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Baryonic states are sufficiently complex to reveal physics that is hidden in the mesonic bound states.
Using gauge/gravity correspondence we study analytically and numerically baryons in theories with space-
dependent θ-terms, or theories under strong magnetic fields. Such holographic studies on baryons are
accommodated in a generic analytic framework we develop for anisotropic theories, where their qualitative
features are common irrespective of the source that triggers the anisotropy. We find that the distribution
of the quarks forming the state, depends on the angle between the baryon and the anisotropic direction.
Its shape is increasingly elliptic with respect to the strength of the field sourcing the anisotropy,
counterbalancing the broken rotational invariance on the gluonic degrees of freedom. Strikingly, the
baryons dissociate in stages with a process that depends on the proximity of the quarks to the anisotropic
direction, where certain quark pairs abandon the bound state first, followed by the closest pairs to them as
the temperature increases. This observation may also serve as a way to identify the nature of certain exotic
states. Finally, we investigate holographic baryons with a decreased number of quarks and explain why in
theories under consideration the presence of anisotropy does not modify the universal stability condition in
contrast to the usual trend.
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I. INTRODUCTION, METHODOLOGY
AND RESULTS

Quarkonium physics is fundamental to reveal properties
of the QCD and its dynamics. The early quarkonium
studies were based on the nonrelativistic potentials [1,2],
while the present formulation is in the context of the
effective field theories of QCD, lattice-QCD [3–6] and of
the gauge/gravity duality [7,8] where the focus is mostly
on qualitative but still insightful physics. The research of
meson resonances, hybrids and multiquark bound states has
been a very active field for many years, while recently there
is an increasing interest on the quark bound states and
baryons due to new experimental and theoretical develop-
ments. Baryons may be relatively simple but are suffi-
ciently complex to reveal physics hidden in the mesonic
bound states, making them worthy to study.
From a theoretical point of view, the computations on

baryonic observables are much more demanding than the
mesonic ones. For example, in lattice-QCD the baryonic

correlation functions have increased statistical noise,
while the computation of the quark-disconnected diagrams
suffer from large statistical fluctuations. Nevertheless, the
progress on studies of baryonic structural properties is
impressive, while certain challenges, for example on the
baryonic spectrum and the baryon chiral dynamics, still
exist [9–11]. The complete listing is beyond the scope
of the current work; it is worthy to mention the recent
exciting discoveries and developments on the exotic
hadrons [12–18]. The possibility of the exotic hadrons
was anticipated in the very early days of the introduction of
quarks [19,20], and the discovery of the exotic hadron
Xð3872Þ in 2003 [21,22] came as a surprise and opened
new directions of research on the QCD bound states. Today
there are more than thirty observed candidates of exotic
hadrons, where the possible structures of such bound states
have been proposed to be a type of hadronic molecules,
hybrid mesons, diquarks, tetraquarks and pentaquark
baryons. The fundamental question is whether or not there
exists a unique physical picture sufficient to explain all the
new experimental data on production mechanisms, masses,
decay modes and rates, capable of identifying the exact
type of the bound state observed from the options listed
above. So far such a unique collective framework has not
been found, and it is under debate if it exists.
Motivated by all these developments and the continuous

research interest on the topic, we study holographic
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baryons in theories under magnetic fields or in theories
with space-dependent θ-terms. The study of baryons under
such anisotropic theories reveals new interesting properties,
while our findings indicate that most of the qualitative
effects on baryons are more sensitive to the presence of the
anisotropies than the source generating them. To show that,
we develop a generic formalism applicable to a wide class
of strongly coupled anisotropic theories, including the
theories with space-dependent couplings or under strong
magnetic fields, and obtain universal baryon features.
Strongly coupled systems in the presence of strong

external fields are not rare; for example strong short-lived
fields occur in the heavy ion collisions of almost constant
strength during the plasma’s life, which couple directly to
the charged fermions and indirectly to gluons. In the
presence of a magnetic field in QCD, several peculiar
phenomena appear when anisotropies are present [23,24].
What makes such studies even more interesting from the
point of view of holography, is that most observables and
phenomena depend mostly on the fact that the anisotropies
are present, irrespective of the source triggering them. This
has been demonstrated initially by studying heavy quark
observables [25] and showing how their properties depend
on the anisotropies of the theory. Moreover, the phase
diagram of QCD matter is expected to be affected by
phenomena that exist in the static equilibrium state in the
presence of magnetic fields, the so-called inverse magnetic
catalysis where both the chiral symmetry restoration and
deconfinement occur at lower temperatures in the presence
of an external magnetic field [26–29]. Recent holographic
studies brought a new twist in the story indicating that a
similar phenomenon takes place even in plasmas with
uncharged particleswhere the isotropy is broken, suggesting
the possibility that the anisotropy by itself is the main cause
of inverse magnetic catalysis [30]. Other interesting holo-
graphic studies in the presence of themagnetic fields include
the lattice ground states [31], where various instabilities
occur, as in [32], while relevant phenomena in the presence
of fundamental matter are reviewed in [33]. Our main focus
in this work is on the study of the effect of the anisotropies
generated by such strong fields on the multiquark bound
states and more particularly on baryons.
An alternative source of anisotropies in the strongly

coupled theories is the presence of the space-dependent
θ-term. Constant coupling θ-terms: θTrF ∧ F, are induced
in QCD by instanton effects, where the value of the
topological parameter is predicted by experimental-
theoretical analysis to be very low [34,35]. From the
theoretical perspective such studies require nonperturbative
techniques, where lattice computations can be useful
but with limitations due to the sign problem [36], while
there is also progress by using the gauge/gravity tech-
niques, e.g., [37]. In a different framework, the θ-terms in
the field theories have been introduced recently to provide
a consistent top-down scheme to generate anisotropic

gauge/gravity dualities. The idea of space-dependent or
time-dependent couplings has been used in the past in
several contexts, e.g., the former by generalizing half-BPS
Janus configurations in N ¼ 4 sYM theory to show their
relation to the existence of three-dimensional Chern-
Simons theories [38] or more recent generalizations [39],
and the latter to construct time-dependent IIB supergravity
solutions, e.g., [40]. Relevant to the purposes of our paper,
more recently D3-D7 backreacted supergravity solutions
have been constructed with initial motivation to study the
pure Chern-Simons gauge theory. The solutions are non-
supersymmetric, may be exact Lifshitz-like or may inter-
polate between the anti–de Sitter (AdS) in the UV boundary
and the Lifshitz-like in the IR boundary [30,41,42]. The
flow is triggered by a nonzero θ-parameter, that depends
linearly on a spatial coordinate x3. The connection of the θ-
term to the D7 branes comes when we relate the θ coupling
to the axion term χ in the gravity dual theory, through the
complexified coupling constant τ. The Hodge dual of the
axion field strength in 10 dimensions gives dC8 ∼ ⋆dχ with
the nonzero component Ctx1x2M5 to live on the rest of the
spatial dimension and the internal space M5. These are the
directions that the backreacting D7-branes extend. Such
theories turned out to be very interesting, and have been
studied extensively initially with heavy quark probes in
[25] and [43], while it has been found that they violate the
well known shear viscosity over the entropy density ratio
for certain tensor components [30,44,45]. The derivation of
such confining theories and their phase transitions has been
done recently [30] opening the window for further studies
in the confined region.

A. Methodology and results

In our work we consider holographic baryons in aniso-
tropic theories, where it turns out that our qualitative
findings are insensitive on the source triggering the
anisotropy. The construction involves the Witten baryon
vertex on the internal space, acting as a heavy bag to absorb
the Nc units of flux, generated by the Nc fundamental
strings initiating from the boundary representing Nc num-
ber of heavy quarks, ending on the brane vertex [46,47].
The vertex is represented by a D5-brane, sitting at an
appropriate point in the AdS space, and its dynamics are
realized by the Dirac-Born-Infeld action plus the appro-
priate Wess-Zumino term. The k number of strings are
hanging down from the boundary to meet the D5-brane.
Following symmetry arguments and previous relevant
configurations the boundary quarks tend to be placed in
the most symmetric way, since in isotropic theories this
ensures the stabilization of the state. When the number of
strings is k ¼ Nc the baryon is stabilized by the mass of the
brane counterbalancing the tension of the strings, while on
the spacetime plane we need to equate the tension forces
of the strings. When k < Nc the conservation of charges
and the stability of the baryon is ensured with the presence
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and the tension of the Nc − k strings between the brane and
the deep IR of the space [48]. A simplified explanation for
the brane is that it acts as a baryon junction. However the
vertex’s position is completely determined by the size of the
baryon on the boundary and the external fields; therefore a
more accurate picture for the vertex is that it represents the
resummed effect of the quarks on the gluonic fields of the
state. Our fundamental strings are located at the same point
in the S5, and for the purposes of our work which initiates
the baryon studies on the anisotropic spaces, we ignore the
interaction between them. Their dynamics are described
by the Nambu-Goto action, while the inclusion of their
interactions is not expected to change qualitatively our
results. Here we follow the construction of [46–48];
nevertheless we mention that a way to capture such string
interactions is via the Born-Infeld action, as in the cases
of [49–52] where baryonic branes are BPS and several
technical simplifications occur in contrast to our case.
Moreover, we point out that in the wide class of theories
satisfying a condition related to the existence of preserved
quantities under certain T-dualities, the Dp-brane k-string
observables are mapped to the fundamental string observ-
ables [53]. In such theories the interaction of the strings is
not expected to affect our results significantly since only
constant rescalings occur between the energy of the brane
and the energy of a string.
The study of baryons has been done so far in several

theories and with different tools. These include: holo-
graphic baryons described by soliton configurations [54]
and various approximations of it [55], baryons from oblate
instantons [56], baryons moving in the plasma wind [57],
heavy and exotic states from instantons in holographic
QCD [58], several types of multiquark bound states
[59,60], baryons in the presence of medium [61], stability
of baryons [62], studies with certain bottom-up potentials
[63], studies making use of large Nc approximations [64].

1. The generic framework

In our current work we focus on the effect of the
anisotropies triggered by several sources, like the magnetic
fields or the presence of space-dependent θ-terms. The
qualitative effects on the baryonic states are independent
of the nature of the anisotropic source, and therefore are
expected to hold for a wide range of anisotropic theories.
We start by considering a generic class of gravity dual
backgrounds with certain field strengths and perform the
analysis in a theory-independent way. We derive the
necessary stability condition for the baryon configuration,
along the holographic and the spatial directions by equating
the total string tension with the mass of the brane vertex in
the radial direction and the string tensions along the spatial
directions. In practice, these conditions are derived by the
requirement of canceling the boundary terms of the string
and brane actions, which establishes a relation of the
position of the brane in holographic direction with respect

to the size of the baryon. Then the energy of the baryon is
derived with respect to its size and the shape of the quarks at
the boundary. We observe that the properties of the baryon
depend on the angle between the plane where the quarks are
located and the direction of the anisotropy, e.g., the magnetic
field vector. There are two extremal ways to place the quarks
of the baryon in such cases, enough to extract all the
interesting information: on the anisotropic plane and on
the transverse plane with the rotational invariance. When
the baryon lives on the rotational invariant plane the quarks
are distributed homogeneously on a cycle. In the anisotropic
plane the distribution of the quarks is deformed to an
ellipticlike shape, in a way to counterbalance the spatial
anisotropy on the geometry; i.e., in theories with space-
dependent θ-terms and prolate dual geometries, we get oblate
quark distributions. This has significant implications to the
way that the baryons dissociate: increase of the anisotropy
leads to dissociation of the baryon’s quarks in stages, depend-
ing on the angle of the quarks with respect to the anisotropic
direction, where certain pairs abandon the bound state first,
followed by the closest pairs to them as the temperature
increases. Therefore, to provide a unique feature of the effects
of anisotropies on the baryonic states, will have potential
applications to multi-quark bound states, for example the
exotic baryons. Exotic states that are strongly coupled are
expected, according to our study, to dissociate in stageswith a
particular pattern, and as a result our findings serve potentially
as a test to identify the nature of the exotic states.We point out
that this is a model-independent observation and independent
of the way that the anisotropy is triggered, as long as the
natural assumptions considered hold.
Still in the generic framework we then study certain

aspects of baryons with k < Nc quarks. We focus on the
effect of the anisotropy on the universal relation of the
stability condition involving the number of the boundary
quarks with respect to the number of colors 5Nc=8 <
k ≤ Nc, which has been found to hold in several isotropic
strongly coupled theories [48,65]. The examination of the
universality relations on anisotropic theories is an interest-
ing subject on its own, due to the well-known ability of the
presence of anisotropies to violate universal results of
isotropic theories. One of the most known relations is
the parametric violation of particular components of the
shear viscosity over the entropy density ratio [30,44,45].
Similar violation occurs to the universal isotropic inequal-
ity of the transverse and longitudinal Langevin coefficients
of the heavy quark diffusion [66,67], with respect to its
motion in the strongly coupled anisotropic plasma [66,68].1

Moreover, the screening length for the quarkonium mesons
moving through an anisotropic strongly coupled plasma

1Notice that the general formalism for the heavy quark
diffusion developed in [66,68] applies in a straightforward
way to certain limits on theories with magnetic fields and has
been used in such environments already, e.g., in [69].
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scales in a different way with respect to the Lorentz factor γ
compared to the isotropic result [70].2 Therefore, the
aforementioned observations link the presence of anisotropy
with the weakening of applicability of the universal relations.
In contrast, here we find that the stability condition is
insensitive to the presence of anisotropy in theories with
AdS asymptotics.

2. The application on theories with space-dependent
θ-terms or magnetic fields

Next we apply our formalism to particular theories and
perform a semianalytical and extensive numerical analysis.
We find numerically the gravity dual RG flows in IIB
supergravity with the space-dependent axion term in finite
temperature for the whole range of anisotropies, and
analytically the gravity dual background in the low
anisotropy regime. In the latter we show how the quark
distribution is deformed in terms of integrands, under the
effect of the space-dependent θ-term. By performing the
full numerical analysis we find the relation of the size and
shape of the baryon with respect to a) the strength of
anisotropy in the theory, b) the angle between the plane
that the quarks are distributed and the anisotropic direction,
and c) the position of the vertex brane in the bulk. Quarks
distributed on the transverse to the anisotropic direction
plane have cyclic distribution, while the increase of the
anisotropy leads to the reduction of the size of the baryons, in
order to retain stability. When the quarks are distributed on
the anisotropic plane, the pairs along the anisotropy get
closer compared to the ones in the transverse direction,
resulting in an elliptic-shaped distribution. By computing the
energy of the baryons we find that they dissociate in stages,
where the quarks along the anisotropic directions abandon
the bound state first followed by the closest pairs to them as
the anisotropy increases. In the theories under consideration,
after certain high values of anisotropy the baryons show
weak dependence on it. We elaborate in detail on this
observation and we identify the reasons that this happens.
Then we show how the aforementioned findings carry on

qualitatively for theories with magnetic fields. This is done
by studying the brane and string dynamics in the presence
of these fields, and showing that the main contributions
of the effects on the magnetic field on the holographic
baryonic states are induced by the anisotropic geometry.
Constant magnetic fields contribute only through the
modification of the geometry to the string Nambu-Goto
equations for our system, while on the brane may induce
constant shifts. This justifies that the baryons under strong
magnetic fields dissociate in stages as we have described
above, and the rest of the qualitative properties we have
found still hold for this case.

We point out that our observations have potential
applications to exotic baryons. Although, we do not study
the holographic exotics explicitly, the qualitative features
of our holographic studies are expected to carry on such
multiquark bound states, since the first principles of the
holographic construction and computations are the same.
This implies that under strong fields, strongly coupled
exotic states bounded in the same way with the conven-
tional baryons are expected to dissociate in stages with a
particular pattern. This can serve as a potential test to
identify the nature of the exotic states; i.e., molecule states
will not have this property.
The plan of the paper is the following. In Sec. II we study

the holographic baryon in a wide class of anisotropic
theories with external fields by imposing natural assump-
tions. Of particular interest is how the distribution of the
baryonic quarks is affected by the strength and direction of
the anisotropy presented in Sec. II C. In Sec. III we study in
depth, analytically and numerically, the baryon in theories
with space-dependent θ-terms, where several subsections
are included. In Sec. IV, we show that in the presence of the
magnetic fields, the main contributions to the baryonic
properties come from the space-time anisotropic geometry.
Then in Sec. V we study the stability condition for baryons
with k < Nc quarks in anisotropic spaces. We briefly
present the final remarks in Sec. VI, and support our main
text with an Appendix.

II. BARYONS IN THEORIES WITH STRONG
FIELDS: THE FORMALISM

The analysis of this section and Sec. IV is carried out for
general theories. The gravity dual theory we need to consider
has reduced rotational symmetry in the spatial volume. The
baryon constructed in those theories have k ¼ Nc funda-
mental strings initiating from the boundary of the space
where the heavy quarks are located, and dive to the interior
of the space ending on a D5-brane wrapped on the internal
space M5. The rotational symmetry of the background is
reduced, so we have to determine the energetically preferable
positions of the Nc external quarks at the boundary by
studying the dynamics of the system. In the special case of
the isotropic theories the distribution can be determined to be
cyclic, consistent with symmetry arguments of the state.
The dual field theory considered may be at a nonzero

temperature, so its gravity background is allowed to contain
a black hole with an anisotropic horizon. We do not
consider the NS-NS field in this section, although such
complications are not expected to add qualitatively new
features to the analysis of the baryon configurations, and
we study this case later in Sec. IV.
The metric of such a theory in the string frame reads

ds2 ¼ g00ðrÞdt2 þ g11ðrÞðdx21 þ dx22Þ þ g33ðrÞdx23
þ grrðrÞdr2 þ gθθðrÞdM2

5; ð2:1Þ
2A review of strongly coupled anisotropic observables can be

found in [71].
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where a nontrivial dilaton ϕðrÞ is considered among other
scalar fields like the axion, which does not couple directly
to string dynamics. The M5 is a five-dimensional internal
compact manifold. The properties of the metric are

g00ðrhÞ ¼ 0; lim
r→∞

g11ðrÞ ¼ lim
r→∞

g33ðrÞ ¼ ∞; ð2:2Þ

where rh is the horizon of the anisotropic black hole and r
is the holographic direction of the space.
The baryon configuration involves two different

extended objects. The Nc fundamental strings from the
boundary ending on the baryon vertex, and the vertex Dp-
brane wrapping the internal compact space. The positions
of the quarks on the boundary denoted are x⃗ð∞Þk with
k ¼ 1;…; Nc and they are localized in the compact mani-
fold M5. The D5-brane vertex is located at ðx⃗v; rvÞ, where
we shift the coordinate system such that x⃗v ¼ 0. Having a
system of fundamental strings and a brane, the total action
describing it consists of the Nambu-Goto (NG) and the
Dirac-Born-Infeld (DBI) actions:

Stot ¼ SD5 þ
XNc

k¼1

SkF1: ð2:3Þ

We may consider the radial gauge and without loss of
generality to parametrize the system as t ¼ τ, r ¼ σ,
x1 ¼ x1ðσÞ, x2 ¼ 0, x3 ¼ x3ðσÞ, for each of the k strings.
The analysis below is for a localized string along the x2
plane, but without any complication we can generalize to
contain an extension along x2 to apply the formulas in a
straightforward way. One may also ask why we choose to
localize the string on the internal space M. Nonlocalized
strings along the internal space cost additional energy, and
for the purposes of our current work this is not the
physically preferable configuration.
Having clarified the choice of the parametrization, the

total action takes the form:

Stot ¼
T

2πα0
XNc

k¼1

Z
∞

rv

dr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00ðgrr þ giixi0ðkÞðsÞ2Þ

q

þ T vol5
ð2πÞ5α03gs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00ðrvÞgθθðrvÞ5

q
e−ϕðrvÞ

≔
T

2πα0
XNc

k¼1

Z
∞

rv

dr
ffiffiffiffiffiffiffiffiffiffiffi
D1ðkÞ

q
þ T vol5
ð2πÞ5α03gs

D2; ð2:4Þ

where i ¼ 1, 3, the vol5 is the volume of the compact
manifold and the second term is evaluated at r ¼ rv, the
position of the D5-brane. The configuration has two
constants of motion for each string k of the Nc strings:

QiðkÞ ¼ −
g00gijx0jðkÞðsÞffiffiffiffiffiffiffiffiffiffiffi

D1ðkÞ
p : ð2:5Þ

The system can be solved analytically for x0i, for each of
the k strings giving

x021 ðsÞ ¼ −
Q2

1g33grr
g11ðQ2

3g11 þQ2
1g33 þ g00g11g33Þ

; ð2:6Þ

x023 ðsÞ ¼ −
Q2

3g11grr
g33ðQ2

3g11 þQ2
1g33 þ g00g11g33Þ

; ð2:7Þ

where for presentation reasons we have dropped the
notation labeling the string k. Notice the symmetry in
the last two equalities making them equivalent in the
case of isotropic space g11 ¼ g33. In all other cases, our
equations indicate that the boundary distribution is not
cyclic as long as a homogeneous quark distribution is
considered.

A. Stability of the state

To ensure the stability of the baryon we impose further
conditions by equating the forces along the spatial plane
and the radial direction as in [57]. The variation of the
total action along the spatial plane gives the “E-L” terms
proportional to the Euler-Lagrange equations plus boun-
dary terms at the location of the brane:

Z
δLtotdr ¼ −

XNc

k¼1

�∂LF1

∂x0iðkÞ
δxiðkÞ þ

∂LF1

∂r0ðkÞ
δrðkÞ

�

þ ∂LD5

∂r δrþ E-L: ð2:8Þ

Therefore the forces along the spatial plane are expressed
with the constants of motion (2.5), and their sum needs to
be zero as

XNc

k¼1

ðQ1ðkÞ þQ3ðkÞÞjr¼rv ¼ 0: ð2:9Þ

The above conditions ensure that the configuration has no
force on the x1 and x3 plane. It is equivalent to saying that
each quark and its antipodal partner hit the brane vertex
with the same angle. In the continuous limit we may
generalize this argument and ensure that the above con-
dition is satisfied by requiring that all the strings hit the
brane with an angle x0ðσÞ. To describe the quark distribu-
tion let us introduce an azimuthal angle φ in the ðx1; x3Þ
plane; then x0ðσÞ is defined by x01ðσÞ ≔ x0ðσÞ sinφ, x03ðσÞ ≔
x0ðσÞ cosφ at the position of the brane.
To ensure stability in the holographic direction we find

from (2.8)

XNc

k¼1

−g00grrffiffiffiffiffiffiffiffiffiffiffi
D1ðkÞ

p ����
r¼rv

¼ Nc

4

∂D2

∂r
����
r¼rv

: ð2:10Þ
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This is understood as the condition equating the tension
force of strings on the brane pointing to the boundary, with
the gravitational force on the mass of the D5-brane. The
RHS comes with a factor vol5R4=ðð2πÞ5α03gsÞ, where
the radius of the space R, is already extracted from the
expression D2 to simplify the constants. The Eq. (2.10) is
nothing but the radial force of the fundamental strings
which is equal in magnitude to their Hamiltonian H,
while on the right hand side is the radial derivative of
the D5-brane action. Alternatively it may be written as

−
XNc

k¼1

HF1 ðkÞ ¼
∂SD5

∂r : ð2:11Þ

At the continuous quark limit where the sum is normalized
as Nc

R
2π
0 dϕ=ð2πÞ, the condition (2.10) takes the following

form:

Z
2π

0

dφ
2π

g00guuffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00ðgrr þ x0ðsÞ2ðg11sin2φþ g33cos2φÞÞ

p ����
rv

¼ e−ϕg3=2θθ ð5g00g0θθ þ gθθðg000 − 2g00ϕ0ÞÞ
8

ffiffiffiffiffiffiffiffiffiffi−g00
p

����
rv

: ð2:12Þ

To summarize, our generic conditions (2.9) and (2.10)
ensure a stable configuration and no-force condition in the
spatial and holographic directions. These conditions should
be imposed on the brane-string configuration satisfying the
Eqs. (2.6) and (2.7) which ensure a minimized total action.

B. Energy of the state

The contributions to the energy of the baryon come from
the Nc fundamental strings and the Dp-brane subtracting
the infinite masses of the quarks. The latter is just the length
of the infinite string:

Em ¼ 1

2πα0

Z
∞

rh

dσ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00grr

p
: ð2:13Þ

The rest comes from the minimization of the NG and the
DBI actions (2.4). Therefore the total regularized energy
can be found as

Ebaryon ¼
Nc

2πα0

�Z
∞

rv

dσ

�
1

Nc

XNc

k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00ðgrr þ gijxj0ðkÞðsÞ2Þ

q

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00grr

p �
þ
Z

rh

rv

dσ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00grr

p

þ 1

4
e−ϕðrvÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00ðrvÞgθθðrvÞ5

q �
; ð2:14Þ

where the radius R has been taken out from the metric
element expressions. Notice that the brane contributes only
a constant positive term proportional to the number of

colorsNc. This is universal behavior irrespective of the space
and the theory we are examining as long as we consider
wrapping branes. More involved brane configurations to
play the baryon’s vertex role are in principle allowed;
however these are expected to have higher energies.

C. Quark distribution in the presence
of strong fields

There are two extremal ways the heavy baryon can be
placed in the theory, while the rest cases consist of a
decomposition of these two. The most interesting is when
the quarks lie along the ðx1; x3Þ anisotropic plane where the
backreaction of the field breaks the rotational invariance.
The gluons of the theory have been affected by the external
fields resulting in a quark distribution either nonhomo-
geneous or nonsymmetric/noncyclic, as hinted already by
the Eqs. (2.6). Alternatively the baryon can be placed with
the quarks being distributed along a plane with rotational
symmetry. In this case the distribution of the quarks is
symmetric around a point, while the energy and the
properties of the bound state will be modified due to the
presence of the external field.

1. Bending strings and quark distribution for
a baryon on the anisotropic plane

Let us analyze the nontrivial baryon where the Nc quarks
are distributed in the plane ðx1; x3Þ with the reduced
rotational invariance. The distribution on the boundary is
found by integrating (2.6) and (2.7), where for each of the
strings we have

x1ð∞Þ ¼
Z

∞

rv

dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

Q2
1g33grr

g11ðQ2
3g11 þQ2

1g33 þ g00g11g33Þ

s
;

ð2:15Þ

x3ð∞Þ ¼
Z

∞

rv

dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

Q2
3g11grr

g33ðQ2
3g11 þQ2

1g33 þ g00g11g33Þ

s
;

ð2:16Þ

and imposing the stability condition. When there is no
field backreaction g11 ¼ g33, and the quark distribution is
symmetric since Q1 ¼ Q3.
Let us examine if there is a universal relation of the shape

of the quark distribution and the anisotropic geometry.
Using (2.6) and (2.7) we get for strings of the same angle

x03
x01

¼ Q3g11
Q1g33

; ð2:17Þ

valid for each string. Let us consider a prolate geometry
along the x3 direction, g33 > g11 ¼ g22 and define the
monotonically increasing function AðrÞ as
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g33ðrÞ ¼ g11ðrÞAðrÞ; AðrÞ ≥ 1; ð2:18Þ

expressing the fact that we focus on this section on spaces
asymptotically AdS ðA ¼ 1Þ and the anisotropy increases
as we go deeper in the bulk.
For the quarks sitting at angles φ ¼ π=4 and using the

fact that constants can be evaluated at a preferred point
we get

Q1 ¼ −
g00g11x01ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−g00ðgrr þ
ffiffiffi
2

p
=2x02ðg11 þ g33ÞÞ

q
�����
r¼rv

;

Q3 ¼
g33
g11

Q1

����
r¼rv

; ð2:19Þ

leading to the simple relation

x03
x01

¼ AðrvÞ
AðrÞ ≥ 1: ð2:20Þ

Using the definition of the derivative, the continuity of the
functions and the initial conditions, it can be shown that
x3ð∞Þφ¼π=4 > x1ð∞Þφ¼π=4 and moreover that the strings
always bend towards x3.
Next, to find the shape of the quark distribution we need

to compare how the quarks are distributed close to the
x1ðφ ¼ π=2Þ and x3ðφ ¼ 0Þ axes. The computation gives

φ ¼ 0 ⇒

8<
:

Q1 ¼ 0;

Q3 ¼ − g00g33x0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00ðgrrþg33x02Þ

p
����
r¼rv

;

φ ¼ π

2
⇒

8<
:Q1 ¼ − g00g11x0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−g00ðgrrþg11x02Þ
p

����
r¼rv

;

Q3 ¼ 0;

ð2:21Þ

to find that

Q2
1

Q2
3

¼
g11ðg00grrg33x02

þ 1Þ
g33ðg00grrg11x02

þ 1Þ
����
r¼rv

≤ 1; ð2:22Þ

where both numerator and denominator are considered
negative, meaning that we are looking mostly on the stable
region of baryon. Otherwise one has to consider cases.
Using this inequality we end up having as the only possible
choice:

x01
2
φ¼π=2

x03
2
φ¼0

> 1; ð2:23Þ

and by applying calculus methods and taking into account
the boundary conditions for the functions x1 and x3 we find
that x1φ¼π=2 > x3φ¼0.

Therefore, in any prolate geometry, i.e., g33 ≥ g11 ¼ g22,
with the assumptions made for (2.22), the quark distribution
associated to the baryonic vertex with the initial conditions
considered is a squashed cycle along theoblate directions, i.e.,
x1φ¼π=2 > x3φ¼0. In other words by applying a strong field in
a theory, which backreacts and deforms the dual geometry
making it prolate, the cyclic distribution of the quarks in the
bound state is squashedwith its longaxis being in theopposite
direction of the long axis of the deformed geometry.

2. Quark distribution for a baryon
on the transverse plane

When the Nc quarks are distributed on the plane ðx1; x2Þ
with rotation symmetry, the strings are parametrized by
(x1ðσÞ, x2ðσÞ, x3 ¼ 0), and the Eqs. (2.6) for x1 and trivially
for x2 are equal to

x1ð∞Þ¼x2ð∞Þ¼Q1

Z
∞

rv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

grr
g11ð2Q2

1þg00g11Þ
r

: ð2:24Þ

We can express the constants of motion with respect to the
geometric features of the configuration. Combining the
stability condition (2.10) and the constants of motion (2.5)
we get

Q2
1 ¼ −

1

2

�
g11
16grr

∂rð ffiffiffiffiffiffiffiffiffiffi
−g00

p
g5=2θθ e−ϕÞ2 þ g00g11

�����
r¼rv

:

ð2:25Þ

The integrand depends on the anisotropies through the
distortion that cause the external fields to the geometry. The
constant Q1 is a measure on how much the anisotropy
affects the radius of the symmetric baryon, and we will
demonstrate below its quantitative role in certain theories.
In the last two sections we have developed the formalism

to determine the stability condition of the baryon, the
energy and the shape. In the following section we apply our
generic methods to certain IIB supergravity solutions dual
to field theories with a space-dependent axion generating
an anisotropy along one direction.

III. BARYONS IN THEORIES WITH
SPACE-DEPENDENT θ-TERMS

A. The theory

Let us apply the baryon probe analysis we have developed
in the previous sections to the dual of a field theory which is
a deformation of the N ¼ 4 sYM with a θ-term depending
linearly on the spatial dimensions of the space as

S ¼ SN¼4sYM þ Sθ; Sθ ¼
1

8π2

Z
θðx3ÞTrF ∧ F;

θ ¼ 8π2πNca
λ

x3; ð3:1Þ
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where λ is the t’ Hooft coupling and a is a constant. Our
theory has broken isotropy, the CP is broken, and it is
translational invariant, respecting all the global symmetries
that are accommodated in the gravity dual theory (2.1).
The top-down IIB supergravity dual theory in finite

temperature has a nontrivial axion and dilaton. The θ-
parameter is related through the complexified coupling
constant to the axion of the gravity dual theory and
therefore one expects a linear χ ¼ ax3 dependence. The
relevant part of the action in the string frame is

S ¼ 1

2κ210

Z
d10x

ffiffiffiffiffiffi
−g

p �
e−2ϕðRþ 4∂Mϕ∂MϕÞ

−
1

2
F2
1 −

1

4 · 5!
F2
5

�
; ð3:2Þ

where the index M ¼ 0;…; 9 and the field strength of the
axion is F1 ¼ dχ. The system of the ordinary differential
equations of the above action can be solved numerically.
The axion is the source of anisotropy and the parameter a
quantifies its strength. The Hodge-dual of the axion field
strength is the field strength of a RR 8-form C8 on the base
Cx0x1x2θiðrÞ where θi are the coordinates describing the
internal sphere S5. Therefore the picture with the axion field
is equivalent to the backreaction of D7-branes extending
along ðx0; x1; x2; θiÞ on the near horizon limit of the D3
branes, forming the AdS. The anisotropy is generated due
to the D7-brane distribution along the direction x3.
Naturally the anisotropic parameter a can be thought also
as the density number of the D7-branes backreacting on the
D3-branes.
Then the string frame metric takes the form

ds2 ¼ r2ð−F ðrÞBðrÞdx20 þ dx21 þ dx22 þHðrÞdx23Þ

þ dr2

r2F ðrÞ þ ZðrÞdΩ2
S5
; ð3:3Þ

HðrÞ ¼ e−ϕðrÞ; ZðrÞ ¼ e
1
2
ϕðrÞ; ð3:4Þ

where F ∝ ðr − rhÞ is the blackening factor with a horizon
at rh, HðrÞ is the anisotropic spatial deformation of the
geometry along the holographic direction. The solutions of
the above action describe an RG flow from an AdS
geometry at the boundary, to an anisotropic Lifshitz-like
geometry in the IR with fixed scaling exponent z ¼ 3=2
[41,42]. The reason that the scaling turns out to be fixed in
supergravity theories was explained in [30], and it is related
to the fixed axion-dilaton coupling in the supergravity
theories. Relaxing this coupling by allowing a new param-
eter, Lifshitz-like IR geometries with arbitrary scaling
exponents can be obtained [30].
We find the background solutions numerically and

analytically by perturbative techniques in the low a=T
region. Since for our purposes the analysis of the quark

baryon distribution and the energy require numerical
techniques, irrespective of having the gravity background
in an analytic form or not, we decide to work mostly with
the numerical full range supergravity solutions. Although
this analysis is more demanding it has the advantage of
going away from the perturbative low anisotropy a=T
regime, where the anisotropic effects of the theory are clear
on the baryon. Nevertheless we include few semianalytical
results in the next section.

B. Baryon radius, shape and anisotropy

1. Baryon radius and shape: Semianalytic study

The computationsof the quarkbaryondistribution involves
differential equations which are not solvable analytically in
the general case. However, at certain limits by making
approximations we obtain semianalytical results. In this
section we present some of them in a compact notation.
At the low anisotropy, high temperature limit the back-

ground (3.3) is given in the Appendix. The radius of the
baryon on the boundary is angle dependent and its value
depends on the ratio of the position of the black hole
horizon to the position of the D5-brane as well as on the
strength of the anisotropy of the theory. Let us introduce the
dimensionless quantities ρ ≔ rh=rv and r̃ ≔ r=rv, where rv
is the position of the D5-brane. The net force on the baryon
can be found by applying (2.12) on (3.3), and the lengthy
expansion is written in a schematic form as

F ¼ F0ðρ; rh; x0vÞ þ a2F2ðρ; rh; x0v;ϕÞ; ð3:5Þ
where F0 is independent of the angle as expected, in
contrast to the anisotropy contributed term F2 signaling
the dependence of the quark distribution on the angle. The
x0v ≔ x0ðσvÞ is the derivative of the string at the brane,
describing the angle that is attached to it. By integrating the
above equation on all angles in the continuum limit and
requiring stability, we obtain3

x0v ¼ x0v0ðρ; rhÞ þ a2x0v2ðρ; rhÞ: ð3:6Þ
To find the effect on the shape of the distribution we have to
compute the string along x1ðsÞ and x3ðsÞ. By substituting
the constants, the string differential Eqs. (2.15) and (2.16)
for fixed angles eventually depend on metric, and x0v. One
can obtain the lengthy relations of the form

x1;φ¼π=2 ¼
Z

∞

1

dr̃ðxð0Þ1 þ a2xð2Þ1 Þ;

x3;φ¼0 ¼
Z

∞

1

dr̃ðxð0Þ3 þ a2xð2Þ3 Þ; ð3:7Þ

3The net force is an even function and there are two solutions
of x0v. The final outcome is independent of the sign of the solution
we choose as long as the signs are kept in all equations consistent.
Here we choose positive x0v.
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where xð0Þ1 ¼ xð0Þ3 , since the axion affects the 2nd order
expansion to give:

xð2Þ1;φ¼π=2 − xð2Þ3;φ¼0 ¼
Z

∞

1

dr̃X13ðx0b; ρ; r̃Þ; ð3:8Þ

where the function X13 is given explicitly in the Eq. (A5) of
the Appendix. In the low anisotropy limit, this is the
anisotropy contribution to the deformation of the cyclic
quark distribution given by the 0th order terms. Notice that
the zero anisotropy limit in our analysis is smooth.

2. Baryon radius and shape: Full range study

Let us use the generic analysis of Sec. II and apply it to
the axion-dilaton supergravity theory. We firstly solve
numerically the equations obtained by the action (3.2) to
generate the background (3.3). In the parametric region we
work to obtain prolate dual geometries with g33>g11¼g22.
As a side remark we point out that the pressure anisotropy
of the theory does not follow necessary the above geometric
inequality.
We follow certain steps on the numerical study for the

baryon in anisotropic plane which we spell out below.
Having obtained the gravity dual theory we solve the net
force condition (2.12) for a chosen particular position of the
D5-baryon brane. Therefore we can determine the value of
the derivative of the string hitting the brane such that the
system has zero force. Next, we evaluate the constants of
motion Q1 and Q3 using the Eqs. (2.5). We choose to
compute them at the radial position of the brane, taking
advantage of their constant nature. Then to determine the
radius of the distribution along different directions we
integrate the Eqs. (2.6) and (2.7). We observe that the
distance between the antipodal quarks of the baryon
depends on the angular position of the quarks. Therefore
the distribution of the Nc quarks is not a cyclic one. The
radius of the distribution is smaller along the anisotropic
direction, counterbalancing the anisotropic geometry defor-
mation in agreement with the generic results of Sec. II C.
Implementing the above steps we present in Fig. 1 the

radius of the distribution for three different angles while we
vary the position of the vertex brane. Quarks distributed
transverse to the anisotropic direction are affected less.
Moreover we observe that the stability of the baryon
becomes more complicated than the usual cases. The
isotropic baryon becomes unstable beyond the maximum
point of the function LTðρÞ, corresponding to a natural
phase transition and competition for dominance between
two different energy branches related to the two possible
baryon configurations. In the anisotropic case the maxi-
mum point depends on the angle with respect to the
anisotropic direction. A natural explanation is that the
baryon starts to become unstable at the lowest value
satisfying LT 0ðρÞ ¼ 0 for any corresponding angle ϕ.
This suggests that the baryon becomes unstable in discrete

stages with respect to the position of the quarks forming it.
In an anisotropic SUðNcÞ theory, the quarks along the
anisotropic directions will become unstable first, leaving a
baryon with Nc − 2 quarks and this sequence will continue
with the pair of quarks closer the anisotropy until the
baryon becomes an unstable state.
Moreover, we find that increase of the number of the

backreacting anisotropic D7-branes leads to further
increase of the ellipsoidlike distribution of the quarks on
the boundary and decrease of the baryon radius. This is
naturally expected; by increasing the strength of the axion
field we increase the anisotropic gluon interactions, which
affects more of the quark distribution. The relevant results
are presented in Fig. 2.

0.0 0.2 0.4 0.6 0.8 1.0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

FIG. 1. The radius of the baryon vs the brane vertex position for
different angles when the quarks are distributed on the ðx1; x3Þ
plane and for fixed anisotropy. Notice that transverse to the
anisotropy, the distribution is affected weaker and the maximum
of LT is larger hinting that this is the most stable direction as we
increase the temperature.
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FIG. 2. The radius of the baryon along the anisotropic direction
x3 (ϕ ¼ 0) for different values of the anisotropy. Increase of the
anisotropy results in more severe deformation of the distribution
and to easier dissociation of the bound baryon state, i.e., lower
critical temperature. A rainbow coloring has been used for the
plot with respect to the value of the anisotropy.
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C. Quark distribution of the boundary state
and anisotropy

1. Quark distribution on the anisotropic plane

The full shape of the baryon configuration is obtained
by computing the string profiles along x1ðrÞ and x3ðrÞ.
The projection of the strings on the spatial plane shows
the degree of the squashing of the baryon compared to the
squashing of the anisotropic spacetime. Increase of the
anisotropy deforms the cyclic distribution and at the same
time results in increased deformation of the strings’
straightness. The analysis consists of solving explicitly
the string Eqs. (2.15) and (2.16) for each angle φ to
determine the full shape of the strings. To do that we have
to firstly repeat the numerical steps described in the
previous section, solving the zero force condition in order
to determine the x0v and the constants Qi.
The study gives a nice graphic realization of the

projection of the fundamental strings on the ðx1; x3Þ plane
in Fig. 3. It is remarkable how the shape of the baryon is
modified with increasing anisotropy in order to retain its
stability. Notice the increasing deformation of the distri-
bution towards an ellipticlike shape and the decrease of its
radius. The bending of the strings is also obvious and is
more severe for mid-quarter strings.
Then we obtain numerically the full baryon-string vertex

and we depict our solution in the holographic space in

Fig. 4. The shape of the configuration is cigar-type and
depends on the value of anisotropy. Notice that the radial
distance of the vertex is kept fixed and the strings become
relatively quickly transverse to the boundary as they depart
from the D5-brane.

2. Quark distribution on the isotropic plane

Here we repeat the numerical analysis for a baryon
where its Nc quarks lie on the rotational invariant ðx1; x2Þ
isotropic plane. The properties of the baryon are still
affected by the external field creating the anisotropy since
the gluons interact with the bound state in a different way
when fields are present. By applying the analysis of Sec. II,
we compute the radius of the baryon, and we find that
increase of field strength leads to decreasing baryon radius
and easier dissociation. In this case several simplifications
occur, since the strings along x1 and x2 are equivalent due
to rotational invariance in these directions.4 The constants
Qi at the Eqs. (2.5) satisfy Q1 ¼ Q2, while the equations of
motion (2.15) give

–0.10 –0.05 0.05 0.10

–0.10

–0.05

0.05

0.10

FIG. 3. The strings of the baryon projected in the ðx1; x3Þ plane.
The strings meet at the center where the D5-brane sits in the bulk,
while the endpoints of the strings terminate at the UV boundary,
where the quarks are located. Notice that the shape of the
distribution becomes increasingly elliptic as the anisotropy
increases with long axis x1 as described by (2.23). Increase of
the anisotropy leads to bending of the strings towards x3 as
described by (2.20) and to lower radii for the quark distribution at
the boundary. The brane location in the bulk is kept constant.

FIG. 4. The baryon vertex as computed in the holographic
space for a=T ¼ 2, 15, 250 (green, red, blue), where increasing
values of anisotropy lead to a smaller boundary radius. The
endpoint of the “cigar” where the strings meet is the location of
the vertex D5-brane in the bulk of the space. The strings
terminate at the boundary where the quarks are located. Notice
the deformed circle of the inner quark distribution where the
effects of anisotropy on the baryon are stronger. The spatial
scales are magnified by a factor of two for presentation reasons.
The holographic direction is normalized with the Dp-brane
position r̃ ¼ r=rv.

4Notice that for the strings of this section we have (x1ðσÞ,
x2ðσÞ, x3 ¼ 0).
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x01
2ðsÞ ¼ x02

2ðsÞ ¼ −
Q2

1grr
g11ð2Q2

1 þ g00g11Þ
: ð3:9Þ

To ensure stability of the state along the holographic
direction we still get the same Eq. (2.10), where D1

contains the x1 and x2 directions. The numerical treatment
goes as in the previous section and the results are presented
in Fig. 5, where we observe a decrease of the radius with the
strength of the field.
Since the baryon lies on the transverse rotational

invariant plane we expect that it will be symmetric with
respect to the origin and to have straight string solutions in
contrast to the previous setting. This is due to having two

equivalent differential equations given by (3.9), and when
solving them we obtain the shape of the full string depicted
in Fig. 6. Notice that in order to retain the state stability, the
quarks organize in such a way to come closer to their
antipodal partner as the anisotropy increases. Moreover,
notice the weaker dependence of the isotropic baryon on
the increase of anisotropy compared to the baryon located
on the anisotropic plane.

D. The energy and the dissociation of the baryon

We have observed that the fundamental strings from the
baryon’s vertex point of view are not all equivalent to each
other when the baryon lives on the anisotropic plane. To
compute the total energy of the baryon one has to compute
the regularized energy of each string and the energy of the
baryonic D5-brane vertex. The strings in the direction
parallel to the anisotropy are mostly affected by it and are
the ones that are pulled stronger closer to the D5-brane, and
therefore are expected to be the ones with lowest disso-
ciation length Lc.
Applying the formalism of Sec. II to the theory with

the space-dependent θ-term (3.3), we compute the energy
of a baryon in the theory. We firstly solve the differential
Eqs. (2.15) and (2.16), to obtain the radius of the state and
then we integrate (2.14) to get the energy. We present here
directly our numerical results.
By fixing the strength of the field responsible for the

anisotropy we compute the energy of baryonic state, on the
isotropic and the anisotropic planes. The computation is
useful to recognise several properties of the baryonic state.
The increase of anisotropy makes the transverse baryon to
dissociate easier since its energy becomes zero for lower
baryon radius.5 For high values of anisotropies the holo-
graphic state depends weakly on further anisotropy varia-
tions (Fig. 7), and it seems that there exist certain saturation
effects. The regularized energy of the strings corresponding
to the first bracket of (2.14), as well as the brane energy
corresponding to the second bracket of (2.14) get both
decreased with a=T. In the large anisotropy regime it
happens that the remaining energy of the single string
decreases in absolute value with anisotropy too, in such a
way as to cancel out the decrease of the first two terms.
Partly responsible for the constant asymptotics of the
energy at large anisotropies is that the size of the baryon
with respect to the position of the brane parametrized by
LðρÞ is weakly depending on the anisotropy at this region
as seen in Fig. 5. This is an interesting observation which
we elaborate later in detail.
The holographic state on the ðx1; x3Þ anisotropic plane

has energy that depends on the angle of the quarks on the
plane with respect to anisotropy. For example, let us
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FIG. 6. The shape of the fundamental strings projected on the
ðx1; x2Þ plane. Each string terminates at the boundary, while their
meeting point is where the vertex brane is located. The reduction
of the baryon size and the completely circular distribution is
observed, in contrast to the distribution on the anisotropic ðx1; x3Þ
plane of Fig. 3.
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FIG. 5. The radius of the baryon on the rotational invariant
ðx1; x2Þ plane, for different values of the anisotropy. Notice the
decrease of the radius with the strength of the field and that for
large strength, the baryon has much weaker dependence on it.
This is depicted in the plot with the increasing density of curves.

5This tendency is in agreement with the easier dissociation of
the mesonic bound states observed in [25] and other relevant
studies, e.g., [70–73].
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consider the extremal example of having a state with all its
quarks on the x1 direction. This state needs larger radius or
temperature to dissociate where EðLcÞ ¼ 0, compared to
the state having its quarks on the x3 direction (Fig. 8).
Therefore, a baryon with quarks uniformly distributed on
the anisotropic plane will dissociate in discrete stages with
respect to the position of the quarks forming it. In an
anisotropic SUðNcÞ theory, the quarks along the aniso-
tropic directions will dissociate first, leaving a baryon with
Nc − 2 quarks and this sequence will continue with the pair

of quarks closer to the anisotropy until the baryon dis-
sociates completely. This is formally justified since beyond
the critical length Lc the energy of a baryon with Nc − 2
quarks, two straight strings from the Dp vertex brane to the
black hole horizon plus two infinite straight strings corre-
sponding to the two quarks left the state, in the anisotropic
theory is always less than the baryon with Nc strings. This
phenomenon provides a unique feature of the effects of
anisotropies on the baryonic states. It slightly resembles the
phenomena noticed on the baryons moving in a hot plasma
wind [57]. Moreover, a similar pattern in a different context
has been observed in isotropic cubic lattice simulations for
the so-called k-strings [74].

E. Strong anisotropy and baryons

In this section we focus on the study of the stability range
and the dissociation length of the baryon. Our results so far
hint that there is a saturation on the effect of the anisotropy
to the holographic baryon for large strengths of anisotropy
and strong fields.
Let us compute the dependence of the maximum radius

of stability Lm, on the anisotropy. We define as the
maximum radius of stability the maximum of the LTðρÞ
function or equivalently where the cusp of the function
EðLTÞ appears. The maximum stability radius is not of
much physical importance, since it occurs after the dis-
sociation radius. However, it is still a mathematical prop-
erty of the holographic baryon solution which we examine.
Furthermore, we numerically compute the more physical
dissociation radius of the holographic baryon Lc where the
regularized energy of the baryon is zero, in relation to the
anisotropy of the space.
We firstly perform the numerical analysis for the trans-

verse baryon as shown in Fig. 9. As we increase the
anisotropy, the baryon located transverse to the anisotropic

transverse baryon
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FIG. 8. The comparison of the energy of the baryon vertex with
quarks distributed on the anisotropic plane versus the baryon with
quarks on the transverse plane for fixed value of anisotropy
a=T ¼ 30. The baryon on the transverse to anisotropic plane is
more stable than the one in the anisotropic plane. Rotating the
baryon from the ðx1; x2Þ to ðx1; x3Þ plane the bound state is
affected more severely by the anisotropy. Extremal baryons
where the quarks are aligned only along transverse and longi-
tudinal directions are presented. The baryon with quarks uni-
formly distributed on the anisotropic plane will dissociate in
stages with the pair of quarks closer to the anisotropic direction
leaving the state first.
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FIG. 7. The energy of the baryon vertex on the transverse plane
with rotational symmetry. For increasing strength of anisotropy,
the decrease of the dissociation length is clear. Equivalently, the
increase of the anisotropy leads to increase of the baryon energy
of fixed size leading to easier dissociation. Notice that for large
values of anisotropy, variations of the anisotropy strength do not
affect the baryon significantly, where the inner energy curves the
baryon on the plot approach to a single one.
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FIG. 9. The maximum of the LðρÞT, marked as Lm, signals the
unstable region which seems to saturate to a value for increasing
anisotropy. The dissociation length Lc where the regularized
energy of the baryon is zero, also saturates for increasing
anisotropy. The numerics are for the baryon located on the
isotropic plane.
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direction very quickly becomes weakly dependent on the
anisotropy. After a certain strength of the external field, the
baryon is insensitive to further variations of it signaling an
interesting pattern.
The computation is more involved for a baryon being

located on the anisotropic plane (Fig. 10). Increase of
the field strength leads to weaker dependence of the
properties of the baryon on the field’s value. The critical
and maximum radius of stability are computed for extremal
baryons having their quarks along parallel, transverse and
at an angle π=4 with respect to anisotropy. An interesting
observation is that for such baryons the radii Lm and Lc
are closer, while in the transverse direction the two radii
approach since the Lm is very close to the zero energy.
For large enough anisotropy for a baryon located trans-

verse to the anisotropic direction we propose that the
following formula holds:

LcT ¼ cþO
�
T
a

�
;

a
T
≫ 1; ð3:10Þ

where c is a constant. For a baryon on the anisotropic space,
the same formula may hold with the subleading terms being
less suppressed.
In summary, our numerical analysis of this subsection

shows that for high enough anisotropy, the baryon tends to
depend weaker on it. For the transverse baryon we find that
the dependence becomes negligible, signaling strong sat-
uration effects of anisotropic field on the baryon properties.
For the anisotropic baryon, we confirm that irrespective of
how large the anisotropy is, the baryon will dissociate in
stages, where the quarks along the anisotropic direction
will abandon the state first.

F. High anisotropy regimes and baryons
in the exact IR geometry

The radii Lc and Lm determined by integrations on
whole range of the holographic RG flow. For high enough
anisotropy our numerical analysis suggests that the combi-
nation of the formulas involved may pick contributions
from a certain holographic region, where the anisotropy
changes are suppressed. The baryon analysis depends
heavily on the net force conditions, so let us look at the
net forces Fk and F⊥ for quarks located on the plane that
includes the anisotropic direction and for quarks distributed
on the SOð2Þ plane, respectively. They take the form

Fk ¼ F1k þ F2; F⊥ ¼ F1⊥ þ F2;

16πF2 ¼
e−ϕg4θθð5g00g0θθ þ gθθðg000 − 2g00ϕ0ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−g00g5θθ
q ;

16πF1k ¼ −
8g00grrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−g00ðgrr þ x02g33Þ
p ;

16πF1⊥ ¼ −
8g00grrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−g00ðgrr þ x02g11Þ
p :

The F⊥ is independent of the anisotropic spatial direction
metric elements which contributes exponential dilaton
terms. It depends on the anisotropy through a combination
of radial and metric elements only. The Fk depends on g33,
and by observing that the F2 term generated by the brane is
the same in both expressions, we understand the stronger
dependence on anisotropy of the anisotropic baryon versus
the SOð2Þ baryon.
We find parametrically the solutions of the net force

condition of the transverse baryon in the whole range of
anisotropic and holographic space and present the result
in the Fig. 11. It is easily demonstrated that the two-
dimensional surface tends to a particular curve with the
increase of anisotropies. One may wonder why, and what
determines the value of the curve?
The IR geometry is expected to give more dominant

contributions to baryon in the high anisotropy regime.
Nevertheless, the baryon vertex and the attached strings
are not so deep in the bulk geometry to approximate the
computation in the exact IR geometry. We check that by
applying the formalism developed in Sec. II where we
study the baryon on the Lifshitz-like theories.
In the IR the string frame metric [41] can be written in

the following form:

ds2s ¼ r2ð−fðrÞdt2 þ dx21 þ dx22Þ þ r
24
7 dx23

þ dr2

a1r
12
7 fðrÞ þ b1r

2
7ds2X5

; ð3:11Þ
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FIG. 10. The maximum stability radius Lm and the dissociation
length Lc for extremal cases of baryon on the transverse plane,
having its quarks on different angles with respect to anisotropic
direction. The increase of the anisotropy leads to easier disso-
ciation of the baryon, while for large anisotropy the dependence
of the baryon properties becomes weaker on the anisotropic
value. The effect is not as severe as in the case of transverse
baryon.
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where the dilaton, the blackening factor and the
constants are

eϕ ¼ b21r
4
7eϕ0 ; fðrÞ ¼ 1 −

�
rh
r

�22
7

;

a1 ¼
49

36
b−61 ; b1 ¼

�
11

12

�1
5

; ð3:12Þ

and ϕ0 is a constant. The background is also an exact
solution of type IIB supergravity. We chose to omit all the
details of the baryon analysis on this background, although
some of them are interesting, and we present the relevant
final results.
For a baryon on the isotropic plane of the background

(3.11) the changes of anisotropy do not affect its properties.
We compute the net force and then its solution for such a
baryon to find the results plotted in Fig. 12, where we
compare them with the solutions of the baryon in the
anisotropic RG backgrounds (3.3). The solutions of the RG
background tend to inner curves as we increase the
anisotropy, while the baryon in the background (3.11)
has inner net force curve explaining the fact that the baryon
vertex in the RG background does not sit such deep in the
bulk to approximate the dominant contributions from this
region. An interpretation of our findings is that some of the
characteristics of the baryon in the RG theory, like the net
force, the size and the energy, tend as the anisotropy
increases towards the ones of the baryon in the theory
(3.11). However this is difficult to strictly quantify since the
strings are integrated over the holographic direction and
probe the whole RG geometry; although for branes going

deeper in the bulk, larger parts of the strings are subtracted
by the regularization technique.

IV. THEORIES IN THE PRESENCE OFMAGNETIC
FIELDS AND BARYONS

To demonstrate how the anisotropy is generated due to
magnetic fields let us firstly consider the Einstein-Maxwell
theory with a negative cosmological constant as in [75]:

S ¼ −
1

16πG5

Z
dx5

ffiffiffiffiffiffi
−g

p �
Rþ FMNFMN −

12

L2

�
þ SGH þ SCS; ð4:1Þ

where the Chern-Simons term ensures that the action
corresponds to the bosonic part of the d ¼ 5 minimal
gauged supergravity and is useful to fix the normalization
of the gauge field. Together with the Gibbons-Hawking
term, these do not contribute to the background solution.
Let us introduce a magnetic field along the anisotropic x3
direction with a field strength

F ¼ Bdx1 ∧ dx2: ð4:2Þ

By looking at the symmetries of the equations of motion of
(4.1) it is obvious that it will introduce an anisotropy along
the x3 direction in the geometry as

ds2 ¼ −f0ðrÞdt2 þ
dr2

f0ðrÞ
þ f1ðrÞðdx21 þ dx22Þ þ f2ðrÞdx23:

ð4:3Þ

FIG. 11. The solutions of the net force (2.12) for the baryon on
the anisotropic plane with respect to the anisotropy for the
complete range of the holographic direction ρ. Notice that as
the anisotropy is increased the surface tends quickly to saturate to
a constant curve. The situation is similar to the rest of the related
quantities. It is the reason that at the high anisotropy regime,
eventually the observables tend to be weakly dependent on the
modifications of the anisotropy.
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FIG. 12. The net force solution for a baryon vertex on the
transverse plane for fixed anisotropies, where the inner curves
correspond to higher anisotropies, tending to converge. The
dashed curve is for a baryon in a holographic theory with a
background that matches the IR region (3.11) of the RG flow of
the Lifshitz-like background. The brane vertex is not in the deep
IR of the RG anisotropic flow background (3.3), explaining the
fact that the baryon in the background (3.11) has inner net force
curve. The parameters are fixed such that the temperature of the
Lifshitz-like space, matches the temperature of the RG flow at
high anisotropies.
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Notice the space is anisotropic, and the particular solution
of this model interpolates between AdS5 and a geometry
of a Bañados–Teitelboim–Zanelli black hole with AdS3 ×
R × R isometries as

ds2 ¼ −3r2
�
1 −

r2h
r2

�
dt2 þ 1

3r2ð1 − r2h
r2Þ

dr2

þ 1

2
ffiffiffi
3

p jBjðdx21 þ dx22Þ þ 3r2dx23: ð4:4Þ

The background (4.3) is anisotropic along the direction of
the magnetic field B. Here the internal part of the geometry
is absent since we started with a 5-dimensional space. One
may consider more involved geometries with the internal
part of space and additional forms in string theory.6 The
exact expression of the additional forms does not affect the
qualitative details of our findings, due to the symmetries of
the configuration.

A. Baryons in theories with magnetic fields

In the previous section we have shown that magnetic
fields induce anisotropic geometries of the form (2.1) and
(3.3). Having presented already an extensive analytical
and numerical analysis of the holographic baryons in the
anisotropic theory with the space-dependent θ-term, we
like to focus here on the generic properties that the baryon
expected to have in the presence of magnetic fields.
The DBI action for a generic magnetic background

accommodating the backgrounds (4.3) and (4.4) reads

SDp
¼−Tp

Z
Mpþ1

dpþ1ξe−ϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jGabþBabþ2πα0Fabj

p
þSWZ;

ð4:5Þ

where F is the Born-Infeld field strength, and B is the NS-
NS field, all of them computed on the induced geometry.
The SWZ action contains the possible R-R forms of the
background. The key point here is that the brane wraps the
directions of the internal space and the time, and since we
integrate them the above action will depend on the holo-
graphic direction r for homogeneous field theories assum-
ing that the brane solves the corresponding Euler-Lagrange
equations. The position of the brane is static and is
determined by the net force condition (2.12). Therefore,
the existence of additional R-R fields and the B-field in the
DBI action modifies mainly the position of the brane on the
holographic space.
Regarding the strings we have

SNG ¼ 1

2πα0

Z
dσdτ

� ffiffiffiffiffiffi
−g

p
−
1

2
ϵαβBMN∂αXμ∂βXN

�
;

ð4:6Þ

and it can be seen that by considering a constant magnetic
field, the equations of motion are possible to be satisfied
without introducing any new qualitative features in the
analysis.
Therefore, the model-independent features derived in

Secs. II and II C, are features of the strongly coupled
holographic theories in magnetic fields. The magnetic field
backreacts to the geometry and induces anisotropies, while
it couples to the brane and string actions in a way already
described by affecting the baryon features only quantita-
tively. Namely the quark distribution of the baryon along
the different directions, depends mainly on the anisotropy
of the geometry triggered by the magnetic field and on the
position of the Dp-brane. Moreover, baryons that live on
any plane that is nontransverse to the magnetic field will
be dissociated in stages, as we have already explained.
The relative magnitudes of dissociation will be model
dependent but the qualitative prediction is independent of
the model.
Notice that the existence of the unified study scheme for

heavy quark observables in anisotropic theories, which is
insensitive to the source triggering the anisotropy is not so
surprising. For example the general formalism for the
heavy quark diffusion developed in [66,68] applies on
certain limits of magnetic field environments [69].

V. EFFECTS OF STRONG FIELDS ON
BARYONS WITH k < Nc QUARKS

Let us consider a baryon with k-quarks, where k is lower
than the number of the colors Nc in the SUðNcÞ gauge
theory. The holographic construction consists of k-funda-
mental strings initiating from boundary ending to the D5-
brane. To stabilize the configuration and to ensure con-
servation of charges, we implement a number of Nc − k
strings initiating from the brane ending in the deep IR in the

6A string theory background similar to the magnetic brane
solution is the noncommutative dual theory, where our analysis
can be also applied. The noncommutative field theories emerge as
the world-volume theory of the D-branes with constant NS-NS B-
field at certain limits on the parameters of the theory. In the string
frame the backgrounds reads [76,77]

ds2 ¼ α0R2

�
r2ð−fðrÞdt2 þ dx21 þ hðrÞðdx22 þ dx23ÞÞ

þ dr2

r2fðrÞ þ dΩ2
5

�
;

e2ϕ ¼ g2shðrÞ; B23 ¼ α0R2a2r4hðrÞ; C01 ¼
a2α0R2r4

gs
;

F0123r ¼
4α02R4

gs
r3hðrÞ; fðrÞ ¼ 1 − r4h

r4 ; hðrÞ ¼ 1
1þa4r4 ;

where a is a constant parameter here related to the θ non-
commutative parameter in field theory, gs the IR string coupling
and R4 ¼ 4πgsN defined as usual.
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bulk of the theory. We collect the boundary terms which
give the no-force condition in the anisotropic background

k
∂LNG;1

∂r0 − ðNc − kÞ ∂LNG;2

∂r0 ¼ Nc

4

∂LDBI

∂r
����
r¼rv

; ð5:1Þ

where LNG;1 ≔
ffiffiffiffiffiffi
D1

p
, LDBI ≔ D2 are the string and the

brane parts, respectively, of the Lagrangian (2.4), and
LNG;2 ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−g00grr
p

is the Lagrangian of the straight string
initiating from the brane at rv to the deep bulk.
The Eq. (5.1) reads

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−g00grr
p ffiffiffiffiffiffi

D1

p ¼ Nc

4k
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−g00grr

p ∂D2

∂r þ Nc − k
k

; ð5:2Þ

and constrains the number of strings according to

k ¼ NcðB4 þ 1Þ
Γþ 1

; ð5:3Þ

where we define Γ to be equal to the LHS of the (5.2) to
notice that Γ ≤ 1, and B appears on the RHS of the same
equation

B ≔
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−g00grr

p ∂D2

∂r
¼ e−ϕ

2g00
ffiffiffiffiffiffi
grr

p g
3
2

θθð5g00g0θθ þ gθθðg000 − 2g00ϕ0ÞÞ: ð5:4Þ

Restricting the study to the class of theories with AdS
asymptotics where the ϕ0 and g0θθ approach to zero faster
than the space metric elements approach infinity, we find
that the function B is equal to the unit at the boundary. For
the same flows close to the horizon in the deep IR the
function scales as 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
u − uh

p
, therefore there B becomes

infinitely large. It would be very interesting to prove in
general possible monotonicity of the function B by using
holographic properties, like the c-theorem for anisotropic
holography. By assuming theories with monotonic B we
obtain B ≥ 1, with the minimum at the boundary and the
maximum at the black hole horizon. By using the Eq. (5.3),
it is not difficult to see that the baryon stability bound for
such theories satisfies

k ≥
5

8
Nc; ð5:5Þ

and is the same with the AdS invariant theories.
For the theory with the space-dependent θ-term one

can demonstrate this expectation since the function B is
written as

B ¼ e
ϕ
4

2
ffiffiffiffiffiffi
grr

p
�
1

2
ϕþ log g00

�0
: ð5:6Þ

By using the monotonicity of the metric elements and the
dilaton, and the asymptotics of the background it can be
proved that B is an increasing function with minimum
limr→∞B ¼ 1 and maximum limr→rhB ¼ ∞, satisfying all
the expectations mentioned above. Therefore the stability
bound for the anisotropic baryon in this theory is given
by (5.5).
This is one of the few universal bounds of isotropic

theories that continue to be unmodified when anisotropic
interactions appear. The main reason is that the relation
(5.5) turns out to depend primarily on the metric element
of the holographic direction and its asymptotics, where
in the UV we have an AdS space and in the IR at the
horizon the metric element diverges. However for
baryons in Lifshitz spacetimes, e.g., in the theory
(3.11), the bound may be modified in a way that it
depends on the critical exponent of the theory, and this
may be an interesting further application of the methods
developed here.

VI. CONCLUDING REMARKS

Our methodology and results have been presented in
detail in Sec. I A. Here we briefly provide some concluding
remarks. We have provided a generic formalism for the
study of holographic baryons in strongly coupled aniso-
tropic theories. Our formalism is applicable to several
theories, including theories with space-dependent cou-
plings and theories under strong magnetic fields. We have
also presented a full numerical analysis to quantify the
qualitative expectations of baryons derived with the generic
formalism we have developed. In anisotropic theories the
baryon’s quark distribution depends on the angle with
respect to the direction that breaks the rotational symmetry,
e.g., the magnetic field vector. For quarks lying on the
anisotropic plane the distribution takes an elliptic shape to
counterbalance the induced effect of gluon dynamics and
retains a stable state. Such baryons dissociate in stages,
depending on the angle of the quark with respect to the
anisotropic direction, where certain pairs abandon the
bound state first, followed by the closest pairs to them
as the temperature increases. For baryons with quarks less
than the number of colors, we have found that the universal
stability condition relating the numbers of quarks and the
degree of the gauge group remains unmodified in the
theories under consideration. This is in contrast to several
other independent universal relations, such as the shear
viscosity over entropy density ratio, which tend to be
violated in anisotropic theories. These are the main results
of our work.
The feature of the baryon dissociation in stages we have

observed is unique for static baryons, although similar
phenomena may be present in moving baryons in the
plasma [57]. Our observation may have potential qualita-
tive applications on multiquark bound states, for example,
on the exotic baryons. Exotic states that are strongly
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coupled in the same way with the conventional baryons
may dissociate in stages in the presence of anisotropies
with the pattern described, which may not occur for
example in molecule states. Our results could serve as a
qualitative potential test to identify the nature of such states,
assuming that the features observed at the large Nc limit
carry on for a lower number of colors.
Our studies, due to the nature of gauge/gravity duality,

are limited to qualitative observations which nevertheless
may turn out to be very insightful. Our baryons live in
theories with a large number of colors Nc, however this
might not be an obstruction for the qualitative realization
of our findings. Extensive simulations in 3 and 4-dim
pure Yang-Mills, support this claim for certain observ-
ables [78–80]. In fact for the case of mesons the large Nc
computations have led to qualitative and semiquantitative
agreements for the masses of various states with the
holographic results [81]. Regarding the baryons there are
several techniques in lattice and effective field theories
like the heavy baryon chiral perturbation theory, studying
them in the framework of the large Nc limit and the 1=Nc
expansion [82,83]. Therefore, it would be an interesting
possibility to examine if any of the qualitative holo-
graphic large-Nc baryon features observed in our studies
are realized in nature.
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APPENDIX: AXION DEFORMED GRAVITY
DUAL THEORY AT LOW ANISOTROPY LIMIT

At the low anisotropy, high temperature limit the metric
(3.3) becomes

F ðrÞ ¼ 1 −
r4h
r4

þ a2F 2ðrÞ þOða4Þ;
BðrÞ ¼ 1þ a2B2ðrÞ þOða4Þ;
HðrÞ ¼ e−ϕðrÞ; ϕðrÞ ¼ a2ϕ2ðrÞ þOða4Þ: ðA1Þ

The unknown functions are determined by applying the
usual horizon and boundary AdS conditions, to give

F 2ðrÞ ¼
r2h
24

�
8

r2

�
1

r2h
−

1

r2

�
−
10

r4
log 2

þ
�
3

r4h
þ 7

r4

�
log

�
1þ r2h

r2

��
; ðA2Þ

B2ðrÞ ¼ −
1

24r2h

�
10

r2

r2h
þ 1

þ log

�
1þ r2h

r2

��
;

ϕ2ðrÞ ¼ −
1

4r2h
log

�
1þ r2h

r2

�
; ðA3Þ

while the horizon of the black hole is related to the ratio
a=T as

T ¼ rh
π
þ a2

5 log 2 − 2

48πrh
þOða4Þ: ðA4Þ

The backreaction of the axion at Oða2Þ at the expression
(3.8) is given by

X13ðx0b;ρ; r̃Þ¼
Z

∞

1

dr̃
x0bρð1−ρ4Þ

8rhðρ4− r̃4Þ1=2
�

1

ρ4ðρ4− r̃4Þþr4hx
0
b
2ðr̃4−1Þðρ4−1Þ

�
3=2

·

�
ðρ4− r̃4Þð−2ρ4þr4hx

0
b
2ðρ4−1ÞÞ logð1þρ2Þþð2ρ4ðρ4− r̃4Þþr4hx

0
b
2ð2r̃4−1−ρ4Þðρ4−1ÞÞ log

�
1þρ2

r̃2

��
:

ðA5Þ
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