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In this paper, we test the self-consistencies of the standard and the covariant light-front quark model and
study the zero-mode issue via the decay constants of pseudoscalar (P), vector (V) and axial-vector (A)
mesons, as well as the P — P weak transition form factors. With the traditional type-I correspondence
between the manifestly covariant and the light-front approach, the resulting fy as well as fi, and f3,
obtained with the 4 = 0 and A = % polarization states are different from each other, which presents a
challenge to the self-consistency of the covariant light-front quark model. However, such a self-consistency
problem can be “resolved” within the type-II scheme, which requires an additional replacement M — M,
relative to the type-I case. Moreover, the replacement M — M, is also essential for the self-consistency of
the standard light-front quark model. In the type-II scheme, the valence contributions to the physical
quantities (Q) considered in this paper are always the same as that obtained in the standard light-front quark
model, [Q],,; = [Qlsr, and the zero-mode contributions to fy1434 and f_(g*) exist only formally but
vanish numerically, which further implies that [Q],, = [Q]s- In addition, the manifest covariance of the
covariant light-front quark model is violated in the traditional type-I scheme, but can be recovered by taking

the type-II correspondence.

DOI: 10.1103/PhysRevD.98.114018

I. INTRODUCTION

The standard light-front (SLF) quark model [1-4]
based on the light-front (LF) formalism [5] provides a
conceptually simple but phenomenologically feasible
framework for calculating the non-perturbative quantities
of hadrons, such as the decay constants, transition form
factors, distribution amplitudes and so on [6-27]. In the
SLF approach, the constituent quark and antiquark in a
bound-state are required to be on their respective mass-
shells, the physical quantities are computed directly in
three-dimensional LF momentum space, and the plus
component (4 = +, the so-called “good” component) of
the current matrix elements is usually taken in order to
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avoid the zero-mode contribution. Obviously, the Lorentz
covariance of the matrix elements obtained in the SLF
quark model is lost. Moreover, the usual recipe to avoid the
zero-mode contributions by taking the plus component is in
fact always invalid for many cases, for instance, the
composite spin-1 systems [28]. While the zero-mode issue
is highly nontrivial and deserves careful analyses [29], the
SLF quark model is powerless for determining the zero-
mode contributions by itself. Because of these shortcom-
ings, the SLF quark model was soon superseded by the
manifestly covariant light-front (CLF) quark model.

The CLF quark model was firstly exploited by Jaus [28],
Choi and Ji [29], as well as Cheng et al. [30], with the help
of the manifestly covariant Bethe-Salpeter (BS) approach
[31,32], and has been further studied in Refs. [33-39].
Compared to the SLF approach, the CLF quark model is
characterized by the following two distinguished features:
it provides a systematic way to explore the zero-mode
effects; the results obtained are guaranteed to be covariant
after the spurious contribution proportional to the light-like
four-vector w = (0,2,0,) is canceled by the inclusion of
zero-mode contributions [28]. Because of these two advan-
tages, the CLF quark model has been used extensively to
study the weak and radiative decays, as well as the other
features of hadrons; see, for instance, Refs. [40-63].

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.98.114018&domain=pdf&date_stamp=2018-12-18
https://doi.org/10.1103/PhysRevD.98.114018
https://doi.org/10.1103/PhysRevD.98.114018
https://doi.org/10.1103/PhysRevD.98.114018
https://doi.org/10.1103/PhysRevD.98.114018
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

CHANG, LI LI, SU, and YANG

PHYS. REV. D 98, 114018 (2018)

However, we should notice that there still exist some
debates about the self-consistency of the CLF quark model.
A known example is the vector meson decay constant, fy,
for which the calculation has to be made with a given
polarization state of the vector meson. Unfortunately, it was
found that the resulting [fy]&% and [fy]& s, extracted
respectively with the longitudinal (4 = 0) and the trans-
verse (1 = £) polarization state, are not consistent with
each other [34],

[fV]CLF ?é [fV]CLF’ (1)

because [fy]& % receives an additional contribution char-

acterized by the coefficient B(1 ), which provides about 10%

correction to fy numerically [33]. This inconsistency can
be easily found from the formulae and numerical results
given, for instance, in Refs. [28,33].

A possible resolution to the “[fy]|cp inconsistency
puzzle” exhibited by Eq. (1) has been discussed in
Ref. [39] by modifying the correspondence between the
manifestly covariant BS approach and the LF quark model.
Traditionally, the LF covariant vertex function yy and the
factor Dy con = M + my + m, appearing in the vertex
operator are replaced by the wave function (WF) v, and
the factor Dy = M\ + my + m,, respectively, via [39]

)(v x, ky) wy(x k)
Ne 1—x Vx(l=x)M,’

DV.con - DV,LF’ (type'l) (2)

where M, is the kinetic invariant mass of the vector

meson, and MO \/ M m,)?. The type-I corre-
spondence has been w1dely used to connect the two
different approaches in most of previous works,' claiming
that some results obtained in the SLF quark model, such
as [fylgp, are not trustworthy due to the lack of zero-
mode contributions [33,34]. However, this correspondence
would result in the inconsistency problem demonstrated
by Eq. (1).

The correspondence between y and y in Eq. (2) has been
derived by matching the CLF expressions to the SLF ones
for some quantities that are free of the zero-mode effects,
such as the pseudoscalar meson decay constant fp and the
weak transition form factor f£~F(¢?) [28,34,46]. However,
the validity of the replacement Dy, ., — Dy | has not yet
been clarified explicitly in the same framework. This
motivates Choi and Ji [39] to advocate the replacement
M — M, in each and every term containing M in the
integrand of [fy]& % and [fy &, rather than only in the D

In some literatures (see, for instance, Refs. [28,33,34]),
the convention for the vertex function hy = yyNy, with
Ny = x(M? — M3), is used instead.

factor. As a result, the correspondence given by Eq. (2)
should be generalized to [39]

Jv(x.ky) wy(x, ko)
2N, - =
l-x \/x(l—x)MO
M — M,. (type—1I) (3)

It is interesting to note that, under this scheme for the
replacements, one gets numerically [39]

[f v]/(l:ﬁ:E = [ V]SLF? (4)

which implies that the “[fy]q r inconsistency puzzle” can
be “resolved” and, moreover, a valid connection is estab-
lished between the CLF and the SLF quark model.

From the above observations, one may conclude that the
type-1I correspondence specified by Eq. (3) might provide a
self-consistent scheme in connecting the manifestly covar-
iant and the LF approach. However, before making such a
solid conclusion, it is necessary to further test such an
interesting scheme via other quantities in addition to fy,
such as the decay constants of axial-vector mesons A and
'A with quantum numbers >S*'L, = 3P, and 'P,, as well as
the weak transition form factor f£=F(4?), which are all
plagued by the zero-mode effects. We shall show later that
f34 and f1, in the traditional CLF quark model also suffer
the self-consistency problem as in the case of fy. In
addition, it should be noted that [fy ] given in Eq. (4)
is actually obtained with 2 = 0, i.e., [fy]& 2. So, in order to
claim the self-consistencies of LF quark models, one
should also check carefully Whether the SLF results for
fy obtained with 2 =0 and 2 = =+, [fy]42 and [fy]45,
are consistent with each other. In thlS paper, besides the
issues mentioned above, we shall also investigate the
covariance of the CLF quark model, which in fact is
possibly violated when the LF vertex function is used [28].

Our paper is organized as follows. In Sec. II, we
recapitulate the SLF and CLF quark models. In Sec. III,
our theoretical results are presented for the decay constants
of pseudoscalar, vector and axial-vector mesons, as well
as the P —» P weak transition form factors; the self-
consistencies, the zero-mode contributions, as well as the
covariance of the LF quark models are also discussed in
detail. Finally, our conclusions are made in Sec. IV.

[FviE: =

II. THEORETICAL FRAMEWORK
A. SLF quark model

In this subsection, we give a brief overview of the SLF
approach for calculating the current matrix elements, details
of which could be found, for instance, in Refs. [3.,4,8].

For a meson bound-state with total momentum p and
consisting of a quark ¢g; with mass m; and an antiquark g,
with mass m,, we can represent the momenta of ¢, and g,
in terms of the LF relative momentum variables (x, k) as
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ki =kt =xp™, ki, =xp, +ki, (5)

ky = pt =k =xp”, kyy =Xxpy —ki, (6)
where x =1—x, k|, = (K*, k), and p, = (p*, p’). One
can take p; = 0 when assuming that the meson moves
along the z axis. In the LF formalism, such a meson
bound-state can be expanded, in the leading Fock-state
approximation, as

=3 [0y el
= s ———Yn.n s K1 )q1-Ky s
hyhy (2”)32 kaI
ki h)|go ks ko ho), (7)

where /15y denotes the helicity of the (anti)quark,
W), 1, (k*, k) is the momentum-space WF, and the one-
particle states |q,) and |g,) are defined by |q;) =
\/2kTb7|0) and |g,) = \/2k;d"|0), respectively. The
particle creation and annihilation operators satisfy the
equal-LF-time anticommutation relations

{by(k), by (K)} = {d},(k), dy (K)}
= a)38(k" = k)62 (ky — K )6y (8)

The momentum-space WF in Eq. (7) satisfies the
normalization condition

dxd?k |
7|Th,,h2(kaL)|2 =1, )
;/ 2(2z)*
and can be expressed as [3]

W, (X k) = Sy, (X k w(x k), (10)

where the radial WF (x, k) describes the momentum
distributions of the constituent quarks in the bound-state,
and the spin-orbital one S, ,,, (x, k| ) constructs a state with
definite spin (S, S,) out of the LF helicity eigenstates (h,
hz).2 For the former, we shall adopt the Gaussian-type
WFs [66]

’It should be noted that no state with a fixed number of
constituents can be an eigenstate of the angular momentum
operator J2, because J? is interaction-dependent on the LF and
not diagonal in particle number. For now, there is not a practical
way to construct an eigenstate of J> purely in the LF dynamics
without any approximation. As illustrated in Ref. [64], the WF for
a ¢;g, bound-state can be chosen to be a simultaneous eigen-
function of the mass operator M? and the angular momentum
operators J2 and J3, only when the angular condition (Eq. (2.20)
in Ref. [64]) is satisfied. However, in order to satisfy this
condition, the interaction part of the mass operator M> must
be a function of scalar products of momenta, relative angular
momentum and spin operators, but otherwise is not restricted at
all. For more details, the readers are referred to Refs. [1,3,64,65].

o [ok K2+ k2
k) =45/ S
l//s(x’ J_) ﬁ% Ix exp |: 2ﬁ2 :|’

for s-wave meson (11)

V2

l//p(x’ k)= 7%(% ki),

where /3 is the variational parameter and can be determined,
e.g., from the meson spectroscopy, while k, is the relative
momentum in the z-direction and takes the form

1 2 _ 02
kZ:< —)M()er2 i (13)

for p-wave meson (12)

x - T AAr 9
2 2M,
with the kinetic invariant mass squared given by

M+@+@+ﬁ

2 _
MG =
X X

(14)

The spin-orbital WF S, ,, (x, k) can be obtained from the
ordinary equal-time static one with assigned quantum
number JPC through the interaction-independent Melosh
transformation [3,65]. It is more convenient to use the
covariant form, which, after applying the equations of
motion on spinors, can be written explicitly as [4,21,34,67]

iy, (k)T vy, (k2)

VoM,
with M, already defined below Eq. (2), and the vertex
operators I'" given, respectively, as

(15)

Shyny, =

I', =ys, for Pmeson
. € (k—k
F/\/:_¢+M7 Dy p =My +my + mj,
Dy 1r

for V meson

2o (ky — k
r, = _M;@ Dy g =2, for 'Ameson
Diy g
My [, é-(k—k
r, =- 0 {¢+ (ky 2)])/5’
2\/§M0 Dsp g
M;
D = , for3A 16
ALF = or A meson (16)

where the longitudinal and transverse polarization vectors
are given, respectively, by

1 pi—Mj
éf{:O :MO <p+’ p+ P11 (17)
2 , (1, i)
él :<O,—e “pL.€ ) with ¢, = F .
A=t prEL PLEL i NG

(18)
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Equipped with all the formulae given above, we can now
express the matrix element for a general M — 0 transition,

A= (0[gT'q,|M(p)), as

dxd?k |
=+/N
A ,Z/ 27) 2\/_

X Ch,.hz(xv ki), (19)

X kJ_)Shl,hz(x’ kJ_)

where Chl,hz (x, kJ_) = 1_}112 (k;—, _kJ_)Fuhl (kT, kJ_) On the
other hand, the matrix element for a general M’ — M"
transition, B = (M"(p")|q{T'q||M'(p’)), can be written as

. Z / kT d2k,
xs;ﬁ, (KPR G (K KL KL (KR,
(20)

WKW (KK

where Cyr jy (K"K KK = ﬁh/{(k”*,k’i)l“uh/l (KT, K)).
In practice, we usually work in the ¢g* = 0 frame, which
leads to ¢> = (p' — p")* = —¢2 <0, implying that the
transition form factors are known only for space-like
momentum transfer. The transition form factors in the
time-like region can be obtained by making an additional
g’ extrapolation. In Eq. (20), the incoming-quark momen-
tum, (K", k'), has already been given in Eq. (5) but
now with an addltlonal superscript “/”, and the outgoing-
quark momentum is given by (K'T =Kk =xp't,
K| =k, —q,)inthe g* = 0 frame. In addition, the kinetic
invariant mass of the outgoing meson takes the form

”2+k”2+m%+l_<’i2
X X

M2 = ’ (21)

where k| = k| —%q,. We shall use the formulae for
the matrix elements A4, Egs. (19), and B, (20), to extract
the decay constant and weak transition form factors,
respectively.

B. CLF quark model

In contrast to the SLF approach, the CLF quark model
provides a systematical way of dealing with the zero-mode
contribution, and a physical quantity can be calculated in
terms of Feynman momentum loop-integrals that are
manifestly covariant. In this paper, we shall employ the
same formalism proposed by Jaus [28], Choi and Ji [29], as
well as Cheng et al. [34].

The Feynman diagrams for the matrix elements A and 3
are shown in Figs. 1(a) and 1(b), respectively. From these
one-loop diagrams and using the Feynman rules for the
meson-quark-antiquark vertices given in Refs. [28,34], we
can write A and B, respectively, as

(a) (b)

FIG. 1. Feynman diagrams for the matrix elements .4 (a) and B
(b) in the one-loop approximation.

d*k H,,
=N, | =—3-54 22
A= [ G >
B / d*k’ HypH < (23)
~ ) o NININ, P

where d*k() = LdkV)=dk" a2k, and Hyypp e are the
bound-state vertex functions. The trace terms S, and Sy
associated with the fermion loops are given, respectively, by

Sy = Tr[C(}y + my)(iTy) (=2 + my)], (24)

i = TrI (s ) (1T) (= - 02) 7T 1) (K ).
(25)

)

with explicit forms of the vertex operators r: ) for different

types of mesons listed as [34]

ki — ky)#
iTp = —iys, iTy = i[y" - M}
DV,con
. (ky = ky)¥ . [ (ky = k)
iy =i——ys, iy =iyt +——|75s-
4 D'A,con 4 D3A,con

(26)

Integrating out the minus component of the loop
momentum, one goes from the covariant calculation to
the LF one. Assuming that H y; 5, 5, are analytic within the

contour and closing the contour in the upper complex k~

(k'7) plane, one picks up a residue at k3 = k3 = m3,

corresponding to putting the spectator antiquark on its
mass shell. This manipulation forces us to make the
following replacements in Eqs. (22) and (23) [28,34]:
N, = N, = x(M?> - M3),
N/](//) - N/(//) N1 [M — M My — ME)(N)]’ (27)

and
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xu = Hy /Ny = hy /Ny, (type-I)

(28)

Dyt con = Dy s

together with similar replacements for y,, and y,, as for
xu- Explicit forms of the factors Dy, for P, V, 'A and *A
mesons have already been given by Eq. (16), and the LF
forms of the vertex functions 4, for these types of mesons
are given, respectively, as [34]

st

hP/Nl = hV/Nl = \/W (29)
. xl//
h]A/Nl \/W I’ (30)
hiy /N ! \/ M v, (31)
3 — - A .
AT aNC V x2vam, M,

It is noted that Eq. (28) with 4y /N, given by Eq. (29) is
exactly the same as Eq. (2), i.e., the type-I replacement for
vector meson. This means that Eq. (28) with /p 14 34 /N,
given by Egs. (29), (30), and (31) should be the tradi-
tional type-I correspondence for P, 'A, and A mesons.
Accordingly, corresponding to Eq. (3), we get the gener-
alized type-II correspondence

xm = Hy /Ny = hy /N, M — M.

(type-II) (32)
For simplicity, our following derivation and theoretical
results are given only with the traditional type-I correspon-
dence unless otherwise specified. The ones with the
type-II correspondence can be obtained with an additional
replacement M — M,,.

After integrating out the k= (kK'~) component, we can
reduce the matrix elements A, Eq. (22), and B, Eq. (23), to
the LF forms,

A dk+d2kl —ihy A
A=N, / o TS (33)
dk’*dzk' hyphyy 4
- [ S s 09
p 14V

As noted already in Refs. [28,34], the LF matrix elements

A and B obtained in this way receive additional spurious
contributions proportional to the lightlike four-vector
@" = (0,2,0,), which can however be eliminated after
including the zero-mode contributions. As shown in
Ref. [28], the inclusion of zero-mode contributions to
the matrix elements in practice amounts to some proper
replacements in S 4.5 under the integration. Specifying to
the quantities considered in this paper, we need [28,34]

ki — xp”,

plao” + p*ot
®-p

=N, +m} —m}+ (X —x)M?,

Ty D 2
PR — g B,

]\72—)22

+ prprxt +
(35)
for ./Zl, and

+ g4y,

5 1 q-P
K'Ny — g |Az, +7A(1 )

lg/{‘ — P"AE1>

= N+ m? —m3 + (X — x)M"

k’u gl

+(q2+q-P)T, (36)

for B, where P = p’' + p”, and the coefficients A?Q) A(lz)

and Biz) are given, respectively, by [28]

_f_k/u‘fh

z__ZJrﬁ
T2 g

(37)
It should be noted that, although the coefficient B ) does
not vanish and is combined with @w”, there is no zero-mode

contribution associated with B(lz) due to x]\72 =0 [28].
However, we shall show later that the contributions related
to nonvanishing B(lz) would result in the self-consistency
problem of CLF quark model with the traditional type-I
correspondence.

Using the formulas given above, one can then obtain the
full results for A and B in the CLF quark model, and further
extract the physical quantities like the decay constants and
transition form factors. Explicitly, for a given quantity O,
its full result (Q™!") can be expressed as a sum of the
valence (Q"¥) and the zero-mode (Q*™) contribution [39]:
ofull — gval 4 gzm. T order to evaluate the zero-mode
effect, one needs to calculate O%*™. or the difference
Qiull _ gval - A simple way to calculate Q. is to assume
that k3 # 0 and k{ # 0, which ensure that the poles of N,
and N, are safely located inside and outside, respectively,
the contour of k= (k'~) integral (i.e., the poles of N, and N,
are both finite) and imply that the zero-mode contributions
are absent. In this case, the replacements for kA’f and N,
given above need not be applied anymore. Instead, one just
needs to directly use the on-mass-shell condition for the
spectator antiquark, k3 = m3, and the four-momentum
conservation at each vertex. For example, after integrating
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out k~, one should take 1\72 = 0, and the nonindependent
minus component of £, is given by

k2
m2—|— _p‘(l—

" " m3 + k3
ki =p~—ky =p~ — k+ “)

IM?>
(38)

The resulting [fy],, obtained in this way is exactly the
same as that obtained by Choi and Ji [39], which will be
clearly seen in the next section.

III. RESULTS AND DISCUSSIONS

A. Decay constants of P and V mesons

The decay constants of P and V mesons are defined,
respectively, by

(01g27*7sq:11P(p)) = if pp", (39)

0132711V (p. 4)) = fyMyé,. (40)
For the P meson, with the theoretical formulas given in the
last section, the resulting fp in the SLF and CLF quark
models are given, respectively, as’

dxd?k, y,(x, k) 2
fP SLF — \/7/ a ’iJ_l//E;C—J_)\/ZMO

(xm + xm,),

(41)

[fP}val =

dxd?k
[f Pl = Nc/ lﬁz(xml +xmy), (42)

(27)* x

which agree with the ones obtained in the previous works,
for instance, Refs. [6,28,34,39]. The finding [fp|py =
[fplya implies that fp is free of the zero-mode contribution.
This is also the reason why one usually uses fp to deter-
mine the LF vertex function, hp or yp. Finally, it can be
easily found that the SLF and CLF results for fp are also
consistent with each other,

f Plsans (43)

under both the type-I and the type-II correspondence.
Before proceeding to discuss f,, we firstly determine the

Gaussian parameter f appearing in Eqs. (11) and (12),

which is the key input for the LF quark models. Thanks

[fplsie = [felva =

’In the extraction of [fp]g and [fp],,. wWe have to take the
1 = + component, which is the only choice because, on the one
hand, 4 = — is not an independent component and, on the other
hand, Eq. (39) would become an identity 0 = 0 when taking y =
L in the P-meson rest frame. In addition, it has been known that
u = +1is a “good” component for calculating fp as mentioned in
the Introduction.

to the self-consistencies of the LF quark models for and
the available precision data on fp, we shall perform y’-fits
on f by using the data on fp collected in Table Lt
along with the constituent quark masses m,()scp =
(0.25,0.50,1.5,4.8) GeV. Our fitting results are given in
Table II, from which one can see that these values are
generally in agreement with that obtained by the variational
principle [68], and will be therefore used in our following
numerical calculations. In addition, we assume that the
parameter f is universal for a given (q;g,) bound-state
system.

For the V meson, taking the 1 =0 and A = & polari-
zation states, respectively,5 we obtain

dXko_l//XXkJ_) 2
- [t 2

2ki>’ (44)

X ()"cml + xmy +
V.LF

dxd’k, wy(x. k) 2
i - [ 2
0

2 2
4%_h%) )

21‘4V DV.LFMV

in the SLF quark model, in which [y 47 is usually given,
while [fy]&7 is always ignored in previous works due to
the traditional bias that 4 = L is not a “good” component
as is 4 = +. By employing the CLF approach, on the other
hand, we obtain

o0 /dxd2km 2
Vi = Ne (2z)3 x My
_ <1

e [GEEL ] (46)
[fV]full - c

DV con
_ (1
and

o]0 = /dxdkl)(‘/ 2
via' = Ne (27[) X My

{XMO my (my — ms)

ded®, v 2
(27)* & My

mg + my >
LT 47
DV,con > L:| ( )

{xM(Z) —my(m; —m,)

{kz + XXM3, + mym,

BM—ml— K2
SOV TR (- 48
SIS )|

*“The lattice QCD (LQCD) results for f, , and fp p areused
in the fits because of the lack of the corresponding experimental
data.

Because of the same reason as in the case of fp, the
component y =+ (u= 1) has to be taken for extracting

If V]/Slfg(vﬂ, as well as the decay constants of 'A and *A mesons.
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TABLE I. Available experimental data and LQCD results for the decay constants fp (in unit of MeV).
fﬂ f[( fm. fD be\
Exp data 130.50 4 0.13[69] 155.72 £ 0.51[69] 203.7 £4.7[69]  257.8 = 4.1[69]
LQCD 130.2 £+ 1.4[70] 155.6 £ 0.4[70] 181.1 £0.6[71] 212.2 £ 1.4[70] 248.8 £ 1.3[70]
f}y, fB fB‘ fB,. fnb
Exp data 335 +75[69,72] 188 +25[69] e e e
LQCD 387 + 7[73] 186 + 4[70] 224 + 5[70] 427 £ 6[74] 667 + 6[74]
TABLE II. Fitting results for the parameter £ (in unit of MeV), where g = u, d. See text for details.
ﬂqé ﬂsq ﬂsi ﬂcé ﬁcE
This work 314.11903 342.8713 365.8"7 464.11]32 537.5739
Ref. [68] 365.9 388.6 412.8 467.9 501.6
Pee ﬂb?] Prs Pre ﬂhE
This work 654.57157 547.9107, 601.4773 947.01132 1391.2730%
Ref. [68] 650.9 526.6 571.2 936.9 1145.2
dxd’ky yy 2 [XMT +xMG = (my —my)? Fig. 2 the dependence of A}, (x), AY; k(x) and d[fy]250/dx
[fV]val =N, (277,') 1 M 2 (wWhere V = P or D*, and [ V]z.m. = [ V}full - [fV]val) on the
v momentum fraction x. Based on these numerical results
myp+my\ 5 and the theoretical formulas given above, the following
—[1-=—=2)K]|. (49) . . . 6
Dy con discussions and findings can be made:

Our CLF results given above agree with the ones obtained
in the previous works; for instance, Egs. (46) and (47) have
been obtained in Refs. [33] and [28,34], respectively, while
Egs. (48) and (49) have been given in Ref. [39]. In order to
clearly separate the contributions related to the coefficient

%) (i.e., the difference between [fvlts? and [fy]isit), we
deﬁne

A%}l( ) [fgjfull _ [flgifull , (50)

where M =V, 'A, or *A. Specifying to the vector meson,
from Eqgs. (46) and (47), we obtain

N /dsz)(V 2 DVcon_ my —
3 XMV DV,con

™2,BY.

(51)

Similarly, in order to discuss the difference between [fy |41
and [fyl&E, we define

Vv
Afull

For convenience of analyses and discussions about the
relations among the decay constants given by Eqs. (44)-
(49), we take the p and D* mesons as examples, and present
our numerical results in Table Il by using the best-fit
values of inputs given in Table II. In addition, we show in

(52)

(i) As pointed out by Cheng et al. in Ref. [34], the CLF
results for f) extracted via the A =0 and 1 =+
polarization states are different from each other due to
the additional contribution to [fy]{; characterized by

the coefficient Bg , which can be clearly seen from
Egs. (46) and (47). Numerically, it is found from

Figs. 2(a),2(b) and Table III that the B(l2> term gives a
nonzero contribution and results in about O(10%)
correction to [fy ], Within the type-I scheme, which
means that the CLF approach with the traditional
type-I correspondence suffers the self-consistency
problem, [fy)i? # [fvli  (type-D. However,
within the type-II scheme, the positive A};H at small
x and the negative one at large x can exactly cancel
each other, resulting in [ dxA},, = 0. This interesting
observation can be roughly seen from Figs. 2(a)
and 2(b). As a consequence, we find that

vl = vl (type-ID) (53)
where the symbol “= " used throughout this paper
denotes that the two quantities are equal to each other
only numerically but not formally. This confirms the

findings of Ref. [39] and implies that the type-II

SHere it should be emphasized that all these findings based on
the p and D* mesons are also applicable for the other vector
mesons unless stated otherwise.

114018-7
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FIG. 2. Dependence of Af,(x), AY r(x), and d[fy]}50*/dx on

z.m.

correspondence might be a self-consistency scheme
for the CLF approach.

As is the case for the CLF quark model with the
type-I correspondence, the traditional SLF quark
model also encounters the self-consistency problem,
VISR # [fylés, which can be easily found by
comparing Eqgs. (44) with (45). Inspired by the self-
consistent results achieved by the type-II replace-
ments in the CLF quark model, we now test whether
the self-consistency of the SLF quark model also
requires the replacement M — M. In analogous to

114018-8

the momentum fraction x. See text for details.

the discussions in the CLF approach, we name
the traditional SLF approach and the one with an
additional M — M|, replacement in the integrand
as the type-I and the type-II scheme, respectively.
From Figs. 2(c),2(d) and Table III, it can be seen
that [fy]40 < [fy]& in the traditional SLF quark
model (type-I), while, after making the replacement
M — M, 0>

FvIsie = VISt (type-ID) (54)
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TABLE III. Numerical results for the decay constants (in unit of MeV) of p and D* mesons based on
Egs. (44)-(49) and within the type-I and the type-1I scheme.
[fﬂ}SLF [fP]SLF [fﬂ]ful] [fp}full [fﬂ]val [fﬂ]val
Type-1 211.1 226.9 248.7 288.9 229.1 212.1
Type-II 211.1 211.1 211.1 211.1 211.1 211.1
o Jsir o Jsie o Tt o Jtar ol o™
Type-1 252.6 273.5 275.3 305.6 244.6 258.9
Type-II 252.6 252.6 252.6 252.6 252.6 252.6
because [ dxAgL.F = 0. This implies that the replace- [Fvltl = [AvIE? and [yl = vt
ment M — M, is also required by the self-consis- (type-TI) (56)

tency of the SLF quark model.
Comparing Egs. (44) and (45) with Egs. (48) and

(49), we do not find any relations between [f |4 0=

and [fy]7="* within the type-I scheme; however,
employing the type-II scheme and making some
simplifications on these formulas, we find surpris-
ingly that the SLF results are exactly the same as the

valence contributions in the CLF approach,

[fV]SLF

(iii)

vl =

and

vl
(type-1I)

[f\/]val ’
(55)

which can also been seen from the numerical results
given in Table III.

The effect of the zero-mode contributions to fy,
[fv],m» are shown in Figs. 2(e)-2(h). It can be found
that, within the type-I scheme, the zero-mode effect
presents a sizable positive correction to fy, but its
contributions to f%0 and f{= are different from
each other, with [fy]430 < [fy]45F numerically.
Within the type-1I scheme, however, although
existing formally, the zero- mode contributions
vanish numerically, [fy]/79* = 0. A very obvious
example is the p meson shown in Figs. 2(e) and 2(g).
This in turn implies that

(iv)

which have also been demonstrated by the numerical
results given in Table III.
Combining all the findings given above, we can finally
conclude that

[fV]SLF [.f ]le [ V] [ V] [fV]le

= [fvlsce,  (type-l) (57)
within the type-II scheme, in which [f]&2 = [fy]&F and
[Fvltad = [fvlig reflect the self-consistencies of SLF and

CLF quark models, respectively. However, none of these
relations holds within the type-I scheme. Finally, using the
inputs listed in Table II and employing the self-consistent
type-II scheme, we present in Table IV our updated
predictions for fy in the LF approach. It can be easily
found that our updated results are generally in consistence
with the experimental data as well as the theoretical results
obtained in the LQCD [73,75-78]and QCD sum rules
(QCDSR) [73,79-83] approaches.

B. Decay constants of 'A and A mesons

The decay constants of axial-vector mesons
defined by

are

TABLE IV. Updated predictions for fy (in unit of MeV) in the LF approach, where the errors are due to the
uncertainties of the parameter f given in Table II obtained by fitting to the available data on fp. The experimental
data as well as the LQCD and QCDSR predictions are also shown for comparision.

Data LQCD QCD SR This work
S 210 £ 4[84] 199 + 4[76] 206 £ 7[79] 211 +1
fx 204 + 7[84] e 222 + 8[79] 223 +1
fo 228.5 £3.6[75] 238 + 3[75] 215 £ 5[79] 236 + 1
for . 223.5 £ 8.4[77] 250 + 8[80] 253 £7
Sp: 301 £ 13[85] 268.8 £+ 6.6[77] 290 + 11[80] 314+ 6
S 411 £ 5[72] 418 £ 9[73] 401 £ 46[73] 382 +96
fr . 185.9 £ 7.2[77] 210 £ 6[80] 205 £5
fB e 223.1 £5.4[77] 221 + 7[80] 246 + 4
B e 422 4+ 13[78] 453 4+ 20[80] 465 +7
fras) 708 £ 8[86] 713 + 34

114018-9
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(01g27"7sq1 *VA(p, 2)) = fa ;M 4€,;

(58)

Using the theoretical formulas given in Sec. II and taking the 1 = 0 and 1 = =+ polarization states respectively, we obtain the

SLF results:
i = — /N ded’kyy, (ki) 1 2 (Imy + xmy)[(E = x)kT + Fmi — x*m3]
AISLE ™ (2r)3 XX \2My My xXDiy 1 g

\/—/dxdkll//pxkl) 1 2 my — k2
TV \/_M()M‘A Dy p ’

)

for the '!A meson, and

dxd?k, w,(x, k) 1 ) {
=0 — L P L O = 3212 4+ (my —m,) (Xmy — xm
[faulste = VN / VXX V2My2\2My M 1+ (m 2)(Xmy 2)

 (Fmy + xmz)[(x x)k + x2m? — x2m%}}

xXD3A,LF

’

Foul \/—/ dxd®ky w,(x.ky) 1 ME 2 {ki —2Xxk3 + (Xmy —xmy)* k% (my —my)
: -
Al P VAT V2My2V2M My 2%x Digrr

for the *A meson. Employing the CLF approach, on the other hand, we obtain

dxd’ky xa 2 m B
=0 _ / LA £ My Ty K2 - 2)y.
[fialfn c (2z)* X M, Dy con ( )

d.xd2kl}(1A 2 mp; —
(27[) X MIA D]ACOI’I

2
kr

[f'A]ﬁljE = =N,

for the 'A meson, and

- dxd? kL)ﬁA 2 my —myp 2
Fulta’ = Ne “2r) % M, {XM(Z) —my(my +my) — <1 +m (K —2B7) ¢,
dxd?k, ysu 2 my — ny
[f3A]fuu = IV, /W?M% XM% —my(m;+my)— |1 +m ki s

for the 3A meson. At the same time, the valence contributions in the CLF approach are given, respectively, by

ded’k gy 2 MLF —mi -
(2”) x MIA xDlchon

(xmy + xm,),

[flA]%/alo - _Nc

dXd kJ_)(lA 2 mp; — m2k2
(271') X MIA DIAC(m L

[f]A]le = =N,

for the '!A meson, and

2 32 2
M3, % —-mj -k

dxd?k, ysn 2
[f%]val = C/ J_Q |:kﬁ_—|—_XJ_CM%4_m1m2—

(277:)3 X MsA (xml + me)] ’

XD3A.con

dxdk, ysy 2 [XM3, + xMG — (my + my)? m; —m
Flia® =Ne [ o5 [ B B <1+¥)ki]’
3A,con

(27)° X My,

for the A meson.

114018-10
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TABLE V. Numerical results for the decay constants (in unit of MeV) of 1(3)A(q;1) and 1(3>A(Cq> mesons given by Egs. (59)—(70) and

within the type-I and the type-1I scheme.

[fia,, e fia, s fia il [fia g i [fiagy et [fiag, Jea™
Type-1 0 0 0 0 -47.4 0
Type-II 0 0 0 0 0 0
[fia Ve [fia Jsce [fiay il fia Vo™ i, i iagg Jea™
Type-I -78.5 —84.6 —78.4 —84.6 —65.2 —84.6
Type-II 785 785 785 785 785 785
[foa,, J5ip [fon i [Foap St [foap i (o Jea oo Jea ™
Type-I 218.7 223.6 260.6 223.6 263.1 263.1
Type-1I 218.7 218.7 218.7 218.7 218.7 218.7
[f3 A“,)}SLF Lf%((.,-,)]/slfFi [f-’A((,-,)]ﬁlo [/ A ]full [/ A((,,j]val [f Wmmii
Type-I 231.7 256.7 244.7 256.7 228.5 228.5
Type-1I 231.7 231.7 231.7 231.7 231.7 231.7

Again, for convenience, we take the (gg) and (cg)
(¢ = u, d) bound-states as examples to analyze and
discuss the relations among the decay constants given
above; here, 'A (), *A(42), 'A(cz) and A ;) are interpreted,
respectively, as b;(1235), a,(1260), D(2420), and
D;(2430) mesons [69]. Note that all the following find-
ings and conclusions are also applicable for the other
axial-vector mesons. Numerical results for these decay
constants obtained with the best-fit values of fJ are
collected in Table V, and the dependences of A?u“(x),
A% r(x) and d[f4]479%/dx on the momentum fraction x
are shown in Figs. 3 and 4. Based on these numerical
results and the theoretical formulae given above, we have
the following discussions and findings:

(i) Because of m; = m, in the isospin-symmetry limit,
the IA(M) meson is not ideal for testing the self-
consistencies of LF quark models, as the corre-
sponding decay constants, except [flA(qq)]éfg and

[flA(qm]é;O, are all proportional to m; —m, and

hence identically zero. Moreover, [fi }SLF with

my = m, is also equal to zero because 1ts integrand
is anti-symmetric under the exchange x <> x. On the
other hand, [f: AW_/)]’V{;O is nonzero only in the type-I
but vanishes numerically in the type-II scheme,
which can be found from Table V and clearly seen
from Fig. 4(d). Thus, in our following analyses for
the 'A mesons, we shall focus mainly on the general
case with m; # m,, such as the (cg) bound-states.
Comparing Egs. (63) with (64) for 'A and Egs. (65)
with (66) for A, one can easily found that the
CLF results for fis, extracted via the 1 =0
and 1 = £ polarization states are formally different
from each other, due to the additional contributions to

(ii)

(iii)

114018-11

[f1014)f5" characterized by the coefficient B, Nu-
merlcally, it can be found from Table V, Figs. 3(a),
3(b) and Fig. 4(a) that [f1),]f50 # [fio4)ty in the
type-1 scheme, which means that the CLF approach
with the type-I correspondence also suffers the self-
consistency problem when applied to fis,; in the
type-1I scheme, we can however obtain self-consistent
results,

Froaliad = Foalta™s  (type-Il) — (71)

due to [ dxA;Sl)lA = 0. These findings for the 'A
and A mesons in the CLF quark model are
exactly the same as what we have found for the V
meson. The same conclusion is also applied to
the SLF quark model; explicitly, we find that

[fioalill < |[fioa)éE|  within  the  traditional
type-I scheme, while
[froaléie = [fioalsie.  (type-Il)  (72)

within the type-II scheme, due to [ dxAlSﬁf =0,
which can be seen from Table V, Figs. 3(c),3(d) and
Fig. 4(b). Thus, the above findings, Egs. (71) and (72),
reinforce our conclusion obtained in the f, case that
the replacement M — M|, is required to give self-
consistent results for the decay constants in both the
CLF and the SLF quark model.

Employing the type-II scheme and then making some
simplifications on Egs. (59)—(62) and (67)—(70),
we find that
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which can also be seen clearly from the numerical
results given in Table V. Among these relations, only
[faliE = [fuliy™ holds in the type-I scheme (see
Egs. (60) and (68)). The relations given by Eq. (73)
are direct generalizations of Eq. (55) from the vector
to the axial-vector mesons.
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FIG. 3. Dependence of A:ﬁn(x), A;ALF(x) and d[f3,]/79* /dx on the momentum fraction x for (¢g) and (cg) bound-states. See text
for details.

For the 'A meson, it can be found by comparing
Eqgs. (64) with (68) that

[f IA]%uzlli = (74)

I or
which implies that there is no zero-mode contribu-
tion, [f1,]/75 = 0; while, from Egs. (63) and (67),
one can see that the zero-mode contribution, [f1,]#70,
exists formally and, moreover, [fi,]470#0 numeri-
cally within the type-I scheme, which can be clearly
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Aful(]qq) (x) ASquT)( ) d[f'A ] m%/dx’ and d[flA(@}z.m

(97)

seen from Figs. 4(c) and 4(d). This means that the
existence or absence of [f14], ,,. depend on the choice
of the polarization state 1. Within the type-II scheme,
however, although existing formally, [f1,]470 van-
ishes numerically, and we have therefore again

[f 1A ] %IullO -

which can be seen from the numerical results given in
Table V.

For the *A meson, from Figs. 3(e)-3(h) and Table V,
we find that the zero-mode contributions [f3,]450*
always exist formally, and do not vanish numerlcally
in the type-I scheme. However, in the type-II
scheme, [f34]230 « (m; —m,) and hence vanishes
for the quarkonia, which explains the red line shown
in Fig. 3(e); moreover, the zero-mode contributions
vanish numerically for the other cases shown by
Figs. 3(f)-3(h). Therefore, we have

[f A ] full [f A ] full

[Falia®.  (type-ID) (75)

)

and

- [ng]le
(type-1I)

[f3A]Vd1 ’
(76)

in which the symbol “=" in the first equation
should be replaced by “=" for the quarkonia. These
relations can also be found directly from the
numerical results given in Table V.
Combining all the above findings for the axial-vector
mesons, we can extend the conclusion, Eq. (57), for the
vector meson to the more general form

0.4
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type —11
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’/dx on the momentum fraction x. The quantities

=/dx are all equal to zero and hence not shown here. See text for details.

Qe = [Q1a" = [Qlfa’ = [ = Q™
= [Qlr.  (type-ID) (77)

where Q = fvy, fi, and sz, and the first and the last “="
should be replaced by “=" for the A( g) and 'A mesons,
respectively. These relations reflect the self-consistencies
of the SLF and CLF quark models in the type-II scheme.
Finally, using the inputs listed in Table II and employing
the self-consistent type-II scheme, we present in Table VI
our updated predictions for fi, and f3, in the LF
approach.

C. Form factors in P — P weak transition

In the last two subsections, we have tested the self-
consistencies of LF quark models via the mesonic decay
constants, and found that both the CLF and the SLF quark

TABLE VI. Updated predictions for fi, and f3, (in unit of
MeV) in the LF approach. The other captions are the same as in
Table IV.

fqzj fs?] f.ﬁ fc[] fcﬁ
1A 0 2741 0 —78+2 —62+2
A 220+ 1 219+2  203+2 231+8 257 £8
fe foi frs foe Foi
1A 0 -95+3 -88+£2 —-B86+£3 0
A 250+90 176 +6 180+£5 281+7 353+£25
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model within the type-II scheme can give self-consistent
results for the decay constants of vector and axial-vector
mesons, i.¢., [Qfiz! = [Qlf and [QJf0 = [QYr. More
interestingly, we have also found that the results of the SLF
quark model are consistent with both the full and the

valence result of the CLF quark model, i.e.,

[Q]SLF = [Q]Val = [Q]fulb (78)

(type-II)
where the second relation is due to the fact that the
zero-mode contributions exist only formally but vanish
numerically within the type-II scheme. It is known that,
besides the decay constant, another ideal quantity for
studying the zero-mode effect is the transition form factor.
To this end, we shall test in this subsection whether the
relations, Eq. (78), still hold for the P — P weak transition
form factors.

The form factors for
defined by

P — P weak transition are

(P"(p"@irai|P'(p")) = f+(@®)P" + f-(a*)q".  (79)
where g# = p'* — p"# and P* = p + p"#. In the g =0
frame, multiplying both sides of Eq. (79) by w, and q,,

respectively, one gets

By 1B PR

f+(d?) = pte 7 ’

(80)

where B* denotes the L.h.s of Eq. (79) and can be calculated
in the SLF and CLF approaches.

dXd kJ_ )(P’)(P”

[f fu]l

+M"” - x(¢* + q - P) + 2xMg

= 2(m), + my)(m)

Employing the theoretical framework and formulas of
the SLF quark model introduced in Sec. II, we finally
obtain

Ve 1

dxd?k, W'y
2 — 1L¥s Vs
[f+(q*)]sr / (2”)% o 2M6M8
x (K - K+ (km) + xmy) (3m] + xmy))],

(81)

K yly, R
(27)*  xX 2MyM|

[f=(@®)lsur = [f+(@*)]sir +/
% {QL 2kl [(m), —

q1

// 2_|_qu

4L (K\ = qy) (xm) + xm,)* + K7
71 XX
K (xm” 2 7(”2
n q. . | (xm] +x"zz) LAl } (82)
q; XX

The form factor f (¢
been first obtained in Ref. [3], while f_(g?
given for the first time in this paper.

In the CLF quark model, on the other hand, using the
theoretical formulas given in Sec. II, we obtain

2) in the SLF approach, Eq. (81), has
), Eq. (82), is

dxd?k, ypiypr _
f - (@*)]gan = Nc/ (27[)3l Pz; [xM§ + xM§* + Xq*

= x(m} = my)* = x(mf —m,)*

— x(m} —m})?], (83)

K, -
{ —2xXM"* = 2K’} — 2m\my + 2(m} — my)(Xm), + xm,) — ZL(Z—ZQJ‘ [(x — x)M"

P / /o, 2
—m,)] +47" {kf +2(kiq‘“) ] +4(ququ) }

(84)

which agree with the results given in the literatures, for instance, Refs. [28,34]. Furthermore, for the valence contributions in

the CLF quark model, we obtain

(@) = 1f (@) (85)
- = P e [ S (it 220t 2 = )
_ ZkJ_q'ZQL [MIZ M- g+ 2(m), = my) (my — m/l/)]} (86)
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FIG. 5. Dependence of d[f2~"(¢?)],, /dx on the momentum fraction x at g2 =0, 0.5 and 1 GeV?, respectively.

Based on the results given above, we have the following

discussions and findings:

(i) For the vector form factor f,(q*), as has already
been known from the previous studies [28,34], it is
free of the zero-mode effect, i.e., [f(¢*)],m =0,
which can be found from Eq. (85). Moreover, it is
found that, after the replacement yp — hp/ N, to-
gether with some simplifications, the valence con-
tribution, [f, (¢?)],u» given by Eq. (85) is exactly
the same as the SLF result, [f,(¢?)]s.r» given by
Eq. (81). We can, therefore, conclude that

[ e(@)lse = [F (@) lva = (@) (87)
both in the type-I and in the type-II scheme.

(ii) For the form factor f_(g?), on the other hand, one
can easily find that [f_(¢?)]s r # [f-(¢*)]yy Within
the type-I scheme, by comparing Eqgs. (86) with (82);
however, taking the type-II scheme and making
some further simplifications, we find that

[f=(@)]sie = [f-(¢*)]a»  (type-II)  (88)
which confirms again the first relation in Eq. (78).

(iii) In contrast to f,(g*), the form factor f_(q?)
obviously suffers the zero-mode effect, which can
be found from Egs. (86) and (84). In order to clearly
demonstrate the zero-mode contribution, we take
the D — x transition as an example and show in
Fig. 5 the dependence of d[f_(¢?)],,, /dx on the
momentum fraction x at ¢3 =0, 0.5 and 1 GeV?,
respectively. It can be seen that the zero-mode
contribution to [f_(g?)] is sizable in the type-I,
but vanishes numerically in the type-II scheme due
to [dxd[f_(¢*)],m =0 at the chosen ¢ points.
This means that

[f—(qz)]val = [f—(qz)}fuu’

and confirms again the last relation in Eq. (78).
Therefore, combining the above findings, we can con-
clude that the relations given by Eq. (78) also hold for the
P — P weak transition form factors.

(type-II) ~ (89)

D. Covariance of CLF quark model

In the last subsections, we have discussed the
self-consistencies of LF quark models in detail. In this
subsection, we shall test the manifest covariance of
the CLF quark model with the type-I and the type-II
correspondence.

As has already been shown in Ref. [28], a peculiar
property of the LF matrix elements A, Eq. (33) and B,
Eq. (34) is that their dependence on the lightlike four vector
" = (0,2,0,), which can be explicitly revealed by their
decomposition into four vectors.” Taking the V — 0 LF
matrix element as an example, we have

B, = My(e"fy + atgy), (90)

where gy is the unphysical constant related to w*. As @* is a

fixed vector, ./Zl*", is obviously not covariant unless when
gy = 0. As has been demonstrated in Ref. [28], after the
zero-mode contributions are properly taken into account,

the spurious @ dependence of A’(/ can be eliminated, and
hence the final result is guaranteed to be covariant. This is
an important feature of the CLF quark model.

Although the main @ dependence is associated with the
C coefficients and can be totally eliminated by the zero-
mode contributions [28], there are, however, still some

residual @ dependences in Aand B due to the nonvanishing
B coefficients. Therefore, the manifest covariance of the
CLF results can be claimed only after these residual @
dependences are proven to be spurious too. As the zero-
mode effect does not affect terms associated with the B
coefficients [28], we have to invoke a different mechanism
to “neutralize” their effect. It has been found that the
remaining @ dependence, although being minimal, does not
totally vanish when using the light-front vertex function
given by Eq. (28) (type-I) [28], which implies that the CLF

"In order to treat the complete Lorentz structure of a hadronic
matrix element, the authors of Refs. [87-90] have developed a
basically different method to identify and separate the spurious
contributions and to determine the physical contributions to the
hadronic form factors and coupling constants. Here we shall
follow the Jaus’ prescription [28] in which a manifestly covariant
BS approach is used as a guide to deal with this problem.
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results for some quantities with the traditional type-I
correspondence are not strictly covariant. Concerning the
quantities discussed in this paper, we find that such an issue
is mainly involved in the spin-1 systems, especially for the
A = 0 polarization state.

In order to illustrate explicitly the @ dependence and
search for possible solutions, we still take the V — 0 LF
matrix element as an example. After integrating out the k™~
component and taking into account the zero-mode con-

tributions, we can decompose the trace term S 4 in the
integrand of Eq. (33) as

A my + myp
St = 4{2(1 17>
v DV,con a)-p
(2)

where the first term proportional to B~ involves the
w-dependent part, while the second term proportional to
¢" gives the physical contribution to fy. For the 1 = &
polarization states, the first term can be dropped directly
due to w - e, = 0, and hence the @ dependence vanishes
in this case. For the 4 = 0 polarization state, in order to
separate the physical and unphysical contributions, we use
the identity [33]

B<>+eﬂ[---}}, (91)

€ " ( p? >
pll — €ﬂ — €E-p—€-®
- p - p - p
il
- a)_-peﬂ "D, eqpp. (92)

Here, the third term is equal to zero for 4 = 0, and the first
term gives an additional contribution to fy that results
in the self-consistency problem and has been discussed
in Sec. Il A, while the second term is the residual
w-dependent part that contributes to the unphysical con-
stant gy and may violate the Lorentz covariance. Explicitly,
using Eq. (92), we obtain the unphysical constant, gy, as

N dxd’k k2
[gv]jz() _ Ve J_)(V(x J_>4<1

my + my
2 (2r)3 X )

DV,con

2 50 9
B . 3
xa)~p ! (3)

Similarly, for the A and 'A mesons, we obtain

=0 /dXdszZ“A x, k7 )4<1 +m1 —m2>
D3A.con

(2)
78 R 94
Xa) pol (94)
A0 = /dXdzkll‘A X,k )4"11 —my 2 B
L
DlA,con - p
(95)

Based on the theoretical results given above, we have the
following discussions and findings:
(1) The manifest covariance of the CLF quark model
requires that [gy]*=" = [gs01)4]*=° = 0, which are
equivalent to the conditions that

) kz
/ a2k, K KD g
X

k2 B(z)
/dXdeL)(M (x’ J_) 1 — O, (96)

X DM,con

where M = V or 3(VA. The first equation is exactly
the covariance condition presented in Ref. [28], but
has been found to be violated when the LF vertex
function is used (i.e., when the type-I replacement is
applied) [28]. At the same time, we find that the
second condition is also violated in this scheme. But
interestingly, both of them can be satisfied by taking
the additional M — M, replacement, which implies
that the covariance can be recovered within the
type-II scheme. This can be clearly seen from the
numerical examples shown in the next item.

(ii) From Egs. (93)—(95), it can be found that [g,]*=° and
[g4]*=" are both proportional to 1/(w - p) =1/p™,
and hence their values, if being nonzero, would be
reference-frame dependent. This implies that the size
of covariance violation within the type-I scheme is
in fact out of control. For convenience of numerical
analyses, we take here the rest frame of mesons,
which gives p* = M. Then, comparing [gy 4]*=°

with [fy 4k’ (or AM, (x)), one can easily find that

lgv.al =0 = [fvalil — [fvaliai —/dXAX;f(x),
(97)

From the figures for A}i'(x) shown in the last
subsections, one can easily judge whether
[gy4]*=® =0 within the type-I and the type-II
scheme. Explicitly, using the results given in
Tables III and V, one can also obtain the following
numerical results:

=0
* 3 3
(99,0 1409 4024

= (—40.2,-30.3,6.2,37.0,—12.0) MeV # 0,
(type-I) (98)
[gp,D*,IA(”-,),3A(M),3A(FE)]2:0 =0, (type-ll)  (99)
which confirms the findings presented in the last

item. Here, it should be emphasized that the value of
[gy 4]*=° within the type-I scheme is reference-frame
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dependent but is nonzero; while, the result
[gv.4]*=" = 0 within the type-II scheme is indepen-
dent of the reference frame. From the above analyses
and numerical results, we can conclude that the
problems of self-consistency and covariance of the
CLF quark model within the type-I scheme might
have the same origin, and both of them can be
resolved simultaneously within the type-II scheme.

(iii) In the heavy-quark limit, M ~ mgy > mg, the mo-
mentum fractions carried by the constituents can be
taken as x ~ mp/M and X ~ m,/M. Keeping further
in mind that the contributions to fy 4 and gy 4 are
dominated by the momentum region |k, | < 1 GeV,
one can find that M ~ M would be a good approxi-
mation. Therefore, in the heavy-quark limit, the
covariance of CLF results within the type-I scheme
can be recovered, which has been found in Ref. [28],
and moreover, the CLF results in the type-I scheme
would approach to that in the type-II scheme, which
could be roughly inferred by comparing the numeri-
cal results [g,]*=" with [gp:]*=, or [gs,  [*=0 with
[94,.,, )", given in Eq. (98).

The self-consistency problem of the CLF quark model is
also correlated with the ambiguous decomposition of the
hadronic matrix element. For the 4 = 4 polarization states,
instead of using w - €, = 0, one can also decompose the first
term of Eq. (91) by using Eq. (92) in the same manner as for
the 4 = 0 mode. In this case, the self-consistency problem
does not appear, but at the expense of introducing more
unphysical decay constants related to the second and the last
termin Eq. (92). Such an ambiguous decomposition becomes
trivial only when the integrals related to the B functions are
zero, which can be achieved only in the type-II scheme.

From the above findings, one may find that the replace-
ment M — M, in the type-II scheme plays an important
role in dealing with the problems of self-consistency, strict
covariance and ambiguous decomposition of the hadronic
matrix element. Possible reasons underlying such a replace-
ment have been discussed in Refs. [39,47-49]. In the CLF
quark model [28], a manifestly covariant BS approach is
used to guide the corresponding light-front calculation, but
still using the same vertex functions as employed in the
SLF quark model, because it is quite difficult to determine
these functions by solving the QCD bound-state equation.
A significant difference between the covariant BS approach
and the SLF quark model is that the constituent quarks of a
bound-state are allowed to be off mass-shell in the former,
but must be on their respective mass-shell in the latter. In
addition, the vertex operator used in the CLF quark model
is in fact the Dirac structure of the spin-orbit WF in the SLF
quark model, which can be clearly seen by comparing
Egs. (26) with (16). Note that the spin-orbit WF in the SLF
quark model is obtained via the Melosh transformation and
by assuming that the “free” and “dressed” constituents are

on their respective mass-shell, implying therefore only the
invariant mass squared of the constituents M3 appears in the
spin-orbit WE. Thus, once the vertex functions and operators
mentioned above are used in the CLF quark model, it is quite
reasonable to employ the replacement M — M, for con-
sistence, which reflects the fact that all the constituents are
required to be on their respective mass-shell.

In other words, after the replacement M — M, is
applied, the CLF quark model with the LF vertex operators
given by Eq. (26) can be regarded as a covariant expression
for the SLF quark model but with the zero-mode contri-
butions taken properly into account. If this statement is
correct, the valence contribution of the CLF quark model
should be the same as the SLF one not only numerically but
also formally, O,, = Og g, Which is exactly confirmed in
this paper. Besides of the reasons discussed above, the
nontrivial role of M — M, in improving the covariance and
self-consistency of CLF quark model is also a strong but
indirect evidence for the validity of this replacement.
Finally, we should point out that the LF vertex operators
given in Eq. (26) as well as the corresponding vertex
functions employed in this work are not the only option
for the CLF quark model. Explicit forms of the vertex
operators are generally model-dependent, and hence the
replacement M — M| would possibly be less or even not
essential in other cases.

IV. SUMMARY

In this paper, we have studied the self-consistency and
covariance of SLF and CLF quark models via the decay
constants of pseudoscalar, vector and axial-vector mesons,
as well as the P — P weak transition form factors. For
the CLF quark model, the type-I and the type-II corre-
spondence [denoted by Eqs. (28) and (32), respectively]
between the manifestly covariant approach and the LF
quark model have been tested in detail. The main difference
between these two schemes resides in whether the replace-
ment M — M, is applied only in the D factor or in each
and every term in the integrand. Our main findings and
conclusions can be summarized as follows:

(1) In the traditional type-I scheme, the CLF predictions
for the decay constants of vector and axial-vector
mesons suffer the self-consistency problem, which
means that the results obtained via the 4 =0 and
A = £ polarization states are different from each

other, due to the additional contributions character-
ized by the coefficient Biz)' A similar problem also
exists in the traditional SLF quark model, with the
findings that [y 14 24)50¢ # [fv1a2alsii (type-D.
(i) The CLF quark model with the type-II correspon-
dence can, however, give self-consistent results for
the decay constants, [fyissalfgl = [fviasaltar
and [fy 1434420 = [fyaasalia® (type-ID), because
the integrations over terms associated with the
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coefficient Bgz) vanish numerically after taking the

replacement M — M. At the same time, the same
replacement is also required to obtain self-consistent
results in the SLF quark model, [fy1434]4 2=
[fyviasalsce (type-ID).

(iii) For the decay constants and form factors studied in
this paper, it is found that fp and f_ (¢?) are free of
the zero-mode contaminations; fy3, and f_(g?)
always receive the zero-mode contributions; but
for f1, the existence or absence of the zero-mode
contributions depend on the choice of the polariza-
tion state A.

(iv) In the type-II scheme, the SLF quark model always
gives identical results as the valence contributions of
the CLF approach, [Q]g r = [Q],a- The zero-mode
contributions to fyi,34 and f_(g*) exist only
formally but vanish numerically, leading therefore
0 [Qva = [Qlfu-

(v) The manifest covariance of the CLF quark model is
violated within the type-I scheme due to the same

reason as for the self-consistency problem, but
remarkably, can be recovered by taking the type-II
correspondence. These two schemes are also con-
sistent with each other in the heavy-quark limit.
The main findings in the type-II scheme mentioned
above have been clearly summarized by Eqgs. (77) and (78),
as well as [gy4]*=%% = 0. It is expected that such a self-
consistent and covariant scheme can be applied to discuss
the other properties of hadrons, which will be exploited in
the future.
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