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Assuming the source of the anomalies observed recently in b → s data to be new physics, there is
a priori no reason to believe that—in the effective field theory language—only one type of operator is
responsible for the tensions. We thus perform for the first time a global fit where all the Wilson coefficients
which can effectively receive new physics contributions are considered, allowing for lepton flavor
universality breaking effects as well as contributions from chirality flipped and scalar and pseudoscalar
operators, and find the SM pull taking into account all effective parameters. As a result of the full fit to all
available b → s data including all relevant Wilson coefficients, we obtain a total pull of 4.1σ with the SM
hypothesis assuming 10% error for the power corrections. Moreover, we make a statistical comparison to
find whether the most favored explanation of the anomalies is new physics or underestimated hadronic
effects using the most general parametrization which is fully consistent with the analyticity structure of the
amplitudes. This Wilks’ test will be a very useful tool to analyze the forthcoming B → K�μþμ− data.
Because the significance of the observed tensions in the angular observables in B → K�μþμ− is presently
dependent on the theory estimation of the hadronic contributions to these decays, we briefly discuss
the various available approaches for taking into account the long-distance hadronic effects and examine
how the different estimations of these contributions result in distinct significance of the new physics
interpretation of the observed anomalies.
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I. INTRODUCTION

Currently among the most significant particle physics
measurements hinting to the observation of new physics
(NP) are the tensions between the standard model (SM)
predictions and the corresponding experimental measure-
ments in several b → slþl− decays. The first tension was
observed in the angular observable P0

5 in the B → K�μþμ−

decay with 1 fb−1 of data [1] at the LHCb experiment with
a significance of more than 3σ and later confirmed by the
same experiment with 3 fb−1 of data [2]. B → K�μþμ−

angular observables were also measured by the Belle [3],
ATLAS [4] and CMS [5] experiments with larger exper-
imental uncertainties. Another measurement indicating
larger than 3σ tension with the SM was performed by
the LHCb [6] in the branching ratio of Bs → ϕμþμ−.
Several other tensions with a NP significance of 2.2 −
2.6σ have also been measured in the ratios RK and RK� by
the LHCb [7,8]. These tensions in the ratios if confirmed
would establish the breaking of lepton flavor universality.
Moreover, smaller tensions with the SM predictions
(between 1 and 3σ) are observed in the branching ratios
of B0 → K0μþμ−, Bþ → Kþμþμ−, Bþ → K�þμþμ− [9] as
well as in the baryonic decay of Λb → Λμþμ− [10]. All the
tensions observed are in the decays with muons in the final
state, at low dilepton invariant mass squared (q2) and the
measurements are below the SM predictions. The tensions
in the branching ratios, angular observables or R ratios
point to a coherent picture of deviations with the SM and
they can all be explained with a common NP effect, namely

about 25% reduction in the CðμÞ
9 Wilson coefficient [11–13]

(see also Refs. [14–19]).
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While the tensions in the ratios are not very significant
and below 3σ at the moment, in case they are confirmed by
further experimental data, the only viable explanation
would be NP since the theory predictions of these
observables are very precise and robust [20,21] due to
hadronic cancellations. On the other hand, the observables
P0
5ðB → K�μþμ−Þ and BRðBs → ϕμþμ−Þ both receive

hadronic contributions which are difficult to estimate,
especially the ones emerging from nonfactorizable
power corrections. Nevertheless, the confirmation of the
P0
5ðB → K�μþμ−Þ anomaly by several measurements

makes it unlikely that the tension in P0
5 is due to statistical

fluctuations and hence either underestimated hadronic
effects or NP contributions are the more likely explanations
[12,22–34]. The significance of the tension in P0

5 depends
on the precise treatment of the hadronic contributions
[12,35,36].
The angular observables of the B → K�lþl− decay can

be constructed in such a way to minimize the hadronic
uncertainties emerging from form factor contributions
[37,38]. While an appropriate choice could offer specific
form factor independent observables (at leading order),
when considering the full set of angular observables and
taking into account the correlations (both experimental and
theoretical) in the global fit, the uncertainty merely shifts
from one observable to another and a change of basis would
not offer further physical information [35]. Moreover,
another source of hadronic uncertainties is due to nonlocal
contributions from four-quark operators, especially from
charm loops, which give rise to the nonfactorizable power
corrections.
The standard framework for the calculation of the

nonfactorizable hadronic contributions in the B →
K�lþl− decay [37–41], in the region where q2 is below
the J=ψ resonance, is the QCD factorization (QCDf)
method where an expansion of Λ=mb is employed
[42,43]. Within this framework higher powers of Λ=mb
remain unknown and are usually roughly estimated to be
some fraction of the known leading order QCDf terms.
However, there have been methods suggested for the
estimation of the power corrections using light-cone sum
rule (LCSR) techniques and employing dispersion relations
[31] and the analyticity structure of the amplitudes [44] as
well as an empirical model where the hadronic resonances
are described as Breit–Wigner amplitudes [45]. In this
paper we investigate how the different methods impact the
B → K�lþl− observables and in particular study the
tension with P0

5 within the several available implementa-
tions of the power corrections. We also examine how the
significance of the preferred new physics scenarios changes
depending on the employed method for estimating the
power corrections.
Alternatively, instead of making assumptions on the

size of the power corrections they can be parametrized
by a general function with a number of unknown free

parameters [19,46–48] and then fitted to the data. In this
case it is important to have the correct description of the
general function and to avoid disruption of the analyticity
structure of the amplitude. Specifically, the ansatz should
be in such a way as not to generate a pole in the longitudinal
amplitude of the B → K�lþl− especially if the data to
B → K�γ is to be considered since the longitudinal ampli-
tude should vanish when the intermediate γ becomes
on-shell. We present here for the first time a statistical
comparison of both hadronic parameters and new physics
contributions to Wilson coefficients within this general
parametrization using the Wilks’ theorem [49].
Considering the b → slþl− anomalies to be due to new

physics contributions there is a priori no reason to assume
that such contributions only appear in a single operator and
in principle several operators could simultaneously affect
b → slþl− transitions. We discuss how the BRðBs →
μþμ−Þ observable, which is usually used to neglect poten-
tial contributions from scalar and pseudoscalar operators,
cannot be solely considered for such a conclusion. We also
take into account that there are regions of parameter space
that allow for large contributions to these operators and that
in order to disregard the scalar and pseudoscalar contri-
butions, all b → s transitions should be globally consid-
ered. We perform NP fits in the most general case where all
the relevant Wilson Coefficients including the scalar and
pseudoscalar operators, can receive new physics contribu-
tions and explore how well scenarios with extended NP
contributions describe the b → s data. We examine whether
indeed simultaneous contributions to several operators are
favored or not. This also allows us for the first time to
determine the SM pull taking into account all effective
number of degrees of freedom (d.o.f.), in which the
insensitive coefficients are not counted.
The rest of the paper is organized as follows. In Sec. II

the general ansatz for the power corrections which respects
the analyticity of the amplitude is given where we make
statistical comparisons of the hadronic and NP fits to
B → K�μþμ− observables. In Sec. III we discuss the
various methods available for implementing the hadronic
contributions relevant to B → K�lþl− decay and examine
the most favored scenarios and the corresponding signifi-
cance depending on the employed method. Finally, we
discuss the global fit to all possible Wilson coefficients
which impact the b → slþl− transitions including scalar
contributions in Sec. IV, and give our conclusions in Sec. V.

II. HADRONIC VERSUS NP CONTRIBUTIONS
IN B → K�l+l−

The b → slþl− transitions are described via an effective
Hamiltonian which can be separated into a hadronic and a
semileptonic part:

Heff ¼ Hhad
eff þHsl

eff ; ð1Þ
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where

Hhad
eff ¼ −

4GFffiffiffi
2

p VtbV�
ts

X

i¼1;…;6;8

CiOi;

Hsl
eff ¼ −

4GFffiffiffi
2

p VtbV�
ts

X

i¼7;9;10;Q1;Q2;T

ðCiOi þ C0
iO

0
iÞ: ð2Þ

For the exclusive decays B → K�μþμ− and Bs → ϕμþμ−,
the semileptonic part of the Hamiltonian which accounts
for the dominant contribution, can be described by
seven independent form factors S̃, Ṽλ, T̃λ, with helicities
λ¼�1, 0. The exclusive B → Vl̄l decay, where V is a
vector meson can be described by the following eight
helicity amplitudes:

HVðλÞ¼−iN0
�
Ceff
9 Ṽλ−C0

9Ṽ−λ

þm2
B

q2

�
2m̂b

mB
ðCeff

7 T̃λ−C0
7T̃−λÞ−16π2N λ

��
; ð3Þ

HAðλÞ ¼ −iN0ðC10Ṽλ − C0
10Ṽ−λÞ; ð4Þ

HP¼ iN0
�
ðCQ2

−C0
Q2
Þþ2mlm̂b

q2

�
1þms

mb

�
ðC10−C0

10Þ
�
S̃;

ð5Þ

HS ¼ iN0ðCQ1
− C0

Q1
ÞS̃; ð6Þ

where the effective part of Ceff
9 ð≡C9 þ Yðq2ÞÞ as well as

the nonfactorizable contribution N λðq2Þ arise from the
hadronic part of the Hamiltonian through the emission of a
photon which itself turns into a lepton pair. Due to the
vectorial coupling of the photon to the lepton pair, the
contributions of Hhad

eff appear in the vectorial helicity
amplitude HVðλÞ. It is due to the similar effect from the
short-distance C9 (and C7) of Hsl

eff and the long-distance
contribution from Hhad

eff that there is an ambiguity in
separating NP effects of the type CNP

9 (and CNP
7 ) from

nonfactorizable hadronic contributions.

A. Most general ansatz for the nonfactorizable
power corrections

The nonfactorizable term N λðq2Þ contributing to HVðλÞ
is known at leading order in Λ=mb from QCDf calculations
while higher powers can only be guesstimated within
QCDf. These power corrections are usually assumed to
be 10%, 20%, etc., of the leading order nonfactorizable
contribution. On the other hand, instead of making such
a guesstimate on the size of the power corrections they can
be parametrized by a polynomial with a number of free
parameters which can be fitted to the experimental
data [46].

In our previous work (Ref. [47]) we assumed a general
q2-polynomial ansatz for the unknown contributions

hλðq2Þ ¼ hð0Þλ þ q2

1 GeV2
hð1Þλ þ q4

1 GeV4
hð2Þλ : ð7Þ

We used the measurements on B → K�μþμ− observables

below the J=ψ resonance to fit the free parameters hð0;1;2Þλ .
However, it turns out that this ansatz that was used in [46] is
not compatible with the general analyticity structure of the
amplitude HVðλÞ in the case of λ ¼ 0, in particular there
should be no physical pole in the longitudinal amplitude
for q2 → 0 which is relevant when the branching ratio of
B → K�γ decay is considered and in principle can affect the
results. In the current paper, we also consider the exper-
imental result on BRðB → K�γÞ, thus compatibility with
the analytical structure for q2 → 0 is mandatory.
We have therefore modified the hλðq2Þ ansatz for λ ¼ 0

and have kept the same ansatz for λ ¼ � (see Appendix A)

h0ðq2Þ¼
ffiffiffiffiffi
q2

q
×

�
hð0Þ0 þ q2

1GeV2
hð1Þ0 þ q4

1GeV4
hð2Þ0

�
: ð8Þ

This modified definition for hλ is the most general ansatz
for the unknown hadronic contributions (up to higher order
powers in q2Þ which is compatible with the analyticity
structure assumed in Ref. [44].
The radiative decay B → K�γ can be described in terms

of the helicity amplitudes HVðλ ¼ �Þ [22]

AλðB̄ → K̄�γÞ ¼ lim
q2→0

q2

e
HVðq2 ¼ 0; λÞ

¼ iNm2
B

e

�
2m̂b

mB
ðC7T̃λð0Þ − C0

7T̃−λð0Þ

− 16π2N λðq2 ¼ 0Þ
�
; ð9Þ

with N λðq2Þ≡ leadingorder inQCDfþhλðq2¼0Þ where
the leading order contributions in QCDf include the vertex
corrections, spectator scattering and weak annihilation
contributions and can be found in Refs. [42,43,50–52].
With the description in Eq. (8) for the power corrections,
the B → K�γ decay can also be described correctly without
developing a pole at q2 → 0.
We show in Appendix A that the effect of NP contri-

butions to B → K�lþl− observables from C7 and C9 can
be embedded in the most general ansatz of the hadronic
contributions. Thus it is possible to make a statistical
comparison of a hadronic fit and a NP fit of C9 (and C7)
to the B → K�μþμ− data.
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B. Hadronic fit vs NP fit to δC7;9

In order to investigate whether the B → K�μþμ− data are
better explained by assumingNPor underestimated hadronic
contributions, we have done separate fits for each casewhere
only the low q2 data have been used (see also Ref. [47]). For
the fits we have considered BRðB → K�γÞ [53], BRðBþ →
Kþ�μþμ−Þq2∈½1.1−6.0� GeV2 [9] and the CP averaged observ-
ables of theB → K�μþμ− decays [2,54] in the low q2 bins up
to 8 GeV2. For the theory predictions SUPERISO V4.0 [55,56]
has been used. The SM prediction of BðþÞ → KðþÞ�μþμ−
observables can be found in Ref. [35]. Using the
“LCSRþ Lattice” result for the T1ð0Þ form factor [57]
we have BRðB → K�γÞ ¼ ð4.29� 0.85Þ × 10−5 (see e.g.,
Ref. [58] regarding the effect of the form factor choice).
For the hadronic fit, employing the parametrization of

Sec. II A,wehavevaried the18 free parameters describing the
complex hð0;1;2Þþ;−;0 . Most of the fitted parameters are consistent
with zero (see Table I) as they have large uncertainties,
however, this can be changedwithmore precise experimental
results and finer q2 binning in the future.
We used the same set of observables to make one and two

operator NP fits to δC9 and δC7;9 assuming the Wilson
coefficients to be either real or complex in Table II.
Interestingly the real parts of the best fit point for δC9 in all
four cases are compatible within their 68% confidence level
and all these NP scenarios have a better description of the data
compared to the SM hypothesis with larger than 4σ signifi-
cance. The fits suggest sizeable imaginary parts for theWilson
coefficients, with rather large uncertainties. In principle con-
sidering theCP asymmetric observables of the B → K�lþl−

decay should allow us to further constraint the imaginary parts
of the Wilson coefficients but the current experimental data
on the relevant CP-asymmetric observables [40,41] such as
A7;8;9ðB → K�μþμ−Þ1 are not stringent enough to put any
significant constraints on the imaginary parts.
As shown in Appendix A, the effect of new physics

contributions to observables from C7 and C9 can be
embedded in the more general case of the hadronic
contributions. Due to the embedding, any lepton flavor
universal new physics contribution to the Wilson coeffi-
cients, C7 and C9 can be simulated by some hadronic effect
and it is not possible to rule out underestimated hadronic
explanation in favor of the NP one by only consideringCP-
averaged B → K�μþμ− observables.2 However, there can

be a statistical comparison between the NP fit versus the
hadronic contribution fit since the embedding of CNP

7;9

contributions in the hadronic ones results in nested scenar-
ios which can be statistically compared. Employing the
Wilks’ theorem, two nested scenarios can be compared by
considering the difference in the minimum χ2 of each
scenario and the difference between the number of param-
eters for each scenario. In Table III the significance of the
improvement of the fit in the hypothesis with more free
parameters has been compared to the ones with less free
parameters using the Wilks’ theorem. Clearly, the scenario
of real valued NP contribution for each Wilson coefficient
is nested in the NP scenario with the same Wilson
coefficient with complex values. Moreover, as shown in
Appendix A, NP contributions in C7 and/or C9 can be
considered as a nested scenario with respect to nonfactor-
izable hadronic contributions. In the last column in
Table III which describes the improvement of the hadronic
fit with respect to the NP fit, we have considered the case
where all 18 parameters describing the hadronic fit
[Eqs. (7) and (8)] are free parameters and the result has
been compared to the NP fits which are equivalent to only

having 1,2 or 4 parameters in hð0;1;2Þþ;−;0 to be free. While the
hadronic solution and the NP explanation both have a better
description of the measured data with a significance of
larger than 3σ, there is always less than 1.5σ improvement
when going from the NP fits to the hadronic one. Compared
to the scenarios with real contributions to C9 or C7;9, the NP
fit has ∼2σ improvement when the Wilson coefficients are
considered to be complex.
The slight differences of Tables I–III compared to the

relevant similar results of Ref. [47] are due to the modified
parametrization of the hadronic contributions for λ ¼ 0,
and also due to the inclusion of two additional observables,
BRðB → K�γ) and BRðBþ → Kþ�μþμ−Þq2∈½1.1−6.0� GeV2 .

TABLE I. Hadronic power corrections fit to BRðB → K�γÞ,
BRðBþ → Kþ�μþμ−Þq2∈½1.1−6.0� GeV2 and the B → K�μþμ− ob-
servables in the low q2 bins up to 8 GeV2.

Observables in the low q2 bins up to 8 GeV2

(χ2SM ¼ 54.9, χ2min ¼ 14.7)

Real Imaginary

hð0Þþ ð1.67� 2.15Þ × 10−4 ð−1.17� 1.84Þ × 10−4

hð1Þþ ð1.55� 32.01Þ × 10−5 ð−1.65� 2.35Þ × 10−4

hð2Þþ ð−1.65� 72.01Þ × 10−6 ð4.36� 3.73Þ × 10−5

hð0Þ− ð−2.13� 1.77Þ × 10−4 ð4.79� 3.24Þ × 10−4

hð1Þ− ð3.69� 12.56Þ × 10−5 ð−5.31� 3.71Þ × 10−4

hð2Þ− ð1.29� 1.84Þ × 10−5 ð5.79� 6.93Þ × 10−5

hð0Þ0
ð−3.61� 36.99Þ × 10−5 ð6.89� 4.52Þ × 10−4

hð1Þ0
ð3.63� 2.98Þ × 10−4 ð−6.52� 2.77Þ × 10−4

hð2Þ0
ð−3.97� 4.45Þ × 10−5 ð8.55� 4.12Þ × 10−5

1For the correct sign of J7;8;9 see Ref. [59] where the
information on the helicity angle ϕ is unambiguous.

2In principle, the embedding can be broken even with flavor
universal new physics contribution to the Wilson coefficients, C7

andC9 since the imaginary parts inWilson coefficients correspond
to CP-violating “weak” phases while the imaginary parts of the
hadronic contributions correspond to CP-conserving “strong”
phases [40,41,60,61].However, the current data onCP-asymmetric
observables for B → K�μþμ− [2,62] and B → K�γ [53,63–66] are
not constraining enough to allow us to make this differentiation.
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Nonetheless, the conclusion remains the same; adding
14–17 more parameters compared to the new physics fit
does not significantly improve the fit (although the
improvement of the hadronic fit compared to NP one is
now slightly larger).
The results indicate preference for rather large imaginary

parts in the fit parameters which is the consequence of not
having included CP asymmetric observables in our fits as
the available experimental results on such observables are
not very constraining at present. Thus, at the moment the
statistical comparison favors the NP explanation and more
constraining data on CP-asymmetric observables would be
needed to determine whether it should be real or complex.
However, the situation remains inconclusive. With the set
of observables considered in this analysis, the NP fit can be
embedded in the hadronic fit. In this sense one cannot
disprove the hadronic option in favor of the NP one as
discussed above.

With the present results, there is no indication that higher
powers of q2 than the ones which are attainable by NP
contributions to C7 and C9 would be required to explain the
B → K�μþμ− data. However, this might be due to the size
of the current q2 bins which can potentially smear out a
significant q2 dependence and thus smaller binning can
shed more light on this issue.3 Moreover, an unbinned
analysis may show a hadronic structure which is hidden in
the present data due to the large bins and the release of
unbinned data to the theory community could potentially
clear up this issue (see also Refs. [44,45,67,68]).
In principle, one could have higher powers of q2 in the

parametrization of the hadonic contributions of Eqs. (7)
and (8) and it would clearly still keep the embedding of NP
contributions. In fact, if a fit would show preference for

such higher power terms (e.g., hð3Þλ ) it would indicate that
the B → K�μþμ− data would be best described by under-
estimated power corrections since NP contributions would
not be able to mimic such q2 terms. However, as can be

seen from Table I, the fitted parameters hð0;1;2Þλ are almost
all compatible with zero, within the 1σ range, which is due
to the fact that the current data on the B → K�μþμ− decay
are not constraining enough to further constrain the 18 free

parameters. Hence including hð3Þλ terms in the parametriza-
tion would results in 24 unknown parameters and con-
sequently even looser constraints on the fitted parameters.
Furthermore, since the Wilks’ test indicates that helicity-
and q2-dependent terms beyond the NP contribution from
C9 are not statistically preferred, it can be understood that
adding higher powers of q2 in the power correction ansatz
would not change our conclusion.

III. THEORETICAL ESTIMATIONS OF THE
HADRONIC CONTRIBUTIONS

The short-distance NP contributions due to δCNP
9 (and/or

δCNP
7 ) can be mimicked by long-distance effects in hλ.

Therefore, a proper estimation of the size of the hadronic
contributions is highly desirable and crucial in determining
whether the observed anomalies in B → K�μþμ− observ-
ables result in a significant NP interpretation. There are
different approaches offered in the literature in order to
estimate the hadronic contributions, on which we elabo-
rate below.

A. Various approaches

In the “standard” method the hadronic contributions are
estimated using the QCD factorization formalism where the
factorizable as well as nonfactorizable contributions from

TABLE II. One and two operator NP fits for real (complex) δC9

and δC7;9 on the upper (lower) considering the same observables
as mentioned in the caption of Table I.

Up to q2 ¼ 8 GeV2 obs. (χ2SM ¼ 54.9Þ
Best fit value χ2min

δC9 −1.15� 0.22 38.1

δC7 0.04� 0.03
& 36.0
δC9 −1.47� 0.31

Up to q2 ¼ 8 GeV2 obs. (χ2SM ¼ 54.9Þ
Best fit value χ2min

δC9 ð−1.03� 0.25Þ þ ið−2.04� 0.58Þ 33.9

δC7 ð0.03� 0.03Þ þ ið0.09� 0.05Þ
& 30.3
δC9 ð−1.30� 0.35Þ þ ið−2.40� 0.73Þ

TABLE III. Improvement of the hadronic fit and the scenarios
with real and complex new physics contributions to Wilson
coefficients C7 and C9 compared to the SM hypothesis and
compared to each other.

nr. of free
parameters

1 2 2 4 18

(Real
δC9Þ

(Real
δC7; δC9)

(Complex
δC9)

(Complex
δC7; δC9)

(Complex

hð0;1;2Þþ;−;0 )

0 (plain SM) 4.1σ 4.0σ 4.2σ 4.1σ 3.1σ
1 (Real δC9) – 1.5σ 2.1σ 2.0σ 1.5σ
2 (Real δC7,
δC9)

– – – 1.9σ 1.4σ

2 (Complex
δC9)

– – – 1.4σ 1.1σ

4 (Complex
δC7, δC9)

– – – – 0.95σ

3The LHCb has provided a finer binning using the method of
moments where the bins have a range of ∼1 GeV2, but compared
to the results with larger bins obtained by the maximum likelihood
method, the experimental uncertainties are currently much larger.
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vertex corrections [50,69], weak annihilation and spectator
scattering [42,43] are taken into account. However, higher
powers of Oð1=mbÞ remain unknown within the QCDf
formalism. In the so-called “full form factor” method (see
i.e., Ref. [35]), only the power corrections to the non-
factorizable piece in the QCDf formula are not known and
are usually guesstimated to be 10%, 20% or even higher
percentages compared to the leading nonfactorizable con-
tributions. For the B → K�lþl− observables, as well as
other exclusive B → VðPÞlþl− decays with a vector
(pseudoscalar) meson in the final state which appear in
the global fit of Sec. IV we have used this “standard”
method with a 10% assumption for the power corrections.
Among the hadronic contributions, the most relevant

ones are due to the charm loops arising from the current-
current operators O1;2. The power corrections relevant to
these charm loops, the soft gluon effects, have been
estimated in Ref. [31] using the LCSR formalism in the
q2 ≲ 1 GeV2 region where q2 ≪ 4m2

c holds. The results
are extrapolated up to the J=ψ resonance by employing
dispersion relations and using the experimental data from
B → J=ψK� and B → ψð2SÞK� decays. However, in the
theoretical input of the dispersion relation the leading order
nonfactorizable effects (available from QCDf calculations
[42,43]) which have an important contribution to the
analyticity structure are not included. Moreover, the phases
of the resonant amplitude relative to the short-distance
contribution for each of the three amplitude structures (for
both resonances) are just set to zero.
It is claimed in Ref. [32] that for the B → K�lþl− decay

hadronic contributions from the s quark (i.e., the ϕ meson
pole) have a 1=q2 factor for the transverse polarization and
hence get enhanced at small q2. Therefore, in order to have
a precise estimation it would be preferable to have separate
dispersion relations for the resonances due to the c quark
and due to the s and b quarks. This has not been done since
the theory calculations for some of the relevant contribu-
tions (e.g., Refs. [50,69]) are not available in a flavor
separated way.
One way to compensate the missing leading order

factorizable corrections in the Khodjamirian et al. method
is to just add these missing contributions to the phenom-
enological model. However, the theoretical error which
enters this procedure is unclear. This is done e.g., in
Ref. [19], while the subleading hadronic contributions
have been accounted for by considering the phenomeno-
logical description of Ref. [31] valid up to q2 ≲ 9 GeV2

(referred to as PMD in Ref. [19]).
In Ref. [44], the most promising approach to the

hadronic contributions is offered, which may lead to a
clear separation of hadronic and NP effects. The authors
consider the analyticity of the amplitude. Building upon
the work of Refs. [31,32], both the leading and subleading
hadronic contributions arising from the charm loop con-
tributions of the current-current operators O1;2 have been

estimated. The calculations are performed at q2 < 0 where
the theory predictions for the leading terms in QCDf
[42,43,50,69] as well as the subleading terms in LCSR
[31,32] are reliable and in combination with the exper-
imental information on the B → J=ψK� and B → ψð2SÞK�
decays, the hadronic contributions due to the charm loops
are estimated in the physical region up to the ψð2SÞ
resonance. They use the well-known z parametrization
(see e.g., [70–72]).4
The authors of this paper argue that the cut giving rise to

light hadron resonances can be neglected due to suppression
by the nonperturbative Okubo-Zweig-Iizuka (OZI) rule
[74–76] both above and below the ϕ resonance as long
as the effects of the ϕ are not resolved, e.g., if an appropriate
binning is applied [77]. One may conclude from this
argument that the separation of the dispersion relation
for c and b=s contributions as proposed in Ref. [32] (see
above) is phenomenologically not necessary.
Unfortunately, the correlations among the theoretical

uncertainties of the complex parameters describing the
parametrization of the hadronic contributions have not been
provided in Ref. [44]. Nonetheless, the uncertainties of
each of the parameters are available which used without the
correlations leads to a very conservative theory estimation
of the hadronic contributions.
Finally, in Ref. [45], all the hadronic contributions, from

the charm (and light quark) resonances are modeled as
Breit-Wigner amplitudes. The effect of the J=ψ and ψð2SÞ
(and the rest of the) resonances on B → K�μþμ− observ-
ables is estimated (up to an overall global phase for each
resonance) using measurements on the branching fractions
and polarization amplitudes of the resonances. The overall
phase can be assessed from simultaneous fits to the short-
and long-distance components in the K�μþμ− final states.
However, since this measurement is currently not available,
in Ref. [45] all possible values for the overall phase of each
resonant state have been assumed and therefore the results
are rather unconstraining. The theory predictions of both
Ref. [31] and Ref. [44] can be reproduced with appropriate
choices for the unknown parameters entering the empiri-
cal model.

B. Comparison of the different approaches

To show how the various theory estimations differ in
their predictions of B → K�μþμ− observables, the SM
results for dBR=dq2 and P0

5 using the various implemen-
tations of the hadronic contributions are given in Figs. 1
and 2, respectively. In the “standard” method, the predic-
tions are given for below q2 ¼ 8 GeV2 where QCDf
calculations are reliable while the phenomenological model
of Khodjamirian et al. is considered up to q2 < 9 GeV2 and

4Most recently (in Ref. [73]), the authors have analysed the
convergence of the z expansion in great detail. We still use their
explicit results based on the expansion up to the z2 terms.
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only the Bobeth et al. method has a prediction for also
between the J=ψ and ψð2SÞ resonances. Interestingly the
central values of the latter two methods increase the tension
with experimental measurement for both dBR=dq2 and P0

5

and it seems that the contribution from the power correc-
tions tends to further escalate the tension with the data.
The theory errors of these predictions, however, are larger
(for the Bobeth et al. method this is due to the lack of

correlations among uncertainties, which are not given in
Ref. [44]). From Figs. 1 and 2 it can be seen that the
B → K�μþμ− observables (BR and P0

5) within the various
available methods for estimation of the nonfactorizable
corrections are in agreement at the 1σ level.
The significance of the NP interpretation for the

B → K�μþμ− anomalies clearly depends on the theory
estimations of the hadronic contributions. In Table IV the

FIG. 1. The SM predictions of dBRðB → K�μþμ−Þ=dq2 within various implementations of the hadronic contributions without
(with) the theory uncertainties on the left (right). For the “QCDf” implementation the full form factor method has been considered, with
a 10% error assumption for the power corrections. The theory error of the Khodjamirian et al. implementation is obtained by considering
the relevant parameter uncertainties that goes into the phenomenological formula. For the theoretical uncertainty of the Bobeth et al.
method the correlations of the parameters describing the hadronic contributions have not been used. The theoretical uncertainty of the
method where the leading order nonfactorizable contributions are added to the phenomenological model of Ref. [31] (Khodjamirian
et al. þ “missing QCDf”) are not shown.

FIG. 2. The SM predictions of P0
5ðB → K�μþμ−Þ within various implementations of the hadronic contributions as described in the

caption of Fig. 1.

TABLE IV. The χ2 of the one operator NP fit compared to the SM within the “standard” QCDf method (with a 10% error assumption
on the power corrections) and the Bobeth et al. method. The observables considered in the fit include BRðB → K�γÞ,
BRðBþ → Kþ�μþμ−Þ in the [1.1–6.0] and ½15–19� GeV2 bins and all the B → K�μþμ− observables in both high and low q2 bins.

SM δC7 δC9 δC10

b.f. value b.f. value χ2min b.f. value χ2min b.f. value χ2min

QCDf 60.9 −0.03� 0.02 58.9ð1.4σÞ −1.05� 0.21 45.4ð3.9σÞ −0.17� 0.35 60.7ð0.5σÞ
Bobeth et al. 54.8 −0.03� 0.03 53.5ð1.1σÞ −1.26� 0.28 43.9ð3.3σÞ 0.48� 0.63 54.1ð0.8σÞ
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significance of different NP scenarios (for one operator
fits to δC7, δC9 or δC10) are given using the “standard”
implementation (with 10% error assumption on the
power corrections) and the Bobeth et al. implementation
of the nonfactorizable corrections. While in both
implementations the new physics contribution to C9 con-
stitutes the favored scenario, the significance and the best
fit values are different. Nevertheless, one finds consistency
at the 2σ level [13] of the deviations in the angular
observables and the deviations found in the measurements
in the ratios RK and RK� , which is a tantalizing hint
for NP.

IV. FIT TO NP INCLUDING SCALAR
AND PSEUDOSCALAR OPERATORS

Assuming the observed tensions in b → slþl− data to
be due to new physics contributions there is in principle no
reason why NP contributions should affect only one or two
Wilson coefficients. In particular, a complete NP scenario
incorporates many new particles and can have extended
Higgs sector, affecting the Wilson coefficients C7…10 and
requiring scalar and pseudoscalar contributions. It is often
considered that the data on BRðBs → μþμ−Þ remove the
possibility to have large scalar and pseudoscalar Wilson
coefficientsCQ1;2

(see e.g., Ref. [78] for the definition of the
relevant operators). While this is rather true for CQ1

, there
exists a degeneracy between C10 and CQ2

which makes it
possible to have simultaneously large values for both
Wilson coefficients. To demonstrate this, we perform a
fit to BRðBs → μþμ−Þ when the three Wilson coefficients
C10;Q1;2

are varied independently. The results can be seen in
Fig. 3, where two dimensional projections of the con-
straints by BRðBs → μþμ−Þ are shown on the C10;Q1;2

Wilson coefficients. While CQ1
is still limited between

�0.2, both C10 and CQ2
can have large values, due to

the compensation in the BRðBs → μþμ−Þ formula (see
e.g., Ref. [78]).

We also consider the case where CQ ≡ CQ1
¼ −CQ2

,5

and C10 are varied separately. The results are shown in
Fig. 4. In such a case the degeneracy between CQ2

and C10

is broken, and the scalar and pseudoscalar contributions are
limited between �0.2. It is remarkable that δC10 can take
large values, whereas it is limited between�1 (or ½þ7;þ9�)
resulting in 3≲ jCSMþNP

10 j≲ 5 when CQ1
and CQ2

are set
to zero.
As a consequence, the branching ratio of Bs → μþμ−

cannot be used to set simultaneously strong constraints on
C10 and CQ1;2

in generic NP scenarios, but can only be used
to justify why CQ or CQ1

can have very limited contribu-
tions. Conversely, while the measurement of the branching
ratio of Bs → μþμ− is used to justify why the scalar and
pseudoscalar contributions are set to zero in a specific fit,
it cannot be used to set constraints on C10 any more since
there is a cancellation between C10 and CQ2

and to rule out

FIG. 3. Two-dimensional projection of the three operator fit to C10, CQ1
and CQ2

. The (light) red contours correspond to the (68)
95% C.L. regions.

FIG. 4. Two operator fit to the BRðBs → μþμ−Þ with new
physics contributions in C10 and CQ1

¼ −CQ2
. The (light) red

contours correspond to the (68) 95% C.L. regions.

5This relation arises for example in the SMEFT framework
assuming a SM Higgs.
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scalar and pseudoscalar contributions by only considering
the branching ratio of Bs → μþμ− requires the assumption
that δC10 is small which is only justified when doing
a global fit to all b → slþl− data (see Ref. [79] for a
detailed study of how the scalar and tensorial Wilson
coefficients are constrained when considering all relevant
b → slþl− data).
We have thus expanded our study to include NP in the

global fit6 to b → slþl− from other Wilson coefficients
besides C7 and C9 to also include the chromomagnetic
operator as well as the axial-vector, scalar and pseudoscalar
operators with overall 10 independent Wilson coefficients
C7, C8, Cl

9 , C
l
10, C

l
Q1
, Cl

Q2
(assuming lepton flavors to be

l ¼ e, μ). Considering the operators where the chirality of
the quark currents are flipped (primed Wilson coefficients),
there will be 20 free parameters.7

To perform our fits, the theoretical correlations and errors
are computed using SUPERISO V4.0, which incorporates an
automatic multiprocessing calculation of the covariance
matrix for each parameter point. We have considered a 10%
error assumption for the power corrections. The experi-
mental correlations are also taken into account. The Minuit
library [81] has been used to search for the global minima
in high dimensional parameter spaces. For each fit we
carefully searched for the local minima in order to find the
global minima.
We first consider fits to one single Wilson coefficient. In

Table V the one-dimensional fit results are given for the
Wilson coefficients C7, C8, Cl

9 , C
l
10, C

l
Q1
, Cl

Q2
as well as for

the Oi
XY basis which is well motivated in several NP

models, where X indicates the chirality of the quark current
and i and Y stand for the flavor index and chirality of the
lepton current, respectively (see e.g., Ref. [11]). New
physics contributions to the primed Wilson coefficients,
as well asC7,CQ1

,CQ2
are disfavored in the fit,8 the same is

also true for the axial-vector coefficient C10 when lepton
flavor universality is assumed. In all favored scenarios
whenever lepton flavor universality violation is allowed,
the fit is improved which is due to the tensions in RKð�Þ

measurements. The most favored scenario in the one-
dimensional fit is when there is NP in Cμ

9 with a

significance of 5.8σ. The scenario with NP in Cμ
LL has

also an equally large significance of 5.8σ.
We now turn to two dimensional fits. We have performed

6 different fits, and their significance as well as the
parameters of the best fit points are given in Table VI.
A graphical representation showing the 68 and 95% C.L.
contours is also provided in Fig. 5. The fit corresponding to
δCμ

10, C
μ
Q2

illustrates our discussion on the branching ratio
of Bs → μþμ−, showing that the best fit point corresponds
toCμ

Q2
∼ 0, butCμ

10 can receive a rather large deviation from
its SM value. Yet, the pull with the SM is only 3.3σ.
Scenarios with CLL and CLR improve the fits, leading
to significances of more than 4σ. The most favored
scenarios are for the case where there is NP in Cμ

9 in
combination with δC0μ

9 , δC
e
9 or δC

μ
10, with significances of

∼5.5σ in very good agreement with the results of Table II
in Ref. [14].

TABLE V. Best fit values and errors in the one operator fits to
all the relevant data on b → s transitions, assuming 10% error for
the power corrections.

All observables (χ2SM ¼ 118.8)

b.f. value χ2min PullSM

δC7 −0.01� 0.01 117.9 0.9σ
δCμ

Q1
−0.03� 0.08 118.7 0.3σ

δCe
Q1

−0.91� 0.66 118.3 0.7σ
δCμ

Q2
0.00� 0.02 118.7 0.3σ

δCe
Q2

−0.77� 0.65 118.4 0.6σ

δC9 −1.03� 0.20 99.9 4.3σ
δC0

9 0.17� 0.28 118.4 0.6σ
δCμ

9 −1.11� 0.17 85.1 5.8σ
δCe

9 1.22� 0.33 103.8 3.9σ
δC0μ

9
0.04� 0.19 118.7 0.3σ

δC0e
9 0.08� 0.30 118.7 0.3σ

δC10 0.21� 0.25 118.0 0.9σ
δC0

10 0.05� 0.19 118.7 0.3σ
δCμ

10 0.67� 0.21 106.8 3.5σ
δCe

10 −1.06� 0.28 103.2 3.9σ
δC0μ

10
0.04� 0.16 118.7 0.3σ

δC0e
10 −0.04� 0.29 118.7 0.3σ

δCμ
LL (δCμ

9 ¼ −δCμ
10Þ −0.55� 0.12 93.8 5.0σ

δCe
LL (δCe

9 ¼ −δCe
10) 0.60� 0.17 103.4 3.9σ

δCμ
LR (δCμ

9 ¼ þδCμ
10) −0.35� 0.17 115.1 2.0σ

δCe
LR (δCe

9 ¼ þδCe
10) −1.86� 0.32 103.3 3.9σ

δCμ
RR (δCμ0

9 ¼ þδCμ0
10) 0.12� 0.20 118.4 0.6σ

δCe
RR (δCe0

9 ¼ þδCe0
10) 2.13� 0.33 103.2 3.9σ

δCμ
RL (δCμ0

9 ¼ −δCμ0
10) −0.01� 0.09 118.8 0.1σ

δCe
RL (δCe0

9 ¼ −δCe0
10) 0.03� 0.14 118.7 0.3σ

6The full list of observables considered in this study can be
found in Ref. [35] where for dBR=dq2ðB → K�μþμ−Þ the
binning of Ref. [54] with 3 fb−1 data has been considered and
BRðB → K�γÞ, RK� and the angular observable FH of the Bþ →
Kþμþμ− decay [80] have also been added to the global fit.

7Since the experimental data on CP-asymmetric observables
cannot put stringent constraints on the imaginary parts of the
complexWilson coefficients, we have only considered real values
for the Wilson coefficients.

8For the B → K�μþμ− observables we have used the LHCb
results [2] within the most likelihood method where the scalar and
tensorial Wilson coefficients are assumed to be zero. While
alternatively, the data with the method of moments could be used,
at present the experimental errors are very large.
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We now expand the fits of the Wilson coefficients to 6,10
and 20 dimensions. The results of the fits including Cμ

9 are
given in Table. VII. The improvement column corresponds
to the improvement in comparison to the previous set of

Wilson coefficients, obtained using the Wilks’ theorem.
Additional fit results can be found in Appendix B, for
fC10; CQ1

; CQ2
g (Table IX), fCe;μ

10 ; C
e;μ
Q1
; Ce;μ

Q2
g (Table X),

fC7; C8; C
ðe;μÞ
9 ; Cðe;μÞ

10 g (Table XI) and fC7; C8; C
ðe;μÞ
9 ;

Cðe;μÞ
10 ; Ce;μ

Q1
; Ce;μ

Q2
g (Table XII), including the best fit point

values.
The pull with the SM decreases with the number of

Wilson coefficients. The reason is due to the fact that
increasing the number of Wilson coefficients raises the
number of d.o.f. In the absence of real improvement in the
fit, i.e., a strong decrease in the best fit point χ2, the increase
of number of d.o.f. will result in a reduced pull with the
SM. This is confirmed by the improvement test, which
reveals that adding Wilson coefficients to the “Cμ

9 only” set
does not bring any significant improvement. This result is
in agreement with several recent fits with similar sets of

FIG. 5. Two operator global fits where the (light) red contour in the plots corresponds to the (68) 95% C.L. regions, assuming 10%
error for the power corrections.

TABLE VI. Best fit values and errors in the two operator global
fits, assuming 10% error for the power corrections.

All observables (χ2SM ¼ 118.8)

b.f. value χ2min PullSM

fδCμ
9; δC

0μ
9 g f−1.14� 0.16; 0.39� 0.27g 83.0 5.64σ

fδCμ
9; δC

e
9g f−1.03� 0.19; 0.45� 0.40g 83.9 5.56σ

fδCμ
9; δC

μ
10g f−1.08� 0.18; 0.09� 0.18g 84.8 5.48σ

fδCμ
10; C

μ
Q2
g f0.78� 0.23;−0.02� 0.02g 104.8 3.32σ

fδCμ
LL; δC

e
LLg f−0.48� 0.16; 0.17� 0.23g 93.3 4.68σ

fδCμ
LR; δC

e
LRg f−0.54� 0.17;−2.01� 0.31g 95.5 4.45σ
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observables (see e.g., Refs. [14,16]) where the global
analysis of b → slþl− data indicates preference for NP
scenarios with modified Cμ

9 with a significance of larger
than 5σ.
As a UV-complete NP model is likely to incorporate

several new particles affecting all the Wilson coefficients,
we give in Table VIII the best fit values when varying all the
20 Wilson coefficients. Several Wilson coefficients have
loose constraints which is due to the large number of free
parameters compared to the numbers of observables and
also the lack of observables with sufficient sensitivity to
those Wilson coefficients. The best fit values indicate
potentially large contributions to the electron Wilson
coefficients (Ceð0Þ

9;10;Q1
) which is interesting as the few

measurements on purely electron observables are much
more SM-like than their muon counterparts and is mostly
driven by the flavor violating observables RKð�Þ . However,
the large contributions are not statistically significant as
there are many more muon than electron observables in the

global fit. Specifically, the favored large contribution in
the electron scalar coefficient is due to the absence of
constraining experimental results on the Bs → eþe− decay
which would be sensitive enough to the scalar and
pseudoscalar Wilson coefficients, the latter remaining
currently completely undetermined in the 20-dimensional
fit. It can be noted that C7 and C0

7 are severely constrained
with very small errors, revealing the compatibility between

the constraints. Cð0Þ
8 is much less constrained, as there are

less observables sensitive to C8 in the fit. In addition, the
muon scalar and pseudoscalar contributions can only have
very small values. The best fit value of Cμ

9 is even smaller
than for the one and two-dimensional fits, with 35%
reduction compared to its SM value.
A comment about the number of d.o.f. is in order here.

As can be seen from Table VII, Ceð0Þ
Q1;2

are “undetermined”
due to their very large uncertainties. We checked explicitly
how the variation of order one in each Wilson coefficient

affects the χ2, which confirmed that the four Ceð0Þ
Q1;2

coef-
ficients have a negligible impact on the fit, i.e., for each
coefficient jδCij ∼ 1 implies jδχ2j < 1. Therefore, one can
define an effective number of d.o.f. in which the insensitive
coefficients are not counted. The results are shown in
parentheses in Table VII.
Finally, as a result of the full fit including all the relevant

Wilson coefficients, we obtain a total pull of 4.1σ with
the SM hypothesis (assuming 10% error for the power
corrections).

V. CONCLUSIONS

Recent experimental measurements have shown tensions
in some of the b → s transitions. The most persistent
tension which has been confirmed by several experiments
is the anomaly in the angular observable P0

5 of the B →
K�μþμ− decay. This decay, however, receives long-distance
hadronic contributions that are difficult to calculate and
consequently makes the SM predictions somewhat ques-
tionable. Hence the significance of the observed tensions is
quite dependent on how the nonfactorizable contributions
are estimated. In this paper we explored the various
state-of-the-art methods for implementing the power cor-
rections and demonstrated that while the various imple-
mentations of the unknown corrections offer different SM
predictions and uncertainties, in all these cases, in the
critical bin where the P0

5 anomaly is observed, the pre-
dictions roughly converge giving prominence to the
observed tensions.
Alternatively, instead of making assumptions on the size

of the power corrections or using methods which include
these contributions (and introduce in some cases nontrans-
parent systematic uncertainties and correlations as we have
shown) one can assume a general parametrization for the
power corrections and fit the unknown parameters of the
ansatz to the B → K�μþμ− data. In this work, in addition to

TABLE VIII. Best fit values for the 20 operator global fit to the
b → s data, assuming 10% error for the power corrections.

All observables with χ2SM ¼ 118.8
(χ2min ¼ 70.2; PullSM ¼ 3.5ð4.1Þσ)

δC7 δC8

−0.01� 0.05 0.89� 0.81
δC0

7 δC0
8

0.01� 0.03 −1.70� 0.46
δCμ

9 δCe
9 δCμ

10 δCe
10

−1.40� 0.26 −4.02� 5.58 −0.07� 0.28 1.32� 2.02
δC0μ

9
δC0e

9 δC0μ
10

δC0e
10

0.23� 0.65 −1.10� 5.98 −0.16� 0.38 2.70� 2

Cμ
Q1

Ce
Q1

Cμ
Q2

Ce
Q2

−0.13� 1.86 undetermined −0.05� 0.58 undetermined
C0μ
Q1

C0e
Q1

C0μ
Q2

C0e
Q2

0.01� 1.87 undetermined −0.18� 0.62 undetermined

TABLE VII. The χ2min values when varying different Wilson
coefficients. In the last column the significance of the improve-
ment of the fit compared to the scenario of the previous line is
given, (assuming 10% error for the power corrections). The

numbers in the parenthesis correspond to removingCeð0Þ
Q1;2

from the
number of d.o.f.

Set of WC
Nr.

parameters χ2min PullSM Improvement

SM 0 118.8 … …
Cμ
9 1 85.1 5.8σ 5.8σ

Cðe;μÞ
9

2 83.9 5.6σ 1.1σ

C7, C8, C
ðe;μÞ
9 , Cðe;μÞ

10
6 81.2 4.8σ 0.5σ

All nonprimed WC 10 (8) 81.0 4.1ð4.5Þσ 0.0ð0.1Þσ
All WC (incl. primed) 20 (16) 70.2 3.6ð4.1Þσ 0.9ð1.2Þσ
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the B → K�μþμ− observables we have included data on
BRðB → K�γÞ which requires the ansatz for the power
corrections to have the correct end-point behavior as the
virtual photon (which decays into the dimuon in
B → K�μþμ−) becomes on-shell. The ansatz employed
in this paper is the most general parametrization (up to
higher q2 terms) which respects the analyticity structure of
the amplitudes and guarantees that the longitudinal ampli-
tude disappears as q2 → 0.
Employing this model-independent ansatz we examined

whether new physics contribution to (real or complex) C9

andC7 Wilson coefficients (with 1–4 free parameters) is the
favored explanation for the anomalies or underestimated
hadronic effects (modeled with 18 free parameters). A
statistical comparison indicates that there is no significant
preference in adding 14–17 parameters compared to the NP
explanation. This is partly due to the experimental results
not being constraining enough so that the 18 parameters of
the power corrections are mostly consistent with zero and
also since possible preference for a large q2-dependence
might be masked due to the q2 smearing within the current
ranges of the bins. Furthermore, when employing only CP-
averaged flavor universal observables, due to the embed-
ding of the NP contributions in the hadronic effects the
latter cannot be ruled out in favor of the former while the
opposite is possible. Therefore, whilst still the most favored
scenario is having real NP contributions in C9, the picture
remains inconclusive and more precise data with finer
binning will be crucial in clarifying the situation, especially
on CP-asymmetric observables which can differentiate the
weak and strong phases emerging from NP and hadronic
contributions, respectively. Thus, the Wilks’ test estab-
lished in this paper will be a very important tool to analyse
the forthcoming B → K�μþμ− data.
Furthermore, we presented here for the first time a global

fit to the present b → s data using all effective parameters
and fixed the NP significance. We found a total pull of 4.1σ
with the SM hypothesis (assuming 10% error for the power
corrections). We also showed that while BRðBs → μþμ−Þ is
very effective in constraining the scalar and pseudoscalar
operators, the relevant Wilson coefficients cannot be
neglected by only assuming this single observable and a
global fit to all the b → s data is required where all relevant
Wilson coefficients can simultaneously receive NP con-
tributions. Although, the various 1, 2, 6, 10 and 20
dimensional fits when varying different Wilson coefficients
do not indicate any preference for NP beyond C9 using the
present data, yet a large number of Wilson coefficients are
very loosely bound or completely undetermined in the case
of electron scalar and pseudoscalar operators. This is
interesting since especially with the indication of lepton
flavor universality violation from the RK and RK� ratios,
there is motivation to investigate the electron and muon
sectors separately for the scalar and pseudoscalar operators.
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APPENDIX A: THE q2-DEPENDENCE
OF HVðλÞ FOR λ=� AND λ= 0

We show in the following that the effect of NP
contributions to B → K�lþl− observables from C7 and
C9 can be embedded in the most general ansatz of the
hadronic contributions. Thus it is possible to make a
statistical comparison of a hadronic fit and a NP fit of
C9 (and C7) to the B → K�μþμ− data. We note here that the
form factors Ṽλ, T̃λ appearing in HVðλÞ (Eq. (3)) have
different q2-behaviors for λ ¼ � and λ ¼ 0.

1. HVðλ=�Þ
The helicity form factors Ṽλ¼� and T̃λ¼� are written as

Ṽ�ðq2Þ ¼
1

2

��
1þmK�

mB

�
A1ðq2Þ∓ λ1=2

mBðmBþmK� ÞVðq
2Þ
�
;

T̃�ðq2Þ ¼
m2

B −m2
K�

2m2
B

T2ðq2Þ∓ λ1=2

2m2
B
T1ðq2Þ;

with λ ¼ m4
B þm4

K� þ q4 − 2ðm2
Bm

2
K� þm2

K�q2 þm2
Bq

2Þ.
Since Vðq2Þ, A1ðq2Þ, T1ðq2Þ and T2ðq2Þ are all well-
behaved functions of q2 (e.g., see Fig. 2 in Ref. [57]),
the helicity amplitudes Ṽ� and T̃� can be described in
terms of polynomials in q2 (see Fig. 6)

Ṽ� ¼ aṼ� þ q2bṼ�; T̃� ¼ aT̃� þ q2bT̃�; ðA1Þ

where aṼ;T̃� , bṼ;T̃� are determined by expanding the form
factors Ṽ� and T̃�.
With the above expansion for the helicity form factors in

Eq. (A1), the effect of δCNP
9 and δCNP

7 inHVðλ ¼ �Þ can be
written as

δH
CNP
9

V ðλ ¼ �Þ ¼ −iN0δCNP
9 ðaṼ� þ q2bṼ�Þ;

δH
CNP
7

V ðλ ¼ �Þ ¼ −iN02m̂bmBδCNP
7

�
1

q2
aT̃� þ bT̃�

�
: ðA2Þ

Employing the polynomial ansatz of Eq. (7), the effect of
the power corrections is
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δHPC
V ðλ¼�Þ¼ iN0m2

B16π
2

�
1

q2
hð0Þλ þhð1Þλ þq2hð2Þλ

�
; ðA3Þ

which is compatible with the form factor terms in
HVðλ ¼ �Þ and will not disrupt the analyticity structure
of the amplitude.
Considering Eqs. (A2) and (A3), new physics effect can

clearly be embedded in the more general case of hadronic
contributions. Moreover, assuming bṼ;T̃� in the Taylor
expansions of the form factors T̃�, Ṽ� to be zero, the

δC9 contributions correspond to hð1Þ� and the δC7 contri-

butions to hð0Þ� terms of the power corrections.

2. HVðλ= 0Þ
The helicity form factors Ṽ0ðq2Þ and T̃0ðq2Þ are

described in terms of A12ðq2Þ and T23ðq2Þ with an extra
term of 1=

ffiffiffiffiffi
q2

p
and

ffiffiffiffiffi
q2

p
, respectively:

Ṽ0ðq2Þ ¼
4mK�

ffiffiffiffiffi
q2

p A12ðq2Þ and

T̃0ðq2Þ ¼
2

ffiffiffiffiffi
q2

p
mK�

mBðmB þmK� ÞT23ðq2Þ; ðA4Þ

where A12ðq2Þ and T23ðq2Þ are well-behaved functions of
q2 (see e.g., Fig. 2 in Ref. [57]). The helicity amplitudes Ṽ0

and T̃0 can then be described as a power expansion in q2

in terms of

Ṽ0 ¼
1
ffiffiffiffiffi
q2

p ðaṼ0 þ bṼ0 q
2Þ and

T̃0 ¼
ffiffiffiffiffi
q2

q
ðaT̃0 þ bT̃0q

2Þ; ðA5Þ

where aṼ;T̃0 , bṼ;T̃0 are determined by expanding the form
factors Ṽ0 and T̃0 (see Fig. 7).
Considering the expansion in Eq. (A5) for the helicity

form factors, the effect of δCNP
9 and δCNP

7 in HVðλ ¼ �Þ
can be written as

FIG. 6. Form factors Ṽ� and T̃�, where the solid lines correspond to the analytical expression and the dashed lines represent the
expanded function. The helicity form factor error bands are calculated from the uncertainties and correlations of the “LCSRþ Lattice”
fit results for the traditional form factors V, A1;12 and T1;2;23 of Ref. [57].

FIG. 7. Form factors
ffiffiffiffiffi
q2

p
× Ṽ0 and ð1=

ffiffiffiffiffi
q2

p
Þ × T̃0, where the solid lines show the analytical expression and the dashed lines

correspond to the expanded functions.
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δH
CNP
9

V ðλ ¼ 0Þ ¼ −iN0δCNP
9

�
1
ffiffiffiffiffi
q2

p ðaṼ0 þ q2bṼ0þÞ
�
;

δH
CNP
7

V ðλ ¼ 0Þ ¼ −iN02m̂bmBδCNP
7

�
1
ffiffiffiffiffi
q2

p ðaT̃0 þ q2bT̃0 Þ
�
:

ðA6Þ
Using the power expansion ansatz in Eq. (8), the effect of

the power corrections is

δHPC
V ðλ¼ 0Þ¼ iN0m2

B16π
2

�
1
ffiffiffiffiffi
q2

p ðhð0Þ0 þq2hð1Þ0 þq4hð2Þ0 Þ
�
;

ðA7Þ

which results in terms that are compatible with the form
factor terms in HVðλ ¼ 0Þ and will not disrupt the
analyticity structure of the amplitude. And the embedding
of the NP effects in the hadronic contributions remains

valid. However, for λ ¼ 0 when assuming bṼ;T̃0 in the
Taylor expansions of the form factors Ṽ0, T̃0 to be zero, C9

and C7 both correspond to hð0Þ0 .
Considering HVðλ ¼ 0Þ it might seem that the longi-

tudinal amplitude would have a pole at q2 → 0. However, it
should be noted that for the longitudinal transversity
amplitude one should consider A0 ∝

ffiffiffiffiffi
q2

p
HVðλ ¼ 0Þ and

hence there is no pole at q2 → 0.

APPENDIX B: ADDITIONAL FIT RESULTS

TABLE IX. Best fit values for the three operator
fδC10; CQ1

; CQ2
g global fit to the b → s data, assuming 10%

error for the power corrections.

All observables with χ2SM ¼ 118.8
(χ2min ¼ 117.5; PullSM ¼ 0.3σ)

δC10

0.27� 0.28
CQ1

CQ2

−0.16� 0.04 0.11� 0.27

TABLE X. Best fit values for the six operator
fδCe;μ

10 ; C
e;μ
Q1
; Ce;μ

Q2
g global fit to the b → s data, assuming 10%

error for the power corrections.

All observables with χ2SM ¼ 118.8
χ2min ¼ 101.1; PullSM ¼ 2.7σ)

δCμ
10 δCe

10

0.38� 0.28 −0.75� 0.37
Cμ
Q1

Cμ
Q2

Ce
Q1

Ce
Q2

−0.10� 0.31 0.02� 0.22 0.04� 2.02 0.12� 1.83

TABLE XI. Best fit values for the six operator
fδC7; δC8; δC

e;μ
9 ; δCe;μ

10 g global fit to the b → s data, assuming
10% error for the power corrections.

All observables with χ2SM ¼ 118.8
(χ2min ¼ 81.2; PullSM ¼ 4.8σ)

δC7 δC8

0.02� 0.05 −0.08� 0.70
δCμ

9 δCe
9 δCμ

10 δCe
10

−1.16� 0.23 −2.38� 2.23 0.00� 0.23 −1.38� 0.53

TABLE XII. Best fit values for the ten operator
fδC7; δC8; δC

e;μ
9 ; δCe;μ

10 ; C
e;μ
Q1
; Ce;μ

Q2
g global fit to the b → s data,

assuming 10% error for the power corrections.

All observables with χ2SM ¼ 118.8
(χ2min ¼ 81.0; PullSM ¼ 4.1ð4.5Þσ)

δC7 δC8

0.02� 0.05 −0.07� 0.69
δCμ

9 δCe
9 δCμ

10 δCe
10

−1.17� 0.23 −2.38� 2.24 −0.03� 0.25 −1.40� 0.53
Cμ
Q1

Ce
Q1

Cμ
Q2

Ce
Q2

−0.14� 0.15 undetermined 0.08� 0.26 undetermined
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