PHYSICAL REVIEW D 98, 104010 (2018)

Hairy binary black holes in Einstein-Maxwell-dilaton theory and their
effective-one-body description

Mohammed Khalil,l’z‘* Noah Sennett,z‘w Jan Steinhoff,2’i Justin Vines,z’§ and Alessandra Buonanno

1Department of Physics, University of Maryland, College Park, Maryland 20742, USA
*Max Planck Institute for Gravitational Physics (Albert Einstein Institute),
Am Miihlenberg 1, Potsdam 14476, Germany

® (Received 7 September 2018; published 12 November 2018)

In general relativity and many modified theories of gravity, isolated black holes (BHs) cannot source
massless scalar fields. Einstein-Maxwell-dilaton (EMd) theory is an exception: through couplings both to
electromagnetism and (nonminimally) to gravity, a massless scalar field can be generated by an electrically
charged BH. In this work, we analytically model the dynamics of binaries comprised of such scalar-charged
(“hairy”’) BHs. While BHs are not expected to have substantial electric charge within the standard model of
particle physics, nearly extremally charged BHs could occur in models of minicharged dark matter and dark
photons. We begin by studying the test-body limit for a binary BH in EMd theory, and we argue that only
very compact binaries of nearly extremally charged BHs can manifest nonperturbative phenomena similar
to those found in certain scalar-tensor theories. Then, we use the post-Newtonian approximation to study
the dynamics of binary BHs with arbitrary mass ratios. We derive the equations governing the conservative
and dissipative sectors of the dynamics at next-to-leading order, use our results to compute the Fourier-
domain gravitational waveform in the stationary-phase approximation, and compute the number of useful
cycles measurable by the Advanced LIGO detector. Finally, we construct two effective-one-body (EOB)
Hamiltonians for binary BHs in EMd theory: one that reproduces the exact test-body limit and another
whose construction more closely resembles similar models in general relativity, and thus could be more
easily integrated into existing EOB waveform models used in the data analysis of gravitational-wave events

2,1,

by the LIGO and Virgo collaborations.

DOI: 10.1103/PhysRevD.98.104010

I. INTRODUCTION

The first observations of gravitational waves (GWs) from
coalescing binary black holes (BHs) [1-5] and neutron
stars [6] offer unprecedented opportunities to test the highly
dynamical, strong-field regime of general relativity (GR)
[7-9]. Leveraging the extraordinary precision of GW
detectors to test gravity requires waveform models that
incorporate potential deviations from GR. One can con-
struct such models in a theory-independent way by con-
sidering phenomenological deviations to waveform models
in GR and then constraining the magnitude of these
corrections; see, e.g., the constructions of [10-13]. Such
an approach has been used by the LIGO and Virgo
collaborations to test GR with binary BHs [3,14,15].
Alternatively, one can compute the waveform produced
in a particular alternative theory, which can then be used to
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measure directly the fundamental quantities that define that
modified theory of gravity [7].

In this paper, we adopt the latter approach, focusing on
the dynamics of binary BHs in Einstein-Maxwell-dilaton
(EMd) theory. This theory originated as a low-energy limit
of string theory [16,17]. In EMd theory, a scalar field (the
dilaton) couples to a vector field (the photon) such that BHs
with electric charge also source the scalar; the BH develops
a scalar charge, or hair. It has been shown that in GR
(and some scalar extensions) isolated BHs cannot carry
such a charge [18,19]; these results are often referred to as
“no-hair theorems.” Analytic solutions exist in EMd theory
for spherically symmetric BHs parametrized by the dilaton
coupling constant a [see Egs. (2.1) and (2.2) below for the
action]. For a = 0, the theory reduces to Einstein-Maxwell
(EM) theory and the BH solution is the Reissner-Nordstrom
metric. For a = 1, the solution corresponds to the low-
energy limit of heterotic string theory. For a = /3, the
solution corresponds to Kaluza-Klein BHs [20], and an
analytic solution for charged spinning BHs in EMd theory
is only known for that value of a [21].

In the absence of electric charge, isolated BHs in EMd
theory behave as in GR. Within the standard model,
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astrophysical BHs are expected to be electrically neutral;
however, there exist various theoretical mechanisms
beyond the standard model that would allow BHs to
accumulate non-negligible charge. For a BH with charge
Q and mass M to accrete a particle with the same-sign
charge g and mass m, gravitational attraction between the
two bodies must overpower their electrostatic repulsion,
ie., g0 <mM, or equivalently Q/M < m/q." Furthe-
rmore, a charged BH neutralizes via spontaneous pair
production [22] or interactions with astrophysical plasmas
[23] over timescales that grow with the mass-to-charge
ratio of the available fundamental particles. For electrons,
the dimensionless mass-to-charge ratio m,/q, ~ 1072?
severely limits the charge that BHs can develop through
accretion, and guarantees that any BH charged through
other means will discharge quickly. However, particles with
much larger mass-to-charge ratios are predicted in models
of minicharged dark matter [24-26] and would allow BHs
to acquire and retain a much larger electric charge [27].
Similarly, models in which dark matter is charged under a
hidden U(1) gauge field [28-30], a dark photon, would
allow for BHs to develop significant hidden charge,
provided that the ratio of the dark-matter particle’s mass
to its (hidden) charge is sufficiently large [27]. These two
types of dark-matter models are consistent with laboratory
experiments and cosmological observations [31-33]; cur-
rent constraints restrict the new particles’ mass to 1 GeV <
m < 10 TeV [30] and its charge to <107'4(m/GeV)q, [34]
(see also Fig. 1 in Ref. [27]).

The dynamical evolution of binary BHs in EMd theory
has been studied in various contexts. Numerical-relativity
simulations of single and binary BHs were performed in
Ref. [35]. The authors considered small electric charges
and found that the resulting gravitational waveforms are
difficult to distinguish from those in GR. Numerical-
relativity simulations of the collision of charged BHs with
large electric charges in EM theory were performed in
Refs. [36,37], where it was found that a significant fraction
of the energy is carried away by electromagnetic radiation.

In this work, we compute the conservative and dissipa-
tive dynamics of a binary BH, and the resulting gravita-
tional waveform, in EMd theory, to first order in the
(weak-field and slow-motion) post-Newtonian (PN)
approximation. We also construct an effective-one-body
(EOB) Hamiltonian description [38,39] of the conservative
dynamics, which provides an analytical resummation of the
PN dynamics to exactly recover the test-body limit. In late
2017, the 1PN Lagrangian for a two-body system in EMd
theory was derived independently in Ref. [40] using a
method different from our own. In that work, the author
also discussed an abrupt transition in the scalar charge of a
BH as the external scalar field is varied. However, we show

lThroughout this work, we use geometric units, in which
G = ¢ = 4ney = 1, where G is the bare gravitational constant.

here that this transition occurs only in binaries composed
of nearly extremal charged BHs and only near the end of
their coalescence. Although extremally charged BHs are
excluded when restricting to the standard model of particle
physics, they are still viable in minicharged dark matter and
dark photons models, as we have discussed above.

The paper is structured as follows. In Sec. II, we study
the behavior of a small BH in the background of a much
more massive companion. By exploring the response of this
test BH to its external environment, we discuss whether
nonperturbative, strong-field phenomena, akin to those
seen in binary neutron stars in scalar-tensor (ST) theories,
can occur in binary BHs in EMd theory. In Sec. III, we use
the PN approximation to study the dynamics of a binary
system with an arbitrary mass ratio. We derive the two-
body 1PN Lagrangian and Hamiltonian (with details
relegated to Appendix A) and calculate the scalar charge
of the two bodies. Further, we derive (with details in
Appendix B) the next-to-leading order PN scalar, vector,
and tensor energy fluxes emitted by the binary. Restricting
our attention to quasicircular orbits, we compute the
Fourier-domain gravitational waveform at next-to-
leading-order using the stationary-phase approximation.
In Sec. IV, we work out an EOB description of the PN
Hamiltonian in EMd theory. We construct two EOB
Hamiltonians: one based on the exact BH solution, and
the other based on an approximation to that solution. The
former is more physical in the strong-gravity regime
because it exactly reproduces the dynamics in the test-
body limit; the latter uses the same gauge as EOB models
in GR, and thus would be easier to integrate into existing
data-analysis infrastructure. We compare these two EOB
Hamiltonians by calculating the binding energy and the
innermost stable circular orbit to determine the region of
the parameter space in which they agree. Finally, we
present some concluding remarks in Sec. V.

II. EINSTEIN-MAXWELL-DILATON THEORY
A. Setup

We consider a generalization of EMd theory presented in
Refs. [16,17] in the Jordan frame

S= d‘UcF_ﬂge_z“"’ (R + (6a* - 2)9/‘”@(,)?# —F, F")

+Sm(§/4wA/uW)v (21)
where ¢ is a scalar field (the dilaton), a is the dilaton
coupling constant, F,, = WMAD - vyAM is the electromag-
netic field tensor, and tildes signify quantities in the Jordan
frame. We also include some matter fields y, which
couple minimally to g,, and, through some fundamental
electric charge, to Au; we represent this total matter action
schematically with §,,. By construction, electrically
neutral, nonself-gravitating matter configurations follow
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geodesics of g,,, and thus this theory respects the weak
equivalence principle. However, self-gravitating systems
are bound (in part) through nonlinear interactions of the
scalar field. The backreaction of the scalar field on the
metric exerts an additional force on such systems, causing
them to no longer follow geodesics; thus, this theory
violates the strong equivalence principle.

The Einstein frame provides a more convenient repre-
sentation of EMd theory. Performing the conformal trans-
formation g, = A™(¢)j,, with A= ¢, the action
becomes

S= / d*x ‘1 6_g (R—2¢"0,00, — e*F,,F")
n

+ 8, (A*(0) G Ao ). (2.2)

where g, is the Einstein-frame metric. In this paper, we
primarily work in the Einstein frame, but occasionally use
quantities in the Jordan frame, denoted with tildes. For a
discussion of the equivalence between the two frames
see Ref. [41].

For the matter action S,,, we adopt the approach
introduced by Eardley [42], in which each body is treated
as a delta function and the dependence on the scalar field is
incorporated into the masses. For charged monopolar point
particles, neglecting dipoles/spins and higher multipoles,
the matter action in the Einstein frame can be written
as [43]

Sw==_ / dt [mA <¢>\/W - qAAﬂv’g}, (2.3)
A

where my () is the field-dependent mass of particle A, g4
is the electric charge, v/ = u/}/u where i, is its four-
velocity, and the fields are evaluated at the particle’s
location. The mass in the Einstein frame m(¢p) is related
to the mass in the Jordan-Fierz frame m(¢p) by

m(p) = A(p)m(p). (2.4)
where m(p) is generally not a constant except for bodies
with negligible self-gravity.

In most cases, a closed-form expression for the field-
dependent mass m(¢p) cannot be found. Instead, one
expands the mass about the external/background value
@o of the scalar field

dlnm(gp)

I}
do ¢

Po

5¢* + (’)(%) (2.5)

Inm(¢p) =Inm(epy) +

1d’Inm(p)
2 d¢?

%o

where 0p = ¢ — ¢y. The mass expansion can be para-
metrized in terms of

alp) = 0) d2(¢) :

(2.6)

where «a is referred to as the (dimensionless) scalar
charge. With these parameters, the mass expansion can
be written as

m(p) =m|1 + adp + % (a® + B)ogp® + O(%ﬂ (2.7)

where the field-dependent mass is denoted by the Gothic
script m, while the mass evaluated at the background value
of the scalar field is denoted by m. We also drop the
dependence of the parameters on the background value to
simplify the notation, i.e., @ = a(¢,), and f = f(¢,). For
the field-dependent parameters, we always explicitly write
a(p) and B(@). The expression for a(p) depends on the
structure of the body; for static BHs, it depends only on the
charge-to-mass ratio, whereas for baryonic matter, it also
depends on the body’s composition.

We note that Eq. (2.3) together with the expansion of the
mass (2.7) provides a systematic construction of an effective
source or action for an extended object in a PN expansion.
We neglect couplings to derivatives of the field, which
would correspond to dipole/spin and higher multipole
interactions. Due to invariance under gauge transformations
A, = A, + ¢, the charges g, must be constant; they
cannot depend on the scalar field like the masses.

B. Black-hole solution

The metric for an electrically charged nonrotating BH in
EMd theory is given by [16,17]

ds> = —A(r)d® + B(r)dr* + r*C(r)dQ?,  (2.8)
with
A(F) = ( _%*) (1 -”7-> T )
B(r) = A(lr) : (2.9b)
C(r) = <1 - r—;) ‘2:32, (2.9¢)

where the constants r, and r_ are given in terms of the
Arnowitt-Deser-Misner mass M and electric charge Q by

r 1—a*\r
M=-—= =, 2.10
2 + <1 —|—a2) 2 ( )
2 - ou
Q —me o, (211)
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The constant r, corresponds to the outer horizon, and r_
corresponds to the inner horizon. The surface area of the
horizon (entropy of the BH) is proportional to r1C(r,).
Here, we refer to the metric (2.8) as the GHS metric, after
Garfinkle, Horowitz and Strominger who found the sol-
ution in that form in Ref. [17].

The electromagnetic four-potential A,, for an electrically
charged BH, is given by

Ay =L, An=0, (212)
r
and the scalar field ¢ is given by
a r
= ——In(1-—). 2.13
o) =mtram(1-5) @

While we consider only electric charges in this paper, we
note that the solution for a magnetically charged BH can be
obtained from the above solution via the duality rotation
that sends F,, — e72%¢,,*F,;  and ¢ — —¢.” In addition
to the electric charge, BHs in EMd theory can acquire scalar

charge, also called dilaton charge, defined by [17]

1
D=— [ &'V ,0p, 2.14
3 [ @2V (2.14)
where the integral is over a two-sphere at spatial infinity,
leading to

a

=—7_. 2.15
1+a2r_ ( )

Far from the BH, we have ¢(r)~@y—D/r+ O(1/r?),
which means that D acts as the monopole charge sourcing
the scalar field.

The constants r, and r_ can be expressed in terms of the
mass and the dilaton charge, or the mass and electric
charge, as

1 2
r_ = +d D
a
1 +ad° )
- (M— \/M2 —(1-a?) Q2 %), (2.16a)
1—a?
=2M - D
ry p
=M+ \/M2—(1 — a?)Q%e . (2.16b)

*The results of Sec. Il hold also for magnetic charges if we flip
the sign of ¢. However, the PN and EOB results in the following
sections would change in nontrivial ways for the magnetic case,
since the BH’s F,, is given by Fyy = Q,, sin @ with a magnetic
charge Q,,, as opposed to F,. = Q/r* with an electric charge Q
(all other components being O in each case).

Expressing quantities in terms of the dilaton charge D,
rather than the electric charge Q, makes most equations
simpler as it avoids the square root. Therefore, in most of
the equations below, we use D instead of Q. The relation
between Q and D can be read off from Eq. (2.16a), or
Eq. (2.16b),

2M 1 —a?
:—D— 3
a a

Q2 eZa(po

D>, (2.17)

The maximum electric charge of the BH occurs when
r, = r_, which leads to

Omax€™® =1+ a*M. (2.18)
Hence, for nonzero values of a, an EMd BH can be more
charged than an extremal Reissner-Nordstrom BH with the
same mass. Since the dilaton charge is related to the electric
charge via Eq. (2.17), the maximum electric charge (2.18)
corresponds to the maximum dilaton charge D, = aM.

Without loss of generality, we set the background scalar
field to 0, i.e., ¢y = 0. To recover the dependence on ¢,
one can simply rescale all electric charges by the factor
e and add the constant ¢, to the scalar field.> We also
consider only non-negative values of a since the action
(2.2) is invariant under a —» —a and @ — —¢@, so the
predictions for negative dilaton couplings are given by
changing the sign of the scalar field.

C. Dynamics of a test black hole in a background
black-hole spacetime

Before turning to the dynamics of a generic two-BH
system in EMd theory, it is useful to study the test-body
limit of such a system, i.e., the limit in which one body’s
mass is negligible compared to the other’s. In EM theory
(without the dilaton), the test-body limit of a charged
BH corresponds simply to a monopolar point mass with
constant mass and constant charge. In EMd theory, how-
ever, a BH’s mass must retain a dependence on the dilaton
field even as its size goes to 0. In the zero-size limit, we can
use the local value of the (background) dilaton field ¢, at
the small BH’s location, to determine its mass m(¢) in the
same way that a lone finite-size BH’s mass would be
determined by the asymptotic value of the field (as in the

To see why this is true, consider the action (2.2) with the
transformation Q — Qe and ¢ — ¢ + ¢q. The vacuum part of
the action is symmetric under that transformation, and in the
matter action (2.3), the mass m(¢) is parametrized in terms of the
difference ¢ — ¢,. The electromagnetic part of the matter action
is more subtle; it depends on qv/‘A” I3 Qqez‘"/’0 /r, and hence, one
can absorb a factor of e*? into each of the two charges. However,
since Ay =—Qe>*o /r, the transformation Q — Qe?, p— p+p,
is not valid in equations that depend on A,; one first needs to
express A, in terms of the charges before performing that
transformation.
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a(tp) for q = 0'95 qIIl‘dX

T T T

FIG. 1.

previous subsection). This defines what we mean by a “test
BH” in EMd theory.*

Let us suppose a test BH with mass m(g), electric
charge ¢, and dilaton charge d moves in the fixed back-
ground spacetime of a larger BH with mass M, electric
charge Q, and dilaton charge D. The mass of the test BH
m(¢) depends on the scalar field ¢ generated by the larger
BH. The expansion of m(g) is given in terms of the
parameters o and f by Eq. (2.7), and the scalar field ¢ is
given by Eq. (2.13).

To find how « and f depend on the mass and charge of
the BH, one needs to find the dependence of the mass on
the scalar field. We can get a differential equation for m(¢p)
from Eq. (2.16a), or Eq. (2.16b), by identifying the mass M
and charge Q with those of the test BH, i.e., M — m(¢p)
and Q — ¢. The background value of the scalar field can be
identified with the field from the more massive BH ¢y — ¢,
and the scalar charge by D — dm(¢)/dg, as was shown by
the matching conditions in Ref. [40]. This leads to the
equation

dn;((f) =7 _aaz [m((p) - \/m(<ﬂ>2 - (1= az)q2ez‘”f’} ,

(2.19)

which, as far as we know, has no analytic solution for
arbitrary values of a. Nevertheless, we can still obtain an
expression for the dimensionless scalar charge, which is
defined by Eq. (2.6),

“This is not to be confused with some uses of the phrase test
body in the context of ST theories, where one means a body with
negligible self-gravity (unlike a BH), so that the mass in the
Jordan-Fierz frame is constant and the scalar charge is 0.

a(e) for a = 1 with different charge-to-mass ratios (left), and for different values of a with ¢ = 0.95¢,,.« (right).

a(g) = 02[1—\/1—(1—a2)wl, (2.20)

l—a m?(¢p)
and
a2q2€2aq) (12
(1_02)m2(q)) 1_(1_a2)q-;20¢
m*(¢)

in agreement with Ref. [40].

It is interesting to note that an exact analytic solution to
the differential equation (2.19) can be found when the
coupling constant a = 1, that is,

1
m(p) = 4 /const + quez‘/’.

Since the above expression should give m when ¢ = 0, the

(2.22)

integration constant is found to be m* — 1 4. Hence,
2 1, 1,
m(p) = —5q +5q°e*. (2.23)
2 2
By differentiating m(¢), we get the parameters
2 2 4
q q q
. _9 _9 224
* 2m? b m?>  2m* ( )

In Fig. 1, we plot a(¢) as a function of ¢. We see that
the test BH’s a(¢) transitions between two values: 0 and a.
The function a(¢p) reaches its maximum value when the
quantity g?e**?/m? approaches 1+ a?, which means
that in the Jordan-Fierz frame, the charge g approaches

the extremal value V1 + a?m, where the mass in the
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Jordan-Fierz frame m is given by Eq. (2.4). Changing the
charge-to-mass ratio shifts the curve on the horizontal axis,
while changing a changes the maximum value of @ and
determines how quickly this transition occurs.

We emphasize that the scalar field ¢ generated by the
more massive BH is always negative, as can be seen from
Eq. (2.13), so the test BH always descalarizes. Further,
because of the logarithm, the magnitude of ¢ increases
slowly with decreasing separation until r approaches the
inner horizon r_, where it diverges. For the scalar charge of
the test BH to change dramatically before merging with its
much larger companion, both BHs must be close to extrem-
ally charged. As discussed in Sec. I, extremally charged BHs
exist in minicharged dark matter and dark photon models. If
the test BH is not sufficiently charged, its scalar charge is
close to 0 when well separated from its companion, and then
monotonically decreases toward O as the binary evolves. The
total shift in the scalar field that the test BH experiences prior
to crossing the outer horizon is given by

a 1 = D/Dy
= n .
1+a® [1—=(1=a*)D/2D,
(2.25)

@(rs) = p(eo)

Thus, if the large BH is not also sufficiently charged, then the
test BH’s scalar charge does not change dramatically.

In Fig. 2, we substitute the expression for the scalar field
of the larger BH ¢(r) into that for the scalar charge of the
test BH a(¢), and plot a(r) versus the separation r scaled
by the horizon radius. When setting the charge of the large
BH to its extremal value, Q = V1 + a®>M, we see that the
charge of the test BH also needs to be near extremal for the
descalarization transition to occur. Yet, the transition only
occurs very close to the horizon of the background BH.
Hence, we expect this descalarization to drastically affect

the GW signature only during the late inspiral and plunge
of a test BH into a more massive BH and only when the
BHs are nearly extremally charged, when the horizon, the
innermost-stable circular orbit, and the divergence in ¢
coincide. This result is analogous to extremal Kerr BHs,
where the plunge occurs at significantly smaller separations
[44]. However, a comparable-mass binary does not perform
many orbits at small separations due to stronger radiation
reaction, and thus we expect that the transition in the scalar
charge would have a negligible effect on GWs from the
inspiral of a comparable-mass binary.

We note that, while the descalarization transition occurs
for near-extremal BHs, the largest change in the value of «
from infinity until, e.g., » = 2r_ occurs when the electric
charge is ¢/m ~ 1, as can be seen in the left panel of Fig. 2.
This is due to the slope of a(¢) at the background value of
the scalar field ¢, = 0. So, in order to increase the change
in the scalar charge to observe descalarization, it is
important to have a maximal f(¢) = da(p)/dg.

D. Compact objects in Einstein-Maxwell-dilaton
and scalar-tensor theories

Certain ST theories can exhibit nonperturbative phenom-
ena, known as induced or dynamical scalarization, in binary
systems of neutron stars [45-48]. Having established how a
BH responds to its scalar environment, we now investigate
whether such effects could arise in binary BHs in EMd
theory. In Ref. [35], the authors suggested that dynamical
and induced scalarization are much less significant in EMd
theory than in ST theories. In this subsection, we support
this claim using more quantitative arguments by directly
comparing the behavior of BHs and neutron stars in the
respective theories.

In Ref. [49], the authors argued that the onset of induced
and dynamical scalarization coincides with a breakdown of

a(r) for ¢ = 0.95 gmax

T T T T T

q/m =141 a=107
qg/m=13 ]
= ] E a=5]
K] a/m=101F || aemmemmmemmmmmmmmmemosemmoeoos
a=2
___________________________ a/m =03 ; R
4 ‘ 5 3 4 5

FIG. 2.

a(r) for a = 1 with different charge-to-mass ratios (left), and for different values of a (right). In both plots, the charge of the

large BH is extremal Q = v/1 + a®>M, and r is scaled by the horizon radius, which is given by Eq. (2.16b). For a = 1, the horizon radius

is 2M independently of the charge or the coupling constant.
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the PN approximation. Specifically, these nonperturbative
phenomena indicate that the scalar field has grown beyond
the validity of a PN expansion of m, e.g., Eq. (2.7).
A useful diagnostic for determining the onset of such
phenomena is to compare the relative size of the coeffi-
cients of such a power series to the small parameter with
which one constructs the expansion.

While both EMd theory and ST theories include an
additional scalar field, the nonminimal coupling of that
field to the Jordan-Fierz (physical) metric can differ
substantially. To facilitate comparisons between these
theories, we consider an expansion of m in Gy(¢), the
parameter that characterizes the gravitational force felt
between two test bodies placed in the scalar background
@. In both EMd theory and ST theories, this Newton’s
“constant” is given by

Guto) = () |1+ (P2

(2.26)

We expand m in terms of this quantity,

G -G G - G{\?
m(GN):m{l—FC]( GO N>+C2< N> —I—"'],

X G
(2.27)
where we have defined
Gy = Gn(p =0), (2.28a)
dlogm
= , 2.28b
l [d log GN:| Gn=G, ( )

&

1[ d®logm N dlogm\2 dlogm
2 |(dlogGy)?  \dlog Gy dlog Gn| gy —cy’
(2.28¢)

We compare these coefficients for BHs in EMd theory to
that of neutron stars in Brans-Dicke gravity [50-52],
defined by the coupling

App(9) = e™%?, (2.29)
and theories first considered by Damour and Esposito-
Farése (DEF) [43,53],

Aper(p) = e /2, (2.30)
in which induced and dynamical scalarization can occur
when f is sufficiently negative. In Fig. 3, we plot the ratio
C,/C, for compact objects in the various theories. For the
ST theories, we consider neutrons stars with m = 1.45M

with the piecewise polytropic fit to the SLy equation of
state constructed in Ref. [54]. The solid curve depicts this

T T T ’W\W T T T
4 RSO ¥ _ .
10* f{ ===Brans-Dicke (o = 0.03) NV
--=DEF (8, = —4.4) N
10°H —EMd (a = 10, ¢ = 0.99¢max) N\, -
‘\
— 2 \
G 1071 \ 7
= r=1.01r \\
O D2 Y
10'F / r=1007, N
10°F A T
r=2 rj:- :\10007-+
10_1 C 1 1 1 IV\N\/\/\ 1 1 - 1 7
-100" -10®* -107 0 107 10* 107!
(G — Go)/Gy
FIG. 3. Ratio of the coefficients C,/C; defined in Egs. (2.28b)

and (2.28c) as a function of Gy for BHs in EMd theory (solid)
and neutron stars in various ST theories (dashed). Annotated
points depict this ratio at various separations for a test BH with
q = 0.99¢ . in the background of a BH with O = Q. in EMd
theory (r, refers to the outer horizon of the background
spacetime).

ratio for BHs in EMd theory with coupling a = 10. By
comparison, this same quantity is shown with red and blue
dashed curves for neutron stars in Brans-Dicke gravity with
ap = 0.03 and in the theory of Damour and Esposito-Farese
with p, = —4.4, respectively. Note that by inserting
Eq. (2.30) into Eq. (2.26), one sees that this theory is only
defined for Gy(¢) > GY. For reference, we indicate with
black points the separation at which these values are
achieved in EMd theory when the test BH is placed in
the background of an extremally charged BH; r, corre-
sponds to the outer horizon of the background BH. We see
that the magnitude of the ratio C,/C; drastically differs
between ST theories that manifest induced and dynamical
scalarization (DEF) and EMd theories. This result indicates
that a perturbative expansion of the dynamics has a larger
regime of validity, and that nonperturbative phenomena are
less likely to emerge during the coalescence of binary BHs
in EMd theory.

III. POST-NEWTONIAN APPROXIMATION
IN EINSTEIN-MAXWELL-DILATON THEORY

A. Two-body dynamics

To go beyond the test-body limit, treating two-body
systems with arbitrary mass ratios, we employ the PN
approximation, which is valid in the weak-field, slow-
motion regime [55]. In Appendix A, we derive results for
the conservative dynamics of a binary BH system in EMd
theory, at next-to-leading order in the PN expansion, i.e., at
1PN order. We employ the Fokker action method [56] (see
also Ref. [57]), which has been used to treat the 4PN
dynamics in GR [58], and the 2PN [57] and 3PN [59]
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dynamics in ST theories. We begin by considering the PN
expansions of the EMd action in Eq. (2.2) and the matter
action for point particles in Eq. (2.3), using the mass
expansion in terms of the a and f parameters from
Eq. (2.7). From the initial full action expanded to 1PN
order, we obtain field equations for the scalar field, the
metric potential, and the electromagnetic 4-potential. The

1 2 1 2
L=-m—my+-muovy+z-mv;+ (1 +ao—

2 2 mm,

9192 \ mimy 1
r 8

Fokker action is obtained by plugging the (regularized)
solutions to the field equations back into the action,
eliminating the field degrees of freedom, yielding an action
depending only on the matter variables. We work in the
harmonic gauge g’”’l“fw =0 and the Lorenz gauge
0,A* = 0 throughout. The final result for the two-body
Lagrangian is given by

1 9
+—mlv‘1‘+§mzv§+%[v1 vy + (n-vy)(n-v,)

* m;’;% (B —a1a)(v] + v3) = (T —aya) (v -va) = (1 + @) (- vy) (- vy)]
= R0+ 2 (my + ) + i@} + ) + maa (@ + )

9192

1 1
+7[m1(1 + aay) + my(1 + aay)] _p[m]Q%(l + aay) + myqi(1 + amy)] + O(F)’

where r = x| — x; is the separation between the two bodies,
and n = r/r. This Lagrangian agrees with the one derived
by Damour and Esposito-Farese [43,57] when the Maxwell
fields are 0. The standard 1PN Lagrangian in GR is
obtained by setting g; = a; = f3; = 0, while the Lagrangian
in EM theory is obtained when a; = f3; = 0. Note that,
since we use the mass expansion in Eq. (2.7) given in terms
of generic parameters a and f, our results are not restricted
to BHs in EMd theory, but are applicable to more generic
bodies as well.

During the course of this project, the same 1PN
Lagrangian for a two-body system in EMd theory was
derived independently by Julié in Ref. [40]. While our
results agree, our derivation differs from that of Ref. [40] in
some notable respects. In Ref. [40], the (unexpanded) field
equations were directly obtained from the action (2.2), and
then those equations were expanded and solved for the
fields. The primary difference with our derivation is in how
Ref. [40] constructed the two-body Lagrangian: (i) taking
(only) the matter action for one body (without the field part
of the action, and without the matter action for the other
body), which would apply if the body were a test body in

(3.1)

|

the two bodies. While this procedure does produce a correct
Lagrangian at 1PN order, it is not justified in general, and it
is important to see how the result can be obtained from a
consistent treatment of the full action for the two bodies and
fields. In Ref. [40], it was also found that it is possible to
parametrize the 1PN Lagrangian in EMd theory to have the
same structure as the 1PN Lagrangian in ST theories, which
means that many results in ST theories can be directly
extended to EMd theory at 1PN order. We choose not to use
that parametrization to make the dependence on the electric
charges more apparent, and because many of our results are
specific to EMd theory, such as calculating the vector
energy flux and developing the EOB Hamiltonians.

The Hamiltonian in the center-of-mass frame can be
derived from the Lagrangian using the Legendre trans-
formation [60]

H=v-p-1L, (3.2)
where the relative velocity v =v; — v, and the center-of-
mass momentum

some given fields, (ii) inserting for those fields the OL
(regularized) solutions to the field equations resulting from pi= v (3.3)
the total (two bodies + fields) action, and (iii) taking the
resultant Lagrangian and “symmetrizing” it with respect to ~ This leads to the energy
|
1 G M,Ll 3 G12M,Ll 3—0102 .
E=M+p? -2 = (1=3v)u* 2 4 ui?
+5Hv g (=3t + —— 1+0612—"A‘4—’ff+y v? + vi
My 2 2 2 q% q%
+7 (1 + a]az) +X2(12ﬁ] +X](11,B2 +X1 M_/,{(l + aa]) +X2M_'u(1 + Cl(ZQ)
1
—ZM(I +a X, +axX5)| + O — ), (3.4)
Mu c
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where 7 = n - v, and we defined the total mass M, reduced mass y, symmetric mass ratio v, and the mass ratios X; in terms of
the constant masses m; and m, by

nymy
M b

M= m; + m,, u v X =—, X, =—. (3.5)

I
M’ M
We also define the coefficient G, by

9192
Gp=1+aa ——= 3.6
12 102 My’ (3.6)

which reduces to the usual definition in ST theories when the electric charges are 0. The advantage of including the charges
in G|, is that the Newtonian-order acceleration is simply given by @ = —G,Mn/r*> + O(1/c?).

Expressing the energy in terms of the center-of-mass momentum p = p; = —p,, instead of the velocity, we obtain the
Hamiltonian
2 4
p- GopMu pt GpM 3-—am
H=M+———"""———(1-3v)— -

+2ﬂ r 8< )/43 2ur 1+ aa— "'q2+y Pty

My 2 2 2 % ai
Y (I 4+ aya)” + Xomfy + Xyaifr + X, My (14 aay) + XzM—y(l + aa,)

919 1

—21‘14—”2(1 +aa1X1 +aa2X2):| +O<?>, (37)

where p, =n - p.
Next, we examine how the scalar charges of the two bodies change with their separation. The dilaton charge is given by

D(p) = = m(p)a(p). (3.8)

For the two bodies, the dilaton charge as a function of the separation r has the expansion

1
Dy(r) =m |:a1 + (af + )i (r) +§(3ﬂ1(11 +ai +p)ei(r) + 0(1/06)]» (3.92)
Dy(r) = mj [az + (a3 + Ba)oa(r) +5 (3ﬂ202 + a3+ )3 (r) + 0(1/06)] ; (3.9b)
where ' = dp(p)/dy|,, . 1 is the scalar field at the location of body 1, and ¢, is the scalar field at the location of body 2.

From the 1PN scalar field in Eq. (A32),

am, mpm aq\qy _ag; 1
@i(r) =— 2r : ;2 2 (ay + 0103 + aif) - rlz : o 5+ 2052’"2(" “ay) +O(1/¢°), (3.10a)

oaymy  mym a ag® 1
0r(r) = =T+ T2 (0 + mad + o) - S+ L Saimy(nea) + O(1/c%). (3.100)

r r r 2r- 2

|

where, using @ = —G,Mn/r* + O(1/c?) and Eq. (B19), In Fig. 4, we plot D,(r) and D,(r) for charge-to-mass
ratios ¢q;/m; = q,/m, = 1, dilaton coupling constant
omy G12m2 a = 1, and symmetric mass ratios v = 0.24 and v = 0.1.
G=73,2= 2 n+0(1/¢?), (3.11a) The curves are plotted until r = 3M because the PN
expansion becomes inaccurate well before that separation.
@ — - mo_ G12m ) (1/2). (3.11b) From the figure, we see 'that the scalar charge of both bodies
M r? decreases as the separation decreases, with the charge of the
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1.001
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r/M

v=20.1
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/”’
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b '/
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0.85F 1
0.80"““““““““l
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r/M

FIG. 4. Scalar charges scaled by their asymptotic value as a function of the separation r of a binary BH scaled by the total mass. In both
plots, the charge-to-mass ratio g;/m; = ¢q,/m, = 1 and the dilaton coupling a = 1; in the left panel v = 0.24, while in the right

v=0.1.

lighter body decreasing more quickly. Figure 5 shows the
scalar charge as a function of the separation for equal
masses but with different charge-to-mass ratios. We keep
q,/m; = 1 while ¢,/m, takes the values 1.4 and 0.5. The
scalar charge of the less-charged body decreases more
quickly with decreasing separation. These results are
consistent with what was found in the previous section
for the scalar charge of a test BH, but here we do not see a
transition or a divergence near the horizon.

B. Gravitational energy flux

From the 1PN expansion, we computed the next-to-
leading order scalar, vector, and tensor energy fluxes for
general orbits (see Appendix B for the derivation). Ina 1/¢
expansion, the leading terms are the scalar and vector
dipole fluxes, which are of order 1/c?, while the leading

qi/m1=1,q2/my = 1.4

order tensor flux is of order 1/¢°, which is the same as the
next-to-leading order scalar and vector fluxes. We computed
the next-to-leading order tensor flux, which is of order 1/¢’,
because that is the maximum level of approximation
accessible by use of the 1PN near-field equations. The
scalar and vector dipole fluxes depend on the difference
between the charges of the two bodies. The scalar flux also
includes a monopole term that vanishes for circular orbits.

The total energy flux is the sum of the scalar, vector, and
tensor fluxes

F=Fs+Fy+Fr, (3.12)

where the expressions for the fluxes through next-to-leading
order for general orbits are given in Appendix B. The fluxes
for circular orbits are given by

q/m1 = 1,q2/my = 0.5

roof ' ' ' Loof .
0.95 095F ’___,,_—— ]
3 [ ,&”
’
§ [ r /',
= 0907 0.90F ]
Q L
0.85} 085k ]
ogob—m——— R T
5 10 15 20 0-80 5 10 15 20
r/M r/M
FIG. 5. Scalar charges of a binary BH as a function of r for equal masses (v = 1/4), dilaton coupling a = 1, and charge-to-mass ratios

q1/my =1, g;/my = 1.4 (left) and q,/m; = 1, q,/my = 0.5 (right).
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qi/my = 1.,q2/my=10.8

-
-
e ————

—0)/Fq

15F

(F -7,

0f~— o

0 0.2 0.3 0.4 0.5

(GraMQ)Y3

q/mi = 1., q/my = —0.8

=0

=0)/Fy

(F -7,

FIG. 6. Energy flux in EMd theory and EM relative to the uncharged GR flux plotted versus the gauge-invariant velocity for circular
orbits v = (GIZM.Q)I/ 3 for coupling constant a = 1, for equal masses, and for charge-to-mass ratio ¢, /m; = 1, ¢,/m, = 0.8 (left) and

qi1/my =1, g,/my, = —0.8 (right).
i 245
Fs= ﬁ(al - )+ 1562, [20f, (o) — ap)?
1
+ S(fiz +ff/r) + 16(X1(12 + X2a1)2] + O<7> .
(3.13a)
2024 (ql q2>2 2020 [ < q2>2
Fy= LA 20f k73
v 3G%2 ml m2 ISG% 4 1 m2
+ 8(X2—+X12> +5(sz +f¥/r):|
my
1
+ (9(—7), (3.13b)
c
321/2x5 2026
Fr="3g " 1osgs, Vv Tt
+672f,) + (9(9), (3.13¢)
c

where the coefficients f are given by Egs. (B36), (B57),
(B80), and (B86). The energy flux is expressed in terms of
the parameter x defined by

x = (G,MQ)*3, (3.14)
where Q is the orbital frequency, which is “perturbatively
gauge invariant” in the sense that it remains fixed under
coordinate transformations to arbitrary PN order.

InFigs. 6 and 7, we plot the total energy flux in EMd theory
with a = 1 relative to the flux when all charges are 0 versus
the binary’s gauge-invariant velocity v = (G,MQ)'/3;
ie., we plot (F —F,_)/F,—o. For comparison, Fig. 6
also includes the energy flux in EM, when scalar charges

are 0 but not the electric charges. The plots start at
v = (G,MQ)'/? = 0.15, which corresponds to a total mass
M = 20M, and a lower GW frequency in the detector of
10 Hz. In the plots, we used the next-to-leading order scalar
and vector fluxes, but only used the leading Newtonian-order
tensor flux, because the 1PN energy flux in GR is given by
Fgr ~ x> — const.x®; the minus sign of the second term
causes the flux to become negative at large frequencies.

From the plots, we see that at small frequencies (large
separations), the difference with GR is greater than at larger
frequencies because the dipole scalar and vector fluxes
dominate (Fg ~ x* while F; ~ x°). For equal charges, the
scalar and vector dipole fluxes are both 0, which means the
total energy flux is the tensor flux that is proportional to x°.
Hence, the next-to-leading order flux in EMd theory
becomes a constant shift to the GR flux, and the relative
flux plotted in the figures becomes a straight line, as can be
seen in Fig. 7.

10° \ 0.8, 0.24
T 107'F :
“\ ~-~~-_
~ o TT==—a
= 1072 T ___0.1,0.014
N
' N (1) N X8
u 1071 1
e S0L 0002
0.2 0.3 ‘ 0.4 0.5
(G12MQ)'/?
FIG.7. Energy flux in EMd theory relative to the uncharged GR

flux for coupling constant @ = 1 plotted versus v = (G, MQ)'/3,
for equal masses, and for various charge-to-mass ratios.
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In the two panels of Fig. 6, we use charge-to-mass ratios
qi1/my =1, go/my = 0.8 (left) and q,/m; =1, q,/m, =
—0.8 (right). For same-sign charges, at a fixed frequency,
there is a greater difference from GR than for opposite-sign
charges and also a greater difference between EMd and
EM. This is because the energy flux is inversely propor-
tional to G2, = (1 + aya, — q,q,/m m,)?, which is larger
when the electric charges have opposite signs than when
they have the same sign. In the right panel, the plotted
curves become negative when F < F,_,, which occurs
because G, > 1 for opposite-sign charges, which makes
the EMd flux smaller than the GR flux at some frequency.

In Fig. 7, we plot the energy flux for several charge-to-
mass ratios. In that figure, we do not plot the flux in EM
theory, because it is almost the same as the EMd flux for
charges g;/m; $0.5 since Fg o a? « gf/m?, which is
much smaller than F o g7/m? for small charges. The
plot shows the flux for same-sign charges in a log plot; for
small charges <0.01, the EMd flux decreases significantly
and becomes very close to the GR flux.

The most salient feature that differentiates EMd theory
from GR from the perspective of GW observations is the
presence of dipole radiation. At leading order, the energy
flux can be written as

f = fGR(l —i—Bx_l), (315)

where Fgg is the GR quadrupole flux, and B parametrizes
the strength of dipolar emission, which is given by

B= 95—6 {(0{1 — )+ 2(ﬂ —ﬂﬂ. (3.16)

mp o mp

The presence of dipole flux has been constrained in
several types of binary systems. The best constraints on the
B come from radio observations of pulsar—white-dwarf
binaries, which lead to the bound |B| <107 [61]. For
binaries containing a single BH, the strongest bound comes
from low-mass x-ray binaries, in which the companion is a
main-sequence star: |B| <2 x 1073 [62]. To date, no bound
has been set from GW observations of binary BHs, but
at design sensitivity, LIGO could set a bound of |B| <
8 x 10~* for a GW150914-like event, and LISA could
lower that bound to 1078 [62].

We wish to understand how well such a bound on dipole
radiation in binary BHs can constrain EMd theory. Given
the discussion above, we consider a hypothetical binary BH
observation that constrains the dipole flux to |[B| < 1073.
The coupling a that characterizes EMd theory enters the
prediction of B through the dimensionless scalar charges of
the two bodies. Equation (3.16) demonstrates that for a
given value of B, the scalar and electric dipoles are
degenerate, and thus no constraint can be set on a
directly with only a bound on the dipole flux. However,
if an independent measurement of the total charges could
be made—e.g., through measurements of the ringdown

50 ————

s}
0.0 0.5 1.0 1.5
‘Q1/m1 + QQ/mz‘
FIG. 8. Allowed values of EMd coupling a consistent with a

dipole flux constraint of |B| <107 as a function of mass-
weighted total electric charge. Colors indicate various possible
electric dipoles consistent with the bound on B.

spectrum of the final remnant—one can potentially break
this degeneracy and constrain EMd theory.

In Fig. 8, we show the values of a consistent with
|B] <1073 as a function of mass-weighted total charge
|q1/m + q,/m,| for various possible values of the electric
dipole |q,/m — g»/m,|. The maximum allowed electric
dipole is achieved in the limit that = 0, wherein the scalar
charges of the BHs vanish and our bound on the dipole flux
translates directly to the bound on the electric dipole
lg1/m\ — q2/m»| < 0.098. Unsurprisingly, we find that
the constraint that can be set on a depends primarily on
the magnitude of the electric charges in the binary: for
equal-mass systems, the strongest constraints can be set
when the BHs have large, nearly equal charges, and the
weakest constraints when the BHs have small, opposite
charges. We see that for any realistic constraint on dipole
flux, the parameter a is completely unbounded without an
independent measurement of the electric charges.

C. Gravitational-wave phase
in the stationary-phase approximation

Equipped with PN descriptions of the conservative and
dissipative sectors of binary dynamics in EMd theory, we
compute a key observable for GW detections: the Fourier-
domain gravitational waveform. We utilize the stationary-
phase approximation to perform this calculation, relying on
the fact the GW phase evolves much more rapidly than its
amplitude during the adiabatic inspiral along quasicircular
orbits.

We consider a GW detector a distance R > Agg ~ r/v
from a binary BH. In the vicinity of the detector, the metric
takes the form

G =M + My (3.17)
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where 7, is the Minkowski metric and 4, contains two
propagating, transverse-traceless polarlzatlons hy and hy,
which comprise the GW produced by the binary.” At the
fixed distance R, the GW can be decomposed into spin-
weighted spherical harmonics

14
—ine =3 S LY (0. D) (1),

=2 m=-¢

(3.18)

where @, ® are angular coordinates that define the
propagation direction from the source to the detector
[55]. We further decompose each mode into an amplitude
and complex phase

hfm(t)

where ¢(¢) is the orbital phase of the binary.
We compute the Fourier transform of the GW using

= Ay (1)), (3.19)

hew(f) = / " dthy, (H)e=2". (3.20)
During the adiabatic inspiral, the amplitude and orbital
frequency evolve much more slowly than the orbital phase,

€., |Apm/Asm| < Q and Q] < Q? for m #0 modes.
Thus, the integral in Eq. (3.20) is highly oscillatory and
can be approximated by expanding the integrand about the
time at which the complex phase is stationary. Using the
stationary-phase approximation, the Fourier-domain wave-
form is then given by

W2 () = Agw(f)evenlN)=in /4, (3.21)
Won(f) = 2mfr" — mrﬁ(((f'")), (3.22)
Aem(f) = Apm( A f ) (3.23)

t

where 77 is defined implicitly as the time at which
mQ(1") =
the literature, we employ the binary’s gauge-invariant
velocity for circular orbits v =x'/? = (G;,MQ)'/3
and introduce a similar notation for the GW frequency f
as vy = (nG;;Mf)"/3. Then, by construction, one finds

v(t}m)) = (2/m)"?v; and can rewrite Eq. (3.22) as

2zf. Following the notation common in

’A GW detector also responds to the scalar field through the
coupling given in Eq. (2.2). These scalar waves represent a
transverse breathing polarization of perturbations to the Jordan-
Fierz metric. Because standard search techniques are targeted at
the transverse-traceless polarizations, we consider only those
gravitational modes in this work. Differentiating between the
various polarizations of GWs requires a network of detectors; our
ability to identify additional GW polarizations will improve as
more ground-based detectors come online.

1
G,M

veuld) = (g0 —ow)| o 62

From here onwards, we focus only on the dominant £ =
|m| =2 modes and drop the explicit mode numbers for
notational simplicity; because we restrict our attention to
nonspinning systems, the modes obey the symmetry relation

hew = (=1)°R _,,, (3.25)

and thus we can consider only the m = 2 mode without loss
of generality.

The orbital phase and frequency are computed using the
balance equation

dE
—=-F. 3.26
i (3.26)

From this equation, we deduce
1 E' (D)
= - d“3 , 3.27
¢(U> ¢ref G12M s vV f(f]) ( )
dE/dv

Hv) =t — dp , 3.28
)=~ [ an G (3.28)

where ¢, and t,.; refer to an arbitrary reference point in the
evolution of the binary. Inserting these results into
Eq. (3.24), the Fourier-domain phase is given by

2 Uref E'(v
Dret + (v% - 1)3) ]:-Evi

dv.
G]ZM vy ’
(3.29)

W(f) =27 ftrer —

The energy flux in terms of x is given by Eq. (3.13a). The
energy E is given by Eq. (3.4), and it can be expressed in
terms of x using Eqs. (B83) and (B86), which leads to

E= —'%x[l + fpx+O(1/¢Y)], (3.30)

where the coefficient f is given by

—1 1"‘1/ 3 — a0
fe=367 {Gﬁ( + )

3G3, 4 1+ oo, —%
- X050, — X aip,
2 2

q5 q1
- X, 22 (1 - X, 1L
IM,u( aa) 2 My

- (1 +aa)?
(1+ aay)

91492 (1

—|—2 +aX,a +aX2a2)] (3.31)

To evaluate the integral in Eq. (3.29), we need to
distinguish between two regimes, similarly to what was
done in Ref. [63]. In one regime, the electric charges are
small and the inspiral is driven by the tensor quadrupole
flux. In the other regime, the electric charges are large and
the inspiral is driven by the dipole flux.
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For the quadrupole-driven (QD) case, we approximate the integrand in Eq. (3.29) by

E'(v)  E(v) {1 _Fs(v) +J’”v(v)}
F(v)  Fr(v) Fr(v) '

Then, we expand the integrand using the next-to-leading order fluxes. Evaluating the integral leads to the phase

(3.32)

1
WQD(f):27rftref ¢ref+ |: QD+p 22 +p2QDv2+O< ):| ’ (333)

with the coefficients

G 5 ?
pP = - 12 { (3365 — 672f, — {/,z—fﬁz/,—fﬁ){z(ﬂ—ﬂ) +(051—052)2]

4096v | 168 m, m
2
=96+ 5(f,, + f3.) + 10( 1/,Jer)+4ofy(q1 2) +16<X2—+X, >
my My my my
+20f, () = a2)” + 16(Xa; + Xﬂz)z}, (3.34a)
5G 2
QD 12 91 92 2
= p) (L - : 3.34b
o = 222" 0 - ary (3.34)
o __ S0 [ srrser, 4 (48— 207, (L= 92N S 10fp(ay — 2| (6727, + £ o+ £+ 1))
P 1548288y £ E\m, ~ my B =& r T e Ty T
S (e 4q
s v 91 92 q>
X {5( 1/r+f ,) + 10( 1/r+f ) +20f, (o) — ap)? +40f,(m—l—m—2> +16<X2—+X1m2>
+16(X5ay +X1a2)2} } (3.34c¢)

where the coefficients f are given by Eqgs. (B36), (B57), (B80), and (B86). When the charges are 0, this phase reduces to the
next-to-leading order GR result, i.e., p2° — 3/128u, p@° — 5(743 + 9241) /322561, and p& — 0.

For the dipole-driven (DD) case, we take the tensor flux at the same order as the scalar and vector fluxes, i.e., to O(xS).
Evaluating the integral in (3.29) leads to

DD

P
WDD(f) = 277"ftref - ¢ref + % [1 +pJZDDUZ + O( )] (335)
where the coefficients are given by
Gy a9 @)\ -
PoY =—= {2 <— - —> + (a1 = 0!2)2] ; (3.36a)
12 my ny

-9 a1 @\ -1
DD _ ) y ;
P2 E|:2<m—l—m—2 —l—(al—az) 96+10( 1/r+f )—|—5( 1/r+fvz)

- lo(fE - 2f}/)(al - 0!2)2 + 16(X2051 +X16¥2)2 - (f 2f7)< qz)

mp o mp

+80(f —2f,) 141 +16<X2—+X1 ‘h) ] (3.36b)
nymy ny
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When we set the electric charges to 0, but keep the scalar
charges nonzero, this result agrees with the (ST) result
derived in Ref. [63].

We wish to understand how well a GW signal produced
in EMd theory [e.g., Eq. (3.33)] can be distinguished
observationally from a signal in GR. Answering this
question definitively falls beyond the scope of this paper.
To perform such a study, one would need to perform a
Bayesian hypothesis test on injections of EMd signals into
detectors with realistic noise, comparing the relative
evidence that the signal matches template waveforms in
either EMd theory or GR; e.g., of such analyses for other
modifications to GR, see Refs. [13,64—67]. Instead of this
detailed study, we compute two comparatively simple
measures of distinguishability: the difference in total phase,
and, in Sec. III D, the number of useful GW cycles.

To compare the phase calculated in EMd theory with
that in GR, we need to align the waveforms and then
compute dephasing from this alignment point. We
choose to do the alignment around the “merger frequency,"
which for simplicity we choose to be the innermost-stable
circular orbit (ISCO) frequency fisco = 6/>/aM for a
Schwarzschild BH. Next, we determine #,.; and ¢, such
that the waveform reaches a local maximum at this point
and the phase reaches some fixed value, e.g., 0. To satisfy
these two conditions, one can choose ?,.¢; and ¢, such that

at fisco, dy(f)/df =0 and y(f) = 0. For the QD case,
this leads to

120 = 108MG, (1065 + G 7pS” + 84p%),
X = 12v6G7]*(8GTLp° + G112 p + 60p%).

(3.37)
Similarly, for the DD case, we get
2P = 6MGi3pRP(18 + Gy pEP),
"= 4\/§Gr§po”<9 +GRPE). (3.38)

In Fig. 9, we plot the difference between the phase
calculated in EMd theory with @ = 1 and the phase when
all charges are 0, which is the phase in GR up to 1PN order.
For the configurations considered here, v = 0.15 corre-
sponds to approximately 10 Hz for a 20M, system.
Because the charges are relatively small, we compute the
phase using Eq. (3.33). For systems whose component’s
charge-to-mass ratio ¢;/m; < 0.01, the two waveforms
differ by less than one radian over the frequency range
of a ground-based GW detector. The phase difference does
not depend strongly on the value of a; for values of a ~
1000 and charge-to-mass ratios g;/m; < 1073 analogous to
those considered in Ref. [35], the phase difference agrees
with that shown in Fig. 9 within 10%.

104 L B LI A A S S B S S S S BN S R R |
0.4, 0.1
1031 '
S~ = 0.1, 0.01
e P - 0.01,0.01
= 1w'r “‘~~--__ -------- 0.001, 0.002 ~
T 1000 S m——— A
> ~~__-~
? 107 = =—a. — ~~~~~~ i
— 102k TTTTmEmeeealL a
2 O e T — L
= 10780 T 1
w0 e 1
1075 e
10_(5 S S R S S S R Y L L L x‘j
0.15 0.20 0.25 0.30 0.35 0.40

(G MQ)?

FIG. 9. Phase difference in radians between EMd theory
and GR as a function of v, computed in the quadrupole-driven
regime, for various charge-to-mass ratios, and for equal masses
(v=1/4).

D. Number of useful gravitational-wave cycles

The total number of GW cycles between frequencies
Smin and f.x 1S given by

fmox df d¢p
Nyt = /

mdf (3.39)

min

where ¢ is the gravitational wave phase. The instantaneous
number of cycles spent near some frequency f is defined by
multiplying the above integrand by f,

_Jd¢

N() =355 (3.40)

However, GW detectors are not equally sensitive to all parts
of the waveform because the noise spectral density of the
detector is frequency dependent. A better proxy for how
observationally different two waveforms are is to compare
the number of useful cycles in each. This measure was
originally introduced in Ref. [68]. One computes the total
phase accumulated in each frequency bin and then weights
this estimate by the sensitivity of a detector at that
frequency. Because the strain sensitivity of the detector
is concentrated in just a window of frequency space, the
result would also depend on the mass of the system. The
number of useful cycles is defined by [68]

Nul1) = | /- Lo | I L]

(3.41)

where the weight w(f) = A%(f)/fS.(f), while A(f) is the
GW amplitude, and S,(f) is the noise spectral density of
the detector. We use the zero-detuned high-power noise
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spectral density of Advanced LIGO at design sensitiv-
ity [69].

Using the balance equation dE/dt = —F, and the
relation between the GW phase and orbital frequency
g?ﬁ = Q, the instantaneous number of cycles in Eq. (3.40)
can be reformulated as

vt E'(v)

N = 500G, 7 (o)

(3.42)

which can be computed in the quadrupole-driven regime
using Eq. (3.32). For the GW amplitude, we used the
Newtonian order approximation for the transverse-traceless
polarizations A(f) o v?, since the effect from the ampli-
tude on the number of cycles is small compared to the
phase. We can then calculate numerically the number of
useful cycles using Eq. (3.41).

In Fig. 10, we show the relative difference between
Nyserur iIn EMd theory with @ = 1 and the same quantity
when all charges are 0 (GR to 1PN order). The number of
cycles in EMd theory is less than in GR except for equal
charges, because the leading dipole radiation dominates the
Newtonian-order corrections to the binding energy. We find
that for systems with ¢;/m; ~ 0.1, the number of useful
cycles in GR and EMd differs by O(1).

The quantity plotted in Fig. 10 provides a rough estimate
of the observable size of deviations from GR relative to the
overall GW signal strength. We recast this quantity in terms
of the optimal signal-to-noise ratio (SNR) of the wave-
forms, defined by

fmax A 2
SNR? — 4/ ap AU (3.43)
min Sn(f>
Using Eq. (3.23), this relation can be rewritten as
100 ,' T T T T T T T T T T T T T T T T T xA
13 | —— 04,01
2
R 01,001
= 107} 3
| ,
E Y 0.01, 0.011
> -
= 107 :
S 0.001, 0.002
1070p, T e e
20 40 60 80 100

FIG. 10. Number of useful cycles versus the total mass for
various charge-to-mass ratios, and for equal masses (v = 1/4).
The number of cycles in EMd theory is less than in GR except for
equal charges.

fmax d
SNR? = 4/ TfW(f)N(f), (3.44)
and thus
NIY N SNR?)7=9 — (SNR?
| useful — usefull — |( ) 5 (70 )| (345)
st;ful (SNR )qi

2|ASNR| ASNR) 2
=2 i 4
SNR +O((SNR> > (3.46)

where ASNR = (SNR?~Y — SNR) is the difference in SNR
between signals in GR and EMd theory. Thus, Fig. 10
indicates that corrections arising from the presence of
electric and scalar charges in EMd theory can account
for only a few percent of the total SNR for systems with
electric dipole ~O0.1.

IV. EFFECTIVE-ONE-BODY FRAMEWORK

In this section, we construct two EOB Hamiltonians: one
based on the EMd metric in Eq. (2.8), in which the potential
C(r) # 1, which we call the GHS gauge; the other is based
on an approximation to the EMd metric by making a
transformation to a gauge were the potential C(r) =1,
which we call the Schwarzschild gauge.

The EOB Hamiltonian in the GHS gauge is more
physical in the strong-gravity regime since it exactly
reproduces the test-body limit of the two-body dynamics.
That is, it belongs to a class of Hamiltonians imple-
menting exact solutions to the field equations for isolated
objects/BHs. However, this class of Hamiltonians is very
theory specific—e.g., the analytic ST vacuum metric in
Refs. [70,71] is distinct from the analytic EMd metric when
we set the electromagnetic fields to 0. In addition, many BH
solutions in alternative theories do not even have an
analytic solution that can be used. The advantage of using
a Hamiltonian based on the approximate metric in the
Schwarzschild gauge is that it is easier to implement in
data-analysis studies of GWs observed by LIGO and Virgo.
One would take the existing EOB Hamiltonians in GR as a
starting point and add EMd corrections in the same way as,
e.g., tidal corrections are added [72]. Within the regime of
small deviations from GR, the two EOB Hamiltonians in
EMd theory are expected to closely agree.

In Refs. [71,73], the EOB framework was extended to
ST theories. In Ref. [71], the motion of a binary BH was
mapped to the motion of a test body, such that the effective
metric is a v-deformation of the ST metric. This approach is
similar to our EOB Hamiltonian in the GHS gauge, but we
find a different mapping for the scalar charge. In Ref. [73],
the motion of the binary in ST theory was mapped to the
motion of a test body around an effective BH in GR, but the
effective metric does not reproduce exactly the test-body
limit of ST theory. In contrast, whereas our EOB
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Hamiltonian in the Schwarzschild gauge is also not exact in
the test-body limit, it still maps the real problem to an
effective one in EMd theory (not in GR).

A. Effective-one-body Hamiltonian in Garfinkle-
Horowitz-Strominger gauge

In the EOB framework, the motion of a binary is mapped
to the motion of a test body in the background of an
effective metric. In the effective problem in EMd theory, we
assume that a test body, with mass u and electric charge g,
is moving in the background of a charged BH with mass M
and electric charge Q. To relate the real two-body problem
to the effective one, we impose the following conditions:
(a) M and u are the total mass and reduced mass of the real
description, i.e., M = m; + m, and u = m;m,/M; (b) the
effective charges Q and ¢ are related to the real charges by
0q = q,9,, but we do not assume that Q is the total charge;
and (c) the mapping between the real and effective
Hamiltonians takes the form

vH"R(r,p)
2

HYR.P) _ H(r.p) I
H H

} , (4.1)
where the superscript NR means nonrelativistic, i.e.,
HNR = H — M, and the real Hamiltonian H is given by
Eq. (3.7). The form (4.1) for the “EOB energy map” [38]
has proven useful in GR up to 4PN order [74], in classical
electrodynamics to 2PN order [75], and in ST gravity to
2PN order [73,76]. In the first post-Minkowskian approxi-
mation, i.e., to all orders in v/c at linear order in G, it can
be shown to exactly resum the dynamics, producing the
arbitrary-mass-ratio two-body Hamiltonian from the test-
body Hamiltonian [76,77]. For the coordinates in the
effective problem, we use uppercase letters, such as R
and P, while for the real problem, we keep using lowercase
letters, such as r and p.
The effective action for the test body is given by

Sett = / [-m(@)dr + gA,dX"], (4.2)

where 7. is the proper time of the BH and the effective
test-mass m(¢) depends on the scalar field ¢ generated by
the BH, and has the expansion in terms of the parameters o
and f as

m(g) = u|l +ap+ L@+ p)g? +0(1/5)].

. (4.3)

Since we do not know, a priori, how the parameters o and 3
of the effective test body are related to the real problem, we
expand the mass in a 1/R expansion

1+ﬁ+&+(’)(1/c6)

m(R) =u|l+5 + 5

(4.4)

and solve for the unknown coefficients f| and f,.
We take the effective metric of the background to be a
deformation of the EMd metric in the GHS gauge

ds2y = —dt’ = —A(R)dT* + B(R)dR? + R*C(R)d<?,

45)
with
AR) = (1 - %) (1 - %) e
B(R) = ﬁ (1 + %), (4.6b)
cw = (1-) (4.6¢)

where R_ and R, are the radii of the inner and outer
horizons of the effective BH, which are given by
Egs. (2.16a) and (2.16b), i.e.,

1-—da?

R, =2M —
a * a

D. (47

We choose to define R_ and R, by these relations in terms
of D, but not in terms of Q, because the relation between Q
and D is deformed by the mapping. We note that in the
above metric’s ansatz, we have added a deformation to
B(R) only because, in EMd theory at 1PN order, the
mapping leads to three equations in f;, f,, and any
deformation to the metric. Thus, we can only determine
uniquely one unknown coefficient in the effective metric.
So we choose to take that coefficient to be b, and assume
the possible deformations to A(R) or C(R) to be 0 at
1PN order.

The scalar field for a single BH is given by Eq. (2.13); we
add a PN deformation g,/R? such that the effective scalar
field is given by

R. 1+a*g
In{1-— =1. (4.
n( Rt r) “Y

The electric potential is given by

a
R =
(p( ) 1+ a2

(4.9)

We do not add PN corrections to A, because those
corrections can be absorbed in the PN corrections to the
scalar field or to the relation between D and Q. The
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coefficient g, is not independent of f and f,, because the
mass expansion can also be expanded directly in ¢ [see
Eq. 2.7)],

Da 1
m(R) = pu 1_7+E Ga—

yD% 4 30%) L0/ @)

2

In what follows, we uniquely solve for the coefficients by,
f1,and f, by matching the real Hamiltonian to the effective
one by a canonical transformation. Matching the two mass
expansions in Egs. (4.4) and (4.10) allows us to determine
the mapping for the parameters a and S, and for the
coefficient g,. The mapping for a is unique, but the
mapping for f and g, is not unique at 1PN order.

To find the effective Hamiltonian, we first find the
effective Lagrangian, in the equatorial plane © = /2,

where Pg = OLy;/O® is the angular momentum, and
Pg = OLeg/OR is the radial momentum.

Before matching the Hamiltonians, we need to apply a
canonical transformation from the real variables, r and p, to
the effective ones, R and P. At 1PN order, this trans-
formation is given by [38]

‘ . 0Gipy 9Gpx
R =r+——, P=p,——, 4.13
" op, Pim g 1Y)
with the generating function
c
Gin(rip) = (-p) (e +2). (b

where the coefficients ¢, and ¢, are to be determined by the
mapping.

Inserting the expansions of the real and effective
Hamiltonians into Eq. (4.1), and applying the canonical
transformation, we obtain the five equations,

dx* dxv
Lt = gA¢ — m() 9w T dT"
2c14> +v =0, (4.15a)
= gAy — \/A — B(R)R?> — C(R)R*&”.
(411) fl —|—M0{1a2 :O, (415b)
Then, applying the Legendre transformation Hyyy = PR + M — cy + p + payay — 99 +aD + ¢, Mu?
Po® — L yields the effective Hamiltonian M
—pc1qQ — pcey fiu =0, (4.15¢)
5 P Py 0
Her = —qAo + 4 |A(R) {m () + crr B b, +qﬁ—|—2M—|—2aD+4clqu+4clﬂ f1=2c»
(4.12) -y — poyay — 4 My =0, (4.15d)
|
7o ) ) 21),4
2t X1 (1 +aay) + g1 X (1 + amy) = 2ucy +4ufy + 2vesr fy —vft = 2ufs + 2Mp — —— + 2aDy
D?
—uvD? + vy 5+ 4Mpaya;y + 2Mpuadad + Xovpia3 + X vprad + i + 2t ayap + platad
+q0 <—2 + 2 - 2% —2amX; = 2a0,X, — 200 — 2v — 2L/a1a2) =0. (4.15¢)
Solving these equations respectively for the coefficients ¢y, f;, ¢,, by, and f, yields
v
Cq :—2—#2, (4163)
fl = —Malaz, (416]3)
My 1
:M+—U+—M1/ala2—q—Ql/+aD, (4.16¢)
2 2 2u
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b, =0, (4.16d)
D* D? MD aqQD
fr=2g™ 5~ g TeMPmat =

1 1
- M? {06102 ~5 (ayay)? — 2 (X035, + Xla%ﬂz)]

2

M g3 q
+? l:m_22(1 —I—aal) +m_11(] +aa2)}

9192

—ClM—(Xla] +X26(2). (4166)
u

To find the mapping of the scalar charge, we identify the
mass expansion in Eq. (4.4) with the expansion in
Eq. (4.10) to give

—Da = f, (4.17a)

D*a a 1 1
= D+ -D**+-D*B=Ff,. (4.17b
gpa——— = D%+ D+ D= (4.17b)

Inserting the solution for f; and f, gives a unique
mapping for a,

M
a:EalaQ, (418)
and suggests the following mapping for f:
M2
b= Y (Xp05p) + X a1fp). (4.19)

Further, we take the mapping of the dilaton charge D of the
effective BH to be the sum of the asymptotic value of the
scalar charges of the two bodies, i.e.,

D = ma; + mya,. (4.20)
The mapping for @ and f agrees with what was found in
Ref. [71], but the mapping for D is different. The reason we

choose this mapping for D is that it leads to a simple
deformation to the scalar field

1—a?(a; —)?

2a> ajm,

g = — DMuv. (4.21)

This deformation vanishes in the test-mass-limit v — 0, and
also when a = 1 or a; = a,. Other choices for D lead to
complicated expressions for g,. In obtaining this result for
g», we used the expression for the electric charge in terms of
the scalar charge, which is valid for BHs only,

1= 2
T (4.22)

2 1

2
qi 2
“h =" -

m; a a

This relation follows from Eq. (2.20) after solving for g; in
terms of a; and setting the scalar field to its asymp-
totic value.

A convenient mapping for the electric charge is

2 2
0’ =M (ﬂ + @> . (4.23)
my - mp

The reasoning behind this choice is that it is symmetric
under the exchange of the two bodies; it has the correct test-
body limit, Q — ¢, when m,/m; — 0 with ¢,/m, held
constant; and it appears naturally in EM theory as we show
in the next subsection. With that mapping for Q and D, the
relation between them is given by

2M
2
0’ =""D-—;

a a

() —ay)*M?v.  (4.24)

One could choose to enforce Eq. (2.17) for generic masses
by making a different choice for D or Q, but this seems to
lead to very complicated expressions for them.

B. Effective-one-body Hamiltonian
in Schwarzschild gauge

In the EMd metric, the potential C(r) # 1, but the
standard EOB gauge is the Schwarzschild gauge
C(r) = 1. This is the gauge that was used to derive the
original EOB Hamiltonian [38], which was then improved
by calibrating it to numerical-relativity simulations [78].
Therefore, to profit from the best available EOB
Hamiltonian in GR, we need to construct an EMd-EOB
Hamiltonian that is also in the Schwarzschild gauge.

The EMd metric can be transformed to the
Schwarzschild gauge by the coordinate transformation
7> = r>C(r). However, for arbitrary values of the coupling
constant a, the metric cannot be analytically transformed.
Instead, we expand the EMd metric (2.8) and transform it to
get an approximate EMd metric in the Schwarzschild
gauge. We make the coordinate transformation, valid to
1PN order,

(4.25)

With that transformation, and inserting the expressions for
r_and r in terms of M and Q [Egs. (2.16a) and (2.16b)],
we get

2M | @ oM
ds® = —(1 —_+%)dt2 + <1 +— )d# + F2dQ?,
r r r

(4.26)
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which is the same as the Reissner-Nordstrom metric to
1PN order.

As an ansatz for the effective metric, we assume a metric
based on the approximate metric (4.26)

ds%; = —A(R)dr* + B(R)dR* + R*d?, (4.27)
with
a; 25
A(R)ZIJFFJFFJF"" (4.28a)
b,
B(R):1+E+~~-, (4.28b)
and we write the mass expansion as
m(R) = u|1 +% +% +0(1/c®) |, (4.29)

where the unknown coefficients a,, a,, by, f, and f, are to
be determined by the mapping. However, the mapping
leads to three equations in those five coefficients, making
two of them arbitrary. We choose to take a; = —2M and
a, = Q? so that the effective metric would agree with the
EMd metric in the Schwarzschild gauge to 1PN order.
When we solve for by, we get b; = 2M, in agreement with
the EMd approximate metric.

For the effective electric potential, we apply the coor-
dinate transformation (4.25) with 7 = R to get

Q

AO(R):_R—H:D'

(4.30)

Applying the same transformation to the scalar field, and
adding a PN deformation ¢,/R?, we obtain

a

R) = In|l-
9(R) 1+a2n{

l+a*> D +1+a292
a R+aD a R*|

(4.31)

The mass expansion in terms of ¢, Eq. (4.3), can now be
written as an expansion in 1/R by

Da 1 D*a a
R =u|l -4 — B %
m(R) ”[ R+R2<gza 2a 127

5 (4.32)

—I—lDzac2 + %Dzﬂ) + (’)(1/06)} .
Following the same method used in the previous sub-
section, the effective Hamiltonian is given by Eq. (4.12)
with the potential C(R) = 1. The relation between the real
and effective Hamiltonians is given by Eq. (4.1), and the
canonical transformation that relates the real and effective
variables is given by Eq. (4.13). Matching the real and
effective Hamiltonians, we obtain the five equations,

2c1 4% +v =0, (4.33a)
ay+2f1 +2M(1 + ayay) =0, (4.33Db)
20y~ —4M + cxa +2f el + 292
—2u(l1 4+ aja, —c19Q) =0, (4.33¢)
by = 2¢; + 4c1uqQ + 2ayc i 4 dey it — p
P L (4.33d)

M

M?a2a3 + M?Xoa 1 + M?X a3, — ay — 2M*aya,
2aqQD
u

2
myq

2
m
+ +IT(]2(l+aa1)+ (1 +am)

— 2ag (mlal —+ mzaz) - 2f2 =0. (4336)
U

Solving these equations respectively for the coefficients
c1s f1, ¢3, by, and f, yields

v
[ _27/,127 (4343.)
fi=-Maa, (4.34b)
My 1 qQv
C2:M+7+§Ml/ala2—ﬂ, (434C)
b, =2M, (4.34d)
) aq,q,D 9192
fz——?+ —a (myoy + myay)
U
2 1 , 1 2 2
-M oy, — 3 (12) _§(X2a2ﬂ1 + X a1,)
M [ q3 q1
—I—?{m—Z(l—kaal)—l—m—ll(l—l—aaz) . (4.34e)

Choosing a, = Q?, so that the effective metric agrees
with the EMd metric to 1PN order, the above solution for f,
leads to the mapping

2 2
0* = M(ﬂ+ﬂ>. (4.35)
my  mp

This is because, for the case of EM theory, when we take
the parameters @ and /3 in the solution for f, to be 0, we get
f2==—ay/2+ M(q7/m; + q5/m,)/2. Hence, requiring
that f, = 0 in EM theory and that a, = Q7 naturally leads
to the charge map (4.35).

Identifying the mass expansion in Eq. (4.29) with that in
Eq. (4.32) leads to the following mapping for a and f:
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M

a=Sa, (4.36)
M2

p= g (X,a3p) + X aif,), (4.37)

which is the same mapping that was found in the previous
subsection. Further, taking the mapping of the dilaton
charge to also be given as in the previous subsection,

D = mya; + myay, (4.38)
leads to the astonishingly simple result
9 =0. (4.39)

With that mapping for D and Q, the relation between them
is given by Eq. (4.24).

Interestingly, the above mappings also lead to a ST EOB
Hamiltonian in Schwarzschild gauge at 1PN order. A 2PN
EOB Hamiltonian based on an exact analytic solution for
the metric and scalar field can be found in Ref. [71]. The
metric in that work also includes a potential C(R) # 1,
Eq. (II.3) in Ref. [71], and that metric is unrelated to the
EMd metric when the electric charges are 0. The scalar field
is given by

D a, az —2Ma,
PsT = —log 1- 7 +—1, (440)

a, 272

where a? = 4(M? + D?). The author of Ref. [71] found
the same mapping for a and f that we got, but used a
different mapping for D (at 2PN order). When we approx-
imately transform the metric and the scalar field to the
Schwarzschild gauge, in which the potential C(R) = 1, and
repeat the same analysis in this section, we get an EOB
Hamiltonian with the same mapping for the scalar charge
given in Eq. (4.38), and with no deformation to the metric
or the scalar field to 1PN order. The point is that the
mapping of the scalar charge would be the same in EMd
theory and ST theory, which is another hint that Eq. (4.38)
is a good choice at 1PN order.

C. Comparison of two effective-one-body Hamiltonians
in Einstein-Maxwell-dilaton theory

In this subsection, we compare the two EMd-EOB
Hamiltonians with each other, and also with the EOB
Hamiltonian in GR, by calculating the binding energy and
the ISCO. The goal is to investigate the range of parameter
space where the two EMd-EOB Hamiltonians agree.

The mappings of the electric charge, scalar charge, and
the parameters a and f are the same for the two EMd-EOB
Hamiltonians, i.e.,

TABLE 1. Difference between the two EOB Hamiltonians in
terms of the effective metric and the parameters of the mass
expansion, the canonical transformation, and the scalar field.

EOB in EOB in Schwarzschild
GHS gauge gauge
Effective metric Egs. (4.5)-(4.7) Eq. (4.26)
¢y ¢, = —v/2u?
Cy Eq. (4.16c) Eq. (4.34¢)
f1 f1=-Maa,
I Eq. (4.16e) Eq. (4.34e)
9 Eq. (4.21) 9 =0

D = mpoy + myQs,

2

M
=Dz (X3P + X aip,).

(4.41)
For the EOB Hamiltonian in the GHS gauge, the effective
metric is the GHS metric for v = 0 [Egs. (4.5)—(4.7) with
b; = 0]. For the EOB Hamiltonian in the Schwarzschild
gauge, the effective metric agrees with the Reissner-
Nordstrom metric for v = 0 [Eq. (4.26)]. Other differences
between the two Hamiltonians are in the parameters of the
mass expansion (4.4), the canonical transformation (4.14),
and the correction to the scalar field [Eqgs. (4.8) and (4.31)].
The parameters in those equations are shown in Table 1.

To find the binding energy from the two EOB
Hamiltonians, we start with the energy map in Eq. (4.1),
which gives the relation between the effective Hamiltonian
and the real Hamiltonian. Inverting that relation, we obtain
the resummed EOB Hamiltonian

H..
HEGy _M\/1+21/<—etf—

p 1)—M. (4.42)

To obtain the binding energy for circular orbits, we set
Pg =0, and solve P = —0H 4/OR = 0 for the angular
momentum Pg. However, that equation cannot be solved
analytically because of the nonlinearity of the Hamiltonian.
Hence, we solve the equation numerically for Pg, at specific
values of R. Since we want to plot the binding energy as a
function of the orbital frequency €2, we need to calculate the
orbital frequency via

_ OHgop  OHgop OH

Q = .

(4.43)

Then, we calculate the binding energy and orbital fre-
quency as R goes from 100M to the radius of the light ring.
The light ring (or photon orbit) of a (charged) BH metric in
GR is defined as the circular-orbit solution to the geodesic
equation of massless particles. This geodesic equation is
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actually encoded by our effective Hamiltonian if we set
q = 0 (geodesic motion) and ¢ = 0 (massless particle). To
obtain the light-ring solution in EMd theory, we hence take
the effective Hamiltonian for the case 4 =0 = ¢, and
impose the conditions for circular orbits Pr =0 and
PR = 0. The latter condition means that we look for an
extremum of the effective Hamiltonian,

0= Py— _OHf
OR u=q=Pr=0

(4.44)

which is actually amaximum, 9* H ¢/ OR* < 0, and the light-
ring solution is therefore unstable. For the Schwarzschild
metric in GR, solving this equation for R gives the known
value R g = 3M. For the EMd metric in the GHS gauge

3 D 1
Rig =M + “7 + 5194 M? ~ 16aMD + 6a°MD
a

+ 8D? — 8a’D? + a*D?]'/?, (4.45)

while for the approximate metric in the Schwarzschild gauge

ql/ml = 0.99,(]2/7712 =0.99

qi/m1 = 0.5,¢2/my = 0.5

GHS ,-'
, EOBSIS ;
0-010F === EOBi
0.005F ===== - EOBEE with a = 0
= N EOBL with @ =0
LTSQ . [

FIG. 11.

(4.46)

1 e
RLR :E |:3M+ 9M2—8Q2:|,

which is the same as the Reissner-Nordstrom metric since the
potential A(R) is the same in both cases.

In Fig. 11, we plot the binding energy scaled by the total
mass, Eg/M, versus the orbital frequency MQ for equal
masses, v = 1/4, and for charge-to-mass ratios ¢, /m; =
q>/m, =0.99, 0.9, 0.5 and ¢g,/m; = —q,/m, = 0.9. The
binding energy diverges at the light ring; to improve read-
ability, we show the plots only up to the frequency corre-
sponding to R=1.05R g or to energy E/M=0.015.
We plot the binding energy for four cases: (a) EMd-EOB
Hamiltonian in the GHS gauge, (b) EMd-EOB Hamiltonian
in the Schwarzschild gauge, (c) EMd-GHS Hamiltonian with
a = 0, which is EM theory, and (d) EMd-GHS Hamiltonian
in the limit where all charges are 0 Q = 0, which is the
standard uncharged GR case. [The effective Hamiltonian for
case (c) is that of a charge moving in the Reissner-Nordstrom
spacetime, and for (d) it is that of a reduced mass in
Schwarzschild spacetime.] The difference between the EM
case (a = 0 curve) and the standard astrophysical scenario of

qi/m1 = 0.9,q2/my = 0.9

0.015F
0.010f

0.005F

Ep/M

0.000f
—0.005F

—0.010f

~0.015E

0.01F
0.00F+

—0.01F

Ep/M

—0.02F

—0.03F

0'.100 ‘
MQ

Binding energy Ey normalized by the total mass M as a function of MQ for equal masses, v = 1/4, and for charge-to mass-

ratios q;/m, = q,/m, = 0.99, 0.9, 0.5, and q,/m; = —q,/m, = 0.9. To improve readability, we show the plots only up to the
frequency corresponding to R = 1.05R; i or to energy Ez/M = 0.015. The point on each curve indicates the location of the ISCO.
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FIG. 12. Angular frequency at ISCO as a function of the charge-to-mass ratio g;/m; from -0.99 to 0.99. In the left panel,
q>/m, = q,/m, while in the right, ¢,/m, = —q,/m;. An ISCO frequency of 0.062 corresponds to an ISCO radius ~6.4M, and a

frequency of 0.13 corresponds to radius ~3.9M.

uncharged BHs (Q = 0 curve) quantifies the effect of the
electric charges, while the difference between the EMd
Hamiltonian(s) and the EM case quantifies the effect of
the scalar charges.

We see from Fig. 11 that the electric charges have a
larger effect on the binding energy than the additional
scalar charges in EMd theory (except for almost extreme
charges). For small electric charges <0.5 (lower left panel
of Fig. 11), the difference in binding energy between EMd
theory and EM theory at the ISCO is only 9% of the
difference between EMd theory and GR with no charges,
i.e., the scalar charge has a very small effect. The difference
between the two EMd-EOB Hamiltonians increases with
increasing electric charge and frequency, but they still agree
well. The binding energy of the two Hamiltonians at the
ISCO differs by ~6% for charge-to-mass ratio 0.99 and by
~0.1% for charge-to-mass ratio 0.5. For charge-to-mass
ratios larger than 1, a naked singularity appears in the
effective metric in the Schwarzschild gauge; this is an
unphysical feature arising from the choice of gauge, and
thus the EOB Hamiltonian should not be used for small
separations (high frequencies) approaching this singularity.
Note that, if one is only interested in the inspiral, then the
comparison of the Hamiltonians via the binding energy can
be stopped already at the ISCO frequency instead of the LR
frequency.

The ISCO marks the end of the inspiral phase of the
binary coalescence and the beginning of the plunge. To find
the value of the ISCO, we set both the first and second
derivatives of the effective Hamiltonian to 00H/0OR =
0 = 9’H/OR? and set Pg = 0. Then, we solve the two
equations numerically for the ISCO radius and angular
momentum. The orbital frequency at ISCO can then be
calculated from Eq. (4.43).

In Fig. 11, the location of the ISCO is indicated by
the point on each curve. In Fig. 12, we plot the orbital
frequency at ISCO, scaled by the mass, i.e., MQgco, versus

the charge-to-mass ratio ¢, /m; with ¢,/m, = ¢,/m; in the
left panel, and ¢,/m, = —¢q;/m, in the right. From the left
panel, we see that for high charge-to-mass ratios, the two
EOB Hamiltonians do not agree well at this high frequency.
For same-sign charges, the ISCO orbital frequency is lower
than the uncharged case, which means the ISCO radius is
greater than the Schwarzschild value of 6M. This is because
the binding energy of charged BHs is higher (less bound)
than the energy of uncharged BHs, as can be seen from the
binding energy in Fig. 11. For opposite-sign charges, the
ISCO orbital frequency is higher than the uncharged case
because the binding energy is lower than the energy of
uncharged BHs.

V. CONCLUSIONS

In this paper, we analytically modeled the dynamics of
binary BHs in EMd theory. In this theory, electrically
charged BHs also carry a scalar charge, whereas in GR (and
many modified theories of gravity) the scalar charge is 0.
Thus, the identification of a BH with scalar charge through
GW observations could point to modifications of gravity in
the strong-field regime and violations of the strong equiv-
alence principle. Observation of a large electric charge on
BHs could be a trace of minicharged dark matter and/or
dark photons.

We began by considering the case of a test BH in the
background of a more massive companion in EMd theory,
wherein the scalar charge of the test BH decreases as it
moves radially inwards. Consistent with the results of
Ref. [40], we found that the dimensionless charge a(¢)
exhibits a sharp transition [see Figs. 1 and 2]. However, we
showed that in a binary system, the scalar charge of the test
BH will change dramatically only very close to the horizon
of the background BH and only if both BHs are nearly
extremally charged. Thus, these features can be observa-
tionally relevant only in minicharged dark matter and dark

104010-23



MOHAMMED KHALIL et al.

PHYS. REV. D 98, 104010 (2018)

photons models, but not in the standard model of particle
physics. Our study also showed that binary BHs in EMd
theory will not exhibit nonperturbative phenomena akin to
induced or dynamical scalarization that are found in certain
ST theories [see Fig. 3].

We then used the PN approximation in EMd theory to
study the dynamics of a two-body system with an arbitrary
mass ratio. We derived the two-body 1PN Lagrangian and
Hamiltonian, and investigated how the bodies’ scalar
charges decrease with their separation at next-to-leading
PN order. As in the test-BH case, we expect that dramatic
changes could occur only for nearly extremal charged BHs
on very compact orbits; this is a regime most easily probed
by systems with extreme mass ratios and/or rapidly spin-
ning BHs. We derived the scalar, vector, and tensor energy
fluxes at next-to-leading PN order. From the energy flux
and binding energy, we calculated the Fourier-domain
gravitational waveform for binaries on quasicircular orbits
using the stationary-phase approximation.

Using our PN result, we discussed the possibility of
constraining EMd theory with GWs. Given current and
projected constraints on dipole radiation, we examined how
the degeneracies between electric and scalar charges limit
the bounds that can be set on the EMd parameter a:
constraining this parameter requires one to measure the
electric charges of each BH independently, and the strength
of this bound improves for larger total electric charge (see
Fig. 8). We also estimated the observational deviations
from GR predicted in EMd theory with two measures: the
dephasing between PN waveforms in the stationary-phase
approximation (Fig. 9), and the difference in the number of
useful GW cycles (Fig. 10). For ground-based GW detec-
tors, we found that the presence of electric and scalar
charges contributes <1 radian to the phase provided the
black holes have charge-to-mass ratios of ¢;/m; < 0.01 for
coupling constant @ = 1. We showed that the relative
difference in useful cycles between EMd theory and GR
provides an estimate of the fractional correction to SNR by
non-GR corrections; for systems with ¢;/m; < 0.1, the
deviations from GR affect the total SNR by a few percent.

Finally, we constructed two EOB Hamiltonians for
binary BHs in EMd theory: an EOB Hamiltonian in the
GHS gauge, which is based on the exact BH solution, and
an EOB Hamiltonian in the Schwarzschild gauge, which is
based on an approximation to that solution. The EOB
Hamiltonian in the GHS gauge is more physical in the
strong-gravity regime, since it exactly reproduces the
dynamics of a test body, and hence will be more accurate
for systems with a very asymmetric mass ratio. The EOB
Hamiltonian in Schwarzschild gauge is easier to implement
by taking the existing EOB Hamiltonians in GR as a
starting point and adding to it corrections due to EMd
theory. We compared the two Hamiltonians by calculating
the binding energy and the innermost stable circular orbit,
and found that they agree well, except for nearly extremal

charges at high frequencies (see Figs. 11 and 12). The
binding energy of the two Hamiltonians at the ISCO differs
by ~6% for charge-to-mass ratio 0.99 and by ~0.1% for
charge-to-mass ratio 0.5.

An important goal in future continuations of our work
would be the construction of a full (inspiral-merger-
ringdown) EOB waveform model in EMd theory. For
accurate predictions in the late inspiral, one likely needs
PN results for the Hamiltonian, fluxes, and modes to the
same order as they are available in GR, next to a calibration
of the model to NR simulations in EMd theory. Modeling
the merger and ringdown requires predictions for the
parameters of the final black hole and its quasinormal
modes as a function of the EMd coupling constant a (see,
e.g., Refs. [79,80] for partial results). Since EOB wave-
form models in existing data-analysis infrastructure are
formulated in the Schwarzschild gauge, this gauge is
probably the best compromise for the purpose of GW
data analysis. This gauge is also better suited for creating a
single EOB waveform model covering various alternative
theories; e.g., we demonstrated that our EOB Hamiltonian
in the Schwarzschild gauge can describe both ST and EMd
theories. Ultimately, one could aim to construct a gener-
alized EOB framework that uses a physically motivated
parametrization to encode a range of possible deviations
from GR.
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APPENDIX A: THE 1PN TWO-BODY
LAGRANGIAN IN EINSTEIN-MAXWELL-
DILATON THEORY

In this appendix, we derive the 1PN two-body
Lagrangian in EMd theory using the Fokker action
method [56] (see also Refs. [57-59]). To derive the
Lagrangian, we expand the EMd action in Eq. (2.2),
together with the matter action for point particles in
Eq. (2.3) and the mass expansion from Eq. (2.7). After
that, we obtain the field equations for the potentials, solve
them, and plug the solutions back into the action to get
the Lagrangian. Throughout, we work in the harmonic
gauge g"”Fﬁy = 0 and the Lorenz gauge d,A* = 0. Also,
in this appendix and the next, we explicitly write ¢ and G
for bookkeeping.

1. Expanding the metric and connection coefficients

Before expanding the EMd action, we start by expanding
the metric in powers of v/c [81],
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900:—1+2V_2V2+,
Goi = —4Vi+ -,

where the potentials V ~ O(1/c?), and V; ~ O(1/c?). The
inverse metric satisfies ¢*'g,, = &,.

The connection coefficients in terms of the metric are
given by

1
Fﬂwl = Eg”p (aig/w + avg/)/l - a/)guﬂ)' (AZ)

Plugging the metric expansion in terms of the potentials
yields the connection coefficients to O(1/c*),

Mgy = =0V,

0y = -9,V,

oy = =0,V +20,V> —40,V,,
0, =2(0,V; = ,V;) + 6,0,V.
Tig; = 2(0;V; = ,V:) + 6,;0,V.

2. Expanding the action

The action of EMd theory is given by Eq. (2.2). We can
divide that action into four pieces,

S=8,+S,+ Sem + Sn> (A4)
where S is the gravitational action, S, is the dilaton action,
Sem 18 the electromagnetic action with the dilaton coupling,
and S, is the matter action.

In the Einstein frame, the gravitational action is the same
as in GR. The Einstein-Hilbert gravitational action can be
written in the Landau-Lifshitz form

c4
%= 162G / didx /=g (T,1, = Tly,).  (AS)

Substituting the connection coefficients from Eq. (A3) in
terms of the potentials leads to

C4

S = 167G

/dtd3x[—281V6lV - 1681‘/80‘/1
(A6)
Imposing the harmonic gauge condition ¢*I*%, = 0 gives

0oV + 0;V; = 0. Applying that condition in the action and
integrating by parts yields

4

S, = e / dtd’x[-20,V 0,V 4+20,V9,V + 89,V 0,V .
(A7)
The dilaton action is given by
o

Sy = ~ %G did®x\/=gg" 0,90,p. (A8)

Since ¢ is of order 1/c?, then to O(1/c?)

o

S, = ~ %G dtd’x(—0yp0op + 0;00,0). (A9)

The electromagnetic action including the dilaton cou-
pling is given by

Sey = ——
M6

did®x\/=ge 0 F, F*,  (A10)

with the electromagnetic field F,, =V,A, -V, A, =
d,A, —0,A, and the vector potential A, = (A, A;). The
component Ay = O(1) + O(1/c?) + - - -, while the com-

ponents A; = O(1/c) + - - -. Therefore, expanding F,, F*
to O(1/c?) leads to

Fﬂ,/F”D - —23iA08iA0 + 28JA18]A, + 480Ai(9,»A0

—20;A;0;A;. (A11)
Because the last two terms in Eq. (A11) are of order 1/c?,
we can use integration by parts and the Lorentz gauge
condition (9,A* = 0) to replace these last two terms by
200A00pAy. Since \/—g=1+2V, and e™2* ~1-2a¢p+---,
the action becomes

1
R

em o
8

/ dtd?’x[(l + 2V — Zaga)a,-AOa,-Ao
(A12)
The matter action §,, for point particles at monopolar

order (dipole/spin and higher multipoles neglected) is
given by

/ 1 dx*
Sp=-— E /dt |:mA((p)cz _gﬂv’ulj\v%/cz __QAA’,{ d :| s
" c t
(A13)

where the field-dependent mass of each body has the
expansion given by Eq. (2.7),

m(p) =m [1 + ag +%(a2 + B)p* + (’)(l/c6)}. (A14)
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Defining the mass density p, in terms of the constant

masses

Py =Y mad(x —x,), (A15)

and defining the electric charge density by

pe=1) dad(x—x,). (A16)

then the matter action to O(1/c?) can be written as

1 1o 3 1 . 1
S, = /dtd3x [pg (—02 + 51)2 FVE - 2V - 5 V2?2 — 4V,~v’c> + pjag <—c2 + Evz + Vc2>

8c2 2

1 1 )
— §C2pg(a2 +ﬁ)(ﬂ2 + Pe <A0 + EA,-’U’):| .

(A17)

The parameters « and f are assigned a subscript when multiplied by the delta functions in p,.

3. The field equations

Combining the expansion of the action from the previous subsection, the total action at 1PN order is given by

1v* 3

4 1 1 )
S = /dtd3x{16c G [=20,VO,V +20,VO,V +80,V;0,V,] + p, [—c2 +-vP + Vet -+ Vot - 5v2c2 —4Vaic
. . .

C4

87G

T

Varying the action with respect to the potentials V;, A;,
V, @, and A, respectively yields the field equations

4drG

V2V, = —7;791]1., (A19)

Ar
V2A; = -2 p i, (A20)
C

— 4LG — 4nG <§ U2 _ VCZ)

LV = 2 PeT A Pe\ 5

4dnG

G
- 7%0“0 A 0iA¢0;A, (A21)

4nG 1
Oy = —%pg {—a—kiavz +aV — (a? +ﬁ)(p}

G

+ —f 0:A¢0;Ao, (A22)
c

OA = 4np, — 2VV?A, — 20,VO,A, + 2apV?A,

+ 26161‘(081'140, (A23)
where [J = —93 + V? is the flat d’ Alembertian.

The first two equations can be solved directly for V;,
and A;,

1 1 .
+ 8_ [(1 + 2V - 2a(p)8,~A08,~A0 - GJA,ajA, - 80A060A0] + pe <A0 + ?A,'Ul> }

2 8¢ 2

1 1
— —— (=0ppOop + 0,00,) + p o (—c2 +5 v+ ch) -3 c?py(a* + B)?

(A18)
Vi:% vy, mavy ) (A24)
A\ —xi| e —x
1 i i
Ai__< q9:v; + 927 > (A25)
c\r—x|  |x—x

To solve the other three equations, we first rewrite the terms
0;A00;Ag, 0;00;A, and 0;VO;A, using the identity

V2(y&) = yV?E+ EV2y +2040,6,  (A26)

where y and £ are any scalar functions. Using that identity,
Egs. (A21), (A22), and (A23) can be written as

4zG 4rG 3
2

ArG
OV =——-p,——py| =0? =V | ——p,a
2 P9T A Py ) 2 Pe%e

G G
- V2(A0)* + A V2A,,
C

e (A27)

47zG 1
Ly = —L4pg [—CQQ + 5051}2 + c*aV — 02(0‘2 +ﬂ)(ﬂ}
c

Ga

G
- T AV Ay + 2—; V2(A)2, (A28)
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OAy = 4np, — V3(VAy) — VV2A) + A V2V method from Ref. [58]. However, at this order this does
overall not provide a big simplification, and we need a
+aV2i(pAo) + apV?Ag — aAo V. (A29) solution for the 1PN scalar field for Figs. 4 and 5. We
therefore proceed by solving the 1PN field equations
At this point, one could split the fields into separate PN  and straightforwardly insert the solution into the complete
orders, followed by further simplifications of the action  action.
through partial integrations and use of the field equations. To solve those three equations, we first solve for the
Eventually one would only need an explicit expression for  leading order terms of V, ¢, and A, and then insert that
the leading order solution to the field equations here in order ~ solution back into the right-hand side of the equations.
to obtain the 1PN Fokker action. This is essentially the “n+2”  Equation (A27) yields
|

V:G< oy T >+G<m a—2|x—x|+m 82|x—x|>+3G(mlv% + mﬂ%)
A\lr—x| x=x|) 24\ 02 : 2o : 2c* \Jx —x1|  |x — x5
G? 1 1 G? 1 1
‘?m””Qu—m*vu—n>‘F”””““QW—mﬁvu—n0

G ql qZ 2 G 1 1
_G G , A30
204 <|x—x1|+|x—x2| +C4q1q2 r|x—x1|+r|x—x2| (A30)

where r = |x; —x,| and

”% (n, 'V1>2

_ o ea - ) A31
Fox] "M T ko) (A31)

Py
@L‘f—xl\

with n; = (x —x;)/|x — x|, and @; = dv,/dt is the acceleration.
Solving Eq. (A28) and using Eq. (A31), we get

C(am_, o G (n-vi)* , G (ny - v,)?
= + togam(n-ay + — @y -~ =2
7 C2 <|x—x1| |x_x2| 2C4 1171 1 1 |x_x1| +264a2m2 > 2+

G? a; + ay (a2 + a +a; (a3 + Ga 1 1 a 2
+ o mym, 1 2 (a ﬁ1)+ 2 1(a3 + p») -2 + 4+ 4 9 + 9> .

c rlx — x| rlx — x| rlx —xi|  rlx —x,| 2\|[x—x|  |x—x
(A32)

The solution of Eq. (A29) for A, is given by
2 VRV 2 RV
%:_(Q14qz)_E%ClLﬂmrm_EL@J_E%GﬁLﬂmr%_&L@J
be—xi|  r—xy)  2¢® \|x —x e — x| 2¢2 \|x —xy e — x|
G m m
# G (0w 1) ) ()
¢ e =2y e —xa| ) \Jx —x1|  [x —xy
G q1m; q2my G miq» myq.
| (1 —— 1+ (1 —— | - (1 —— (1 — . A33
+c2 (( +aa2)r|x_x1|+( +aa1)r|x_x2‘ 2 ( +aa1)r|x—x1|+( +aa2)r|x—x2| (A33)
4. The 1PN Lagrangian
The total action, after using the field equations and integrating by parts, can be written as
S/dtd3x c2+1v2+”4+1Vc2+3Vy2 Wic) +p( LAy + A
- Po 2" T8 T2 4 / Pel2™0 T2
1 , 1, 1 1 G 5

+ SPgop| —C + > + EpeAOV - Eaper(p + @pg(l + aa)Ag|. (A34)
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Substituting the potentials gives acceleration terms that can be eliminated using integration by parts in the action

r

/dt(n-al):/dt<_”_%+(”"’1)2_(""’1)("'1’2)+V1-vZ)’

(A35)

r r

where n = (x| — x,)/|x; —x,|, and @; = v,. Finally, integrating over space term by term and simplifying leads to the 1PN

Lagrangian

1
L= —mlcz—mzcz—{—Lo—F?Ll,

with

1 1
LO = Emlv% +§m2U% + G(l +a1a2)

1 1 919>

(A36)

nmny 419>

El

r

Ly = cmyv} +omyvy +== vy - vy + (n-vp)(n - v;)]

8
Gmym,
2r
G*>mm,
BT

G
i 6]12%
r

8 2r

APPENDIX B: ENERGY FLUX TO NEXT-TO-
LEADING PN ORDER IN EINSTEIN-MAXWELL-
DILATON THEORY

In this appendix, we derive the next-to-leading order
scalar, vector, and tensor energy fluxes for general orbits.
The derivation follows the one used in Ref. [43] in the
context of ST theory.

1. Scalar energy flux

The scalar field in a radiative coordinate system can be
written as

o) =g+ UM +0(5). (B

where R = |X|, U =T — R/c, N = X/R, and the Einstein-
frame radiative scalar multipole moments are defined by

Z 1 ¢
V/(U’N) =G f|cz,’+2NLlP<L>(U)‘
>0 7"

(B2)

In this notation, an uppercase index denotes a multi-index,
such as N¥ = NN, .N'#. A superscript in parentheses
denotes derivative, such as ¥)(U) = d°¥/dU".

Next, to relate the radiative moments to the source
moments, one defines “algorithmic” moments that serve
as functional parameters for a general external metric. Based
on the arguments in Refs. [43,82], the radiative moments

G
[m (14 aay) + my(1 + aa,)] _W[mlcé(l + aay) + mygi(1 + amy)].

(3 - al“Z)(U% + U%) —(T—aa) (v -v2) = (1 + ayay)(n-vp)(n - vy)]

[(1+ 2a15) (my + my) + myai(as + fa) + mayoi (o + fy)]

(A37)

coincide with the algorithmic ones to O(1/c?), and the
algorithmic moments agree with the source moments K; to
order O(1/c*),

v, =¥ 4 01/, (B3)
gl — K, 4+ O(1/c%). (B4)
The source moments are defined by
1 %S
K, — Bxlz S x2%, = , B5
L / x[xL et rae) B

where the hat on x; denotes a symmetric trace-free projec-
tion on the # indices. The source function S is defined by the
field equation for ¢ as

4G
The scalar energy flux
Fs=—cR? 7{ TSN dQ, (B7)

where the scalar part of the stress-energy tensor is given by

4
S

¢
78, — < B
W AnG (B8)

1
[Vﬂ(pvyco - Eg,w(Vco)z} :
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In the far zone,

4 4

c c
TS, ~—— 0pp0; ———N,;(0 B9
0 =G 0Po;ip = 2G (ofﬂ) ( )
where, in the last step, we used the relation
dip = =N;0pp + O(r/R?). (B10)

The scalar flux becomes

3 A%
=— [ dol==
75 =1 <8U)

1 dQ (£+1) (£+1)
:G;CZﬂ—l(f!)Z Ar NLNPT ( ) (U)

(B11)

To integrate over the solid angle, we use the integration
formula given by Eq. (A 29a) in Ref. [83], which yields

1 (+1) (£+1)
~7:S =G lPL (U)‘PL (U)
;c2f+1f!(2f+ 0

o[ e )
N ¢ 3 e ’

(B12)

where the first term is the monopole flux, the second is the
dipole flux, and the third is the quadrupole flux. In terms
of the source function S, those multipole moments needed
for the calculation of the next-to-leading order flux are

given by
1 d
Y, = /d3x xS—l—Li(xzxiS) (B14)
10c? dt '
P — d3 i\j 1 2
ij = X| XX —g.x 511 S (BlS)

The 1PN field equation for ¢ is given by Eq. (A28),

1 2
—a+_-——Sav +aV —

O = —
¢ 2

4dnG
2 Pg

(o + ﬂ)w]

_ @on AO + _VZ(AO)Z

(B16)
The last term in that equation can be moved to the left-hand
side by a redefinition of the field, and since A3 ~ 1/R?, we
can neglect that term to O(1/R). The other terms are
expressed in terms of delta functions. Hence, we can write
the source function S as

(B17)

= ZO‘A53<X —X4),
)

with

7.)2 mym
o) = —ma; <1 ——12> +—12 2 (@) + Ay + i)
2c cr

_Ahg (B18)
cr

and similarly for o,, where r =x; — x,. In the center-of-
mass coordinates, we define

dar dv
y=— a=—,

’

1
c2

N—— =~

xIZ%r—l-O(

(B19)

_|_
S
PR
W~
~

-1,
M
Thus, o, can be written as

v 2
0y = —may + —5mav
2¢?

M?v
T2
c°r

(B20)

a
|:a1 + G%GQ +ﬂ1a2 - q1q2:| .

Mpu

The multipole moments can now be written in terms of ¢
after integrating the delta functions

(1) _ dO'l moy d2

—— 1 <2, B21
i e artitle (B21)
2) JZ f m1a1 d4
¥ = ﬁ(xla 1) — 02 47 x4+ 1 < 2, (B22)
d3
‘PS) —may s (x x| — ) +1<2, (B23)
where, in the higher order terms, we used o; = —m; ;.

For the monopole and quadrupole fluxes, the multipole

moments in the center-of-mass coordinates can be
written as
d 3r2
) = i — (01 +03) - 62 (mzal +may) —5 s (B24)
gyl — —v(mya, + may) — @ rir —lr25 (B25)
ij 201 142 dt 3 .

Differentiating, and using the relations
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dr GIZM ( (J1f12>
— @) Ghr=G(14+aa———), B27
dtz r n ( ) 12 142 M/’t ( )
dn v—in
— = , B26
dt r ( )
where we get
|
2G oMy . My . 2aq,9,
lP(l) = 3ﬁ (X2a1 +X16¥2) czrzl" (¢4} —l—az—#—a%az—i—a%al +ﬂ1(12 +/))2051 _M—/J s
g — _GuMy (X, + Xpap) |6inin/ — 4(n'v/) + n/v) +gi"5~~ (B28)
ij 7'2 142 2041 3 ij|-
Squaring leads to the monopole and quadrupole scalar fluxes
()
fMon =G
§ c
G Gleﬂ 2. 1 ) ) 2aq1‘12 2 2
:Cs< 2 P 1+ aa, q]ll/l(if 051+az+ala2+azal+ﬂ102+ﬁ201—Tﬂ +§(X2051+X1052) .
(B29)
vw G GLMp)2 88 .
F =G =30 ( 1i2 ) (X1 +X2a1)2(32v2 —?ﬁ). (B30)

For the dipole flux, we need to write x; and x, in the center-of-mass coordinates to 1PN order. From the boost invariance
of the Lagrangian, we obtain [43]

1 1
x| = = r+(’)< ) X, =— ) r+(’)< ) (B31)
H1+ o c* M1+ o ¢t
where
v: Giom 1 v GpMu 1
= 1+-2 P2V o= ) =M(X,+X,—-—2") +0(—~ ], B32
i m1< T2 T e ) TO\E AP R (B32)

and similarly for p,. This leads to the dipole moment ¥; in the center-of-mass coordinates

a H i & H ; 2 d* :
\P(Z) _ 2 i 1 i X2 X2 a g . B33
l dr* \p +H2r01 ar M1+ﬂ2r0 +10 7 (X - 2al)dt4(r r) (B33)

To calculate the dipole flux, we also need the 1PN acceleration, which can be derived from the 1PN Lagrangian, and we
obtain

d? G M 2 1-— 2M 3 G M
7;':_ ]22 nd1+2 3u+ 0 + G192/ 2Mu — it =2 ';
dt r l+aj0p —q1q,/Mpu 2c c’r
Gle 1 919 qi 9 919>
- 20 1 D)y, A1 x,-L 201 (x o 1 X
r (1 +aa —42)° [U( e, E Do) Xy, (o am) =20, F e+ 00)
9192 G12M 4—q,9,/Mu 1
5- 4(1 X X - 2 o(=). (B34
Mﬂ( 210z) + K1+ eneg) + 2ﬁ1a2+ 1,32(11}} A [ 1 +aya,—q19:/Mu * ct ( )
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Finally, we obtain the dipole scalar flux

; G (G ,Mu\? i v? G,M
Fin _ ( EL ﬂ) {( — @)+ 2+f1/, c‘jr } (B35)

3c3 r

with the coefficients

-1

fh= Wz—% {8(051 — ) = 2u(a) — ) (1 + aya) + () — ) (1 + aya) [X; () + 3a) = X5 (ay + 3ay)]
+ 2 = ) (X1 = Xoapy) = LR =) = @) + (X = Xo) (e = @) (2a + oy + a2>]}, (B36a)
fo= 51+ ali — 4y {5(“1 — )’ (1 —ayay) + 5(a) — &) (X1 7 — X 00
+ (@ - a) (1 + @) [— 20— ) 5 (K~ XKha) + 2 (X Xzaz)]
% (o) — @) [5(1 = 50)(a; — @) — 10a(X| — X,) — 11(X3a, — X}a,)]
_ 52%2 (& — ) 2(X, @, — Xp2) + 3(X; 3 — Xaa)] } (B36b)

2
f/r = _5{5’/(0‘ —m)* +5(af —03) (X = X5) + 6(ay — ) (X3, — X{ap)

S5(a; — 2 q19 q2 qz
0 +(a11a2 _2%)2 [— ]ll/[; (5 — oy +2aX a; + 2aX,a,) -I—XzM—lﬂ(l +am) + X, M—;(l + aay)
u
5(ap —ay)?
+ i +(a11a2 _2;)2 [4(1 + aya) + X050, + Xla%ﬁz]}, (B36¢)
Mp

This flux reduces to the ST dipole flux derived in Ref. [43] in the limit where the electric charges are 0.

2. Vector energy flux

The calculation of the vector flux is similar to that of the scalar flux. The vector potential can be written in terms of
radiative multipole moments as [84]

AX.T) =5 5"~ NHO (W),

£>0
X.T) = ! @ (U 4 N, MY B37
( ) ;f' % L—lQiL—l( )—mgiab al-1Mpr_1 |- ( )

As was done in the previous subsection, the radiative moments can be related to the source moments using algorithmic
moments. At leading order, the three agree, and we can express the electric and magnetic multipole moments directly in
terms of the source moments

1 d*p 20+ 1 dJ
U)= [ &x| Xk — Rt —21, >0, B38
2.(U) / x{prJ“z(sz)c” LAk T e D2+ Dt dt} = (B38)
M, (U) = | dx|x ! 2% d £>1 B39
L(U) = XX (-1, +mx Me-1g2 M) | =5 (B39)

where the magnetization density m = x x J. The source functions p and J; are defined by
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4
DAy = 4zp, DA, = -2y, (B40)
The vector flux
Fy = —cR? f NITEMAQ, (B41)

where the electromagnetic part of the stress-energy tensor is
given by

1 42 1
TEN = 5 2‘/’<2F F,* 2gMF2>. (B42)

In the far zone,

The vector flux becomes

CO0A; 0A;
iNj L
N oU oU |’

Fy = (B44)

drc oU oU

2 . .
R dQ[(’)A, oA,

The vector potential A;, to the required order, has the
multipole expansion

111 m 1 (1) 1
Ar=—|- NiMY + — NI B45
| i R |:CQ’ 2¢ ) ljk +2C2 Q ( )
T§}‘4_4—F0/F (aOA 9;A0) (DA} — DA;).
(B43) which leads to
|
3) A3
B[ o(0AN oo mPu? oo i1
4xc ouU P 6¢d 12¢° ¢’
1 2041 (ev) o (e41) 4 (1) g g (41)
= - M M , B46
;c2f+lf!(25+l)!![ ;9 A +c2(f+1) L L (B46)
and
R? OA; OA; Q(~2)Q(2> ool 1 1 £41) A(C+1
dQNINI ==t i X X040 (ol B47
4rc oUU - 38 308 <c> Z A2 + 1N 9r 01 (B47)
Hence, the vector flux
1 C+1 (1) A(041) 4 (41) 4 ,(£41)
F., = 7M M B48
v fzzlc”*'f!@f—i-l)!!{ R ce+1)t L (B48)
20902 @ Ql(3)Ql
— Ql 3Ql + i 51 + J J 4. (B49)
3¢ 6¢ 20¢3

The first two terms give the dipole flux, and the third term is the quadrupole flux. There is no monopole flux because of the

conservation of the total electric charge.

The 1PN field equations are given by Eqgs. (A20) and (A29), which are

4 ,
LA, = ——ﬂpev’,
¢

DAO = 477,',03 — VV2A0 + A()VZV + Cl(pvaO - aonZQ - VZ(VA()) + aVz((pAO).

(B50)

(B51)

The last two terms in the above equation are of order 1/R?, and hence do not contribute to the next-to-leading order flux.

The source functions p and J' are then given by

P =pe=q18x—x1) + 08 (x —x,),

J'=pv' = q0i8 (x —x1) + 2058 (x — x3).

(B52)

(B53)
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The function p is simply the electric charge density because the higher order terms from the field equation cancel when
summed over the two bodies.
For the dipole flux, we need Q; and M; to O(1/c?),

Q~—/d3X[X~p l P & (xzxi)—i—(fc“f)}
’ e T 10e2" ar 102 dr 0

/,lz /,tl . 1 m% d2 o 3 m% d i 1 5 i
— _ 1 1 . [ — 5[/ J
<q1ﬂ1+,ﬂ2 qzm+u2)r+1o ( VRS )dﬂ(r ) =702 \1ar q2 ar\"" T3V

(B54)
m3 m? ,
M; = qle,]kxj vy + qzeukxzvz <q1 e +q Mlz) e,»jkr/vk. (B55)

Differentiating and using the 1PN acceleration from Eq. (B34), we obtain the next-to-leading order vector dipole flux

- 2 (Y () e, %) wo

3c r m;  mp c

with the coefficients

fh= §<XZQI_X%2><QI Q2>+E(X Xz)(QH’Qz)(QII 2)

my mp/ \mp nmy
1 91 92 91492
—_— = 24+ 6v+2 w-1)+—=(1-6v) ), B57
1+a1a2—%<m1 s +6v+20a,(3v —1) + My ( v) (B57a)
X, - X + 8 —du(l +aya) — 2942 (1 - 20)
fh= <‘h—qz) {3u+( ! ;)(qu a2) | Lz : (B57b)
r nm nmy M(mfll—a) 1~|—a1a2— My
v o_ 2(41 _2)2{21/ 2X39,/m = Xiqa/my 41925 — may + 2a(X 1 + Xoa,)
1r myp  my 5 qi/mp—qy/my Mpu (1+aa _%>2
2 2
(X1 = X5)(q1 +q2) A1 +om) +X2A[2—1,4(1 + amy) + X 13—2(1 +aay) + X, + X a1,
T o _4q + Iy . (B57¢)
M=) (1+aja = 42)
For the quadrupole flux,
() 3 1, & i Lo
Q,'j = d’x x,»xj—gx 51'}‘ Pe (X2QI+X1q2)F rr]_gr oY), (B58)
which leads to
3)HB3)
Q.05 1 (GyMp\?2 q g, \ 2 88
Fouad 20 0 12 Xo ok x, 2) (3207 =207 ). B59
v 30 3085\ 2 2 T, g (B39)
3. Tensor energy flux
The metric in radiative coordinates
1 1
G/w(Xﬂ) :nﬂD+EHﬂD(U’N)+O F ’ (B60)
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where the radiative multipole moments M; and S; are defined by

2¢ () T
- 71)CNhL—2€hk(iSj)kL—2 . (Bé1)

(%)
Ny oM (U) 7

1
TT —
HIT(U.N) = 4G;W {

The radiative multipoles agree with the source multipoles /; and J; up to order
ML:IL+O<1/C3), SL:JL+O(1/C2>, (B62)
where [43,84]

1 P 420+ 1) 9o
IL() = | &x|$10+ o= PR~ = RLo - B63
o) / xl:XLO-+2(2Lﬂ+3)sz LR T ey ) 13)E B ar ] (B63)

JL(t> :/d3xehk<it,§61‘_1>h0‘k. (B64)

In terms of the multipole moments, the tensor flux is given by

C3 (:)H'I;T 2
Fo=—— [ do
g 327:G/ < oU )

= G; C2f+1f|(1 [(f—&- (¢ +2) M M () + 40(¢ +2) Sf+1(U)S<Lf+1)(U)]

¢+ D1 2(¢-1) -1 +1)"F
G oy® G @@ 166G ()40 9
= ?Mij Mij + 189C7 ijk l]k +FS ij +O(1/C )’ (B65)

[

where the first term is the mass quadrupole flux, the second 5 Gpmimy\ ] m, d? ZAij
is the mass octopole, and the third is the current quadrupole. Mij={m+55 22 ™MV T T 2, a2 de ™
The source functions ¢ and ¢’ are given by 2 d
Omy d ik 41 o 2, (B70)
00 o T2 dr
T + TSS i T 1
o= 76'2 s o = T N (B66) Ml'jk _ mlxl + mle]k’ (B71)
and from the 1PN field equations (A27) and (A19) Sij = mye Ul xhpk 4 1 2. (B72)
In the center-of-mass coordinates, this becomes
4zG . 4zG . )
v=-"6  vi=-Zls  (B6Y)
c c
3 G,M
M, {1+2 (1-3)0> -2 —(1-2)
with d? 20 d
+ a1 =3 g 21/2( ) gV
o =mvis(x —x) +mvid(x —x,), B68 ¢
1116 (x = x1) + mpv8” (x —x3) (B68) (B73)
3 Gyymm my  mil
12111711y o= | —2 L i
0 = m1+2—62m11}%—T 5(x_x1)+1<—>2. Ml]k_:u|:M2 M2:|r ’ (B74)
(B69) 2 2
S =u [% - %] MU i) phyk, (B75)

The multipole moments needed for the next-to-leading

order flux are M;;, M;j, and S;;, which are given by where
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M — pigd — % r 511, (B76) with the coefficients
T . }"2 A . .. 785 113 _281(11(12
I"l'lk = r’rfrk - g (r’é’k + r/5’k + rké”), (B77) f]j4 — + a1x q Mu _ 8521/ (BSOa)
v l—|—a1a2 1‘12
r,... 1 ,.. 1
ek pi) ph ok — [Eehkfr’—l—iehk’rf—gehk’”r’”} rk. (B78)
9192
Taking the time derivatives of the multipole moments and T __» 1487 +255a1a, —563%;, ) b
. . sz~2 fhl]z 1392v (B80 )
squaring, we obtain the tensor flux " l+ajo; -
8G (GuMp\® .
Fr=1s ( r (120~ 117 687 + 127, — 267 42
o o fﬁ:3{ - - ”—620] (B8OC)
12Mp . ' ajop =
420C7< r > [fT v4+fT 1} 2_|_f?r"4r4 My
G,Mv? G ,Mi? G>,M?
+f52/ruf+f?r;/r 12r +f1/r‘ 12 ’ 1T/V2 = 16(1 - 4v), (B80d)
(B79)
J
T == 8 [20(1+a1a2)(17—1/)+4a1a2(1+a]a2)(22—51/)+84q—%X2(1+aa2)
2/, = 5
vr (1+a]az—%)2 M,Lt
2 2 2
9 919 aq,19»> q19>
84—=X,(1 67 —20v) — 168 ———= (X X ———=(491 — 40,
+ My 1 ( +aa1)+M2ﬂ2( ) Mu (X1 + Xoa) My ( v)
— % (71 — 400) + 84(X, 02, + Xzagﬁl)] : (BSOe)
U
L = 8 {(1 + a1a,)(367 — 15v) + 3a a5 (1 +a1a2)(29—51/)+84q—%X2(1 +awm,)
I =
P — G0 My
a 9193 aq:q; 299>
+ 84M—X1(1 + aal) +M2 > (73 ) - 168M—/,{<X1a1 +X2a2) - M'u (262 - 151/)
2%041(12(38 —150) + 84(X, a2, + Xzagﬁl)] . (BSO)

This flux reduces to the one derived in Ref. [85], in the context of ST theory, when the electric charges are 0 and after
converting the notation to the Jordan-Fierz frame.

4. Energy flux for circular orbits

In this section, we express the energy flux for circular orbits in terms of the gauge-independent parameter x, which is

defined by
2/3
x= (G”MQ> . (B81)

3

where Q is the orbital frequency. To do that, we need to find the relation between r and Q to 1PN order (Kepler’s third law).
We start by writing the Lagrangian (3.1) in the center-of-mass coordinates

1 Gleﬂ 1 1 G]zM,M 3—0102 .
L=—-Mc? 1=3v 2 2
¢ +2'm} * +c 8( Juv 2r 1+a1a2——q‘q2+y v

My 019 % il
2 (1+051052)2+X26¥%ﬁ1+X1“%ﬂz—2M—ﬂ(1+aa1X1+aazxz)+M—ﬂX1(1+aal)+M—ﬂxz(1‘Hlaz) . (B82)
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Applying the Euler-Lagrange equation and using r = 0
and v = rQ leads to

G,M 1
Q= lr'g [1 —3fr+ 0<?>}, (B83)
where the parameter y is defined by
= , B84
r=—3 (B84)

and the coefficient f, is defined by

1

6G2. GhL(1-20) + G (3~ ayay) +2(1 +aay)°
12

fr=

2
+2X,028, +2X, 025, +2ﬂ%xl (1+aa,)

2

+2 Xz(l‘i‘d(lz) 9192

4—(1 +ClX1(11 +£1X2(12)
/l
(B8S)

Substituting x instead of Q and inverting Eq. (B83), we
obtain

y=x[1+ f,x+0O(1/ch)]. (B86)

To express the flux for circular orbits in terms of y, we set
7 =0 and » = rQ and then use Egs. (B83) to obtain

Gcd
F 2
= 3 - )
3 16
+3G%21/7 [fs + i+ (X1a2 +X20¥1>2},

(B87a)

fV — 2GCS 1/27/4 (ql _ q2> ?

2
3G12 mg my

2GS , 58 g1 92>
-l x, 221X, 1= \4 14
3G%21/ {5< 2m1+ Uy +f i
(B87b)
32G¢ed
Fo= 2.5
=56, 0T
Ged -
+105G P(fliA ST, 1], +1008f,). (B8Tc)

Using Eq. (B86) to express the energy flux in terms of x
instead of y leads to Eq. (3.13a).
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