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We study the mixing problem of the determinantlike operators in ABJM theory to two-loop order in the
scalar sector. The gravity duals of these operators are open strings attached to the maximal giant graviton,
which is a D4-brane wrapping a CP? inside CP? in our case. The anomalous dimension matrix of these
operators can be regarded as an open spin chain Hamiltonian. We provide strong evidence of its
integrability based on coordinate Bethe ansatz method and boundary Yang-Baxter equations.
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I. INTRODUCTION

Inrecent years, a lot of progress has been made in applying
techniques of integrability to planar AdSs/CFT, correspon-
dence between IIB superstring theory on AdSs x S° and
four-dimensional N = 4 super Yang-Mills (SYM) theory;
see [1] for a collection of reviews. Among all these notable
progresses, spin chains or strings with periodic boundary
condition are mostly studied and understood very well.
People are also interested in nonperiodic cases, including
twisted boundary conditions; see, e.g., [2,3] and open
boundary conditions[4—8]. See [9,10] for reviews of these
interesting topics.

In 2008, another example of AdS/CFT was proposed in
[11], where the authors gave very strong evidence that
type IIA string theory on AdS, x CP? background is dual
to N =6 superconformal Chern-Simons matter theory
(also known as Aharony-Bergman-Jafferis-Maldacena
(ABJM) theory) in three dimensional spacetime with
gauge group U(N)x U(N) and Chern-Simons levels
(k,—k). The ’t Hooft coupling of ABJM theory turns
out to be 1= N/k. People usually call this dual
as AdS,/CFT; correspondence or ABJM/AdS, x CP3
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correspondence. The integrable structure in this setup
was also extensively studied [12].

Along a similar path, many studies on nonperiodic
integrable cases reemerged in the context of ABJM theory
[13—17]. However, there are still some potential integrable
setups which have not been investigated in the AdS,/CFT;
case, such as integrable Wilson loops [18-20] and integra-
bility from giant gravitons[8,21] found in the N' = 4 SYM
theory. In the SYM context, determinantlike operators are
dual to open strings attached to D-branes wrapping cycles in
3. On the gravity side, such D-branes wrapping some cycles
and carrying some angular momentum are usually called
giant gravitons. In the context of N' = 4 SYM, the integra-
bility of the open chain from giant gravitons has been studied
extensively [8,21-25]. However, such an integrable struc-
ture from the giant gravitons in the AdS, /CFT; [26-28] case
has not been explored as far as we know, though the plane
wave limit in both sides was studied in [29]. In this paper, we
would like to take a first step to fill these gaps. We study the
anomalous dimension matrix of the determinantlike scalar
operators in ABJM theory up to two-loop order in the scalar
sector. The anomalous dimension matrix can be viewed as
the Hamiltonian of an open spin chain. Using the coordinate
Bethe ansatz method, we calculate the reflection matrix for
fundamental excitations of this open chain. Based on the
known bulk two body S-matrix, it is not hard to verify that
the boundary Yang-Baxter equations (reflection equations)
are satisfied, hinting that this open spin chain is integrable.

The outline of this paper is as follows. In Sec. II,
we introduce the determinantlike scalar operators in
ABJM theory. To study the mixing problem, we calculate
their two-pointfunctions to two-loop order, giving the
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Hamiltonian of an open spin chain. In Sec. III, we compute
the reflection matrix of this open spin chain through the
coordinate Bethe ansatz method. Borrowing the two body
S-matrix in the bulk previously computed in [30], we
confirm that the boundary Yang-Baxter equations (reflection
equations) are satisfied. In the last section, we conclude and
briefly discuss some possible problems for further studies.

II. OPEN SPIN CHAIN IN ABJM THEORY
A. Determinantlike operators in ABJM theory

We begin with a very brief review of determinantlike
operators in ABJM theory. In ABJM theory, the scalar
fields (A,,A,, B}, B}) transform in the fundamental repre-
sentation of the SU(4) R-symmetry group. We make the
following identification,

(A, Ay, BY,BY) = (Y', Y2, Y3, 1), (2.1)

Using the conventions of [31], the action of ABJM theory
can be written as

S:/d3X(Lcs+Lk—VF—VB>,

k 2i
LCS:ES”W’U(A 9,4, + 3A,,A A,
s aa 2is a4
—AﬂayAp—gAuAvAﬂ ,
Ly=tr(=D, Y| DY +i¥"y“D,¥)),
V=YY, -2 YW KLY Y,

- YIY}‘PJLI’TJ —2YIY“]lPIlPTJ +€IJKL YITTJYKLP-”‘),

V= —‘;—’;tr(y}'YJYjYKYj,;YIJr Y Y'Yiylyi vk
+4Y Y Y YV YK —6Y Y Y YRY L YY), (2.2)
Covariant derivatives are defined as
DY =0, Y +iA Y —iY'A,,
D,Y; =0,Y; +iA,Y; —iY}A,
DY, =0,¥, +iA,Y¥; — VA, (2.3)
In this paper, we focus on the determinantlike operators
Ow = €4,._4" bN(A1Bl)Z: -'(AlBl)ZﬁjiWZﬁ (2.4)
with
W=yhyj ...yhy] . (2.5)

It was suggested in [29] that the dual descriptions of these
operators are open strings attached to the giant graviton
D4-brane wrapping a CP? inside CP?. The operator with
W = AB; is dual to the D4-brane itself.

As discussed in [8], an open spin chain corresponding to
determinantlike operators in N' =4 SYM has nontrivial
boundary conditions. One may expect that there are similar
boundary conditions in the case of open spin chain in
ABJM theory. To show this, we compute the tree-level two-
point function. The operator Oy, and its conjugate Oy, can
be rewritten as

1 Ny_ic [Kly_ib Ty Lyt vrra

O = Gy el e (A (Bl Wi

oL MIf Qe a1y Pl (g St g

Ow = (731 s trincrr (A1) el (Bl W
(2.6)

Here, we use the shorthand notations
JIn=y J In-1
(AD = (AD7 (A
(2.7)

[I]N—l = 11"'IN—1’

In the ’t Hooft limit of large N with a fixed ratio
A= N/k, we need to distinguish two cases. When Y/ #
Ayand Y5 # By (I, # 1 and J; # 3), we get

— 1
~— —1)12
(0w ~ =y (V= 1!
[y-ic [Klyoib [Llyoif HN—]E ayyd
X €l €L S d€ T (W We)

= (N = )*N{tr(WW))

~ (N = 1)1 N2LH2, (2.8)

Here, we have omitted the spacetime dependence expli-
citly because they can be easily put back at the end of
the calculation. When Y/t = A, or Y}L =B, (I;=1or

J; = 3), the operator factorizes [32,33], so the combina-
torics of contractions is different. For instance, when
Y = A,, we have W = A,V and

Oy = detAyef "'V (By) ' vs,

(2.9)
and then
(OwOy)

A similar analysis applies to the case when Y;L = Bj. There-

~NI(N = 1)BN?L = (N — 1)#N2LHL,

(2.10)

fore, the mixing between factorizing operators and nonfacto-
rizing operators is suppressed in the large-N limit." In this
paper, we only consider operators with Y/t #A, and Y ;L # By.

B. Two-loop open spin-chain Hamiltonian

We now derive the two-loop anomalous dimension
matrix for determinantlike operators in the ’t Hooft limit.
We need to consider the mixing of two operators

"This can be checked at two-loop order by a simple large-N
counting.
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W=Yhy, vyl W=yMyl vyl (2.11)

where Y1 £ A, Y }:,1 # Al Y}L # By and YM: # B]. Keeping one A; and one B, uncontracted with the corresponding A’
and B!, we get

Uy—ic [Klyokb [Llyomf [Jly- ' i Ty TR
= D) a€lLinate €K €ivoany (ADF (B A1) (B, WEWE)

€ gic g j K a4
= (N = 2)(N = 1)125% 55,8, 85 (A )] (B1)L(A])F (BY)3 WE W) 2-100p-

2-loop

(2.12)

Contractions of the generalized Kronecker deltas give

€ sic g, j K avid
(8% 5ic 8T 5k (A (B )L(A])] (B) )5, WeWe)

ja“pfYlc i 2-loop

= (N = 2)(tr(WW)tr(A,AD) (B, B}) — tr(WWB! B, )tr(A, AT) — tr(A, ATWW)r(B, B))
+w(WB{ByWA|A])) 3100y + (r(WW)tr(A, B, B{A]) — tr(WBAJA, B, W)

— tr(WWA, B, B{A) + t(WB{A)tr(A, B, W)) (2.13)

2-loop*
One can check that, in the large-N limit, the first, second, and third terms in the second line give bulk, right, and left
boundary contributions, respectively, and the contributions from other terms are suppressed. For example, one part of the
leading contribution from the second term corresponds to the contraction

N2L+6
tr( AjAT) ~

—(N =2)(tr(WWB{B,)) — (2.14)

connected, 2-loop

Note that the contraction between A; and AI gives a factor N>(N — 1)~!, here the factor (N —1)7! is from avoiding
repeatedly counting of contractions. The Hamiltonian of the bulk part the open chain is the same as that of the closed spin
chain which was derived in [34,35]. We need to consider the boundary contributions. We first focus on the left boundary

corresponding to the term

<_tr(AIA}LWW)U(BIB-Db—loop -

Contributions from wave function renormalization
(self-interactions) are proportional to 55\}1 and thus flavor
blind. To get contributions from gluon exchange and
fermion exchange, one needs to contract YMi with Yjvl
and, thus, get (...)6%]‘. Because I, # 1 and N, # 1, the
contributions must be proportional to 65\‘,]5%1‘. Therefore,

contributions from gluon exchange and fermion
exchange are also flavor blind. We only need to consider
the following contribution from sextet scalar potential Vp
given in (2.2)

N2L(—tr(ALATYD Y] YMiY] V)
4ﬂ2N2L+6
3k2

X —

(=357 8y — 126Y"'8} 8y + 65y &)'"),
(2.16)

where /| # 1 and N; # 1 have been taken into account.
Then we get

N2E(—tr(AAJYD Y YMiY] )

(2.15)

2-loop*

[

H _¥ 15"5M' 255 sl — sl s 4 st 5M
left = 5 | 59, N, T 20 050y —o0y0; + Coy oy |.
(2.17)

Here, the normalization is fixed by comparing with bulk
Hamiltonian from sextet scalar potential. In fact, the first
term in the second line of (2.13) leads to, among other
terms,

N2E(w(YIy§ YRy} YY), )W)
4ﬂ2N2L+6
3k
Iy o, M Iy oIy M Iy ol M
—63. 8y Sy — 65y 5.8 — 65y 57 5x!).

o« — (365,87 8y + 35,5 8" + 128, 8% 5"

(2.18)

and the contribution of this part to the spin chain
Hamiltonian is [34,35]
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2 2 27

/12
= (——5215521 Sy — Lt 5% Oy — 204 8 5)'+8) 85 Sx + Oy 03 &) + Sy 87 oy )

(2.19)

The constant C in (2.17) comes from the contributions from gluon exchange, fermion exchange and self-interactions.
An analogous discussion applies to the right boundary. We will show in the Appendix that the anomalous dimension of

the operator with W =

(A,B,)E is zero in the large-N limit, which allows us to determine the sum of the constant C and

a similar constant from the right boundary. At the end, the total Hamiltonian is given by

2L-3

=2
1

1
20N (142K, - P
+ Q1<+2 12 13+2

1 1
=2 Z (H = Pri + 5P K + o Py 1+2> 0105}

1
P53k, +2P1 3K23)Q1 oL

1 1 | A
+ /12 (]I +5 5 Kor—120 = Par—oor + 3 Poro2kop 011 + 3 Par 201 K2L—1,2L> o'

L 2I- 000k 1 21— 050!

where the trace operator K and permutation operator P are
defined as

(Ky)ig =8, (Py))] =876]. (221)
and the Q operators are defined as [8]
Q') =0.  QUy)=ly). fory#e.  (222)

Half of the 1<, » (3 Ky »7) term in (2.20) comes from the
third (second) term in (2.13), and another half comes from
the first term in (2.13).

III. INTEGRABILITY FROM COORDINATE
BETHE ANSATZ

In this section, we discuss the integrability of the above
open spin chain in the framework of coordinate Bethe
ansatz. The reflection equations are necessary conditions
for the integrability of the open spin chain Hamiltonian. We
want to know whether the boundary reflection matrices
satisfy the reflection equations or not.

We chose A, and B, to be the vacuum flavors and,
therefore, the vacuum of this open chain is chosen to be

W = (A3B;) -+ - (A3B,). (3.1)

The fundamental one-particle excitations include

replacing A, by A; or Bi at the odd site and replacing
B, by B, or A;’ at the even site. And we should keep in mind
that the first A, cannot be replaced by A; and the last B,

cannot be replaced by B;. So the one-particle excitations
include

bulk odd site (Asz) s (Ale) s (Asz) (32)

(A3By) - (B{B,) -+ (A3By)  (3.3)

2 (2.20)

bulk even site  (A;B,)---(A;By)---(A;B,)  (3.4)
(A2By) -+ (AA]) -+ (A4B,)  (3.5)

left boundary (B}B,)---(A,B,)  (3.6)

right boundary  (A,B,) - -- (A,A]).  (3.7)

We denote the open chain as (1)(2)---(x)---(L) with

every site (x) containing two fields. Then the above

excitations can be simply denoted as

|X)a.2<x <L,

|x>3 <x<L,

|x>31v <x<L-1,

)y 1 <x <L, (3.8)

where |1) + is the left boundary excitation state and |L) ,+ is
1 1

the right boundary excitation state while all others are bulk
one-particle excitation state.
Let us begin with

(3.9)

where

(3.10)

_ ke | . ik
[ (x) = Fpre™ + Fyre™™.

On the states |x)z+, the Hamiltonian acts as follows
1

Hlx)y = 22y — x4 Dy — e = D). (3.11)
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when 2 <x <L -1, and
Hy = (1) 5 — [2)5). (3.12)
H|L>BT - 12(2|L>BT - |L - 1>BT)‘ (3-13)

So we get

L2
H|k>3';' =X Z(sz'i' (x) _fB'l' (x=1) _fB';' (x + 1))|x>3-¥
x=2
2y (1) = DI g

RO (L)~ frL =D)Ly (314)
Then equation
HIK) 5, = B (3.15)
leads to the following dispersion relation
E(k) = 2*(2 = 2cosk), (3.16)
and
fB’}'(l) :fB-i-(O), (3.17)
fBT(L—kl) =0. (3.18)

Since the reflections of B'[ excitation at both sides are
diagonal, we define the left reflection coefficient to be

Ky g =Fg/Fpg. (3.19)
and the right reflection coefficient to be?
Kpp = Ty [Fy. (3.20)

They are determined by Eqgs. (3.17) and (3.18), respec-
tively. The results are

(3.21)

(3.22)

For the other three excitations, the computations are
similar. So we only list the action of the Hamiltonian,
obtained boundary conditions and reflection coefficients.
For [x),,2 < x < L we have

2We have taken into account that for every excitation, there are
L — 1 bulk sites.

H|x),, = /12<2|X>A1 — x4+ D)y, = x=1)4),

3<x<L-1 (3.23)
H(2)5, = 22(212)4, = 13)4,): (3.24)
H|L)y, = 2(IL)s, = IL = 1)4,). (3.25)
This gives
fa, (1) =0, fa,(L+1)=f4 (L), (3.26)
which leads to
Ky =—ek, Kga, =e3%  (3.27)
For |x)p ,1 <x <L —1, we have
H|x)p = /12(2|x>31 =[x+ 1) —|x—=1)g),
2<x<L-2 (3.28)
H|l), = 22(|1), = [2)3,). (3.29)
HIL=1)5, = 2QIL = 1)y, = |L)y,).  (3.30)
this leads to
fBl(l) :fBl(O)» fBl(L):O, (3-31)
then
Kpp =, Kgp, = —e 2k (3.32)
Finally for |x) AT 1 <x <L, we have
Hlx) g = 22(2]x) 5 = lx + 1) 4 =[x = Dg0),
2<x<L-1 (3.33)
Hil = 2@, —2),).  (3.34)
H‘L>A'{' = ’12(‘L>A'{' —-IL- ]>A'{')- (3.35)
This gives
Fa@ =0 fu(L)=fgL+1). (336
and
K, oo=-1,  Kgu=e (3.37)

With the order of the excitations as A, BI, AI, B, the left
reflection matrix is

106012-5



HUI-HUANG CHEN, HAO OUYANG, and JUN-BAO WU

PHYS. REV. D 98, 106012 (2018)

-2k
o—ik
K; = | , (3.38)
o—ik
and the right reflection matrix is
o3k
—e—4ik
K = J-3ik (3.39)
_e~2ik

The two reflection matrices are diagonal in the chosen
natural basis. This is quite different from the results in [17],
where the reflection matrices are anti-diagonal in the same
basis.” Also notice that each excitation always has Dirichlet
boundary condition on one end of the open chain, and
Neumann boundary condition on the other end. This is
different from the SYM case [8,33] where the boundary
conditions are always left-right symmetric. The S-matrix in
ABJM theory can be found in [30]. It satisfies the Yang-
Baxter equation

S12(ky, ky)S13(ky. k3)Sas(ka, k)

= So3(ka, k3)S13(ky, k3)S1a(ky. ky).  (3.40)

Now we are ready to check the reflection equations. It can
be straightforward to verify that reflection equations are
satisfied

KLZ(kZ)SIZ(kl s _kZ)KLl (kl )52] (_st _kl)

= Sia(ky ko) Ky (k1) So (ko k) Ko (ky),  (3.41)
K gy (=k2) Sy (ky. —ky ) K gy (=ky)S12(ky. k2)
= Sy1(=ky, —k1) Ko (=k1)S12(ky, —ko) K go(=ks).

(3.42)

The 1K, » and 3Ky7 1 5, terms in the Hamiltonian (2.20)
have no effect in the above calculation. To understand their
role in the coordinate Bethe ansatz, one needs to consider
impurities A} and BJ. These impurities can be described as
bound states of the form ¢p¢', ¢ = A, BT. Although not
shown here, we have checked that the 1<, , and $ Ky, 1 .
terms in the Hamiltonian are necessary in the construction
of the eigenstates involving ¢¢’ scattering and the above
bound states using coordinate Bethe ansatz.

A nonsupersymmetric flavored ABJM theory was constructed
in [36], where the corresponding reflection matrices are diagonal.

IV. CONCLUSIONS AND DISCUSSIONS

We have obtained the two-loop Hamiltonian of the open
spin chain corresponding to the determinantlike operators
in ABJM theory which are dual to open strings attached to
D4-branes wrapping cycles in CP?. The Hamiltonian is
different from the periodic spin chain only in the boundary
terms. Using the coordinate Bethe ansatz, we present strong
evidence that the Hamiltonian may be integrable. In other
words, the giant graviton may provide integrable boundary
conditions for the open string. It is possible to go beyond
the two-loop order to an all-loop prediction which is similar
to previous studies in the SYM context [21,23] using
symmetries as the guide, and even further to solve the full
open string spectrum through boundary thermodynamical
Bethe ansatz and/or Y-system which have already been
done in the SYM case [24,25]. To have a more solid ground
for integrability of our two-loop Hamiltonian, it would be
better to have an algebraic Bethe ansatz construction [37] as
people have done in the SYM theory [38].
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APPENDIX: VACUUM OF THE OPEN CHAIN

In this Appendix, we show that the anomalous dimen-
sion of the operator

00 = €q,..ap€” " (A1 B3 . (A1 B )i (A2 Bo)") Y
(A1)

is suppressed in the large-N limit with 1 = N/k fixed.
As discussed in [39], at two-loop order the contributions
from bosonic D-terms, gluon exchange, fermion exchange
from fermionic D-terms and self-interactions cancel for
operators in the SU(2) x SU(2) sector, and the fermionic
F-terms do not contribute to the anomalous dimension.
We only need to consider the contributions from bosonic
F-terms [31]

1672

Vhos _Ttr(A’T BIAJA;B;A; — A[BAJAB;A,

+ B{A!B|B,A;B, — B]AIBB,A,B;). (A2)

Using (2.13), one can check that the anomalous dimension
of Oy is subleading in 1/N.
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