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Making use of the SO(3,1) Lorentz algebra, we derive in this paper two series of Gauss-Bonnet-type
identities involving torsion, one being of the Pontryagin type and the other of the Euler type. Two of the six
identities involve only torsional tensorial entities and establish

ffiffiffiffiffiffi−gp
ϵμνλρðCαβ

μν þ Cσ
μνCσ

αβÞCλα
ηCρβη andffiffiffiffiffiffi−gp

ϵμνλρϵαβγδðCαβ
μν þ Cσ

μνCσ
αβÞCλ

γηCρ
δ
η as purely torsional topological invariants.

DOI: 10.1103/PhysRevD.98.104045

I. INTRODUCTION

Topological considerations have played increasingly
active roles in various branches of physics, such as in
topological condensed matter physics [1–4], and in quan-
tum chaos [5]. In the realm of Einstein’s Riemannian
gravitational theory, there are two well-known topological
invariants in terms of the curvature tensor in four dimen-
sions. They are the Euler invariant and the Pontryagin
invariant. In the advent of the Kibble-Sciama theory of
gravitation [6,7], torsion tensor came into play [8], and
there exists so far one known purely torsional topological
invariant, namely the Nieh-Yan invariant [9–11] discovered
in 1982. This torsional invariant has since been recognized
as the generating functional [12,13] for the canonical
transformation into the Ashtekar variables [14] that led
to the development of loop quantum gravity [15]. It also
appeared in studies in torsional chiral anomaly [10,16–20]
and related investigations [21–23]. In this paper, we shall
derive two more series of topological invariants involving
torsion, one being of the Pontryagin type and the other of
the Euler type, with each series consisting of three
invariants. Two out of these six invariants contain only
torsional tensorial entities.
In the Einstein-Cartan-Kibble-Sciama theory of gravita-

tion [6–8], the vierbein field eaμ and the Lorentz-spin
connection field ωab

μ are the independent basic field
variables, where the Latin a, b are the anholonomic
Lorentz indices and the Greek μ the holonomic coordinate
index. Geometric entities, such as the metric tensor gμν and
the affine connection Γλ

μν, are defined in terms of the basic
field variables eaμ and ωab

μ. The metric tensor gμν is
defined by

gμν ¼ ηabeaμebν; ð1Þ

with

ηab ¼ ηab ¼ ð1;−1;−1;−1Þ; ð2Þ

while the affine connection Γλ
μν is to be defined [6] in such

a way that ensures metric compatibility. Defining the
covariant derivatives, denoted with semicolon ; subscripts,
with respect to both local Lorentz transformations and
general coordinate transformations for generic χaλ and χaν
according to

χa
λ
;μ ≡ χa

λ
;μ − ωb

aμχb
λ þ Γλ

νμχa
ν; ð3Þ

χaν;μ ≡ χaν;μ þ ωa
bμχ

b
ν − Γλ

νμχ
a
λ; ð4Þ

the affine connection is chosen [6] to be

Γλ
μν ¼ eaλðeaμ;ν þ ωa

bνebμÞ; ð5Þ

where eaλ is the inverse of eaλ. We note that the Lorentz
indices are raised and lowered by ηab ¼ ηab while the
coordinate indices are lowered and raised by gμν and its
inverse gμν. It then follows from the definition of the affine
connection (5) that

eaμ;λ ¼ 0; ð6Þ

eaμ;λ ¼ 0; ð7Þ

and, consequently, with the metric tensor gμν defined by (1),

gμν;λ ¼ 0; ð8Þ

gμν;λ ¼ 0: ð9Þ

The affine connection Γλ
μν as defined by (5) is in general
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Γλ
μν ≠ Γλ

νμ;

giving rise to the torsion tensor Cλ
μν, which is defined by

Cλ
μν ¼ Γλ

μν − Γλ
νμ: ð10Þ

Define

ϖμ ≡ 1

4
σabω

ab
μ; ð11Þ

where [24]

σab ¼
i
2
½γa; γb�; ð12Þ

with fγa; γbg ¼ 2ηab. The set of matrices i
2
σab satisfy the

SO(3,1) Lorentz algebra

i
2
½σab; σcd� ¼ ηacσbd − ηadσbc þ ηbdσac − ηbcσad: ð13Þ

The Lorentz curvature Rab
μν is defined through

1

4
σabRab

μν ≡ϖμ;ν −ϖν;μ þ i½ϖμ;ϖν�; ð14Þ

and, as a result of the Lorentz algebra (13), is given by

Rab
μν ¼ ωab

μ;ν − ωab
ν;μ − ωac

μωc
b
ν þ ωac

νωc
b
μ; ð15Þ

which has the property

Rλρ
μν ¼ eaλebρRab

μν

¼ gρσðΓλ
σμ;ν − Γλ

σν;μ − Γλ
αμΓα

σν þ Γλ
ανΓα

σμÞ; ð16Þ

where Γλ
μν is defined by (3).

II. GAUSS-BONNET-TYPE IDENTITIES

Gauss-Bonnet-type identities in Riemann-Cartan curved
space-time

ffiffiffiffiffiffi
−g

p
ϵμνλρRαβ

μνRαβλρ ¼ total derivative; ð17Þ
ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδRαβ

μνRγδ
λρ ¼ total derivative; ð18Þ

can be simply derived [25] on the basis of the SO(3,1)
Lorentz algebra and properties of the Dirac matrices. These
identities establish

ffiffiffiffiffiffi
−g

p
ϵμνλρRαβ

μνRαβλρ; ð19Þ
ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδRαβ

μνRγδ
λρ ð20Þ

as topological invariants. They are, respectively, the
Pontryagin and Euler topological invariants.
Based on the SO(4,1) de Sitter algebra, another Gauss-

Bonnet-type identity,

ffiffiffiffiffiffi
−g

p
ϵμνλρRAB

μνRABλρ ¼ total derivative; ð21Þ

where indices A and B take on five values (0, 1, 2, 3, 5), can
be derived [9], establishing

ffiffiffiffiffiffi
−g

p
ϵμνλρRAB

μνRABλρ ð22Þ

as a Pontryagin-type topological invariant for the de Sitter
group. It is the difference of the SO(4,1) and SO(3,1)
Pontryagin invariants, namely (21) and (17), that led to the
identity [9]

ffiffiffiffiffiffi
−g

p
ϵμνλρ

�
Rμνλρ þ

1

2
Cα

μνCαλρ

�

¼ ∂μð−
ffiffiffiffiffiffi
−g

p
ϵμνλρCνλρÞ; ð23Þ

establishing

ffiffiffiffiffiffi
−g

p
ϵμνλρ

�
Rμνλρ þ

1

2
Cσ

μνCαλρ

�
ð24Þ

as a torsional topological invariant [10,11].
We now use the same method, based on the SO(3,1)

algebra and properties of the Dirac matrices, to derive two
more series of topological invariants involving torsion, one
being of the Euler type and the other of the Pontryagin type.
Define ω0ab

μ by

ω0ab
μ ≡ ωab

μ þ ξCμ
ab; ð25Þ

where ξ is an arbitrary parameter, and

Cμ
ab ¼ eaλe

b
ρCμ

λρ;

which is antisymmetric in a and b. It is convenient to
introduce the group algebraic notations

ϖμ ¼
1

4
σabω

ab
μ

Cμ ¼
1

4
σabCμ

ab

ϖ0
μ ≡ϖμ þ ξCμ ¼

1

4
σabω

0ab
μ: ð26Þ

The curvature tensor R0ab
μν corresponding to the connec-

tion ω0ab
μ is defined by

1

4
σabR0ab

μν ¼ R̄0
μν; ð27Þ
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where

R̄0
μν ≡ϖ0

μ;ν −ϖ0
ν;μ þ i½ϖ0

μ;ϖ0
ν�: ð28Þ

On account of the SO(3,1) Lorentz algebra, R0ab
μν is

explicitly given by

R0ab
μν ¼ ω0ab

μ;ν − ω0ab
ν;μ − ω0ac

μω
0
c
b
ν þ ω0ac

νω
0
c
b
μ; ð29Þ

which can be expressed in terms of the curvature tensor
Rab

μν and the torsion tensor Cμ
ab as

R0ab
μν ¼ Rab

μν þ ξðCab
μν þ Cλ

abCλ
μνÞ

þ ξ2ð−Cμ
acCνc

b þ Cν
acCμc

bÞ; ð30Þ

where Cab
μν denotes

Cab
μν ¼ Cμ

ab
;ν − Cν

ab
;μ; ð31Þ

with ; representing the covariant derivative in accordance
with the definitions (4) and (5), e.g.,

Cμ
ab

;ν¼Cμ
ab

;ν−Γλ
μνCλ

abþωa
cνCμ

cbþωb
cνCμ

ac: ð32Þ

III. PONTRYAGIN-TYPE IDENTITIES

We can express the Pontryagin-type invariant for R0αβ
λρ

in the following form:

ffiffiffiffiffiffi
−g

p
ϵμνλρR0αβ

μνR0
αβλρ ¼

ffiffiffiffiffiffi
−g

p
ϵμνλρR0ab

μνR0
abλρ

¼ 2
ffiffiffiffiffiffi
−g

p
ϵμνλρTr½R̄0

μνR̄0
λρ�; ð33Þ

where use has been made of

Tr½σabσcd� ¼ 4ðηacηbd − ηadηbcÞ: ð34Þ

With R̄0
μν given by (28), we can express (33) in the

form [25]

ffiffiffiffiffiffi
−g

p
ϵμνλρR0αβ

μνR0
αβλρ

¼ ∂μ

�
8

ffiffiffiffiffiffi
−g

p
ϵμνλρTr

�
ϖ0

ν∂λϖ
0
ρ þ

2i
3
ϖ0

νϖ
0
λϖ

0
ρ

��
; ð35Þ

where use has been made of the fact that
ffiffiffiffiffiffi−gp

ϵμνλρ is a
constant. With R0ab

μν given by (30), we can expand the left-
hand side of (35) as a power series of the parameter ξ,

ffiffiffiffiffiffi
−g

p
ϵμνλρR0αβ

μνR0
αβλρ

¼ ffiffiffiffiffiffi
−g

p
ϵμνλρfRαβ

μνRαβλρ þ ξ2Rαβ
μνðCαβλρ þ CσαβCσ

λϱÞ
þ ξ2½4Rαβ

μνCλα
σCρβσ

þ ðCαβ
μν þ Cσ

αβCσ
μνÞðCαβλρ þ CηαβCη

λρÞ�
þ ξ34ðCαβ

μν þ Cσ
αβCσ

μνÞCλα
γCρβγg: ð36Þ

As a power series in ξ, and withϖ0
μ given by (26), the right-

hand side of (35) is given by

∂μf8
ffiffiffiffiffiffi
−g

p
ϵμνλρTr

��
ϖν∂λϖρ þ

2i
3
ϖνϖλϖρ

�

þ ξðϖν∂λCρ þ Cν∂λϖρ þ 2iCνϖλϖρÞ

þ ξ2ðCν∂λCρ þ 2iCνCλϖρÞ þ ξ3CνCλCρ

��
: ð37Þ

We recall that ϖμ and Cμ are given in (26). Since the
parameter ξ is arbitrary, we equate terms in (36) with
corresponding terms of equal power in ξ in (37) and obtain
a set of four identities. The identity corresponding to the
zeroth power in ξ is the original Gauss-Bonnet identity (16)
for the Pontryagin invariant. The other three identities are

ffiffiffiffiffiffi
−g

p
ϵμνλρRαβ

μνðCαβλρ þ CσαβCσ
λρÞ

¼ ∂μ½4
ffiffiffiffiffiffi
−g

p
ϵμνλρTrðϖν∂λCρ þ Cν∂λϖρ þ 2iCνϖλϖρÞ�;

ð38Þ
ffiffiffiffiffiffi
−g

p
ϵμνλρ½4Rαβ

μνCλα
σCρβσ

þ ðCαβ
μν þ Cγ

αβCγ
μνÞðCαβλρ þ CδαβCδ

λρÞ�
¼ ∂μ½8

ffiffiffiffiffiffi
−g

p
ϵμνλρTrðCν∂λCρ þ 2iCνCλϖρÞ�; ð39Þ

ffiffiffiffiffiffi
−g

p
ϵμνλρðCαβ

μν þ Cσ
αβCσ

μνÞCλα
γCρβγ

¼ ∂μ

�
4i
3

ffiffiffiffiffiffi
−g

p
ϵμνλρTrðCνCλCρÞ

�
: ð40Þ

IV. EULER-TYPE IDENTITIES

Let us denote by ηabcd the totally antisymmetric
Minkowski tensor, with

η0123 ¼ −1: ð41Þ

Because of the relation

Tr½γ5σabσcd� ¼ −4iηabcd; ð42Þ

where

γ5 ¼ iγ0γ1γ2γ3; ð43Þ
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we can express the Euler-type invariant in the form

ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδR0αβ

μνR0γδ
λρ

¼ ffiffiffiffiffiffi
−g

p
ϵμνλρηabcdR0αβ

μνR0cd
λρ

¼ 4i
ffiffiffiffiffiffi
−g

p
ϵμνλρTr½γ5R̄0

μνR̄0
λρ�; ð44Þ

where R̄0
μν is defined by (28). Substituting (28) into (44),

we obtain [25]

ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδR0αβ

μνR0γδ
λρ

¼ ∂μ

�
16i

ffiffiffiffiffiffi
−g

p
ϵμνλρTr

�
γ5ðϖ0

ν∂λϖ
0
ρ þ

2i
3
ϖ0

νϖ
0
λϖ

0
ρÞ
��

;

ð45Þ
where use has been made of the relation,

½γ5;ϖ0
μ� ¼ 0: ð46Þ

We expand both sides of (45) as power series of ξ. The left-
hand side is

ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδR0αβ

μνR0γδ
λρ

¼ ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδfRαβ

μνRγδ
λρþξ2Rαβ

μνðCγδ
λρþCσ

γδCσ
λρÞ

þξ2½4Rαβ
μνCλ

γσCρ
δ
σ

þðCαβ
μνþCσ

αβCσ
μνÞðCγδ

λρþCη
γδCη

λρÞ�
þξ34ðCαβ

μνþCσ
αβCσ

μνÞCλ
γηCρ

δ
ηg: ð47Þ

The right-hand side of (45), as a power series of ξ, is
given by

∂μ

�
16i

ffiffiffiffiffiffi
−g

p
ϵμνλρTr

�
γ5

�
ϖν∂λϖϱþ

2i
3
ϖνϖλϖϱ

�

þξγ5ðCν∂λϖρþϖν∂λCρþ2iCνCλCρÞ

þξ2γ5ðCν∂λCρþ2iCνCλϖρÞþξ3γ5
2i
3
CνCλCρ

��
: ð48Þ

Equating terms in (47) with corresponding terms of the
same power in ξ in (48), we obtain four identities.
The identity corresponding to the zeroth power in ξ is
the original Gauss-Bonnet identity for the Euler invariant
(18). The other three identities are the following:

ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδRαβ

μνðCγδ
λρ þ Cσ

γδCσ
λρÞ

¼ ∂μf8i
ffiffiffiffiffiffi
−g

p
ϵμνλρTr½γ5ðCν∂λϖρ þϖν∂λCρ

þ 2iCνϖλϖρÞ�g; ð49Þ
ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδ½4Rαβ

μνCλ
γσCρ

δ
σ

þðCαβ
μνþCσ

αβCσ
μνÞðCγδ

λρþCη
γδCη

λρÞ�
¼ ∂μf16i

ffiffiffiffiffiffi
−g

p
ϵμνλρTr½γ5ðCν∂λCρþ2iCνCλϖρÞ�g; ð50Þ

ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδðCαβ

μν þ Cαβ
σCσ

μνÞCλ
γηCρ

δ
η

¼ ∂μ

�
−
8

3

ffiffiffiffiffiffi
−g

p
ϵμνλρTrðγ5CνCλCρÞ

�
: ð51Þ

V. PURELY TORSIONAL
TOPOLOGICAL INVARIANTS

In addition to the original Gauss-Bonnet identities (17)
and (18) for the Pontryagin and Euler topological invar-
iants, respectively, we have obtained in this paper six
additional identities, which do not exist when torsion
vanishes. Three of them, namely (38), (39) and (40), are
of the Pontryagin type, and the other three, namely (49),
(50) and (51), are of the Euler type. Of the six, two of the
identities, namely (40) and (51), are special in that they
contain only torsion tensorial entities, just like the pre-
viously known torsional identity (23). The right-hand side
of the two identities (40) and (51) can be easily evaluated.
We have the following results for the traces:

ϵμνλρTrðCνCλCρÞ ¼ −
i
2
ϵμνλρCνa

bCλbcCρ
ca; ð52Þ

ϵμνλρTrðγ5CνCλCρÞ ¼
1

4
ϵμνλρCνa

bCλbc
�Cρ

ca; ð53Þ

where

�Cρ
ca≡ ηcabdCρbd: ð54Þ

The identities (40) and (51) then become, respectively,

ffiffiffiffiffiffi
−g

p
ϵμνλρðCαβ

μν þ Cσ
αβCσ

μνÞCλα
ηCρβη

¼ ∂μ

�
2

3

ffiffiffiffiffiffi
−g

p
ϵμνλρCνα

βCλβγCρ
γα

�
; ð55Þ

and

ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδðCαβ

μν þ Cσ
αβCσ

μνÞCλ
γηCρ

δ
η

¼ ∂μ

�
−
2

3

ffiffiffiffiffiffi
−g

p
ϵμνλρCνα

βCλβγ
�Cρ

γα

�
: ð56Þ

These two identities together with the previously known
identity [9]

ffiffiffiffiffiffi
−g

p
ϵμνλρ

�
Rμνλρ þ

1

2
Cα

μνCαλρ

�
¼ ∂μð−

ffiffiffiffiffiffi
−g

p
ϵμνλρCνλρÞ

are the three identities containing only torsional tensorial
entities, establishing

ffiffiffiffiffiffi
−g

p
ϵμνλρ

�
Rμνλρ þ

1

2
Cα

μνCαλρ

�
ð57Þ
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ffiffiffiffiffiffi
−g

p
ϵμνλρðCαβ

μν þ Cσ
μνCσ

αβÞCλα
ηCρβη ð58Þ

ffiffiffiffiffiffi
−g

p
ϵμνλρϵαβγδðCαβ

μν þ Cσ
μνCσ

αβÞCλ
γηCρ

δ
η ð59Þ

as the three purely torsional topological invariants. We
remind ourself that Cαβ

μν is defined in (31).
We remark that we have applied the same consideration

to the case of the SOð4; 1Þ de Sitter algebra [9] by
combining ω0a5

μ ¼ 1
l e

a
μ with the SOð3; 1Þ connection

ω0ab
μ, defined by (25), to form the SOð4; 1Þ de Sitter

connection ω0AB
μ. No additional identity beyond those

already obtained is found. These identities may be of
use in future investigations involving torsion, such as in

finding torsion contributions to the chiral and conformal
anomalies, or in the construction of topological field
theories. We also remark that the identities (55) and (56)
are equally valid for any third rank tensor having the
same symmetry property as the torsion tensor, namely,
the property of being antisymmetric in two of the
tensor indices. In the Kibble-Sciama theory of gravitation,
torsion tensor is the only basic entity possessing this
property.
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