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In search of nontrivial field theories in high dimensions, we study further the tensor representation of the
O(N)-symmetric ¢* field theory introduced by Herbut and Janssen [Phys. Rev. D 93, 085005 (2016)] by
using four-loop perturbation theory in two cubic interaction coupling constants near six dimensions. For
infinitesimal values of the parameter ¢ = (6 — d)/2 we find an infrared-stable fixed point with two
relevant quadratic operators for N within the conformal windows 1 < N < 2.653 and 2.999 < N < 4,
and compute critical exponents at this fixed point to the order e*. Taking the four-loop beta functions at
their face value we determine the higher-order corrections to the edges of the above conformal windows
at finite €, to find both intervals to shrink to zero above ¢ ~ 0.15. The disappearance of the conformal
windows with the increase of ¢ is due to the collision of the Wilson-Fisher O(¢) infrared fixed point
with the O(1) mixed-stable fixed point that appears at two and persists at higher loops. The latter may
be understood as a Banks-Zaks type fixed point that becomes weakly coupled near the right edge of
either conformal window. The consequences and issues raised by such an evolution of the flow with
dimension are discussed. It is also shown both within the perturbation theory and exactly that the tensor
representation at N =3 and right at the O(e) infrared-stable fixed point exhibits an emergent U(3)
symmetry. A role of this enlarged symmetry in possible protection of the infrared fixed point at N =3

is noted.
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I. INTRODUCTION

The question of the existence of interacting confor-
mally invariant field theories in space-time dimensions
d > 4 has been long standing. Using the random walk
representation, it has been, for example, rigorously
proven that repulsive O(N)¢* field theories are trivial
for N =1[1] and N = 2 [2] i.e. that the only fixed point
of the scale transformation in such a field theory is the
Gaussian one. On the other hand, there is a bicritical
fixed point for the O(N)¢* theory at d > 4 and any N,
but at a negative (attractive) self-interaction. One may
then ask if there is a way to represent this fixed point of
the ¢* theory as an infrared (IR)-stable fixed point of
another field theory with the same symmetry, which
would serve as its ultraviolet (UV) completion. Indeed,
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there are at least two instances where this is possible:
(1) the ¢* theory at the IR Wilson-Fisher fixed point is
believed to be equivalent to the nonlinear sigma model at
the UV fixed point, (2) the Gross-Neveu model at the
UV fixed point is equivalent to the Gross-Neveu-Yukawa
field theory at its IR critical point [3].

For the O(N)-invariant self-attractive ¢* theory this
question was raised by Fei, Giombi, and Klebanov [4],
who Hubbard-Stratonovich decoupled the interaction term,
to eventually replace the original theory with

1 1 g ap 1 92 jabe
E:i(ayza)z+5(ap¢i)2+zlza¢i/\ij¢j+gzd b ZalbZc
(1)

with the indices i,j=1,2,...N, the index a =0, the
matrix A); = &;;, and the symbol d* =1. ¢; are the
original N real fields that transform as a vector, and z; is
the real Hubbard-Stratonovich field, scalar under O(N).
The O(N) symmetry also allows for two quadratic terms,
m?z,z, and mg¢;p; which are IR-relevant, and which in

(1) have been and hereafter will be tuned to zero. To
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understand the origin of the field theory (1) notice that
when g, = 0 and m, # O the field z, can be integrated out,
to recover the original interacting term (¢;¢;)> to the
leading order in gradient expansion. The interaction g,
and the kinetic energy term for z, can be thought of;, in turn,
as being generated by integration over high-energy modes
of the fields ¢;, in close analogy to the passage from the
Gross-Neveu to the Gross-Neveu-Yukawa field theories,
for example. The same theory was also considered as a toy
model of hadron dynamics by Ma. [5] We will call it the
“scalar representation.”

What is gained by this reformulation of the ¢* theory
is a new possibility for a systematic search for nontrivial
fixed points using (6 — d) expansion, since both cubic
interaction couplings g; and g, become marginal in the
same dimension d = 6. It was found that for large N
one-loop, beta functions for the two interaction coupling
constants do have a Wilson-Fisher O(6 —d) IR-stable
fixed point. (For the purposes of this paper an IR-stable
fixed point will be defined as a fixed point with only
two relevant couplings, which are the above two masses
m, and my.) As N — 1038.266, however, the Wilson-
Fisher fixed point collides with another O(6 — d) fixed
point with mixed stability, which has one additional
relevant direction in the IR. Both fixed points then
become complex when N < 1038.266. Higher-loop
computations [6,7] conformed to the same scenario,
but significantly reduced the value of the critical number
of components N above which the real IR-stable fixed
point exists at finite d < 6. Nevertheless, the question of
the existence of the IR-stable fixed point of the theory
(1) in scalar representation for single-digit values of N
remained.

It was further realized by Herbut and Janssen [§]
that it is equally possible to decouple the interaction
term of the ¢* theory in the tensor channel, so that one
ends up with the theory in the form of (1), but with the
index a = 1,...My with My = (N = 1)(N + 2)/2 as the
number of components of the irreducible second-
rank tensor under O(N), and the My matrices A? as
a basis in the space of traceless, real, symmetric, N-
dimensional matrices. The real fields z, transform then
under O(N) as components of a second-rank tensor, and
the symbol

d*¢ = Tr(AAPAC). (2)

In particular, for N = 2 the two A matrices are nothing
but the two real Pauli matrices, and for N = 3 the five
A% matrices are the familiar real Gell-Mann matrices [9].
We will call this realization of the O(N) symmetry the
“tensor representation.” The combination of the scalar
and the tensor representations of the O(N) model was
also considered and studied near six dimensions [10,11].

The pure tensor representation of the O(N) model
defined as above will be the main subject of the present
study.

One-loop renormalization group (RG) analysis of the
tensor representation [8] revealed, quite surprisingly and
in contrast to the scalar representation [4], that the IR-
stable fixed point exists in the intervals 1 < N < 2.653
and 2.999 < N < 4, which include physically interesting
low values of N =2 and N = 3. This suggests that there
could be examples of O(N)-symmetric field theories,
albeit in higher (second-rank tensor) representation, that
are nontrivial in say five dimensions. This conclusion
would follow, of course, only if the obtained IR-stable
fixed point at a given N within the above conformal
windows survives the increase of the parameter 6 — d,
from an infinitesimal to a physical integer value of one or
two. This however is not guaranteed. To examine this
issue, Roscher and Herbut [12] have performed pertur-
bative two-loop and functional renormalization group
calculations for N =2, which is particularly simple
because the second cubic term identically vanishes, i.e.
d®c = 0. They found that the second-loop terms intro-
duce an additional nontrivial mixed-stable fixed point of
the beta function, which is O(1), and which collides
with the O(e) IR-stable fixed point as the parameter
€ = (6 —d)/2 is increased. At € > ¢., with ¢, < 1, this
way the single beta function at N =2 for the coupling
g1 had no real zeros left. If correct beyond the particular
approximations which were employed, this result would
conform to one’s expectation of triviality of the O(N)
theories in d =5 or d =4, but only at the expense
of having a new mixed-stable, in this case actually
UV-stable finite-coupling fixed point already at the
upper critical dimension of d = 6. In other words, the
triviality of the tensor representation of the O(2) model
in d = 5 this way is obtained at the price of nontriviality
in d = 6.

In this work we further study the theory (1) in tensor
representation, at general N, and by using state-of-the-art
perturbation theory in the couplings g; and g, to four loops.
This first allows us to compute Taylor expansions for the
critical exponents at the IR-stable fixed point to the order
e*. Setting N = 2 we recover the previous two-loop result
[12], and for all 1 < N < 2.653 we find the same scenario
of fixed-point collision and annihilation determining
the critical line N.(e¢). A good fit to the numerically
computed edge of this conformal window to three loops
for example is

N (€) =2.65—4¢€'? +0.75¢ + O(e¥?).  (3)

The mixed-stable fixed point that annihilated the Wilson-
Fisher fixed point, while inevitably becoming O(1) right
at N = 2, is actually weakly coupled near to and left of
the right edge of the conformal window at N = 2.653
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FIG. 1. Conformal regions (below the full lines) at which the
theory (1) in tensor representation for N > 1 has an IR-stable
fixed point, computed using two-loop beta functions for g; and
g>. At the boundaries of both regions the IR-stable fixed point
collides with another fixed point and becomes complex. At the
nearly vertical dashed line which terminates at N = 3.684 and
€ = (6—d)/2 =0 the IR-stable and mixed-stable fixed points
exchange stability. (For further discussion see the text.)

(Fig. 1). It is another example of a Banks-Zaks fixed
point [13], and the above expansion may be understood
as an extrapolation out of the strictly perturbative regime
near the end point € = 0 and N = 2.653, where the line
N, (e) is determined by the collision of two weakly
coupled fixed points: one being O(e) (IR-stable Wilson-
Fisher) and the other being ((2.653 — N) (mixed-stable
Banks-Zaks).

The second conformal window for 2.999 < N < 4 in
Fig. 1 also reduces to zero width with the increase of e,
but in a more elaborate way, as there are several
exchanges of stability between the existing fixed points
before the IR-stable fixed point finally disappears above
a certain value of e. These intricacies notwithstanding,
the final disappearance, or rather complexification of the
IR fixed point, is again due to a collision with an O(1)
fixed point of mixed stability introduced by higher order
terms. The physically relevant case of N = 3 is particu-
larly involved. We first find that at N = 3 both the vector
components ¢; and the tensor components z, acquire
exactly the same anomalous dimensions, up to the
computed fourth order in e. This indicates an emergence
of a larger symmetry between these two representations
of O(3), which we then show to be U(3): the fixed point
values of the couplings g; and g, are precisely such that
the two cubic interaction terms in the theory (1) at the
fixed point can be rewritten compactly as a single trace
of the third power of a traceless, Hermitean, three-
dimensional matrix [Eq. (26)]. The IR-stable O(e) fixed
point at N = 3 possesses therefore a larger emergent U(3)

symmetry, and the critical exponents reduce to those
already computed in [7] for the matrix U(N) model.
Increasing the value of ¢, however, we find this fixed point
first to exchange stability with another nearby O(¢) fixed
point with mixed stability in the g;-g, plane, before that
other fixed point, now IR-stable, collides with an O(1) fixed
point at some critical value of ¢ and annihilates. Again,
near the right corner of the conformal window we find
that the collision that determines the boundary is between
the Wilson-Fisher O(e) fixed point and the O(4 — N)
Banks-Zaks-like fixed point. This perturbative region,
however, is not smoothly connected to the region that
contains N = 3, since there is an exchange of stability
between a pair of fixed points around N = 3.684.
Nevertheless, the mixed-stable fixed point that annihilates
the Wilson-Fisher O(e) fixed point for 2.999 < N < 3.684
is also a Banks-Zaks, albeit weakly coupled at a slightly
larger value of N of 4.0057.

The paper is further organized as follows. In the next
section we describe the four-loop renormalization group
calculation and give the values of the critical exponents,
with the emphasis on N = 3. In Sec. III we demonstrate
the emergence of the U(3) symmetry at the IR-stable
O(e) fixed point. In Sec. IV we discuss the evolution of
conformal windows with parameters ¢ and N, and show
how it leads to finite conformal regions in the N-¢ plane.
We summarize and comment further on our findings in
the concluding section. Full four-loop expressions for the
beta functions and the exponents at a general N are
given in the appendices.

II. RENORMALIZATION

We turn now to the technical details of the evaluation of
the renormalization group functions for (1). The pro-
cedure we followed was similar to that used for the scalar
channel of the O(N)-symmetric case at four loops given
in [7] and summarize it in this context. As there are two
couplings and fields there are a sizeable number of
Feynman diagrams to evaluate for the 2- and 3-point
functions which could only be handled by an automatic
computation. All the graphs to four loops for the two 2-
point functions are generated using the FORTRAN based
package QGRAF [14], which is then mapped into the
syntax of the symbolic manipulation language FORM
[15,16], which is the working language for the automatic
evaluation. At this stage O(N) group indices are added
and the group relation

2
A = Sixdji + Budj — 810 (4)

is implemented within a FORM module. The divergent
part of each individual graph in dimensional regulariza-
tion in d = 6 —2¢ dimensions is determined by using
the Laporta algorithm [17]. We used both versions of the

096014-3



GRACEY, HERBUT, and ROSCHER

PHYS. REV. D 98, 096014 (2018)

REDUZE implementation [18,19] of the algorithm for the
present computation. In general this systematically uses
integration by parts to reduce all Feynman integrals of a
Green’s function down to a small base or master set of
integrals. The values of these are determined directly by
nonintegration by parts methods. For (1) the set of
four loop master integrals for six-dimensional 2-point
functions were given in [7] having been constructed using
the Tarasov method [20,21] from the corresponding four-
dimensional masters given in [22]. In terms of graphs
computed for the ¢b; 2-point function, we evaluated 1, 5, 48,
and 637 graphs at the respective loop orders from one
to four. For the z, field the corresponding numbers were
2,7, 60, and 723.

This summarizes the process for the wave function
renormalization. Clearly there is a large number of graphs
to compute but this is substantially smaller than the
respective number for the coupling constant renormaliza-
tion. However, to determine the two beta functions to
four loops we exploited a novel feature of renormalizing
this scalar field theory in six dimensions. As there are no
4-point and higher vertices in (1) all the graphs contrib-
uting to the 3-point functions can be simply generated
by making an insertion on each propagator in the 2-point
function graphs [7]. In parallel to this the divergent
part of each vertex function of (1) in dimensional
regularization can be extracted by nullifying the external
momentum of one of the legs. As the critical dimension of
(1) is six then a propagator 1/(k*)? in a 3-point function,
where k is a loop momentum, does not introduce any
infrared divergences unlike the case if the critical dimen-
sion was four. This means that we do not have to
separately generate a substantial number of graphs
using QGRAF for the vertex functions. Instead in the
computation of the 2-point functions we merely make the
replacements [7]

by oy, 9AG
k2 k2 <k2)2
?kAZj R ?kAl};j+ 9D
k? k? (kz)

be
5 A\ Albj (5)

respectively for the ¢; and z, propagators where a, and
b, are the indices of the external leg. In the second
equation, the A matrices correspond to the matrices
from the vertices at either end of the propagator. They
are included so that internally one can distinguish which
vertex is being inserted in the FORM identification. This
algebraic expansion is straightforward to implement
within the program in the 2-point function. It is
truncated in such a way that no more than one term
deriving from the 1/(k?)? correction is retained. This

ensures that only the graphs corresponding to the vertex
functions themselves are selected. Both replacements are
implemented in each 2-point function with the g,
coupling constant being deduced from the ¢; 2-point
function. The other coupling is renormalized via the z,
2-point function. The advantage of proceeding in
this fashion, aside from not having to have a separate
vertex function computation, is that the Laporta algo-
rithm can be applied to both wave function and coupling
constant renormalization in the same full automatic
computation.

Moreover as we are interested in the renormalization of
the masses of the two fields we can simply implement a
replacement similar to (5) for this which is

Lo

k2 k2 (k2)2

1 1 u?

P - ﬁ + (kzz)z (6)

for the ¢, and z, propagators respectively [7]. The
replacement is truncated at O(u?) for i = ¢ or z. Here
the quantities y7 and w2 are not masses but merely

symbols which tag the origin of the additional term.
These are necessary in order to extract the renormaliza-
tion constants of the 2 x 2 mass mixing matrix of (1).
A similar procedure was used in [7]. The final part of
the automatic evaluation of the n-point functions is the
extraction of the renormalization constants. This is also
achieved automatically by the method discussed in [23].
For each of the Green’s functions leading to the wave
function, coupling constant and mass renormalization
one uses the Lagrangian with bare parameters such as g;
and the masses. The respective counterterms are intro-
duced by replacing the bare ones with the corresponding
renormalized variables. The overall divergence remain-
ing at each loop order after the lower loop counterterm
values have been determined is absorbed into the
respective counterterm for that particular n-point func-
tion. As we have implemented a zero momentum
insertion for the coupling constant renormalization, we
determine the renormalization group functions in the MS
scheme.

Given the number of Feynman graphs we had to compute
for (1) together with the presence of an O(N) symmetry the
full expression for each of the renormalization group
functions is cumbersome and are given in the Appendix,
and provided electronically in the Supplemental Material
[24]. To give a flavor of this, we record the expressions for
the specific case of N = 3. First, the two anomalous
dimensions are
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9t

5
v4(g:) = 59? + 35[-17g7 + 24919, — 11g3] 973

2
~ 5[29808239} ~ 66638} + 315429}, ~ 90724793 ~ 123834103 + 15288993 — 13587¢3) 5 2“2 =

+ 5[21663547285¢¢ + 12060576846 — 479623680¢ 568 + 18527170745 — 19296144034 g
+ 47029248¢ 44 g, + 33393187847 g, + 1529629928 2 + 84832272844 2 — 209018880¢ 56 g2
— 1065610074 g2 + 166779648563 g3 + 827910720453 g3 — 17995110063 3 + 20112624852
+ 34128864(, 07 g4 — 300464640053 + 2385931452 g% — 3761251285, g5 — 20085408L 49, 63

2
1 1082930944, g3 + 12183696 g5 + 3347568C,68 — 6857706145 — L+ (410 7
2 2 2 234012224 i

and

1 |
v-(9:) = B9t +795]— + 7[=4241 + 72919, — 339793 — 113g3] —
13 972

— [178848C,¢¢ — 47347540 + 404712439, — 136080¢ 3% g2 — 1304734462 + 38656843 g3 — 176001¢2 g
1 1 1 192 192 152 192

1
6 6
+ 3719528395 — 121753195] 555525

+ [119362896( 58 + 6030288L,45 — 239811840548 + 6008389048 — 175624848597, + 14696644979
+ 3251115847 g, + 135218160258 g2 + 99610560¢,g8g3 — 209018880C 595 g% — 97863857 4% 2
+ 3200057282503 g3 + 1200225600493 g3 — 3273241446563 + 105561792 g% g% + 55275696C 4 o
— 6009292805 g% g4 + 389081833g%g4 — 10235937633 g5 + 22917148843 g5 + 390186725635
— 13390272¢,2 g8 — 915423392 g5 + 41900846435 + 15023232¢,g8 — 598752000 568

1
— 5537907945] e O(g!%) (8)

where (, is the Riemann zeta function and g; in the order symbol represents either coupling constant. The two (UV) beta
functions are

1 9 g
Bi(g:) ==5¢01 = [-1791 +42019: = T3] 5+ [-6617g} + 35917, — 19889163 +26250163 = 79168 7o 1
— [4380480¢345 + 246968548 — 19595528547 9> + 995337093 g2 + 98975528341 3 — 320610541 g3
+10723104¢593 g3 — 364417293 g3 + 2830464362 g5 +4790919¢3 g5 — 2231712839, 93

5 6 61 91
4461618103 + 37195238 — 1217531§] oo

+[=13032226080¢395 — 571011120, 4% + 5888920320 5g% — 254512958545 — 6517823760391 9,
+2609143488¢,9] g, + 18674530560¢ 5979, — 14014594272g] g, — 41976125856( 36595 — 1654270128¢ 448 g3
+41686202880¢56%g5 + 1287653416093 +55393105824¢ 393 93 + 2510431056497 g3 — 534173875208 597 93
— 60385440784, g3 — 62879166000¢ 391 g3 — 739159344¢ 4 g1 g3 + 63110638080¢ s g1 g5 + 87247337384 g5
+26658589104¢393 g5 —2891318976( 493 g5 — 19379969280( s g3 g5 — 843154830093 g5 — 32862267648 39765
—1099390320¢ 49795 -+ 30451438080¢ 5 9795 + 355437328443 65 — 7103920320 3.9, g} + 256456368( 4,9, 9
410777536000 591 g3 — 2523920709, g} 4 12570253924 565 + 45069696 4 g5 — 1796256000 5 65

g
- 16613723793]M+ O(g!) (9)

and
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1 1 1
Pa(9:) = —5€9: =61 = 39192 = 1393] 35+ 54991 — 5374192 + 7479193 — 42093 95 = 29513] I8

— [~6298565g] 4 15017224] + 16485128548 g> — 469209¢% g, + 2822688( 3567 — 1281780¢] 63
+1006992¢5g* g3 + 106643744 3 — 637632034 g + 1008810g3 g — 5638835295 + 25492328541

1
—1449209¢]] 139968

+[=297429408¢ 3 97 + 150815524 497 +876199680¢ 5 g7 — 47821234897 — 1099291824¢ 368 g,
—142615728¢44% g, + 1323630720¢ 565 g5 — 595005233 g, + 3065116464¢3g] g3 — 21205152491 63
—3532792320¢59] g3 + 4882123624 g3 — 6242637600 36° g3 + 2894771528448 3 + 6083942400 5 6 g3
+780950008¢C g3 +4325835456( 3} g3 + 182693232¢, 93 g3 — 2768567040¢ 5 93 g3 — 2207956584 4] g3
—6776964144¢5 gt g5 — 38537856( 4 g5 + 55380672005 g g5 + 56939050647 g5 — 1272647376393 65
+254531808¢ 44795 + 15396480005 g3 g5 — 26198535043 S +273150144¢ 397 g5 — 101570112497 g5

1

62132436493 g5 —4547016000¢ 3 g5 — 298260144¢ 495 + 34673184008 595 + 71052522995] 7558272

+0(g!").
(10)

For the renormalization of the masses we define the mixing matrix of anomalous dimensions by ;;(g,) where the masses of

¢; and z,, are labeled respectively by 1 and 2. The presence of the two tags u? allows one to extract the four respective
renormalization constants by the same method as [7] which results in

10 i
—r11(9i) :—39%4‘25[—239%—219192 +7g§]ﬁ

2
—35[51840¢3 g1 + 558419t — 155528593 g, — 2837443 g, + 5184393 g5 + 42923 g3 g3 — 2418, g§+367zg§]1ojﬁ

+5[—260546544¢36° — 263046528, 95 + 345487680¢ 5 0 — 1105616335g° — 1164844800347 ¢,
+459025056¢ 497 g, — 88179840¢ 597 9> — 25894789247 g, — 1012943232¢ 3 g g5 — 332797248 461 95
1142230816054} g3 — 7404076441 g3 — 2119745376 393 g5 — 543775688493 g5 + 16852147208 563 95
—1174540924; g3 — 1103962608(3 97 g5 — 55030752¢ 497 g3 + 1913829120¢ 5 9 g5 — 77645504363 65
+43382304¢ 39,95 +40170816¢,49, 95 — 119868840¢, g3 — 10977120395 — 6695136 4,65

2
g
+68062526gg]m+0(g}°) (11)

>
g
—721(9:) = —g1 + [17g} — 63919, — 2143] é

— [~23328¢3g1 + 83771g} — 5231843 g, — 6048839795 + 8813¢7 g3 — 60480839, 93 + 74624, 93

2
91

3888

+ [=73183392¢36% — 72316808,9¢ + 124688160¢5g° — 340301724° + 120331008343 9>
—10859184£,7 g, — 1581249605039, — 87191811g7 g, — 3123792¢39t g5 — 12845952¢,41 63
+108864008sgt g3 — 47057234gt g5 — 142309445393 g3 — 13281408¢ 49193 — 1265544008593 93
+64341480g3 g3 + 11941776397 g3 — 18996768( 467 g — 25855200¢ 567 g4 — 6053031643 g4

—17720640¢391 g3 + 31652208L 49, g5 — 6749568059, 43 — 58803297g, g3 + 35925128548

+5577641]

2
24494408495 — 175303845 I O(gl? 12

096014-6



TENSOR O(N) MODEL NEAR SIX DIMENSIONS: ... PHYS. REV. D 98, 096014 (2018)

5 7
—712(9i) = —59% + 5[29% — 189919, — 149%] Flz
— 5[—88128539‘1‘ + 2442509‘1‘ - 81648C3g?92 - 439749?92 + 45360539%93 + 746699%9% - 272164’39193
g
34992
+ 5[—209158200539? + 17128584C4g? + 33650640055g? - 204713141g? + 309799728@“39?92

—11512368C,559> — 4302849605 " g, — 26339464241 g5 — 270254885 g% — 1142255528, 2
165318400 56402 + 1477399044 g3 — 230247368343 g3 — 20575296( 463 g3 — 507034080853

—139482¢, 3 + 27216394 + 77273 43]

+220078110g3 g3 + 863881205534 — 31230360842 g% — 432734400567 g — 18636284134
5239080083919 + 19350576(49,93 — 11920608059, g3 — 1665992169, g3 + 41504400¢ 568

2
—16819488, 8 + 293932807 <8 — 1876515248] — 2L 4+ (10 13
1 1
—722(9:) = =[-391 + 3593] T (6334} — 31539, + 5469763 + 95943] 156

— [1228608¢548 — 8235348 — 1143072837 g, — 69300¢° g, + 231336085 2 + 37466734 2

+489888¢37 95 — 231008447 g3 + 31313162 g5 + 2004912¢345 + 992490145

1
209952

4 [186594192¢59% — 7501118498 — 359134560¢ 595 — 32343898748 — 724653216¢59] g»
1531773424491 g, — 401708160591 g, — 594763890g] g, — 3673252808 390g3 — 614646144¢,6595
1736464960 56° g3 + 4273255004° g3 — 3795924384¢ 303 g3 — 194975424¢ .93 g3 + 2478833280507 93
123459553647 g3 — 2130450336 5} g3 — 305526816 447 g3 + 477804096059t g3 — 308852799541 g4
—328769280¢34; g5 + 2020788008497 95 + 264539520593 g5 — 10888714243 g5 + 351975456397 95
~79525152, 9795 + 546998382475 — 3258671472833 — 753366096¢ 4,98 + 6203342880¢ 545

—109164930048] + O(g19)

11337408

for N =3. In accordance with our definition of
e = (6 —d)/2, further definitions of anomalous dimen-
sions, beta functions, and the mass matrix in Egs. (7)—
(14) also differ from standard definitions [3] by an
overall factor of two, to agree with the ones used in [7].
We will provide the standard values of the exponents
below.

One aspect of a high loop order computation such as
the one undertaken here is ensuring that it is correct.
Given the way we enacted the renormalization auto-
matically already provides one internal check. This is
because the nonsimple poles in ¢ of the renormalization
constants are not independent. Instead they are precisely
determined by all the poles in the renormalization
constant from the lower loop order. We note therefore
that this internal renormalization group consistency
check was satisfied in all the renormalization constants
computed which gives us confidence in the correctness

(14)

|
of our calculation. Another hidden check emerges from
an observation to do with the fixed-point structure of the
N =3 case. By solving f;(g;) =0 for the critical
couplings it transpires that there is a solution where
g; = —g5. This was observed originally in the one-loop
calculation [8] and as we show in the next section
corresponds to an emergent U(3) symmetry, at which
the anomalous dimensions of both fields become iden-
tical. In [7] the renormalization group functions for a
six-dimensional cubic scalar field theory with U(N,)
symmetry were computed directly. Specifying those
results to U(3) and evaluating the corresponding critical
exponents we find exact agreement with those of (1) at
the emergent U(3) fixed point, which provides a solid
check on our O(N) tensor theory. In particular the
(standard) anomalous dimensions 7, = 2y,(g;) and n, =
2y.(g7) at the U(3)-symmetric fixed point are
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10 1000

o === 33T 11979

+ 10[5936914368¢5 + 170772624¢, — 50259528005 — 192710239]

+———¢? + 10[104544¢5 + 220057

3

_c
4348377
4

€ 5
1735380553 T 9@ (13)

where the one-loop term is in agreement with [8] and the two-loop term is in agreement with [25]. The fixed-point

values of the couplings are

3 1301
*\2 __ *\2 _— 7
(91)" = (9)" = 11€+3993

+ [107879214960¢5 + 2732361984, — 76753591200¢ 5 — 6440858957

€ + [1672704¢; + 3301487

3

€
5797836

4

5
o470765106 T Ol€)- (10)

Using these values then the higher order corrections to the universal exponents corresponding to the two IR relevant
directions out of the critical surface are deduced from the eigenvalues of the mass mixing matrix y;; at the fixed

point. We find

2 6250
:2 —
O =2+ 3¢ 1979

+ 534660692005 + 20492714884 + 553560480085 + 5263987741]

50 3830
0y =2 337 ' 3993

+ 5[132436914192¢5 + 88801764484 — 117320322240¢5 + 26569626097 |

where 6; are the two eigenvalues of the matrix
2(6;; +7i;(g;))- Recall that our € = (6 — d)/2 yields the
one-loop term in agreement with [8]. The eigenvector
corresponding to the larger eigenvalue (6,) is also at every
order a symmetric combination of the two masses, just as
one would expect for the U(3)-symmetric theory. This is
then yet another check on our calculation.

III. EMERGENCE OF U(3) SYMMETRY

Let us next show that on the line g; + g, = O the last
two terms in (1) for N = 3 can be rewritten in a manifestly
U(3) invariant way. Consider Tr(M?) where M is a three-

dimensional, traceless, Hermitean matrix. It can be
expanded in terms of Gell-Mann matrices as
M = 7,A + ¢;S", (18)

where A“ are the five real, and S’ the three imaginary Gell-
Mann matrices, with matrix elements

(Si)jk = ieijkv (19)

with €;;; as the fully antisymmetric tensor. We make no
distinction between upper and lower indices, and use them
both solely for notational clarity. Evidently, the three S are
the generators of SO(3) in the adjoint representation, and

€2 + 5[209088¢5 + 285869)

+ =€+ ——¢> + 527181445 + 5472707]

3

1449459

4

€ 5
o470765106 T 9

63

4348377

4

5
470765106 ~ O (17)

|

the five A are a second-rank tensorial representation of the

same group. Taken together the eight matrices close the

algebra of SU(3), as is well known.

Then,
Tr(M?) = 2,252 Tr(A“APA°) + 32,600 Tr(A“S'ST)
+ 3zazb¢kTr(A“AbSk) + ¢i¢j¢kTI'<SiSjSk).

(20)

The last two terms are identically zero. Consider first the
last term:

¢i¢j¢kTr(SiSjSk) = =i} i DrEinm€ jmi€xin- (21)
Since €€ = 651, — 6;;0;, the last line reduces to
—ihihjpr(€rij — dijexn) = 0. (22)

The third term in Eq. (20) is proportional to

i
2a2p P Tr(AA"S*) = Ezazbqﬁk (A?jA?l + A?jAJb'i)ekln (23)
where we used the symmetry property of the A matrices in
the second term. By exchanging the indices i and [ in the
second term we can further rewrite this as
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i
5 2a2pPeNGAD (i + €xir) = 0.

; (24)

Finally the second term in Eq. (20) can be simplified as
3Za¢i¢jTr(AaSiSj) = _3Za¢i¢jA;lj’ (25)
using the tracelessness of matrices A“.

Altogether, the field theory (1) for N = 3 and when ¢, =
—g, can be written simply as

1
£ = Te(9,M)° + %Tr(M3), (26)
which is invariant under a global transformation
M — UMU", (27)

where U is an arbitrary three-dimensional unitary matrix.

IV. EVOLUTION OF CONFORMAL WINDOWS

One-loop beta functions display IR-stable fixed points
when N falls within certain intervals, as discussed in [8].
Let us briefly recapitulate these results, as they will be now
confirmed and extended. First, besides the Gaussian fixed
pointat g; = g, = 0, for any N < 4 there is a fixed point at
g1 = 0 and g, ~ € at which the fields ¢; and z, decouple,
first identified by Priest and Lubensky [26]. For 1 < N <
2.653 there is an IR-stable fixed point at finite g, and g, (the
fixed point “B” in Fig. 2 in [8]). When N — 2.653 the latter
fixed point runs away to infinity, in this way terminating the
first conformal window within the one-loop approximation.
Increasing N further, at N = 2.999 two new fixed points
at finite g; and g, appear, one of which is IR-stable, and the
other one is of mixed stability, just like the still present

26F
24F
Z 23t
20f * o]

0000 0005 0010 0015 0020 0025 0030

6-d

2

FIG. 2. N_.(e) extracted from three-loop S functions, for
2 < N <2.6535. The fit to points is a Taylor expansion in
€'/2, given by Eq. (3) in the Introduction. The Wilson-Fisher IR
fixed point exists below the curve.

2.7

é—loop

3-loop |
2.6 4-loop
2.5 R
24 R

=
23 E
22 R
2.1 R
2t I I I I I
0 0.006  0.01  0.015 0.02 0.025 0.03
(6—d)/2
FIG. 3. Comparison of N, (e) extracted from two-loop, three-

loop, and four-loop f functions, for 2 < N < 2.6535.

Priest-Lubensky fixed point (Fig. 3 in [8]). For N = 3 the
IR-stable fixed point is at the U(3)-invariant line
g1 + 9> = 0, at which the fields ¢; and z, acquire identical
anomalous dimensions. As N — 3.684 the IR-stable fixed
point at finite g; exchanges stability with the Priest-
Lubensky fixed point at g; = 0, which now becomes IR-
stable. Finally, at N = 4 the Priest-Lubensky fixed point
itself runs away to infinity as well [26].

In sum, to the leading order the beta functions of the
theory (1) in tensor representation display two conformal
windows: (1) 1 < N < 2.653, which surrounds the
point N =2, and (2) 2.999 < N <4, which contains
N = 3 very close to the left edge of the window, and also
exhibits the exchange of stability between two fixed points
at N = 3.684.

The values of the boundaries of the conformal windows
quoted above may be understood as the leading (~e?)
approximation to some unknown functions N,(€)
[6,27,28], which may be expressed as Taylor series in
€'/2. Tracking the evolution of the fixed-point structure of
the two-loop beta functions, for example, we determine the
conformal regions in the N-e plane, within which an IR-
stable O(e) fixed point in the theory (1) exists (Fig. 1).
Adding the third and fourth loop terms turns out to alter this
structure only quantitatively, and only slightly (Fig. 2 and
Fig. 3). The principal new feature brought by two loops and
higher is the appearance of the O(1) fixed points already at
d = 6, with mixed stability, which collide with and anni-
hilate the IR-stable O(e) fixed points at the upper edges of
both conformal regions. This scenario replaces the runaway
to infinity of the IR-stable fixed points at N = 2.653 and
N = 4 observed in the one-loop calculation. In fact, near
these boundary values the mixed-stable fixed point in
question at d = 6 becomes weakly coupled, since it is
proportional to ~(2.653—N) for N <2.653, and to ~(4—N)
for N < 4, so that at small epsilon and near and left of both
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N = 2.653 and N = 4 the boundaries of both conformal
regions result from a collision of two weakly coupled fixed
points. The forms of both lines at ¢ =0 are this way
determined solely by the universal coefficients of the two-
loop beta functions. While for the left conformal window
the exact form seems difficult to obtain analytically due to
both beta functions being involved, the right conformal
window is determined only by the second beta function at
g1 =0, and as N — 4 is given by

441

=354~ NP +O0((4 = N)). (28)

€

The present calculation also agrees well with what was
previously found for N = 2 at two loops [12], which is now
a point on the line that goes from (1,0.154) to (2.653,0) in
the (N, €) plane. Focusing on this line alone for a moment,
we show in Fig. 2 the result of the three-loop calculation,
together with a fit to the points provided by the Eq. (3). The
two leading terms in this expansion should be universal.

One also notices nearly vertical lines on the left edge and
inside the right conformal region in Fig. 1. The first
corresponds to the collision of the two O(e) fixed points
as N approaches it from the right, and the second to the
exchange of stability with the Priest-Lubensky fixed point.
Both lines are in fact slightly bent towards the left for ¢ > 0.
Finally, we should mention that precisely at N = 3 with
increase of ¢ two things happen in succession: first, at a
very low value of ¢ the U(3)-symmetric IR-stable fixed
point and the second mixed-stable O(¢) fixed point very
close to it exchange stability, so that the U(3)-symmetric
fixed point acquires mixed stability in the g;-g, plane.
Increasing e further at fixed N = 3 then ultimately brings
the new IR-stable [but U(3)-asymmetric] fixed point in
collision with another O(1) fixed point, just as at any other
N. The U(3)-symmetric mixed-stable fixed point is still
present at the tip of the right conformal region, and
disappears only at a higher value of ¢, via collision with
another IR-unstable fixed point that lies at the U(3)-
symmetry line.

V. SUMMARY AND DISCUSSION

In conclusion, we considered a higher-loop perturbative
renormalization group for the tensorial representation of the
O(N)¢* model close to six dimensions. In general, the
Wilson-Fisher IR-stable O(¢) fixed point which was pre-
viously found in the one-loop calculation with increase of the
parameter € = (6 — d)/2 becomes complex at some value of
€ which is low enough to render the theory trivial in d = 5.
This, however, happens only because higher loops in the beta
functions generally introduce a nontrivial O(1) mixed-stable
fixed point which exists even in d = 6, and which collides
with and annihilates [29] the IR fixed points at some finite .
We nevertheless obtained the critical exponents of the IR fixed
points to the order e*. The O(1) mixed-stable fixed point

becomes weakly coupled in the right corners of both
conformal windows, where it can be understood as another
example of a Banks-Zaks type of fixed point.

It should be emphasized that the disappearance of the IR
fixed points in the theory (1) before the physical (integer)
dimensions such as d =5 necessarily comes at a price:
since at small € a real IR fixed point exists both for N = 2
and N = 3, it can be moved into the complex plane only
through a collision with another fixed point with mixed
stability. As a matter of principle, such an additional fixed
point may either appear at a finite €, or exist already at
d = 6. We find generally the latter to be true in two- and
higher-loop beta functions for the tensor representation. At
N = 2 there is no O(e) fixed point other than the decoupled
Priest-Lubensky fixed point, whereas for N = 3 there is
another nontrivial fixed point with both g; ~€ and g, ~ ¢
available for a collision, but the IR-stable fixed point has a
larger emergent symmetry. In both cases one of the two
O(e) fixed points which could in principle collide lie at the
RG-invariant higher-symmetry lines: the mixed-stable
Priest-Lubensky fixed point at the decoupled line g; = 0
for N =2, and the IR-stable fixed point at the U(3)-
symmetric g; + g, = 0 line for N = 3. This feature pre-
vents their annihilation by any fixed point which is not on
the same special line, and the only event in which these
points can participate is an exchange of stability [30].
Therefore both for N = 2 and N = 3 the only option for the
ultimate annihilation of the IR-stable fixed point is by some
O(1) fixed point of mixed stability, which is precisely what
we find. The existence of the mixed-stable fixed point may
of course be simply an artifact of the perturbative expres-
sions for the beta functions. If that is the case, however, we
hope that the above discussion makes it clear that the theory
(1) will have IR fixed points at d = 5, at least within the
usual scheme of € expansion. If not, the infrared triviality in
d =5 is a consequence of the existence of a mixed-stable
nontrivial fixed point in d = 6, which is almost equally
interesting. The reader should note that the situation in the
scalar representation [4] is radically different: there with a
decrease of N the IR fixed point always collides with
another O(e) fixed point, so they either both exist in say
d = 5 or they both do not. This is similar to what one finds
in scalar electrodynamics, for example [28,31,32].

It seems also worth noting that the cases of N = 2 and of
N =3 are different in another important respect: the
mixed-stable fixed point that annihilates the IR-stable fixed
point at N = 2 is connected continuously to the perturba-
tive Banks-Zaks-like fixed point near N = 2.653. Provided
the Banks-Zaks fixed point survives the deformation of N
from N =2.653 to N =2 it may indeed annihilate the
Wilson-Fisher fixed point at some finite critical e¢. This
critical value, however, does not necessarily have to be such
that d. > 5. We find that the critical value of € at N = 2,
however, to be much smaller than unity, independently of
the approximation we take. At N = 3, on the other hand,
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the O(1) mixed-stable fixed point responsible for the
annihilation of the IR-stable fixed point is not connected
to the Banks-Zaks fixed point near N =4, due to the
stability exchange between the Wilson-Fisher and the
Priest-Lubensky  fixed points around N = 3.684.
Nevertheless, the fixed point that annihilates the IR-stable
fixed point at N < 3.684 eventually also becomes weakly
coupled, but at a higher value of N = 4.0057. As far as we
can tell this additional characteristic value of N turns out to
be close to N = 4 purely accidentally.

If we would ignore the observed loss of full IR stability
of the U(3)-symmetric fixed point with increase of epsilon,
it alone would in fact be more robust, and would become
complex due to a collision with an another U(3)-symmetric
fixed point at a somewhat higher value of ¢ = 0.21, in two
loops for example. The fixed point that collides with it,
however, does not appear to be of Banks-Zaks variety, and
its nonperturbative existence may be questioned.
Altogether, it is tempting to speculate that the Wilson-
Fisher fixed point at N =3 has a higher chance of
surviving in d = 5 than its N = 2 cousin.

In view of the above uncertainties it would obviously be
interesting to apply nonperturbative methods to the model
(1), such as recently developed conformal bootstrap [33].
Such a study directly in integer dimension has been already
performed for the scalar representation [34]. Extending
functional renormalization group to the tensorial represen-
tation (1) is also desirable. Such a calculation was also done
previously on the scalar representation [35], as well as on
the tensorial representation, but only for the special case

|

N = 2[12]. In the latter case the functional renormalization
group agreed with the two-loop calculation on the collision
of the O(e) IR and the O(1) UV fixed point at a small
critical value of e.
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APPENDIX: O(N) RENORMALIZATION GROUP
FUNCTIONS

In this appendix we record the full expressions for the
various renormalization group functions for the O(N)
theory. These are more involved compared with those of
the Hubbard-Stratonovich decomposition of [4]. When
compared to the specific expression for N = 3 in the main
text, the couplings g; in the appendix should be understood
as ig; in the theory (1).

The anomalous dimensions of the two fields are
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89027 133 152 549997
—mN498——C4N2 °g% — §4N29192——53N!]192——§3 N3gig5 — 139968 Nq g3
1347413 49709
~ 419904 N%g —fC4 ‘g3 — 53328 —sz glgz—*&; 29%92—*55N29‘f
184205 146111 29339
—139968N’g¥gz——é4 g - 419904N*9?9%—§C4 %9192 = Toa076 V. 91——C4N3glgz
4 2 2 68947
+@C3N39192 +— C4N9192 + §3N3gff +WC49§ +§C4gff + 554 39y + —— 69984 a1
175 34475 17 5 25
16253N91 += C4 26244N9192 + 5 SNt +3EN R + 5 EN g + —CaNzgﬁ‘
130469 133583
+WC59§ +EC4N2 9§+763N29192+ C4Nglgz+ 3499 NGl + 3499 ———Nglg
47 14 1075171 601 1345
+—C4N29?92+—C3N29192+ §3N9192 +W9§f+ 8 3k + 162NC391+ 54N9192
175 sy, 390847 1, i) 357235 281
Caglgﬁ 18 sgh + 3N3 Cag19p + 34992 9195 +fC4N Ry VTV C4N9192
146 125 172577 1972
9N2 L + CsNzg 9 + é’SN%gng +—§5N4 +—C49192 7776 ‘595 + 81N3 €Y
430423 43781 104 340 242405 . 500
+ 15552 g 1453 2 + 3N2 T +—CsN391gz + S830N §+—§5N919%
1712 4968941 805 2617 10 3193
27N3cfaglgz 69984 Ngigs + ngl nglgz+ OGNGg + 7631\’2
4168655 1108 1286 319897 4018 2755
31992 919+ ——Cag1 g8 + ——Cagigs + S1TN? ——— 9l + C% 192+—55N3 5
L1730 1732 640 3394969 1040
+oNT Gl +——CNgg3 + —CsN29192 +383 {5919 + 310 i nglgz
1076 . . , 20209543 P 32348 bt 3968 | 8070263 , 1094668 2
TN 4919 T e Y GNG19s +gpr 9193 + 7406 9195+ S1g7n 9
| 89015 15608 67060 1822484 , 5508667 , , 23680
T lgan 919 oy GO gy G919 + a9 s B T g 60
| 25664 35300 14560 1337791 170113 18944
27N3 ——= 009+ 69 + “ONZ &sobap + 729 g5+ g1 $39tgs + N3 $491
| 1601846 , o 205360 » 23296 p | 136340503 , 2030993 91712 p
720N 19+ ginE S99+ g L + S i + 0 TR
| 7801508 34240 37562 42560 18448 56960
T g%g§+ nglgz —— NG + $sdh + C492 N {59t
29440 - 1005920 p 12456544 - 501760 170597692 L4 732032
3NE S0t g G010 g 0+ T G 9§+ 6561?9192+ o e
354560 s 179200 208418240 . 12938752 . 46080 44544
ON {59 + i AN Cag3 + 720N3 %2 N3 {395 — N —— {5919 — N —— 0
4480 1208
— %49 13 — 32008593 g5 — 240085915 —VQQ‘]‘QZ 24085Ngi g5 — 200849395 — 155640793
100 160
—20¢5Nglg, + 10§5N39?9§ +40¢sN? g3 g3 + 728405 + 10085N? g g5 + V&dgz + Fésgzgz
1280 2400 4480 268 0
+280859793 + 549192 559 B+ N2 Cagi05 + 559 ——Lsqi9 | + O(g1°). (A3)

The full expressions for all the renormalization group functions are available in the Supplemental Material [24].
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