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Based on the generalized Bloch equation, the transseries expansion for the phase (exponent) of the
ground state density for double-well potential is constructed. It is shown that the leading and next-to-
leading terms in semiclassical expansion are still defined by the flucton trajectory (its classical action) and
quadratic fluctuations (the determinant), respectively, while the next-to-next-to-leading term (at large
distances) is of nonperturbative nature. It comes from the fact that all flucton classical trajectories modified
by multi-instanton, instanton—anti-instanton additions lead to the same classical action behavior at large
distances. This correction is proportional to sum of all leading instanton contributions to energy gap.
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I. INTRODUCTION

It was understood long ago that the inter-relations between
two formulations of quantum mechanics, Schrodinger’s
based on the wave functions and Feynman’s based on path
integrals, become nontrivial in certain special problems.
In particular, if coordinates are defined on compact manifolds
(such as Lie groups), there exist topologically distinct paths.
Since they cannot be continuously deformed into basic
topologically trivial paths, the issue of their normalization
(and especially their sign) in the path integral formalism is
nontrivial and requires basically a separate definition. It has
been very clearly explained in the remarkable paper by
L. Schulman [1] using the simplest example of a particle on a
circle [or O(2) = U(1) group], in which case the question is
whether angular momentum should be integer or half-
integer. In the latter case, the wave functions must be defined
as antiperiodic, and the winding paths contribution to the
integral must be defined as having an extra sign factor.
Only with this modification the path integral formalism
become finally fixed uniquely.

In our previous works [2,3], we introduced and studied a
version of the semiclassical theory based on the so-called
flucton paths in Euclidian time, the periodic ones which start
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and end at some arbitrary location x; and thus contribute
to the density matrix p(xg). Unlike the textbook WKB
(Wentzel-Kramers-Brillouin) approach, this one can be used
for multidimensional or Quantum Field Theory (QFT)
problems, and perturbative corrections to all orders can be
calculated via Feynman diagrams. These corrections has
been explicitly calculated, in one and two loops for a number
of examples including the quartic anharmonic oscillator
and sine-Gordon potential. These series on top of the flucton
were then reinterpreted and rederived, using the so-called
generalized Bloch equation.

If the potential of the problem has a single minimum, like
in anharmonic oscillator V ~ x*, the flucton path is uniquely
defined by a condition that at the Euclidian time 7 — o0 it
should “relax” to that minimum. However, if there are two or
more degenerate minima (as is the case in the double-well or
sin-Gordon problems we also studied), there are also paths
which can relax to two different minima. Classical paths,
corresponding to transitions between those minima are
known as instantons (or anti-instantons, or multi-instantons
in general). Contributions of instantons to the ground state
energy have been studied in multiple papers, including e.g.,
our own works [4,5] in which it also has been done explicitly,
up to three loops.

The issue we address in this work is the instanton
contribution to the density matrix. In Fig. 1, we illustrate
it by two paths, both passing through some generic point x,
(which we take to be outside of both potential minima
marked by wide solid lines). The left sketch shows the
flucton path, which at 7 — F-oo relaxes to the same (nearest)
minimum. The right sketch shows a path which relaxes to
different minima; we will call it “f +1” (flucton plus
instanton) path. The Euclidean time 7 is the vertical
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FIG. 1. The flucton path (left) and flucton-plus-instanton path
(right) both pass from some generic point x; and relax to one or
two degenerate minima, to ensure the finiteness of the action.

coordinate. (Recall that at finite temperatures it is defined on
a circle with circumference f = /T, and the paths should
be periodic. Yet in this work, we consider zero temperature
quantum mechanics, so f = oo, and the only remaining
condition is that the paths must have a finite action.)

Since both paths pass through the point x(, they both
must contribute to p(xg). Yet since the paths are topologi-
cally distinct, the question of relative normalization of their
contributions to the integral naturally arises. We already
touched upon this issue in our previous paper [5] (for 0 <
Xg < 1 in between the minima), but now we would like to
do it more explicitly, using the classic example of the
double-well potential and the generalized Bloch equation
we also introduced before [5].

Nowadays, it is a well-known fact that in quantum
mechanics for potentials with two or more degenerate
minima the ground state energy contains nonanalytic terms
at g — 0 of instanton origin in addition to perturbation
theory in g; see for instance Ref. [6]. In particular, for the
ground state of the celebrated quartic double-well potential,
the standard perturbation theory expansion for energy
becomes transseries of the form,

o0 [ee] k
) = Pl + 323 (o[- ]
k-instanton
log <) e, g 1
X |\ 102 | Cripg™ (1)
) ~—~—

PT

see e.g., Ref. [7], in which the parameters ¢ = 1/6 and
Ck1,p are real parameters, g is the coupling constant (see
below), and the subscript PT stands for perturbation theory.
Similar expansion can be derived for all energy eigenval-
ues. Perhaps, L. D. Landau and E. M. Lifschitz were the
first who indicated to this phenomenon [8], J. Zinn-Justin
[9] derived this expansion systematically as a state of the

art, and together with U. Jentschura [10], they made
impressive concrete calculations of this expansion.
Recently, G. V. Dunne and M. Unsal in a number of papers
revealed the hidden properties of (1) and made it under-
standable, at least, for us; see e.g., Ref. [11] and references
therein. Note that (1) implies that the energy can be written
as sum of perturbative and nonperturbative parts,

E = Epr + Enpr- (2)

The aim of this paper is to derive nonanalytic terms in
g for ground state density (the square of the ground
state function) in a systematic way, thus constructing a
type of trans-series for the wave function assuming that the
transseries for the ground state energy is known. Explicitly,
it is done by separating perturbative and nonperturbative
parts in the wave function multiplicatively,

Y = e PN = gy (3)

hence, the log of wave function can be represented as a sum
of perturbative and nonperturbative terms. This is the key
observation which comes naturally from the Riccati-Bloch
equation. Then, we will try to clarify the obtained transs-
eries in the framework of path integral formalism. The
celebrated quartic double-well potential will be taken as the
example. Thus, overall, the derivation will be made from
two different directions: (i) from quantum mechanics using
the generalized Bloch equation of the type presented in
Ref. [3] and (ii) from the Euclidian time path integral
following a variety of flucton-instanton trajectories.
Needless to say, the celebrated quartic double-well
potential, written for future convenience in the form

1

S22 = g2 )

where ¢ is the coupling constant, plays an exceptionally
important role in different physical sciences and chemistry.
It has two degenerate minima situated at x = 0 and x = lq

V(x) =

respectively, and a maximum at x = 2—1!] The potential is also

1

symmetric with the center of symmetry at x, = 3

It is seen explicitly when the potential (4) is rewritten as

where X = x — 5- 5 1t implies the parity of the eigenfunction,

V(F) =

being even or odd Hence, the eigenfunction can be
represented in the form

v =w(x-p)ew(-xig ) ©
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with plus sign for even and minus sign for odd eigenfunc-
tions [12]. However, to study the transseries expansion in
quantum mechanics for the ground state eigenfunction, it is
more convenient to use the exponential representation (3)
where the phase is given by the sum of perturbative and
nonperturbative parts,

log¥ = log Wpr + log Ynpr-

In QFT and quantum mechanics in the path integral
formalism the density matrix, calculated in saddle-point
method, appears as the sum over saddle point contributions
as for large positive (negative) distance x,, hence, in the
form of a linear superposition. It implies that the repre-
sentation (6) is more natural than non-linear representation
(3). However, the concrete calculations are performed
much more easily in the representation (3). Afterwards
the results can be re-expanded (in additive way) for the
representation (6), see Sec. IV.

The potential (4) belongs to a special class of anhar-
monic potentials,

Vix) = V(ggx) = %xz +azg +ayPxt + ..., (7)
as well as the celebrated sine-Gordon potential. The
function V has a minimum at x = 0 it always starts from
|

the quadratic term. The frequency of the small oscillations
in the potential V near the minimum can always be placed
equal to 1, =1 and g is the coupling constant of
dimension [)—16], see e.g., Ref. [3]. For the sake of future
convenience, the classical (vacuum) energy is always taken
to be zero, V(0) =0, and a, 3 are real, dimensionless
parameters; hence, V(x) > 0. We call (gx) the classical
coordinate; see below. Both the classical coordinate and the
Hamiltonian with the potential (7),

1
2m

1 -
H=- 8§+?V(gx), 9, ==

m=1, X € (—o0, ), (8)
are invariant with respect to simultaneous change,
X — —x, g— —g.

It implies that the energy is the function of ¢?,

E = E(g%). )

A particular form of the transseries (1) for the ground
state energy of the quartic double-well potential (4), which
we are going to exploit, has the form (if for the sake of
simplicity we assume g > 0)

L 540 1 L 2 2
E(g) = Epr + Enpr = ZganPT,n +§e S"(A(()) +A5 2+ ..) +?€ ZSO(A(() ) Al '?+..)
n=0

9

1 1
+..+ log(gz)ge_s0 <—€_S°(Bél) + Béifgz

1 1
+ log*(g*) 5 7% <— eS(BY + By

g 9

where Sy = 6% is one-instanton classical action; the param-
eters Es, A's, and B s are real and can be calculated
constructively; and some of them are explicitly known (see
Ref. [10] and references therein). The form (10) is slightly
different from the standard form of transseries, see e.g.,
Ref. [11], being of the type (1): it takes into account the
appearance in the standard form for transseries the imagi-
nary parts in some coefficients with their further cancella-
tions due to the Bogomolny mechanism [13,14]. It is worth
emphasizing that one can see explicitly in (10) the presence
of two structures,

1 1
E=—eh g=logl@) e (1)
g

in addition to the coupling constant g itself, cf. Ref. [10],
Eqgs. (8.1) and (8.2). Therefore, the transseries (10) can be
considered as the triple Taylor expansion in g, &, y,

1
o)+ e SBY B R )+

g
1
m>+?e—2so(3<12>+B(fl)gz+...)+...> +..., (10)
E=Y Ep g &y, (12)

Note that y has the meaning of one-instantion contribution
in a leading order: classical action plus determinant. It is
worth noting that nonperturbative energy FEnpy can be
reorganized into the form of perturbation series,

Expr = ZgznAnENPT.n (9): (13)
n=0

where
1 1
Expro= {56_50 * ? e [A(()Z) + B(()Z) 108(92)]

I _ 3 3 3
+5e AT+ B og(e) + B o)

1 -
bt e Y AP+ (10
q=0
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with A = _\/g in (13). This is the sum of all leading

instanton contributions to nonperturbative energy. In fact, it
represents the sum over multi-instanton saddle points in the
leading approximation, when classical action plus deter-
minant (one-loop contribution) are taken into account. The
nth correction in (13) has a similar form:

1 1
Exprn = {5 e~ + ? e 25 [A£12> + B£z2) log(g?)]

I _ 3 3 3
€0+ B Tog() + B 3log(97)

1 L
+...+g—pe—PSoZOA2’.’Jlogq(gz)+...}. (15)
q=

_|_

Natural questions to ask are whether transseries expansion
exists for a wave function of the type (12) with x-dependent
coefficients and if so how to construct it. In order to proceed,
let us derive the generalized Bloch equation, cf. Ref. [3],
specific for the potential with two degenerate minima. The
first step is standard: we begin with the Schrodinger equation
for the wave function and go to the equation on its
logarithmic derivative y(x), which eliminates the overall
normalization constant from consideration. We arrive at the
familiar Riccati equation where the boundary condition
v(0) =0 should be imposed. However, in order to find
the non-singular at real x solution which will guarantee the
normalizability of the eigenfunction, two extra conditions
should be imposed: (i) y should be asymptotically antisym-
metric, y(—x) = —y(x); in concrete, it should behaves
asymptotically like y(x) ~ gx|x| at large |x| (at g > 0),
and (ii) derivative at origin is equal to the eigenvalue,
y'(0) = E. The condition (ii) reveals the meaning of the
quantization of energy in the nonlinear Riccati equation: for
given g, there exists the single value of the ground state

|

energy E(g) for which (i) holds. The second step is that we
have to extract the product of two linear functions of the
coordinate from the logarithmic derivative assuming the
remaining function depends essentially on the classical
coordinate (gx),

x(1 = gx)z(gx, 9) = — o) y(x). (16)

It reflects the fact that, since the original potential V(x) (7) has
two minima at x = 0 and x = 1/g, the logarithmic derivative
of the wave function (the derivative of the phase) has to vanish
linearly at x = 0 and x = 1/ g, respectively. Now, we have to
write the equation for function z. Substituting the construction
(16) to the Schrodinger equation

(— %% + % V(gx)) w(x) = Ey(x),

where the Planck constant is placed equal to 1, 2 = 1, and
redefining the coordinate # = gx assuming g > 0, we arrive
at the equation

gu(l —uw)Z' (u) + ¢ (1 = 2u)z(u) — u*(1 — u)?z(u)?
= 2¢°E = V(u), V(u) = u?>(1 —u)?, (17)

which is called the generalized Bloch equation. Note that
here z(u) has the meaning of a reduced logarithmic deriva-
tive; see (16). We will study Eq. (17), imposing the boundary
condition z(0) = E and putting also the condition z(u)~ F 1
at u — £oo.

Now, we proceed in solving Eq. (17) at the weak
coupling regime g — 0 by expanding consistently both
the energy E and z(u) in transseries (10) and

2(u) = > g zpr (1) + ge=S(C0" (u) + P4 () + ) + e (u) + PP () + )
n=0

+ ... +logg? <e-250(5§f>(u) + P8P () + ...

) +ée‘350(fé3)(u) + P8 W) + )+ )

1 . s 1 , R
+ Elogzgz (w”a(g&” + P )+ ;6—450@5@ + P 4 ) T (18)

respectively. We will explore in details the following issues: (i) the perturbation theory in powers of g, (ii) the one-instanton
contribution ~e~%, (iii) two-instanton contributions ~e~2%, and (iv) the sum of leading multi-instanton contributions.

II. WEAK COUPLING REGIME: PERTURBATION SERIES VS SEMICLASSICAL EXPANSION

Looking at the generalized Bloch equation (17), one can immediately realize a striking fact that the perturbation theory

expansion
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Epr(g) = ZQZ"EPT,VH
n=0

zpr(u) = Zgznzw,n(”) (19)
n=0

can be constructed self-consistently, without involving
nonperturbative, exponentially small terms, cf. Ref. [3],
Sec. III.C.2. Owing to this property, we can separate
perturbative and nonperturbative contributions in z. From
now on, we will drop the notation “PT” in z but will keep it
for energy E.

In the zeroth order in g, O(¢°) in (17), in which all terms
proportional to the coupling are ignored, the equation to
solve is very simple,

—1>(1 —u)?zo(u)? = —u*(1 — u)?, (20)
leading to
zo(u) = £1; (21)

here, the sign is chosen by requiring the normalizability of
the unperturbed wave function ¥,. Thus, we take the sign
plus for u < 0: zy5 = —1 and the sign minus for u > 0:
zo = 1. Hence, the solution is discontinuous at # = 0. This
is the indication that we cannot go to the domain of small
|u|: the expansion (19) for zpy is convergent at large |u| >
uq only, see below.

This result [u(1 — u)zo] is, in fact, the classical momen-
tum at zero energy, and therefore, when we return to
the wave function, the zeroth order term gives the well-
known semiclassical action. So, the zero approximation
admits a simple interpretation as the exponent is equal
to the classical action in the semiclassical wave function
w ~exp(— [* p(x’)dx’) but at zero energy.

Moving to the next term zpy; = z; of the expansion
(19), one finds the following equation O(g?) in order to
find it:

u(l = wu)zy(u) + (1= 2u)zo(u) — 20> (1 = u)?zo(u) 2 (u)
= 2Epry. (22)

Note here that the equation involves the known function z,
and unknown z;, and both of them appear linearly. The
similar feature takes place in all orders; finding z,, does not
involve solving a differential equation rather than a linear
algebraic one.

An important feature of the procedure is that the pertur-
bative energy Ept needs to be used in (17) instead of E, in
the form of perturbative expansion in powers of g*. These
coefficients Epr , should be found separately, by some other
method, not via the perturbation theory in the generalized
Bloch equation. For example, the nonlinearization procedure
can be used for it [15]. Since the zeroth order potential is
the harmonic oscillator one, Epro = 1/2. Hence, the first
correction, which emerges from (22), is given by

(1=2u)zy — 1

2u*(1 —u)’zy’ (23)

zy(u) =

which is a rational function in u. At large u > 0, the
correction tends to zero, z; — —u~>, in agreement with
boundary conditions at large |u|. Otherwise, it grows up to
infinity with decreasing |u| toward O or 1. It implies that we
cannot go to the domain of small |u| and should remain at
large |u|, which is typical for the semiclassical approxima-
tion. In Ref. [3], it was shown explicitly that this correction is
related to the determinant in flucton loop expansion. In a
similar way, one can find z,(u) using the first perturbation
correction Epr and known z;; by solving the equation

u(l—u)z)(u) + (1 = 2u)zy (u) — u?(1 — u)?
X (21 + 229(u)z5(u)) = 2Epr;. (24)
As a result,

M(l - M)le(u> + (1 — 2M)Z1 - 2EPT.1 _i
2u(1 —u)?z, 229
(25)

2(u) =

is the rational function in u. At |u| — o0, 7, ~ overall, it

3
2u69
is of the order O(g*). This correction is related with the two-
loop contribution in flucton loop expansion [3].
In general, in the same way, one can write the equation
for z,(u),

u(l—u)z,_ (u) + (1 = 2u)z,_y (u) — u*(1 — u)?
x (@) + 220(u)z,(u)] = 2Epr 1 (26)

where
n—1

Qn = Z ZiZp—i-
i=1

Finally, the solution gets the form
u(l—u)z,_y(u) + (1 =2u)z, 1 —2Epr,-1  Qn
2u?(1 —u)?z, 2z

(27)

z,(u) =

In general, it is the rational function in u,

Pu(u) pa(u)
o) = 2u(1 —u)>zp 2V 28)
where p, is the nth degree polynomial with rational
coefficients and V is the potential defined (17). Thus,
z,(u) is given by the sum of n-loop Feynman diagrams
weighted with appropriate symmetry factors in flucton
calculus.
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III. WEAK COUPLING REGIME: TRANSSERIES
EXPANSION, EXPONENTIALLY SMALL TERMS

A. One-instanton contribution

Analyzing the generalized Bloch equation (17), one can
immediately realize the striking fact that the one-instanton
contribution to energy and reduced logarithmic derivative

Ey(9) = Aoe_sozgzn_lEll.m
n=0

21() = Age > P (), (29)

n=0

see (10), can be constructed without involving exponen-
tially small terms of higher orders e=7%, p = 2. Here

Ay = —\/% is normalization factor given by the instanton

determinant at g = 1 and Ey;,, define energy corrections to
one-instanton; systematically, they are rational numbers
Eyo=1, Eyy =—3, E,=-%2... [10], Sec. 8,
Eq. (8.13a). Note that E;;, at n =1, 2 were calculated
alternatively in instanton calculus using two- and three-
loop Feynman integrals [4,16], respectively.

Now, we proceed to the calculation of exponentially
small terms in g in expansion (18), (29). For the first step,
let us collect all terms of the order O(ge™%) in Eq. (17),
which is of the lowest order in g in front of the exponen-
tially small term e,

~202(1 — u)2z(u)C (u) = 2Ey19,  (30)
cf. Eq. (20), where E,;o = 1, see e.g., Ref. [9], and z; is

given by (21). Its solution has the form

(1) 1 1
= =, 31
Z:O u2(1 - u)2Z0 Vzg ( )

for |u| > 1, and here the potential V is defined in (17).
Asymptotically,
1
C(()l) - — u — +oo; (32)

hence, the boundary condition at u = £oo is satisfied. For
the next step, let us collect all terms of the order O(g*e™)
in Eq. (17), which is of the next-to-lowest order in g in front
of the exponentially small term =5,

w(1 = u)(8,85" () + (1 = 2u)&y (u)
—2u*(1 - u)zzoé(ll)(u)
= =2E;; + 2u2(1 - ”)2215(()1)(”)’ (33)

where E1; | = —=71/12, see e.g., Ref. [9] and also Ref. [16],
and z; is given by (23). Its solution has the form

(1)
m_ 1/ 71 o, 0
¢ _z0< 120 (1 — u)? 4% +2u(1 —u)
(1 =2u)cV
+2u2(1—u(32 ’ (34)

In general, collecting terms of the order O(g*"*'e=%) in
Eq. (17), we arrive at the equation

(1= u) (8,8, () + (1= 2u)¢Y, ()
— 221 = u)zo8y) (u)
= —2E,;, +2u*(1 —u)?QY", (35)

where
o) = izi(u)df_%(u). (36)

It is easily solved, and the explicit form of the nth
correction reads

(1)
m_1(  Eu. a0,
e ( u?(1 —u)? O +214(1 —u)

2u(1 = u)?

Finally, the nth correction has the form of a rational
function with integer coefficients similar to (28).

Concluding, one can see that in order to construct z;;(u)
we have to know the perturbative contribution zpr(u) only.
It is a type of nested construction.

B. Two-instanton contribution

From the generalized Bloch equation (17), one can
immediately realize that the two-instanton contribution

2) _ -
Ey(g) = A(() e 2S02g2n Enins

n=0
2 () = A e 20> (u), (37)
n=0

see (10), second line, and (18), second line, can be con-
structed without involving exponentially small terms of
higher orders e™?%, p > 2 or logarithmic contributions
log?(g*)e P, g 2 1, p 2 2.

Here, AO2 = % is a normalization factor given seemingly
by the two-instanton determinant at g = 1 and E,;,, define
energy corrections to two-instanton. Systematically, they
are written in the form of linear function in Euler constant y
with rational coefficients:

105007-6
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23 53
Ezl,o =7 Espy —7— 6 Vs
B 13 1277
212 = 12 7 Veeos

see [10], Sec. 8, Eq. (8.14a). We are not familiar with any
attempt to calculate these coefficients in instanton calculus
using the Feynman diagramm techniques.

Collecting the terms of the order O(g’e=2%) in Eq. (17),
which is the lowest order in g in front of the exponentially
small term e~2%, we arrive at

Zo(“)582>(”> = =2Ey, (38)

cf. Eq. (20), where E5; o = 1, see e.g., Ref. [9], and z; is
given by (21). Its solution has the form

=2u*(1 —u)?

5(2) B 1 1

= - 39
0 u2(1 - u)220 Vzg ( )

for |u| > 1; here, the potential V is defined at (17). It
coincides with Cf)l) (3.

For the next step, let us collect all terms of the order
O(g?e~?%) in Eq. (17), which is of the next-to-lowest order
in g in front of the exponentially small term e~2%,

u(l = u)(9,85 () + (1 = 2u)¢ 5 (u)
— 2021 = u)?2o¢\? ()

= 2Ey + (1 —u)* 2z, + (¢)))%),  (40)

where z; is given by (23) and C(()l) is from (31). Its solution
has the form

@_ L[ Ey 1 @ | A2
‘:1 _Zo (uz(l—u)z 2(211§0 +(§o ) )
2 A\ s(2)
81{4’0 1 Zu)go ) (41)

(
- 2u(1—u)  2u*(1 —u)?

It is easy to find the nth correction,

2 2 2
22)_1( EZI,n _QSZ)+ 8L¢C’(1_)] +(1_2M)CE,_)1>’

o \P(1=u)® 2 2u(l-u) 2u*(1-u)?
(42)
where
%) n—1
Q}(’l =2 +ZC (u n— l

i=1 i=0

It is evident that in order to construct two-instanton
contribution z,;(#) we have to know perturbative

contribution zpr(u) and one-instanton contribution zy;(u)

only. As a result, the correction 512) is a rational function.
It is needless to demonstrate that in order to determine
the k-instanton contribution,

-28, E 92n—kE21 s

Zkl( —2SU Zgbt k+2€ (43)

Ey(g) = A(k)

we have to know perturbative contribution zpr(u) and all
one-, two-, and (k — 1)-instanton contributions z(,_y),(u).
It is a type of nested construction, and it does not involve
logarithmic contributions.

C. Two-instanton log contribution

From the generalized Bloch equation (17), one can
immediately realize that the two-instanton contribution

Epriog(9) = A( " log(g?) _zsozgzn_zEzn,m
n=0
2an(u) = A5 log( 2>e-250292"4” (44)

see (10), second line, and see (18), second line, can be
constructed without involving exponentially small terms of
higher orders e ?%, p > 2 or logarithmic contributions
log?(g?)e P50, g > 1, p > 2.

Here, A, :% is the normalization factor given seem-
ingly by the two-instanton determinant at ¢ = 1 and E,j; ,
define energy corrections to two-instanton logarithmic
contribution, systematically, they are given by rational
coefficients:

53 1277
E211,1=—€, Ezu,zzﬁ,-.-;

Eyo =1,
see Ref. [10], Sec. 8, Eq. (8.14a). We are not familiar with
any attempt to calculate these coefficients in instanton
calculus.

Collecting the terms of the order O(log(g?)e™>%) in
Eq. (17), which is the lowest order in g in front of the
exponentially small term log(g?)e™2%, we arrive at

20()e" () = —2Ey0,  (45)

cf. Eq. (20), where E;;y = 1, see e.g., Ref. [9], and z is
given by (21). Its solution has the form

—2u*(1 —u)?

@) 1 1

SR A

for |u| > 1; here, the potential V is defined at (17). It

coincides with ¢ (31) and with £ (39).
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It is easy to find the nth correction,

g 1 EBuw 07 057
"o \wr(1—u)? 2 2u(l—u)

(1-2u)¢?)
2u?(1—u)? > '

(47)

where

0 =23 " ()
i=1

One can see that in order to construct {,;(u) we have to
know perturbative contribution zpp(u) only. Thus, it is a

type of nested construction. As a result, the correction { ;21)
is a rational function.

D. Leading semiclassical
multi-instanton-inspired correction

The sum of the exponentially small contributions to
the ground state energy in the leading order, when the
perturbation theory around the multi-instanton is neglected,
can be written in the form

AoExpro = A (ZB § P g 4 log(g*)

x 3BT gre S +10g’(g?)
p=2

X ZBélz’p)g‘Pe‘PSO + ), (48)
p=3

cf. Eq. (14). We assume and then check correctness
afterward that the sum of the exponentially small contri-
butions in ¢ to the reduced phase z in the leading order,
when the perturbation theory around multi-instanton is
neglected, has the form

Agdnpro(u)

0 0
— A <Z BI"P) gr+2g-po ) ()
p=1

+log(g?)> By g r2eSoL ) (u)
p=2

+ log2(g2)ZB(()lz'p)g"’“e‘”sﬂéf)lz"’)(u) + ), (49)
p=3

where /4 in the superscript of Béﬂ"” )

log? in front of the sum.

Now, let us take the generalized Bloch equation (17),
substitute in there the energy in the form (10) and the
reduced logarithmic derivative z(u, g) in the form (18), and
collect carefully, one by one, the expressions in g and e~

means presence of the

which occur in (49). Finally, it turns out that the coefficient
in front of the defining expression has the form

—2u%(1 — u)?zo(u)o(u) + 2By = 0 (50)

(where upper indices in ¢, and B, are dropped for conven-
ience), independently on upper indices, cf. Eq. (20) as well as
(30), (38), and (45); here, z, is given by (21). Its solution has
the form

By By
u2(1 - M)ZZ() N ‘720 '

Co(u) = (51)

for |u| > 1; here, the potential V is defined at (17).
Substituting (51) into (49), we arrive at an unexpectedly
compact expression,

Expro Expro
u) = : == 52
CNPT.O( ) uz(l _ M)2Z0 V(M)ZO ( )
It corresponds to logarithmic derivative
1 Expro

VNPT O = x(l - QX)CNPT,O(QX) =

FVV@)z

and the nonperturbative phase at large x > 0 is equal to

ENPT 0 ENPT 0 1
b / - =log( 1 ——
NPT, O 9220 /— gz gx

Expro 1
R—s—. (53)
g gx

Hence, the leading nonperturbative contribution to phase in
semiclassical domain is subdominant in comparison to both
the classical action, which is the leading (dominant) con-
tribution,

B 3 x?
—I3 T
also the first perturbative correction, which is next-to-leading
contribution

Ppro(x) (%) x>0, (54)

dpr1(x)(x)

see (23). However, the second perturbative correction (25),
which leads to the next-to-next-to-leading contribution,

91

Ppra(x)(x) = — 20

= log gx; (55)

(56)

is subdominant to the leading nonperturbative correction
(53). Hence, the nonperturbative correction (53) being of
order O(1/x) provides asymptotic behavior intermediate to
the first and second perturbative corrections being of “alien”
nature for semiclassical perturbation theory. It can be used to
calculate the leading nonperturbative instanton contribution
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to the energy gap Expr o as a coefficient in front of the 1/x
term in the asymptotic expansion of phase.

Following the philosophy of construction of the approxi-
mate wave function for double-well potential [17,18]
neither leading nonperturbative correction ¢ypro(x) nor
the perturbative correction ¢pr,o(x) is of importance.

IV. CONNECTION TO PATH INTEGRALS

Now, when the perturbative and nonperturbative correc-
tions to the phase of the wave function in semiclassical
perturbation theory are found, we would like to return to the
original issue indicated in the Introduction: the contribu-
tions of the flucton and flucton-plus-instanton classical
path contributions should naturally appear additively in
the path integral for the density matrix p(xy) = w(xy)* =
exp (—2¢(xp)). In order to do it, the representation (3) used
to construct transseries expansion should be rewritten as the
product of two factors:

P — o= Ppr—INeT = o—PpT p—PNPT
As we already know [2,3], the Taylor expansion

Per(u) = Zgznd’PT.n(”)
n=0

corresponds to the loop expansion in flucton calculus: ¢pr
is the classical flucton action; one-loop contribution
gzqﬁpT,l =logD is the logarithm of the determinant;
¢pr is the two-loop contribution; and, in general, ¢pr ,
is the n-loop contribution. It allows us to rewrite the
perturbative part of the flucton density (Wpr)? as the
saddle-point expansion,

1
e 2t — e_2¢PTA()FO = g e—2¢w.0(1 — 2g4¢PT,2 +...).

(57)

The second factor e~>»Ner can be expanded in the Taylor
series in powers of the nonperturbative phase ¢ypr. It
corresponds to the expansion in powers of the exponential
in the one-instanton classical action,

et = 1 4+ ¢750F (x, g) + e 20F,(x,9) + ..., (58)

where for functions F'; , . the first terms in the expansion
in powers g can be found explicitly. In particular,

P _/ dx
') ax(1 - gx)zg

2
g° (83 1+ 2gx ) )
X (1= (=4 g + .o ).
( 2(6 (9x)*(1 = gx)*zo

Thus, the expansion (58) appears as the expansion in
powers e~%0. Combining (57) and (58), we arrive at the

expansion for density in the form a superposition of saddle-
point contributions (and expansion around each of them
multiplied by the product of determinants),

e 2 — e—2</'me0 + e—2¢w.o—SoF0Fl

o e 2SO B4 (59)

where F,, is a polynomial in F’s. The first term corresponds
to the flucton classical trajectory with classical action
(2¢pr), while limg_)O%FO(u, g) represents the determi-

nant (quadratic fluctuations); the second one is the
flucton + instanton trajectory contribution with classical
action (2¢ppr o + Sp), while limg_,oy%F o(u, 9)F\(u, g) rep-
resents the determinant (quadratic fluctuations) around this
trajectory; the (n + 1)th term should correspond to the
flucton 4 n-instanton contribution with classical action
(2¢ppr + nSo), while Fo(u, g = 0)F,(u, g = 0) represents
determinant (quadratic fluctuations) around this trajectory;
etc. The main point is that different classical paths lead to
additive contributions to the path integral, and thus to the
density matrix. It is evident that the expansion (59) is
different for large positive and negative x. The symmetry is
restored when the new variable is introduced X = x — zig;
the expansions become the same.

Furthermore, more close focus on the obtained result
reveals one more interesting phenomenon: the interaction
between classical objects, which leads to logarithmic terms
in the transseries. Indeed, let us look again at the lowest
order perturbative and nonperturbative results we already
obtained above. The equation reads

u*(1 = u)*(z0 + 24p) = %exp(—Si) +--- (60)

Using the definitions of z and u, it means that

_l/;/;‘((;)) = x(1 — gx)z(u) = x(1 — gx)
+x(17igx)%exp(_si) +--- (61)

Integrating over the coordinate to recover the wave func-
tion, one finds

v (x) ~ exp <— / ax’ [x’(l _ o)

exp(-5,)

~ exp(—Sy(xo)) [1 + log (%) Ao

1 A

s

93

x exp(=S;) + - } , (62)
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where x > x.,;,, which is some normalization point. While
the flucton and instanton actions in the second term appear
in the exponent as a sum, the preexponent has nontrivial
logarithmic dependence on x and g. So, the classical flucton
and instanton actions are additive, but the determinants do
not simply factorize but indicate instead the appearance of
new series with logs.

In the language of paths, this dependence comes from the
fact that there is not just one single “f 41" trajectory but a
whole family of such paths, parametrized by the time Az
between their centers. Integration over all paths of the
family, over Az, is the source of the discussed interaction.
Unfortunately, it is not so simple to calculate explicitly its
effect in the path integral formalism. But we do not have to
do so; we have already found the total contribution of the
“f +1” family of paths.

We therefore reached the main goal of the paper: we
indeed see additive contributions to the density matrix of
the two paths sketched in Fig. 1, the flucton one and the
flucton-plus-instanton one. One can find in the exponent
the simple sum of both actions; this indicates that generi-
cally the flucton and instanton parts of the path are far away

and classically do not interact. However, the preexponent
does depend on x, so at one-loop level, such interaction
between them does exist. Note that the integral produces
logarithms, of similar origin as interinstanton logarithms in
the transseries for the energy. The relative normalization of
the two (or more, with multi-instantons) contributions is
therefore established.

Finally, we remind the reader that our ultimate goal is to
use the semiclassical theory of fluctons and instantons in
the QFT settings, in which the same issue of relative
normalization is present, but there is no handy generalized
Bloch equation available.
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