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When two spacetimes are stitched across a null shell placed at the horizon of a black hole, Bondi-
Metzner-Sachs (BMS) supertranslation-like soldering freedom arises if one demands the induced metric on
the shell should remain invariant under the translations generated by the null generators of the shell. We
revisit this phenomenon on the horizon of rotating shells and obtain BMS-like symmetries. We further show
that superrotation-like soldering symmetries in the form of conformal isometries can emerge whenever the

degenerate metric of any null hypersurface admits a dependency on a null (degenerate direction) coordinate.
This kind of conformal isometry can also appear for a null surface situated very close to the horizon of black
holes. We also study the intrinsic properties of different kinds of horizon shells considered in this article.
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I. INTRODUCTION

Symmetry consideration has been a very powerful
approach to study many physical systems, and spacetime
geometry is not an exception. Many years ago Bondi, van
der Burg, Metzner, and Sachs (BMS) studied the diffeo-
morphisms that preserve the asymptotic structure of an
asymptotically flat spacetime at future null infinity /", and
to their great surprise, the asymptotic symmetry group
turned out to be infinite dimensional—a semidirect product
of Lorentz group and supertranslations (angle dependent
translations) [1-5]. These supertranslations constitute an
infinite dimensional Abelian subgroup of the BMS group,
and they map one asymptotically flat solution of Einstein’s
equation to another. Recently there has been a growing
interest in determining the structure of asymptotic sym-
metries in gravity. Not long ago, the BMS group has
extended and a new symmetry—called superrotation—has
emerged at the null infinities (both future and past) of
asymptotically flat spacetimes [6-9]." Superrotations are
understood as diffeomorphisms acting on the celestial
spheres at I=. In simple terms, this new symmetry rotates
around each generator of asymptotic null infinities I+

lRecently this has been extended to the conformal BMS group
in [10].
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separately. Both supertranslation- and superrotation-like
symmetries have also emerged from the study of diffeo-
morphisms that preserve the near horizon asymptotic
structure of black holes [11-13]. On the other hand, it
has been shown that there is a deep connection between the
infrared structure of gravity (and also some gauge theories)
and the asymptotic symmetries of it. A certain subgroup of
BMS™ x BMS™ has emerged as an exact symmetry of the
quantum gravitational S matrix [14-24]. For a more recent
and comprehensive review on this subject, interested read-
ers are referred to [25] and also encouraged to consult
various references therein. These interconnections have
generated the intriguing possibility of resolving the black
hole information paradox. The idea is that black holes are
imparted by an infinite number of soft hairs corresponding
to diffeomorphisms that act nontrivially on the phase space
of general relativity, and these soft hairs (gravitons) would
be responsible to restore the missing information of hard
gravitons of Hawking radiation [26-29].2
Supertranslation-like transformations also arise in
another context when one tries to solder two spacetimes
across a thin null shell assumed to be situated at the event
horizon of a black hole [33]. This kind of shell is termed as
a horizon shell. It has been shown that there exists a
considerable amount of freedom to solder two metrics
across a horizon shell (which can be situated at any Killing
horizon) for which the induced metric remains invariant

2Recently there are some works which suggest that the soft
charges do not play any role in resolving the information paradox.
Interested readers are referred to [30-32].
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under the translations along the null generators. In fact, the
group of soldering transformations turns out to be infinite
dimensional, and a restricted class of it has the identical
structure—Ilike supertranslations in the BMS group [33,34].
The emergence of such symmetry is understood as the
existence of a residual freedom (as long as the induced
metrics from both sides of the shell match) to slide along
the null generators that generate the horizon.

In [33], a detailed analysis is presented on finding the
soldering group of Schwarzschild spacetime. In this article,
we first extend the results of [33] for the case of rotating
spacetimes. We then discuss the intrinsic properties of the
shell for generic soldering and BMS-supertranslation—like
symmetries. We adopt the intrinsic formulation and directly
read off the intrinsic quantities of the shell corresponding to
the BMS-like soldering transformations by comparing the
obligue extrinsic curvature of two sides of the shell in a
common intrinsic coordinate. This reduces some algebra
compared to the off-shell extension method adopted
in [33]. This procedure helps us to reinterpret the results
of [33] in a slightly different way. The soldering of two
metrics across a null surface is predominantly local con-
struction and is insensitive to the global or asymptotic
structure of the ambient manifolds. This fact is apparent
from our study of horizon shells in rotating Banados,
Teitelboim, Zanelli (BTZ) spacetime. We find supertrans-
lation-like soldering freedom for BTZ shells also. The
properties of the shells are also discussed. We also observe
that the soldering freedom can be recovered not only for a
horizon shell placed at the event horizon of a black hole but
also for causal horizons like the Rindler horizon or the
horizon in pure de Sitter space.

As an extended BMS group contains the superrotation
symmetry also, one may be interested to look for such a kind
of symmetries in the context of soldering transformations.
However, for horizon shells situated at the black hole event
horizon, there is no scope of finding such symmetries. The
fundamental junction condition does not remain valid in
such scenarios. Interestingly, in some cases where the
horizon metric has nontrivial time dependence (e.g.,
Penrose’s cut-paste construction for Minkowski’s light cone
[35,36]), we know that a nontrivial soldering can be
constructed by combining a shift of null-coordinate V with
conformal isometries of the 2-sphere (spatial part of null
hypersurface). This set of conformal transformations can be
related to the superrotations of the asymptotic symmetry
group [37]. Here we have shown how conformal isometries
(superrotation-like symmetries) can also be accommodated
within the similar framework in which supertranslation-like
soldering freedom emerges (demanding the junction con-
dition to remain invariant, or equivalently finding the
solution of the Killing equation for the induced metric on
the null surface). For any spacetime with constant scalar
curvature, this kind of soldering will emerge. For spacetimes
with a dimension of the spatial slice of the null surface <2,

we will have an infinite dimensional group of soldering
transformations arising because of an infinite number of
conformal isometries. In higher dimensions, we will only
have a finite dimensional conformal group. Although this
kind of superrotation-like symmetries could not be retrieved
at the horizon of a black hole, one can find it on a null surface
situated slightly away from the black hole horizon. We have
explicitly shown this near the horizon of a Schwarzschild
black hole and studied the properties of such shells.

In Sec. IT we review the Israel junction condition briefly.
In Sec. III the emergence of BMS-like transformations
from soldering freedom is reviewed and how one can obtain
the conformal isometries is discussed. To demonstrate
the machinery, we have applied it to the horizons of
Schwarzschild and Minkowski spacetimes. We use the
intrinsic formulation to compute the conserved charges.
Section IV is devoted to find soldering freedom for rotating
shells. We also obtain conserved quantities corresponding
to soldering freedom for rotating shells. In Sec. V, we
consider the case where conformal isometries emerge due
to soldering. We demonstrate the examples of such sit-
uations. We also show how conformal isometries can be
recovered near the horizon of a black hole. Finally, we
conclude with discussions on our results and indicate future
scopes.

II. BRIEF REVIEW OF ISRAEL
JUNCTION CONDITION

Soldering of two spacetimes across a null hypersurface is
a well-studied problem, and much of our discussions will
closely follow the works by Israel, Poisson, etc. [38—41]. In
this section, we start by briefly reviewing all the essential
features of Israel junction conditions. Most commonly, in
general relativity, the problem is to find the surface
dynamics of a thin shell, where the surface is embedded
in a spacetime (M) of the form M = M, U M_. M_ and
M denote, respectively, the manifolds inside and outside
of the shell together with the corresponding intrinsic
metrics g, (¥*) and g, (x). x denote the coordinates
of the manifolds M .. Both the manifolds have boundaries,
where M, and M_ are defined to the future and past of
null hypersurfaces ~, and X_, respectively. Further we
consider a common coordinate system x*, installed across
the common boundary ¥ of two manifolds M. This
coordinate system overlaps with the coordinates x. in some
open neighborhoods of M. containing X. These construc-
tions are required only for presentational convenience as
the junction conditions can be cast independent of any
coordinate system. Now suppose we define a set of intrinsic
coordinates £ on the surface of the shell X, across which
the two manifolds will be joined. Also, x|y = {“. Now we
can project both g;;, and g, on the surface from both sides.
Then the junction condition ensures the continuity of the
metric induced from both sides,
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are the tangent vectors to the surface. We will use the Greek
alphabets for the spacetime indices and Latin ones for the
hypersurface indices. The junction condition simply says
that the hypersurfaces are isometric, i.e., X, =2X_ = 2.
Consequently (2.1) determines the functional dependence
of the coordinates (although not uniquely) x’, on {. In the
literature this junction condition is often written in the
following form:

[9ap] = ga|z+ - ggb'E_ =0. (2.2)

We introduced here the box “[|” notation which means for
any tensor A¥,

[AF] = Ay, — AH]y (2.3)

In the rest of the paper, we will be considering only null
shells. We define the normal vectors ny = y0,(®(x)) for
both X, . y is an arbitrary normalization. These normals are
also generators for the null congruences orthogonal to both
the hypersurfaces. The equations of the hypersurfaces are
given by @(x,) = 0. We always work with future directing
normal vectors for each side of the shell. To complete the
basis we also have to define the auxiliary vector N* such
that
N'Nli:O’ n'N:_1|j:. (2.4)
So together with et they form a complete basis. From the
continuity of the null congruence it follows that
[n#] =0 = [N#]. (2.5)
The normal vectors must satisfy n-e,|, = 0. Since the
same intrinsic coordinates ({*) should be induced from +
and — sides of the shell, we must have
[eh] = 0. (2.6)
This condition ensures the continuity of the null normal
n and the spacelike tangent vectors across the shell. Now
we can use the distributional tensor calculus to derive the
form of the stress tensor for the thin shell such that the
Einstein equations will be satisfied.> Now in the common
coordinate chart {x*} we express the metric covering both
sides as a distribution valued tensor such as

*We have only quoted the important results. For detail
derivations interested readers are referred to [39-41].

G = G 0(@) + g5, 0(—D), (2.7)

where both ¢* and g~ have been expressed in terms of
the coordinates x*. Now if we compute the derivative
of (2.7),

aag;rve(q)) + aagp_we(_q))
+ 9] (0,2)5(P).

OuGpw =
(2.8)
Using (2.1) and (2.6) the last term in (2.8) becomes zero. So

we end up with the following form for the Christoffel
symbol:

0, =T /0(®) + T 0(-®). (2.9)

As a result the Riemann tensor takes the following form:

R%,5 = R"5,:0(®) + R™%4,50(—P)

+6(P) Q6. (2.10)

where Q%5 = —([[gs]n, — [[%4,]ns). To satisfy the
Einstein equation we start with the following form for
the stress tensor:

Top = T}40(®) + Toy0(®) + Sppd(@).  (2.11)

where

1

87Sap = Qup — ) QYup- (2.12)
Equation (2.12) follows from the §(®) part of the Einstein
equations. Then the stress tensor of the shell (S,;,) can be
found by projecting (2.12) to the surface,

Sah = S(lﬁege/;" (213)
We further observe that because of the junction condition
there is no discontinuity in the tangential derivatives of the
metric, but there is only a jump in the normal direction.

[aag,uu} = ~Vwha- (214)

From this we get

Vab = Na[aagab] - Z[Kab] (215)

K, is known as the transverse or oblique extrinsic
curvature. This is defined as
Kap = €8ehV, N, (2.16)

Projecting 7, to the surface gives us a unique induced
metric on the surface of the shell. Using this we can
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finally recast S, (after some manipulation) [39-41] in the
following form:

S% = un®nP + jA(n%eh + enf) + porBesel,  (2.17)
where 645 is the nondegenerate metric of the spatial slice of
the surface of the null shell. Capital indices A, B denote the
spatial indices of the null surface. ,J4, and p can be
interpreted as the surface energy density, current, and
pressure of the shell, respectively. For the null shell these
quantities can be related to the jump of the extrinsic
curvature in the direction transverse to the shell (oblique
extrinsic curvature). To make things concrete, throughout
the paper we work in Kruskal coordinates. On the surface
of the null shell we define a coordinate chart such that
¢4 ={V,x"}. V is the parameter along the hypersurface
generating null congruences. In this coordinate system the
normal vector takes the following form:

(2.18)

On X the metric will take the form g,,,d(*d;” = g pdx*dx5.
One then adopts a single chart x = {U,x“} such that
x4y =¢“ Given this coordinate chart the conditions
(2.1), (2.5), and (2.6) are satisfied. Equipped with this
coordinate system, we write down the conserved quantities
in the following way [39-41]:

1 1 1
ﬂ:_—GAB[’CABL JA:_GAB[’CVB]’ P:_g[ICVV]’

8 87
(2.19)

where [Kyy] = %}/aﬂnanﬂ7 (Kval = %}/aﬂegnﬂ’ (Kas] =
%yaﬂegeg. The shell’s stress-energy tensor obeys certain
conservation equations. The detailed derivation can be
found in [39]. We display here the most relevant one for
our analysis:

N9, +T,)8% — sk, = 0. (2.20)

Here '), and I~Cab denote arithmetic means of F:l’f and Ith,
respectively.

III. SOLDERING FREEDOM AND
BMS-LIKE TRANSFORMATIONS

It is well known that there exists a considerable amount
of freedom in the choice of intrinsic coordinate on X in the
null direction. This is often termed as “soldering freedom.”
Recently in [33], this fact has been utilized to show that
BMS (supertranslation) type transformations emerge on the
horizon shell. In this section, we will briefly review the
essential points of this development and study the soldering
symmetries for rotating spacetimes.

We can ask what are the possible allowed coordinate
transformations on either side of the shell preserving the
junction condition (2.1). In a suitable coordinate system
this boils down to solve for the Killing vectors (Z¢) of g,
the metric on Z. So we solve the following equations,

Lz9ar = 0. (3.1)

From (3.1) we get

ancgab + (8azc)gcb + (6bZC)gca =0. (32)
In [33] the authors have worked with metrics where
gav = 0. From the aV components of (3.2) we can easily
conclude

OyZh = 0. (3.3)
This implies that the isometry transformations along the
spatial directions of the null surface are independent of V.
Next if we consider the spatial components AB of (3.2),
we get

Z"0vgap + ZDcgap + (0aZC)gcp + (05Z°)gca = 0.
(3.4)

Now there are two possibilities here. The first one is the
case where the metric g, is independent of V, and we are
free to choose Z" as an arbitrary function of (V,x%),

ZV =F(V,X%). (3.3)
For the Killing horizon one can investigate the effect of this
isometry transformation on the normal vector n¢. One can
show the isometry transformations preserve the direction of
the normal to the shell [33]; this implies the Lie transport of
the normal vector should be proportional to itself, i.e.,
Lzn* ~ n®. If one considers only those transformations for
which £,n = 0, then it gives

vz’ =0. (3.6)

Equation (3.6) implies

ZV = F(x"). (3.7)
From this relation it is apparent that Z" generates the
following transformation:

V = V+ F(X4). (3.8)
One can immediately identify this with the supertransla-
tion, already known in the literature. In [33] the shell stress

tensor is evaluated by extending the generator Z off the
shell. But here we will take a slightly different approach,
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namely the intrinsic formalism following [39—41]. This will
help us to visualize the emergence of BMS-like symmetries
as the soldering freedom of two manifolds across a null
surface in a different way: we always have a seed metric
(such as the Schwarzschild), and the horizon shell sort of
divides the spacetime into two manifolds. Now, if one
performs supertranslation-like coordinate transformations
in one side (say the + side of the hypersurface) of the
horizon shell and stitches that with the other side (—)
without altering the fundamental junction condition, then
the generators of those supertranslations also preserve the
induced metric on the hypersurface. We then calculate the
oblique extrinsic curvatures of the two sides of the shell and
construct the stress tensor of the shell. Thus we can obtain
the conserved quantities with this construction quite easily.
To appreciate this fact let us consider the Schwarzschild
case as depicted in [33]. We consider a ‘“‘supertranslated”
Schwarzschild as M, and the metric of the M_ side
remains as the seed Schwarzschild metric. Recall super-
translation-like soldering freedom, which is

V = V4 F(XA).

Following is the supertranslated metric in the + side,
written in Kruskal coordinates,

ds* =—G(r)(dU  dV, + 0y F(0..,¢.)dU. d6.

+0y, F(0,,¢,)aU dp,)+r*(U,,V,)d3, (3.9)
where

32m3

G(r)= e~"/m, (3.10)
The metric on the other side is the usual Schwarzschild
metric, and we assume they coincide with the intrinsic
coordinates of the shell. The horizon is situated at the
U = 0 surface. Equipped with this we can compute the
conserved quantities from the jump of the extrinsic curva-
ture (2.19). Recall Eq. (2.16), this is used to compute the
oblique extrinsic curvature. The auxiliary normal, satisfy-
ing (2.4) is given by
Na = _(aV)a' (311)
As already mentioned, the oblique extrinsic curvatures
are computed for both sides (4) of the shell in a common
coordinate system. Only [/Cyg] and [K;] are nonvanishing.
Thus we get

1 1

— ___ SAB -

(APF —2F).
8

(3.12)

The shell conserved energy now is obtained by integrating
u on the spatial slice of the horizon,

F(0.9). (3.13)

E[F]:gl—ﬂAZ

This reproduces the charge corresponding to the super-
translation on the horizon as described in Eq. (6.31) of [33].
The properties of such horizon shells are studied in detail
in [33]. Especially it was concluded that there will not be an
impulsive gravitational wave without any matter on the
shell. However, this situation alters when one considers the
Minkowski light cone.

A. Minkowski spacetime

Let us consider four-dimensional Minkowski spacetime.
Usually we write it in terms of Cartesian coordinates in the
following way:

ds®> = dx* — dr* + dy* + dz*. (3.14)
Next we define
U=1t-nx, V=t+=x (3.15)
The metric becomes
ds* = —dUdV + dy* + dz°. (3.16)

Let us now consider the null surface (“light front”) defined
by U =0 and solder two Minkowski spaces across this
surface. This setup produces a plane-fronted lightlike
signal. As discussed previously we can immediately check
that this construction generates soldering freedom of the
form

V> F(V,y,2). (3.17)
After obtaining this soldering transformation, we can
compute the stress tensor for the shell using (2.19),

1 OyF

S LR 1 0.0vF
ArdyF’

dr OyF ’

1 A@F
U=- .
4z Oy F

(3.18)

Then we demand p =0, J4 = 0. This gives up to a
rescaling factor
F(V,y,z2) =V +T(y,2). (3.19)

This is precisely a supertranslation type transformation.
One can express the energy density as

(3.20)

If we now demand that the entire stress tensor of the shell
should vanish, we get
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u=0. (3.21)
From this we get
ADT =0. (3.22)
Now this admits a regular solution. We get
T(y.2) = f(y+iz) +eaf(y—iz).  (3.23)

It is a linear combination of two arbitrary functions of
y +iz. This case admits a regular solution for 7'(y,z)
unlike the cases of Killing horizons of black holes. So, if we
join shells with noncompact topology such as a plane, in
this case, we get shells supporting impulsive lightlike
signals without any matter [40]. One can now have many
interesting cases. For example, one can have T(y,z)=
4U(y+iz)?+ (y—iz)?]+2[(y+iz)*—(y—iz)?], for which
one gets a pure impulsive gravitational wave." On the
other hand, if one considers a term — (y* + z?), in addition
to the above soldering terms, a nonzero matter density y =
¢/4r in addition to the impulsive gravitational wave
appears. Therefore the matter and the gravity wave can
coexist in this scenario, a fact known from the earlier
studies of singular null hypersurfaces [40].
(1) Rindler horizon
We know that an accelerated observer in
Minkowski spacetime sees a horizon in front of it.
The spacetime seen by the observer can be captured
by performing the following transformations:

Vzle”"
b
a a

(3.24)

where a is the proper acceleration of the Rindler
observer. For this case, we get a supertranslation-like
soldering freedom related to (3.19) as follows:

1 -
T(x,y) = —e (¥, (3.25)
a
Subsequently we get
eaT(x.y) 5 B B
U= (ADT+a{(8,7)2+(0,T)*}). (3.26)

A

To examine the fact if we get a situation where
a gravitational wave exists without any matter on
the shell, we again demand y = 0 and can find a
solution of the type

4 .

One can also compute Newman-Penrose scalar ¥, and find if
it is nonzero. A nonzero V¥, indicates the existence of a
gravitational wave.

T(x,y) = élog[c(x +y)]. (3.27)
This indicates the existence of a lightlike signal
through the accelerated horizon of Rindler spacetime.

Infinite dimensional soldering symmetry can also
be attributed to the cosmological horizon of de Sitter
space, which is an example of the Killing horizon but
not an event horizon. However, this horizon is genuine
unlike the Rindler horizon, which only exists for an
accelerated observer.

(i1) Spacetime describing infinite straight lightlike string

We start with a spacetime possessing a cosmic
string and then give it an infinite boost. The limiting
geometry takes the following form:

ds* = —dUdV + dy* + dz?

— 8ruly|6(U)dU>. (3.28)
U =0 is a null surface. We can easily verify the
following supertranslation-like soldering freedom
should appear across this surface, V—V+T(y,z).
Also demanding that the shell’s stress tensor van-
ishes we again get a solution for T(y,z) similar
to (3.23).

B. Soldering freedom redux

We now look back at (3.4) and explore the second
possible scenario. Till now we have discussed the case
where g,p is independent of V. Generically, when g,p
depends on V, this equation implies Z" = 0 and there is no
nontrivial soldering freedom. Now we will examine such
cases where g, indeed depends on V but we will still have
nontrivial soldering freedom. First we allow conformal
transformations of the spatial slice such that

ZC0cgap + (04Z°)gcp + (0pZ)gea = Q(x*)gap.  (3.29)

This is compatible with (3.2) as Q(x*) is independent of V
but can be in general any function of x* only to be
constrained by (3.29). Then from (3.4) we have
ZV0ygap + Q(x*)gap = 0. (3.30)

Next we explore a feasible solution of the above equation.
Let us consider the following situation:
9as = V?Jas. (3.31)

where §, is only a function of x*. This may appear to be
pretty nongeneric, but (3.31) seems to provide a feasible
solution for Z" in Eq. (3.30). In fact, one can consider any

regular function of V instead of V2. That will provide us
with the most general situation. The plausibility of the
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above assertion can be argued as follows: Without loss of
much generality we can assume that we can install
Gaussian null coordinates (e.g., Kruskal type) near the
horizon of spacetimes that are of our interest. Then the
tensorial equation (3.30) yields the following condition
between the diagonal components g;; = f1(V,a, ), g»n =
f2(V,a,p) of the 2-metric gyp:

OyInfi(V,a,p) = 0yInf,(V,a,p),

f](V,(l,ﬂ) _ C(a,ﬂ),

f2(V.a.p) (332)

where a, § are coordinates on the 2 surface and C(a, f3) is
the integration constant. Clearly (3.32) is always satisfied if
both f; and f, can be cast as products of a regular function
of V, g(V) and some function (not necessarily the same) of
a, p.

Now from (3.31) we have

2VZV Gap + Q(x*) V2G4 = 0. (3.33)
This gives for all components of G4p
VQ(xA
zV = - éx ) (3.34)

When the dimension of the spatial slice is greater than 2,
then the functional form of the Q(x*) is completely fixed
and the number of generators of such symmetry is also
finite. So we get a finite dimensional soldering group with
Z" completely fixed. When the dimension of the spatial
slice is 2, then Q(x#) can in principle be unconstrained and
hence the soldering group will also be infinite dimensional.
We will demonstrate this by explicit constructions in
Sec. V.

IV. SOLDERING FREEDOM AND BMS-LIKE
TRANSFORMATIONS FOR ROTATING SHELLS

We now generalize the constructions depicted in [33] for
metrics where g, # 0 (expressed in some Gaussian null
coordinates). We take two specific examples: Kerr space-
time in slow rotation limit and rotating BTZ. As before, we
will use the coordinates of M_ as the intrinsic coordinates
covering both sides, x* = x*. Also x%|y = ¢{“. The horizon
in the Kruskal coordinates is identified by setting U = 0 for
both M. These two spacetimes will be isometrically
soldered at U = U, = 0. The components g,y are propor-
tional to U such that at U = 0, g,y will go to zero. So it can
easily be checked that (3.2), (3.4), and (3.6) remain the
same. On the horizon, we have Z" = F(V, X®), which
corresponds to the soldering freedom along the null
direction. This will again produce the supertranslation-like
transformations. We then compute the shell stress tensor
using (2.17) and (2.19).

A. Horizon shell in slowly rotating Kerr spacetime

We consider first the Kerr metric in the slow rotation
limit; i.e., we shall work up to first order in the rotation
parameter. The virtue of the slow rotation limit is that we
will have more analytic control. In Kruskal coordinates, the
metric takes the following form:

o (32m
ds® = r*(d6? + sin(6)?dg?) - <—m

> e~ mqudyv
r

2 _
+26in(0)2e 2 (P 4 2mr 4+ 4m2)dp(UdV — VaU).

r
(4.1)

a is the rotation parameter, and we expand all the quantities
in small @ and keep only those terms that are linear in a. On
the horizon (X) the induced metric takes the following
form:
ds?|y = r*(d6* + sin(0)2dd?)| . (4.2)
As mentioned before we take {U_,V_,0_, g?ﬁ_} as the
intrinsic coordinates, {U, V, 0, 47)} Once again we will have
ZV = F(V, 0, ¢) upon solving the Killing equations on the
horizon. The angular components of the killing equations
produce the usual isometry transformations on the 2-sphere.
We then do an active coordinate transformation of the form
V = V + F(V,0,¢) on the — side and solder this with the
usual Kerr metric on the + side. Then using (2.19), and
imposing the condition £L,n* = 0, we can write down the
intrinsic energy momentum tensor of the shell from the jump
of the oblique extrinsic curvature. The soldering trans-
formation now becomes supertranslation-like,
F=aV+B(6,9), (4.3)
where a is a scale factor and B(6, ¢) is an arbitrary function
of angular coordinates. So in general up to a rescaling factor
we have

F(V.0,$) =V +T(6.9). (4.4)

B. Off-shell extension of soldering transformations
for Kerr spacetime

The intrinsic properties of the horizon shells for generic
soldering transformation can be read off by extending the
generators of soldering freedom off the shell. This method
was advocated in [33]. Here we demonstrate the method for
the slowly rotating Kerr, and we can check that this matches
with the results obtained from the jump in the relevant
components of the oblique extrinsic curvature method as
discussed in Sec. II. So this way of finding the conserved
quantities will serve as a complementary method to the one
discussed in Sec. II. We need to impose the following
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conditions for extending the generators off the shell say in
the (+) side,

LZ+gaﬁ’|2 =0, (4-5)
where Z, is the off-shell extension of the soldering
symmetry generator Z = Z"9y. In Kruskal type coordi-
nates we write this vector as

Z, =27ZV0y + Uz%0,. (4.6)

Lifting the soldering symmetry off the shell means we

have on the shell Z_ |y = ZVdy and 9,Z, |x = (0,Z2")0y.

In our adopted coordinates g,y|y = 0 = dygus, and the
relation

LZ+gab|E =0 (47)

is identically satisfied. Hence the condition (4.5) reduces to

Lz, gupls = 0. (4.8)

Below we write down all the components explicitly (all
of these equations are satisfied on the shell),

Z"dvgyy + 22&9(7,[/ +22gyy =0,
Z"dvgyy + (2 + (0vZY))guy =0,

ZY9ygua + 2%Gan + (04Z")gyy = 0. (4.9)
Solving (3.2) up to O(a),
5 9% - 3aV 3aV
Vi 92U 927 Gin(0)? = —(8-7V) 22
Z ngu Z2m51n() (95 )em’
ZU — _asz’
p 3a 2
¢ = (2" - (0,Z2V)V)—+ (052" ;
&= (OvZ7) )em+( ¢ )esin(e)z
2
2= g(agzv). (4.10)

Then using Z" = Vw(V, 0, $) we get the required Killing
vector for off-shell transformation,

2

+2 00010y - (0v)0u )

3aUV?
em

((05@)0y + (Oyw)03). (4.11)

We now consider the following ansatz to obtain the finite
counterparts of the infinitesimal transformations given
in (4.11):

V.=F(V.,0,)+UA(V.0.¢), U.=UC(V.0.p),

0, =0+UB%(V.0.), ¢,=¢+UB*(V.0.4). (4.12)

Demanding the continuity of the full spacetime metric
across the junction at leading order in U we get [retaining
terms up to O(a)]

L BHZgae_F
eOyF’

6 2 1 O03F 3a (F
B® = —— + -V,
esin(0)20yF = 2em \OyF

e 20,F\* . ,(2 1 0;F\2
a=govr((G5F) e Canarar

_3a0FV.

2em

(4.13)

Now we evaluate y,;, and the conserved charge as defined
in (2.14) and (2.19). On M_ we have

HUV)? :4m2—87ri12UV+--~, (4.14)
and on M we have
r(ULV,)? :4m2—87’?12U+V+ + = 4m? —871?125”1;.
(4.15)
Also,
sin(0,.)? = sin(6)? + 2U®sin(8) cos(6) + - - - (4.16)

We now expand the tangential components of the metrics
in M, and M_ to linear order in U. For M_ we have

gm? [ 3 ;
goydxtdxt = @ pdxtdxt — U <—2“sin(9)2dVd¢
e m

+ Vdo* + Vsin(e)zdaﬂ). (4.17)

For M we have

2
g dxtdx? = ¢ pdx*dx® + 8m2U<——dAdF
e

+ 04pdx* (dBB — (F/eFy)dx?)
+ sin(#) cos(0)Od>

6a sin(6)?
n asin(0)

4.18
dem ( )

dp(AdF — Fa’A)).
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Now,

Vab = Na[aagab] = NU[aUgab} +N?¢ [a(?)gab} (419)
and
U _ L (;5 _ 3aV 4 2
N 8m?’ N 16m?” (4.20)
Using (4.13) we get, on M,
g, dxdx?
oyo,F
= ¢ pdxtdx® + 8m 2U< < 4 dde“)
Oy F
28A83F 4 a& ~
S22 dxAdxP — —cot(0) =X—dOd
+ e 8vF rax ECO( ) VF ¢
B, 2. OF -5
— oupdx*(F/eFy)dx —I——sm(H) cos(0) ——de
Oy F
3a . 5y (A O8F |
+%sm(6’) do <27d + dV)) (4.21)

For M_ we have

8 3 ~
Gapdx“dx” = g} pdx*dx® — Uﬂ (—z—asm( )2dVde

+ Vde* + vSin(e)Zd(}sZ). (4.22)
So to O(a) we have
L AF
7Va - aVF ’
(V0 _1( F v
To==\"a,F 2\o,F ’
VY 0,F  3asin(0) 0,F
Yoy =2 +
avF 2m 8\/F
V2o, F
Y A S A v Y
Y35 = 2( OF 251n(t9) <6VF
3asin(0)? 0pF
— ), 4.2
+ 2m  OyF (4.23)

Using (4.23) we can write down the intrinsic energy
momentum tensor off the shell. From that we get

1 1 OyF
T A 8n Oy F’
P 1 5 OOy F
32m’n OyF ’
1 3a
- (VOF-F 4+ VO,F+=—0,F ).
K 32m2ﬂ8VF< VoV 9

(4.24)

The energy density of the shell now takes the following
form:

1

b omin

3a
VAT —T+—0;T), (425
( +280,7). @)
which implies

Oypu = 0. (4.26)
The total energy is given by integrating i over the spacelike
cross section of the horizon,

3212 / dodd \/gT. (4.27)

where /g is the determinant of the induced metric of the
spacelike cross section of the horizon of the null shell.

Next we consider several special situations:

(i) Zero pressure, p = 0: We get 9% F = 0. This in turn
implies F = f(0,¢)V + g(0, ¢). This transforma-
tion as usual leaves surface gravity invariant.

(i) Both pressure and current zero, p = 0, J4 = 0.

This gives us

F=aV+B(0.9), (4.28)
where a is a scale factor and B(6, ¢) is an arbitrary function
of the angular coordinate. So in general up to a rescaling
factor we have
=V +T(0,4).

F(V.,0.9) (4.29)

The corresponding energy density for this kind of shell is

1
32min

= <v< )T — T+ a T) (4.30)

which will imply

(i) No matter on the shell: S = 0.
Given F(V.0,¢)=V+T(0.¢), we also demand

u = 0. This gives
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3a

VAT —T +—0;T =0. 432

Jr2m ¢ ( )

As we are working in a slow rotation regime, this

equation poses no regular solution such as the
nonrotating case. So we get

T(0.$) = 0. (4.33)

This will make not just the trace part of the stress

tensor zero but also every component of y,;, to be

zZero.

C. Horizon shell in rotating BTZ

The matching conditions are insensitive to the asymp-
totic structure of the spacetime. In view of this, here we
study the three-dimensional BTZ black hole that is not
asymptotically flat, but the supertranslation-like soldering
freedom still appears. Unlike the Kerr metric, we do not
have to consider the slow rotation limit for this case. We get
an exact analytic answer for arbitrary rotation. So it will be
interesting to see whether we get any qualitative changes
because of the presence of rotation. The metric takes the
following form:

2
+ 54 2INYdr + dg)?,

2 _ _ 2
ds* = —f(r)dt 70 (4.34)
where f(r) = =M + (5)? +4J—r22 and N%(r) :% r2 Also,
1
=5 (M + ey - 22),
- 1
=5 (M2 -\ ey - ). (4.35)

We express all the quantities in terms of r;, and 7,

m="itT - - 2”;;’7 (4.36)
Then we have
7 12— r? (rr=r)(r*—7)
N? h h = h W (437
(= ) i (437)
Then we change to Kruskal coordinates [42].
U=—e"", V = e, (4.38)
where, u, v =t + r,. Also,
1 _
—log(\/r Vi ) (4.39)
\/r - ”h + \/rh - rh

and

)
Th =T
= 4.40

Finally we get [42],

B 1

1+ Uv)?
+[(1 = UV)?r2 + 4UVF]dd?).

(=412dUdV — 417, (UdV — VdU)d¢p
(4.41)

Like the Kerr metric, we again get ZV = F(V,¢) on the
horizon. So there is again an arbitrary soldering freedom in
the V direction. Performing an active transformation of the
form V — V 4+ F(V, 0) to the metric of — side we solder it
with usual rotating BTZ metric on + side. Then using
(2.19) we can write down the components of intrinsic
energy momentum tensor of the shell from the jump of the
oblique extrinsic curvature.

L oyF 1 9yd,F
p=—-——"_ J¢:_;/¢ ’
8z Oy F 4z 120y F
1 POGF = 207,04 F — (rj, — 77) (F = VBVF)
SR 29y F
(4.42)
Again setting p = 0 we get
F(V.$) =V +T(4), (4.43)

where T(¢) is an arbitrary function of the angular coor-
dinate. Also, if we want to set J? = 0 we will get

F(V.¢) = aV + B(¢). (4.44)

B(¢) is an arbitrary function of the angular coordinate.
Also for the p = 0 (or J? = 0) case we again retrieve the
fact that Oy = 0, where

| (lzT"(¢)—2ﬁ’hT/(¢)_( i—ri)T(¢)>, (4.45)

8xl? ry

H==

The total energy once again is obtained by integrating y on
the spatial slice of the horizon,

1
E—g, [ @)

This matches with the supertranslation charge derived in
the literature from different perspectives; for example,
readers are referred to [7,11]. Thus as mentioned earlier,
BMS-like soldering freedom can also arise for horizon
shells placed at spacetimes that are not asymptotically flat.
Next we discuss in detail what happens if we work in the
Eddington-Finkelstein coordinate.

(4.46)
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Eddington-Finkelstein shell

To change all the expressions in the Eddington-Finkelstein coordinate, we do the following:

F(V,0) = e<(0), oy =—0,,
K
Using this we get
1 (05f
-—— = 0, f — x|, J¢ =
87 (a,, ot K)

ﬂ:—g

We can now study various cases.

¥ (Pk*(0yf ) + POy f = 207,k0yf = (ry = 77) (1 = 9,.f)
r 2o, f )

—2Kkv —2Kv
o _ ¢ o ¢
e e (4.47)
1 81/'8(/)f >
= +x0yuf ),
47rr%l < o,f of
(4.48)

(1) p = 0: This will give

- (4.49)

f(v.9) =~ (log(e™ + ¢ @) + ¢1(9h)).

Translating this into the Kruskal coordinate we get

F(V,p) = e2DV 1 T(¢), (4.50)
where T(¢) = e2(#)Fei(9),
(i) p =0, J? =0: This gives
e = a. (4.51)
a is just a constant. So we get
F(V,¢)=aV +T(¢p). (4.52)

Up to arescaling factor a we again get supertranslation-
like transformation.

V. SOLDERING FREEDOM AND
CONFORMAL ISOMETRY

In this section, we consider various scenarios where a
special kind of stitching gives rise to a new kind of
soldering freedom, namely conformal transformations.
We have already shown in Sec. III B that such situations
can arise when the metric on the horizon depends on V.
Here we elaborate on this by considering a few examples.

(1) Spacetimes with constant curvature:

Let us consider spacetimes with the topology
M x M3. M! can be either R! or S'. Similarly
M3 can be either R® or $3. This will enable us to

104009-11

deal with Minkowski, de Sitter, and anti—de Sitter
spacetimes in a unified way. We will start with five-
dimensional embedding space,

-X3+ X7+ X5+ X3 +nX3=na*, (5.1)

where a = , /ﬁ and A is the cosmological constant.

n=1for A>0,n=-1for A <0, and n =0 for
A = 0. Then we define [40,43,44]

Xo+ X Xo—X
u:\/ia(O‘F 1)’ v — 2a<0 1)’

(X4 +a) (X4 +a)

(Xa +iX3)
=V2a——7=-. 5.2
z=V2a X.ta) (5.2)
We get

2dzd7 — 2dud
ds? = 240 T cauay (5.3)

(1+2(zz —uv))*

It is evident that this metric represents de Sitter space
when A > 0, anti—de Sitter space when A < 0, and
Minkowski space when A =0. It is well known
that the five-dimensional embedding spaces for
(anti—)de Sitter spacetimes can be parametrized in
different ways. Not all of those parametrizations
would cover the entire manifold [45]. However, the
coordinate systems that we have chosen cover
the whole manifold. One can easily see this for
Minkowski space where = A = 0, and in this case
Eq. (5.3) produces a Kruskal representation of flat
space. Since Kruskal coordinate system is a global
set of coordinates (—oc0 < U, V < ), we clearly
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have a global notion of the light cone or U = 0 null
hypersurface. The other cases A > 0 or A <0 can
be viewed similarly.” Next, we make the following
coordinate transformations [40,43,44]:

-~ zzV R4 (ii)
u= b U, v—b nu,
zV -
5::77 b=1+nl. (54)

Then we end up with the following form of the
metric:

(})*dde + 2dUdV — 2ndU?

ds* = ’ AU 2
(132 (V = y0))

(5.5)

Now we consider the null surface (£) U = 0. The
line element is then simply given by ds’|y =
2(§)*d¢dl. Recall Eq. (3.31); the line elements
are almost identical. Next we perform the following
infinitesimal conformal transformations:

2Q(¢.4)
b2

2 2 )
Jrded? — dcdl + e dcdt.  (5.6)

¢ is the small parameter and Q(¢, {) is the conformal
factor. We then can easily verify that

vov(1-2E0)

2

keeps the full metric ds?|y invariant, and it is
generated by Z" mentioned in (3.34). Also for the
individual coordinates we have

(= C+en@).  {—C+ehl). (57)

which give

Q(L.0)
(1+nG0) (W () + R () = 2nh(8) — 2n¢h(E)
1+n&¢

(5.8)

h() and h({) are holomorphic and antiholomorphic
functions. These kinds of local conformal trans-
formations are usually referred to as superrotations
in the context of asymptotic symmetries. There exist

Bach of the coordinates in (5.2) possesses a coordinate
singularity at X, = —a. For more discussions about different
choices of embedding coordinates in the context of soldering two
spacetimes across a null shell, interested readers are referred to
[43,44,46].
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infinite ways to solder two constant curvature space-
times. Although not exactly in the same context but
for horizons described by constant curvature spaces,
one finds superrotations like transformations while
soldering two spacetimes.

Black hole horizon:

Let us now explore the possibility of recovering
such conformal isometries in black hole spacetimes.
For four-dimensional black holes (nonrotating), the
horizon topology is typically R x M?, where M?
can be R?, $?, or H?. The metric on M? typically
takes the form r2dQ? where r? takes the following
form near the horizon in some Kruskal-like coor-
dinates:

rP=a+bUV)+c(UV)?+---. (5.9)

dQ? can be a metric of two-dimensional flat,
spherical, or hyperbolic space. We can immediately
see from (3.4) that at U = O there is no scope of
introducing conformal transformations for the spa-
tial cross section of the horizon. But interestingly if
we are not exactly at the horizon but slightly away
from it (i.e., at U = €, where ¢ is very small but not
zero), then from (3.4) and (3.33) we have

ZVebgup + Q(x*)(a +ebV)gap =0,  (5.10)
where g45 = r*gs5. From this we get

7V = —%:A) _VQ(A) + 0. (5.11)

We have kept only leading order terms in e. There-
fore for a null surface situated close to the black hole
horizon, one can have conformal transformations as
soldering freedom. Also it is evident as long as
U # 0 that this transformation is nonvanishing; but
when U becomes zero, then we have to set Q(x*) to
zero also. Hence, Z" will vanish, implying this kind
of transformations is not allowed on the event
horizon but only permissible outside the event
horizon.

Next we compute the intrinsic quantities for this
type of shell [47]. We will adopt the intrinsic
formulation as discussed in Sec. II. On the — side
we have the usual Schwarzschild metric in the
Kruskal coordinate as shown below,

ds* = —=G(r)dudv + r*(U,V)dQ3.  (5.12)

Here G(r) =32 ¢=/2 and dQj} = (l‘fgz. zand Z

are the complex coordinates. The shell is located at
U = ¢e. Near the surface we have the following
expansion for r(U,V):
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r(U,V)? =a+ebV, (5.13)
with a = 4m?, b = —SLe’z. Here ¢ is small and we
will only keep terms up to linear order in e.

Now on the + side we take this metric and
perform the following transformation:

aQ(z.7)
be +0(e).

2 z+ h(2), 2> 7+ h(2).

V- V(1-Q(z.7) -

(5.14)

This induces a conformal transformation on
2-sphere,

dQ} = (1+9Q(z,2))dQ3, (5.15)
with
- (1422 (KW (2)+ 1 (z))—2zh(z) —2zh(Z)
Q(z,2)= T+ 22 )

(5.16)

We only keep terms that are linear in /(z), h(Z) or in
e. Using the formulation of [39-41] as discussed in
Sec. II we compute the jump of the oblique extrinsic
curvature of this shell and from that we read off
various shell-intrinsic quantities. Let us discuss the
computation briefly. On the side — we will have

Wl = @0r N
1
= (9" 5.17
G (U, M), oV G
On the + side we will have
nl = (1-Q(z.2)) (v )", (5.18)

and the following nonvanishing components of
the tangent vectors (to the spatial two-dimensional
slice):

(e —2Ve)d.Q(z,7)

el|, = e ) el =1+ 1(z),
e—2Ve)d-Q(z,z _
otl, = REED =14k

(5.19)

Auxiliary normal N¥|, can easily be determined
uniquely by solving the following constraints:

Ntn,=—1, N2=0,

N,f=N,ef=0. (5.20)

Now using (2.19) we get the following nonvanishing
quantities:

(1+ 22)%0:Q(z,7)

I = 64m*n +0(e),
. (1+22)%0.0(z.2)
S = a9
_ (e+Ve)Q(z.2) | V(zh(z) + zh(2))
T 16am toma(l +2z) | O
(5.21)

Here again, we have kept only the leading order terms. The
pressure of the shell is zero, but there are nonzero currents
and energy density. Because of the explicit dependence of
the energy density p on V, this shell satisfies a conservation
equation as shown in (2.20).

VI. SUMMARY AND DISCUSSION

We have revisited the dynamics of the thin null shell
situated at the horizon of black holes in general relativity
and explored the freedom of patching two metrics across
such horizon shells. We have analyzed horizon shells for
rotating black holes in four and three dimensions. If we
stitch two rotating metrics (slow rotation for Kerr metric)
across the shell demanding the induced metric remains
invariant up to its isometric transformations, we recover
BMS-like transformations. We computed the shell stress-
energy tensor from the jump of the oblique extrinsic
curvature of the shell. For spacetime with a different
asymptotic structure such as BTZ we also produce
BMS-like soldering symmetries. This emphasizes the fact
that the appearance of soldering symmetries is a local
phenomenon. It will be interesting to find this for the Kerr
shell without considering the slow rotation limit as many
features of axisymmetry get suppressed under the
assumption of slow rotation. In that case, we probably
get a nontrivial shell with different intrinsic properties.

The role of conformal invariance in the near horizon
physics of the black hole has been explored quite exten-
sively in the recent past [48-51]. Many of the recent
activities related to BMS algebra are reconsiderations of
asymptotic symmetries in relation to flat space holography
[52-54], that is, extending the AdS/CFT correspondence
for asymptotically flat spacetimes. The emergence of
superrotation as a new symmetry of the near horizon
physics is an important outcome of these lines of research
[7,11,25,55]. Superrotation type symmetries may also be
recovered from the soldering perspective for a certain kind
of horizon shells. Especially spacetimes with constant
curvature exhibit such a kind of soldering freedom. In
some special coordinate systems, the soldering group in
such spacetimes (in four dimensions) becomes a combi-
nation of shift in some suitable null direction (e.g.,
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advanced null coordinate v») and infinite dimensional
conformal isometries on the 2-surface. In this note, we
have deduced a generic condition when this will occur and
illustrated prominent examples of this fact. We have shown,
if the induced metric on the null hypersurface can be
expressed as a product of some function of lightlike
direction and spherical metric (or any 2-d spatial metric),
we can allow conformal isometries together with some shift
in the degenerate null direction to solder the spacetimes
across the surface. This freedom seems to be absent for
black holes, as in general they do not admit such expres-
sibility of induced metric. However, the near horizon shell
of a black hole can admit such freedom. This may have
interesting consequences upon the near horizon degrees of
freedom of black holes.

We anticipate that the results obtained here can have far
reaching consequences especially in the context of a black
hole information paradox. It will be interesting to inves-
tigate the soldering symmetries for time dependent shells.
At a later time we expect the emerging symmetry will
be close to the BMS-like soldering transformations [56].

We hope to get back to this issue in the near future. Also it
would be interesting to study any possible connection
between the black hole membrane paradigm and super-
translation-superrotation transformations and how the
BMS-like soldering transformations affect the properties
of the horizon fluid [57,58].
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