðq21; q22Þ ¼ CðgÞ

G FðgÞ
g�g� ðq21; q22Þ: ð49Þ

In this case, the light meson mass in the formulas
becomes mP ¼ mG where the candidate of 0−þ glueball
is ηð1405Þ with mηð1405Þ ¼ 1408.8� 1.8 MeV [33].
According to the mixing scheme in Eq. (6) and the two
gluon scattering mechanism in Refs. [45,46], we have

Cðq;sÞ
G ¼ −

ffiffiffi
2

p
fq cosϕ sinϕG − fs sinϕ sinϕG and CðgÞ

G ¼
cosϕGC

ðq;sÞ
G .

III. FORM FACTORS OF Bc INTO
η, η0 AND GLUEBALL

The form factors of Bc into a light pseudoscalar meson
P, i.e., fþ and f0, are defined in common [49,50],

hPðpÞjc̄γμbjBcðpBc
Þi ¼ fPþðq2Þ

�
k0μ −

m2
Bc

−m2
P

q2
qμ
�

þ fP0 ðq2Þ
m2

Bc
−m2

P

q2
qμ; ð50Þ

where the momentum transfer is defined as q ¼ pBc
− p

with the Bc meson momentum pBc
and the light meson

momentum p, and the momentum k0 is defined as
k0 ¼ pBc

þ p. For the decays of Bc into ηð0Þ, the form
factors fη0þðq2Þ and fη00 ðq2Þ can be defined by the exchange
of P → ηð0Þ. For the decays of Bc into glueball, the form
factors fGþðq2Þ and fG0 ðq2Þ can be defined by the exchange
of P → G.
It is convenient to write the unintegrated form factors as

hPðxp; ð1 − xÞpÞjc̄γμbjBcðpBc
Þi

¼ fPþðq2; xÞ
�
k0μ −

m2
Bc

−m2
P

q2
qμ
�

þ fP0 ðq2; xÞ
m2

Bc
−m2

P

q2
qμ: ð51Þ

After performing the integration, we have fPþ;0ðq2Þ ¼R
1
0 fPþ;0ðq2; xÞdx.
Typical Feynman diagrams for the form factors of Bc

into a light pseudoscalar meson P, i.e., ηð0Þ and glueball, are
plotted in Fig. 2. Other Feynman diagrams can be obtained
by changing the gluon vertex to the anticharm quark line.
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Considering the hard scattering mechanism of two
gluons transitioning into a light pseudoscalar meson P,
i.e., ηð0Þ and glueball, the leading order Feynman diagrams
for Bc into a light pseudoscalar meson P by the charged
vector current can be written as

Mμ ¼ hPðpÞjc̄γμbjBcðpBc
Þi

¼ h0jχ†cψbjBciTr½Aμð0ÞΠS¼0ðk ¼ 0Þ�; ð52Þ

where ψb and χc represent the Pauli spinor field that
annihilates a bottom quark and creates a charm antiquark,
respectively.

AμðqÞ¼ 4παsCACF

ðmBc
NcÞ1=2

X
i¼q;s;g

Z
d4l
ð2πÞ4 ε

αβρσlρðpP−lÞσ

×FðiÞ
Pg�g�ðl2;ðpP−lÞ2Þ 1

l2ðpP−lÞ2

×
	
γβðmcþpP−l−p2ÞγαðmcþpP−p2Þγμ
ððp2−pPÞ2−m2

cÞððp2þl−pPÞ2−m2
cÞ

þ γμðmbþp1−pPÞγβðmbþp1−l Þγα
ððp1−pPÞ2−m2

bÞððp1−lÞ2−m2
bÞ

þ γβðmcþpP−p2−l Þγμðmbþp1−l Þγα
ððp2þl−pPÞ2−m2

cÞððp1−lÞ2−m2
bÞ



; ð53Þ

where p1 is the bottom quark momentum, p2 is the
anticharm quark momentum, and pP is the momentum
of the light pseudoscalar meson P, i.e., η, η0, and glueball.
The Mathematica software is employed with the help of

the packages FEYNCALC [51], FEYNARTS [52], and
LOOPTOOLS [53] in the calculation of the form factors.
In order to obtain the values of form factors at the
maximum recoil point, we will adopt the parameter values
as follows: mBc

¼ 6.276 GeV, mη ¼ 547.85 MeV, and
mη0 ¼ 957.78 MeV [42]. The heavy quark masses are
adopted as mc¼ð1.5�0.1ÞGeV and mb¼ð4.8�0.1ÞGeV
[8,9]. The Gegenbauer momenta are adopted as
a2ð1 GeVÞ ¼ aq;s2 ð1 GeVÞ ¼ 0.44� 0.22 [36] and
ag2ð1 GeVÞ ¼ 0.1 [18]. Their values at other scales can
be obtained by the scale evolution equations in Eqs. (25),
(29), and (30). The running strong coupling constant is
adopted around the η0 mass, and one has αsð1 GeVÞ ¼
0.42. If one chooses the scale at the charm quark mass with
mc ¼ ð1.5� 0.1Þ GeV, one has αsðmcÞ ¼ 0.32–0.34, and

in this case the values of the form factors will be reduced by
(30–40)%.
In the maximum momentum recoil point, the form

factors appearing in expression (50) can be perturbatively
calculated reliably. We give the form factors in the
maximum momentum recoil point in Tables I and II, where
we input the mixing angles ϕ ¼ 39.7° and sin2 ϕG ¼ 0.14
[38]. When inputting other values of the mixing angles
such as ϕ ¼ 39.7°� 0.7° and sin2 ϕG ¼ 0.14� 0.04 in
Ref. [38] and ϕ¼41.4°�1.3° and sin2 ϕG ¼ 0.04� 0.09
in Ref. [28], one can easily get the corresponding values of

the form factors by the definition of the parameters Cðq;sÞ
η ,

Cðq;sÞ
η0 , Cðq;sÞ

η0 , Cðq;sÞ
G , and CðgÞ

G .
The unintegrated form factors dependent on the meson

momentum fraction are sensitive to the shapes of the
Gegenbauer series of the light meson. We give the unin-
tegrated form factors dependent on the meson momentum
fraction in Figs. 3–5. For the quark content contributions,
the momentum fraction dependent shapes of form factors
with leading order (LO) Gegenbauer momentum have only
one peak, while that of form factors with next-to-leading
(NLO) Gegenbauer momentum will have two peaks. From
Fig. 4, one sees that the gluonium content will contribute
the form factors of Bc into η0. From Fig. 5, the quark
contents will contribute the form factors of Bc into glueball.
At the minimum momentum recoil point, the perturba-

tive calculations for the form factors become invalid. In
these regions, one has to refer to lattice QCD simulations or
some certain models. In order to extrapolate the form
factors to the minimum momentum recoil region, the pole
model is generally adopted in the literature [54,55].
Thus the q2 distribution of the form factors can be para-
metrized as

FIG. 2. Typical Feynman diagrams for the form factors of Bc
into η0 and glueball.

TABLE I. Form factors of the Bc into η in the maximum recoil
point with q2 ¼ 0. Here and in the following tables, the
uncertainty is from the choice of the bottom and charm quark
masses. Note that fþð0Þ ¼ f0ð0Þ.
Contributions 10−3fη0ðq2 ¼ 0Þ
qq̄ with LO Gegenbauer 1.23þ0.04

−0.05
qq̄ with NLO Gegenbauer 1.38þ0.00

−0.02

TABLE II. Form factors of the Bc into η0 and 0−þ glueball in the
maximum recoil point with q2 ¼ 0. Here and in the following
tables, the uncertainty is from the choice of the bottom and charm
quark masses. Note that fþð0Þ ¼ f0ð0Þ.

Contributions 10−2fη
0
0 ðq2 ¼ 0Þ 10−2fG0 ðq2 ¼ 0Þ

qq̄ with NLO Gegenbauer 0.97þ0.10
−0.09 0.04þ0.04

−0.02
gg −0.08þ0.00

−0.01 −0.48þ0.09
−0.03

Total 0.89þ0.11
−0.10 −0.44þ0.13

−0.05
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fP0;þðq2Þ ¼
fP0;þð0Þ

ð1 − q2

m2
Bc

Þð1 − a q2

m2
Bc

þ b q4

m4
Bc

Þ
; ð54Þ

where a and b are model independent parameters and can
be fitted when the data are available. Here we let a ¼ b ¼ 0

for simplification. We plotted the form factors dependent
on the momentum transfer squared in Figs. 6–8.

IV. SEMILEPTONIC DECAYS OF Bc INTO
η, η0 AND GLUEBALL

In this section, we will employ the form factors into the
semileptonic decays of Bc into ηð0Þ and glueball. We retain

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.01

0.02

0.03

0.04

Momentum fraction x

f 0
'

q2
0,

x

gg

qq with LO Gegenbauer

qq with NLO Gegenbauer

FIG. 4. The unintegrated form factor of Bc into η0 dependent on
the meson momentum fraction. Here and in the following, we
input the mixing angles ϕ ¼ 39.7° and sin2 ϕG ¼ 0.14 [38]. Note

that fη
0
þðq2 ¼ 0; xÞ≡ fη

0
0 ðq2 ¼ 0; xÞ.

0.0 0.2 0.4 0.6 0.8 1.0
0.02

0.01

0.00

0.01

0.02

Momentum fraction x

f 0G
q2

0,
x

qq with NLO Gegenbauer

qq with LO Gegenbauer

gg

FIG. 5. The unintegrated form factor of Bc into 0−þ glueball
dependent on the meson momentum fraction. Note that
fGþðq2 ¼ 0; xÞ≡ fG0 ðq2 ¼ 0; xÞ.

0.0 0.2 0.4 0.6 0.8 1.0
0.000

0.001

0.002

0.003

0.004

0.005

Momentum fraction x

f 0
q2

0,
x

LO Gegenbauer

NLO Gegenbauer

FIG. 3. The unintegrated form factor of Bc into η dependent on
the meson momentum fraction. Here we input the mixing angle
ϕ ¼ 39.7°. Note that fηþðq2 ¼ 0; xÞ≡ fη0ðq2 ¼ 0; xÞ.
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0.010
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FIG. 6. The form factor of Bc into η dependent on the recoil
momentum squared.
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0.010

0.015
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FIG. 7. The form factor of Bc into η0 dependent on the recoil
momentum squared.

0 2 4 6 8 10 12 14
0.000

0.005

0.010

0.015

Recoil momentum squared q2

f 0G
q2

Total

gg

FIG. 8. The form factor of Bc into 0−þ glueball dependent on
the recoil momentum squared. Considering that the value of the
form factors is negative, we denoted “−fG0 ðq2Þ” in the longi-
tudinal coordinates.
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the lepton masses, and the semileptonic partial decay width
of Bc into η can be written as

dΓ
dq2

¼ G2
Fλðm2

Bc
; m2

η; q2Þ1=2jVcbj2
384π3m3

Bc

�
q2 −m2

l

q2

�
2 1

q2

× ½ðm2
l þ 2q2Þλðm2

Bc
; m2

η; q2Þðfηþðq2ÞÞ2
þ 3m2

lðm2
Bc

−m2
ηÞ2ðfη0ðq2ÞÞ2�; ð55Þ

where λðm2
Bc
;m2

η; q2Þ ¼ ðm2
Bc
þm2

η − q2Þ2 − 4m2
Bc
m2

η. And
the similar formulas can be obtained for the semileptonic
decay width of Bc into η0 and glueball with the replacement
of η → η0ðGÞ.
The semileptonic decay widths and the branching ratios

can be obtained after integrating the momentum recoil
squared q2. In Table III, we give the results for the Bc →
ηþ lþ ν̄l with l ¼ e, μ, τ. The masses of the leptons are
me ¼ 0.50 MeV, mμ ¼ 105.6 MeV, and me ¼ 1777 MeV
[42]. The form factors with both LO and NLO Gegenbauer
series are considered in the semileptonic decays. From the
table, their decay widths are around 10−19 GeV, while the
branching ratios are around 10−7. For l ¼ e, μ, their decay
widths are nearly identical since their masses can be
discarded in the Bc meson decays to η. Besides, the LO
and NLO Gegenbauer series have less influence in the
semileptonic decay width of Bc into η. In Table IV, we give
the results for the Bc → η0 þ lþ ν̄l with l ¼ e, μ, τ. The
form factors from the quark content with NLO Gegenbauer
series and from the gluonium contribution are considered
in the semileptonic decays. From the table, their decay

widths are around 10−17 GeV, while the branching ratios
are around 10−5. We give the results for the Bc →
Gð0−þÞ þ lþ ν̄l in Table V, where the decay widths are
around ð10−18–10−17Þ GeV, while the branching ratios are
around ð10−6; 10−5Þ.
In Ref. [11], the semileptonic branching ratios of

Bc into η0 have already been predicted in perturbative
QCD, where the BrðBc → ηþ lþ ν̄lÞ ¼ 3.98 × 10−6

and BrðBc → η0 þ lþ ν̄lÞ ¼ 5.24 × 10−5 with l ¼ e, μ
and mu ¼ 2 MeV, md ¼ 4 MeV, and ms ¼ 80 MeV.
Compared with these predictions in perturbative QCD,
our results are smaller due to the choice of the decay
constant of η0, and the two gluon scattering mechanism is
employed. Currently, there is no report on semileptonic
decays of Bc into η0. However, the hunting for the signals of
Bc into η0 is accessible in future LHCb experiments when
considering the large cross section of Bc meson.
In the end it is very interesting to find out whether the

formulas above can guide the studies of the processes
Ds → ηþ lþ ν̄l. The BESIII Collaboration has measured
these channels and given BrðDs → ηþ lþ ν̄lÞ ¼ ð2.42�
0.46� 0.11Þ% and BrðDs → η0 þ lþ ν̄lÞ ¼ ð1.06�
0.54� 0.07Þ% [56]. For Ds → ηð 0Þ þ lþ ν̄l, the c → s
transition with another spectator strange quark will be
present in the Ds → η0 form factors. Considering the
transferred momentum is small in Ds → η0 þ lþ ν̄l,
the perturbative calculation may be invalid, so we only
consider the channel Ds → ηþ lþ ν̄l. As the tentative
analysis, it is interesting to find out how large the
mechanism of two gluon transitions contributes to proc-
esses Ds → ηþ lþ ν̄l. Employing the above formulas,
and taking the replacement of b → c, c → s, and Bc → Ds,
we may tentatively give the order of magnitude of their
decay widths since the Ds meson is not really a non-
relativistic bound state. We found that the mechanism of
two gluon transitions gives BrðDs → ηþ lþ ν̄lÞ ∼ 10−4

and only contributes to 0.5% in the channel Ds →
ηþ lþ ν̄l. The c → s transition thus dominates the
form factor of Ds → η. To extrapolate the form factors
of Ds → η to the minimum momentum recoil region,
the pole model is still useful [55,57]. Combining
the experimental data, the c → s transition leads to the
fDsη
0;þðq2 ¼ 0Þ ¼ 0.50� 0.05.

TABLE III. The semileptonic decay widths and the branching
ratios of Bc into η. Here and in the following qq̄ denote all the
quark contents, and the lifetime τBc

¼ 0.50 ps.

Bc → ηþ lþ ν̄l Γηð×10−19 GeVÞ Brηð×10−7Þ
l ¼ e, μ qq̄ (LO) 2.44þ0.15

−0.18 1.85þ0.12
−0.13

qq̄ (NLO) 3.07þ0.00
−0.07 2.33þ0.00

−0.05

l ¼ τ qq̄ (LO) 2.37þ0.15
−0.17 1.80þ0.11

−0.13
qq̄ (NLO) 2.99þ0.00

−0.08 2.27þ0.00
−0.05

TABLE IV. The semileptonic decay widths and the branching
ratios of Bc into η0.

Bc → η0 þ lþ ν̄l Γη0 ð×10−17 GeVÞ Brη0 ð×10−5Þ
l ¼ e, μ qq̄ (NLO) 1.24þ0.28

−0.21 0.94þ0.21
−0.18

Total 1.02þ0.24
−0.16 0.78þ0.18

−0.12

l ¼ τ qq̄ (NLO) 1.04þ0.23
−0.18 0.79þ0.23

−0.13
Total 0.86þ0.19

−0.14 0.65þ0.14
−0.11

TABLE V. The semileptonic decay widths and the branching
ratios of Bc into 0−þ glueball.

Bc → Gð0−þÞ þ lþ ν̄l ΓGð×10−18 GeVÞ BrGð×10−6Þ
l ¼ e, μ gg 2.21þ0.15

−0.78 1.68þ0.14
−0.60

Total 2.03þ0.00
−0.69 1.54þ0.00

−0.52

l ¼ τ gg 1.59þ0.14
−0.57 1.21þ0.10

−0.43
Total 1.46þ0.00

−0.49 1.11þ0.00
−0.38
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V. CONCLUSION

We investigated the form factors of Bc into the η0 and
pseudoscalar glueball and employed the form factors into
their semileptonic decays. Unlike the decay of Ds into ηð 0Þ
where the c → s transition is dominant, the two gluon
scattering mechanism dominated the contribution for the
form factors of Bc into η0. We considered the η-η0-glueball
mixing effects and studied their influences in the form
factors. At the maximum momentum recoil point, the form
factors of Bc into the light pseudoscalar mesons are
factored as the LDMEs along with the corresponding
short-distance perturbatively calculable coefficients. The
results of form factors in the maximum momentum recoil
point were obtained. Using the pole model, the form factors
of Bc into the ηð0Þ and pseudoscalar glueball are extrapo-
lated into the minimum momentum recoil region.

The corresponding semileptonic decay widths and the
branching ratios were calculated. The results are as follows:
the branching ratio of Bc → ηþ lþ ν̄l is around 10−7; the
branching ratio of Bc → η0 þ lþ ν̄l is around 10−5; and
the branching ratio of Bc → Gð0−þÞ þ lþ ν̄l is around
ð10−6; 10−5Þ. Future LHCb experiments shall test these
predictions, which is helpful to understand the η-η0-glueball
mixing and the decay properties of Bc meson.
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