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We present a generalized linear sigma model that includes both scalar and pseudoscalar glueballs in
addition to a quark-antiquark as well as a four-quark chiral nonet. Utilizing the axial and trace anomalies of
QCD (at the effective mesonic level), we aim to develop the most general structure of the Lagrangian which
can be used to study the interaction of quarkonia with glueballs. We then study the effect of scalar glueball
on the vacuum of the model by considering a decoupling limit in which the glueball fields are decoupled
from quarkonia. This determines the properties of the pure scalar glueball and builds a practical foundation
for determining the model parameters when the interactions are turned on.
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I. INTRODUCTION

Quantum chromodynamics (QCD), the theory of strong
interactions [1] displays in the low energy regime phenom-
ena such as mass gap, confinement or approximate chiral
symmetry. Different attempts have been made to describe
these properties (each with its own balance of rigor versus
practicality) including chiral perturbation theory [2] and its
extensions such as chiral unitary approach [3-10] and
inverse amplitude method [11-13], lattice QCD approaches
[14-24], QCD sum-rules [25-33], linear sigma models
[34-50], as well as other explorations and nonperturbative
methods [51-75]. At low energies the main degrees of
freedom are mesons and baryons, bound states of two, three
or more quarks or glueballs which are gauge invariant bound
states of gluons with different possible quantum numbers
[59-75].

The possible presence of the glueballs in the QCD
spectrum was discussed early on in [59]. In the years that
followed, the glueball spectrum and properties were ana-
lyzed in the context of QCD sum rules, quark constituent
models or lattice QCD. For example, in quenched lattice
approximation, the mass of the lowest scalar glueball was
calculated to be My, =1.550GeV [16], M, =
1.730 GeV [17] or My, = 1.709 GeV in [18] (see [19]
for a thorough review). In the QCD sum rules approach, the
lowest scalar glueballs are predicted to be [28-30] Mg+ =
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0.9-1.1 GeV and M|, = 1.5-1.6 GeV with the possibility
of a broad lower state M, = 0.7 GeV ([28,30]). However,
experiment has not yet detected “pure” scalar (or pseudo-
scalar) glueballs, because, expectedly, these composites
mix with the appropriate quark building blocks of mesons
and thereby “hide” inside some of the known mesonic
states such as several of the isosinglet scalar states in the
1-2 GeV range [f(1370), f(1500) and f,(1710)] which
are considered to have noticeable glue admixtures.

For the lowest pseudoscalar glueball states, there are
many candidates proposed in different frameworks. One of
them is #(1405) [60] while other candidates below 2 GeV
were proposed in [75]. The observation that eta states around
1.5 GeV are more complex states than a simple quark-
antiquark is shared by other approaches such as the work of
[10] which has studied the possibility of these states being
dynamically generated in 7f,(980) and zaq(980) inter-
actions. In our investigation too [45], the eta states around
1.5 GeV are not pure (or dominantly) quark-antiquark states
and their compositions seem to contain a large four-quark
and glue admixtures. In lattice QCD, the mass of the lowest
pseudoscalar glueball is estimated at M- = 2.330 GeV in
[16], My- = 2.590 GeV in [17] and M- = 2.557 GeV in
[18]. Similar to the scalar glueball mixing with scalar
isosinglet quark states, the quark bound states with the
same quantum numbers mix with the pseudoscalar glueball
states leading to a complex spectroscopy worthy of inves-
tigation. For example, the interference between the glueball
states and the quark-antiquark ones in the lattice method was
studied in [20,21] with the main conclusion that there is a
maximal mixing between the glueball states and two quark
meson singlet ones.

In the absence of a fully understood theoretical frame-
work for low-energy QCD, determination of various quark
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and glue components of the physical states is known to be
notoriously difficult and any attempt on disentanglement of
such components within a given framework inevitably
suffers from model dependencies. Such model dependen-
cies can be minimized if the framework is tested against
various low-energy processes. In [38—47], we proposed and
developed a generalized linear sigma model with two chiral
nonets that satisfy approximately the low-energy chiral
symmetry and the quantum anomalies of QCD. The model
was able to describe the mass spectrum and some of the
properties of 36 low lying scalar and pseudoscalar states
with a good agreement with the experimental data. The
axial and trace anomalies in a linear sigma model refer both
to the electromagnetic and the gluon fields. In [46,47], we
studied the effect of the electromagnetic axial and trace
anomalies on the decays to two photons of some of the
scalar and pseudoscalar states. However the treatment of
the gluon anomalies is somewhat different because the
gauge invariant glueball states may behave as individual
degrees of freedom which may be either integrated out from
the Lagrangian or maintained as physical states. The
purpose of our work will thus be to investigate how the
low lying physical scalar and pseudoscalar glueballs may
fit in a generalized linear sigma model with two chiral
nonets, one with a quark-antiquark structure, the other one
with a four quark composition.

This work is organized as follows: In Sec. II, we give the
main templates for modeling the quantum anomalies of
QCD at the mesonic level and establish connections with
the underlying fundamental properties. For the conven-
ience of the readers, in Sec. III, we give a brief review of
our generalized linear sigma model (in the absence of
glueballs), and then show how glueballs can be added to
this framework in Sec. IV. This leads to an extended
version of the generalized linear sigma model, which
naturally comes with the price of additional complexities
due to the proliferation of new parameters. Tackling this
Lagrangian requires a careful and ground-up approach in
which addition of glueballs and their interactions with
quarkonia components are tractable. This brings us to
Sec. V where we consider a decoupling limit in which
glueballs, while present in the model, do not interact with
quark composite operators, and thus allowing a probe of
their role in stabilizing the QCD vacuum and measuring
the direct effect of glueball condensate on the model
parameters. This section serves as a foundation for further
studies when the interactions are turned on. Additional
relationships and bulkier formulas are collected in two
appendices.

II. A TWO GLUEBALL LAGRANGIAN

In [35], Schechter proposed an effective Lagrangian that
contains two glueball states; a pseudoscalar glueball
that satisfies the U(1), anomaly and a scalar glueball that
satisfies the trace anomaly according to:
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Here F is the SU(3). field tensor, F is its dual, Ny is
the number of flavors, f(g) is the beta function for the
coupling constant, Jfl is the axial current and D, is the
dilatation current.

Assuming that the two glueballs are not physical states
but are integrated out by using the equation of motion we
can derive the following Lagrangian that satisfies the axial
and trace anomalies:

1
£ = =3 Te(@* MO, M) + f(1,,.G. H)
i det M cn (R
() g (S 2
T, © n(detMT) Zm: m n(A’") @)

Here, >, c,, = 1, M is the two quark chiral nonet field
of pseudoscalar and scalar states, I, = Tr(MM)", and
f, G, H)=f(,,—G,H) is in general a chiral and
U(1), invariant function that must satisfy the scale invari-
ance condition:

Of _ yp OF of of _
Tr[MaM—i—M aM*] +4G 7+ 4H 5= 4f. (3)

Equivalently, since f is chiral-invariant and hence a
function of 7, its scale invariance also implies:

of of of _
;2;11” aIﬂ+4G%+4H%_4f. (4)

This partial differential equation can be solved to give the
general form of function f:

RS ) GO ST

where k; are unknown constants and »_,2n(l,); +
8p; +4q; = 4. The leading terms in f up to quadratic
power of the fields are

G* G* H?
VHI,, I, H, —, —, —, ...
b2 L, H I,

(6)
Note that terms such as /2, I3/H, G*H/I3 involve two
separate flavor traces and are not favored by OZI rule and
therefore are not as important as the above terms. In
addition, terms that include I% have higher number of
quark and antiquark lines and according to the approxi-
mation scheme developed in [45] (which is one of the
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guiding criteria of the present work) are considered less
important compared to terms with linear power of I,.

Similarly, R,, is an arbitrary function of /,,, G and H that
must satisfy the requirements

OR, OR OR OR
m m T m m —
Tr[M o +8MTM] +4G 2+ AH S = mR,,
R,(I,,G,H) =R, (I,,~G.H). (7)

Again, the partial differential equation for R,, can be
rewritten in terms of 7,

OR,, OR,,
+4H

> oni R 1 46
n
" ol,
n
with the general solution

Ru(l,.G.H) =3 A" (H 1511,,>[)G2p, He o (9)

i

(m)

where r;"' are unknown constants and )_,2n(l,); +
8pi +4q; = m.
Terms contributing to m = 2 include,
I H
I, -, —, 10
- (10)
Terms with m = 3 include,
det M, detM?®, - (11)

Terms contributing to R, are the same as (6), etc.

Our objective in this work is to use the same method-
ology as presented in this section to extend the generalized
linear sigma model that contains also a four-quark chiral
nonet M’ in addition to the quark-antiquark chiral nonet M
present in the above formulation.

III. BRIEF REVIEW OF THE GENERALIZED
LINEAR SIGMA MODEL

The model is constructed in terms of 3 x 3 matrix chiral
nonet fields:

M =S+ i, M =5 +i¢d, (12)
which are in turn defined in terms of “bare” scalar meson
nonets S (a quark-antiquark scalar nonet) and S’ (a four-
quark scalar nonet), as well as “bare” pseudoscalar meson
nonets ¢ (a quark-antiquark pseudoscalar nonet) and ¢’
(a four-quark pseudoscalar nonet). Chiral fields M
and M’ transform in the same way under chiral SU(3)
transformations

M- UMU, — M - UMU;, (13)

but transform differently under U(1), transformation
properties

M — e**M, M — e~ 4 M’ (14)
There are several possible four-quark substructures for M’
(such as diquark-antidiquark types or molecular type),
however, the model does not distinguish these different
types of four-quark substructures and can only probe the
percentages of quark-antiquark and four-quark components
(but not different types of four-quark components). The
model distinguishes M from M’ through the U(1), trans-
formation according to (14).

The Lagrangian density has the general structure

L= —%Tr(aﬂMaﬂMT) - %Tr(aﬂM’c’)ﬂM’T)

= Vo(M,M') = Vsg, (15)

where Vy(M,M’) stands for a function made from
SU(3), x SU(3)g (but not necessarily U(1),) invariants
formed out of M and M’. In addition to scalar and
pseudoscalar mesons included in this Lagrangian density,
the vector and axial vector mesons can be introduced by
gauging the linear sigma model [48]. However, for inves-
tigation of the scalar and pseudoscalar mass spectrum
(which is the main objective of the present work) inclusion
of vectors and axia vectors are of qualitatively limited
relevance. In principle, there are infinite number of invari-
ant terms in the potential. To keep the calculations in this
model tractable, it is practical to define an approximation
scheme that allows limiting the number of terms at each
level of calculation, and systematically improving the
results thereafter. Such a scheme was defined in [42], in
terms of the number of underlying quark and antiquark
fields in each term. The leading choice of terms corre-
sponding to eight or fewer underlying quark plus antiquark
lines at each effective vertex reads:

Vo=—c,Tr(MM") + c§Tr(MM*MM")
+ ) Tr(M'M") + €5 (eqpee’ MGMEM' +H.c.)

detM Tr(MM'™)]?
In| —— l—y)In————==| . (16
+c3 {71 n<detMT> +(1=71) nTr(M’MT) (16)

All the terms except the last two (which mock up the axial
anomaly) have been chosen to also possess the U(1),
invariance. The symmetry breaking term which models the
QCD mass term takes the form:

Vg = —2Tr(AS), (17)

where A = diag(A;, A,,Az) are proportional to the three
light quark current masses (i.e., in the isospin invariant limit
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A = A, xm, =my and Az « my.) The model allows for
two- and four-quark condensates,

=(8a).  B.=(5a). (18)
Here we assume isotopic spin symmetry so A; = A, and:
a; = ay # as, P = P2 # Ps. (19)

We also need the “minimum’” conditions,

(9V0 GVSB aVO
Al - PN _ 2
(), (oo (o), e

where the brackets with subscript zero represent evaluation
of the derivatives at the vacuum expectation values (18). At
the leading order of the model (containing terms with eight
or fewer quark and antiquark lines), there are twelve
parameters describing the Lagrangian and the vacuum.
These include the six coupling constants given in Eq. (16),
the two quark mass parameters, (A; = A,, A3) and the four
vacuum parameters (a; = o, a3, /1 = p», }3). The four
minimum equations reduce the number of needed input
parameters to eight. In the work of [45], eight experimental
inputs were selected from several masses of relevant states
together with pion decay constant and the light “quark mass
ratio” As/A,, allowing a complete determination of the
Lagrangian parameters and making predictions for some of
the unknown masses and two and four-quark percentages.
It was found that there is a significant underlying mixings
among the two- and four-quark components of scalars
below and above 1 GeV with the four-quark components of
those below 1 GeV having an edge over their quark-
antiquark components. This is in contrast to the physical
light pseudoscalar meson nonet below 1 GeV for which this
picture is reversed. Inclusion of both scalar and pseudo-
scalar glueballs is expected to improve this analysis. This
directly affects the properties of isosinglet states, which in
addition to two- and four-quark components, can contain a
glue content. While the case of isodoublets and isotriplets
are not directly affected by the inclusion of glueballs,
however, when glueballs are included in this model, they
can generally modify the model parameters and thereby can
indirectly affect the properties of these states as well.

IV. INCLUSION OF SCALAR AND
PSEUDOSCALAR GLUEBALLS IN THE
GENERALIZED LINEAR SIGMA MODEL

The formal extension to two chiral nonets M and M’
(which is the main focus of this work) is straightforward:

L= —%Tr(@”M(?ﬂMT) - %Tr(@”M’aﬂM”)

1 1
——HJ3PPo'HO,H — — H3/20¢

5y HPOUHO,H — S H P GO,G
+f+fa+fs+ fsp- (21)

Here f is invariant under the chiral symmetry and U(1),,
fa 1s a term that mocks up the axial anomaly, fg is a term
that leads to the correct scale anomaly and fgg introduces
explicit breaking of the chiral symmetry in the Lagrangian.
In what follows, we will discuss in detail the properties and
expressions for each of these terms.

The first term after kinetic terms is f with the general
form f(1,.1,,.1},,G.H)=f(1,,I,,,I},,—G,H) where I, =
Tr[(MM™)"), I,, = Tr[(M'M'T)™], I%, is a Hermitian and
chiral invariant combination that contains s number of
fields M and ¢ number of fields M’ and thus has the mass
dimension s + ¢ (note that for each pair s and ¢ there are
multiple possibilities for I, which are however encapsu-
lated in the same abstract notation for simplicity). We
require the invariance of f under the scale transformation
according to:

8f F 8f / 8f 17 af
o {M om M 8MT} i [M o M o
of of
TAG S 4H 5 = 4f. (22)

Equivalently, since f is chiral-invariant and hence a
function of I,,, I}, and I/, its scale invariance also implies:

;2 n, L ol +Zz 2 % Z o, 2 61;',

of of
+A4G 5o+ 4H o = 4f. (23)

This partial differential equation can be solved to give the
general form of function f:

fu,, .1, G H)

_ Zui (Hll(ll”)i) <H[/’(1£m)i> (Hlﬂgﬁ)[> G2Pi i
i n m st
(24)
where u; are unknown constants and )_,2n(l,); +

>ow2m(l,)+> ,(s+1)(l;); +8pi+4g; =4. The leading
terms in f up to quadratic power of the fields are

i = G* G* G* H* H?
HI’ I? HI/’ H7 B S e e 25
b A A

As stated in Sec. II, again note that terms such as 12, I5/H,
G*H/ I% include separate flavor traces and are not favored
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by the OZI rule. Also terms such as I3 contain higher
number of quark and antiquark lines and thus less important
compared to terms like /, with fewer lines.

The term corresponding to the axial anomaly must have
the general expression:

G i
fa= iﬁ Z?’i In (%) (26)

where > ,y; =1 and composite operators Q; can be
selected from the set

Q; € {detM,det M', Tr(MM'"), €€/ MGM'IM'S,
Tr(MM'TMM'"), - -} (27)

The term leading to the correct scale anomaly is given by:

fs=-H» 7,In (%) (28)

where the arbitrary parameters 7,, must satisfy the con-
straint: >, mz,, = 1.

Similarly, R, is an arbitrary function of 1,,, I},,I%,, G and
H that must satisfy the requirements:

OR,, OR,, OR OR
Tr|M—2 + Mt Tr|M —2 + M/ —2
"Mom 8M‘] N r[ om 8M’T]
OR,, OR,,
4G =1 4 gH =" R
TG T aH =
m(Im I./S‘/l"G H) (In’I;nvlfv/V_G?H) (29)

Again, the partial differential equation for R,, can be
rewritten in terms of 1, I/, and 17,

2 2n I"am+22 & or, +Z +”/f/’al”m

OR,, OR,,

with the general solution

R, 1, 1,,, G H)

_ ngm) (nglln)z) (HI/ m ) (HI// L) )GzPinf

st

(31)
where vgm> are unknown constants and ) ,2n(l,); +
Zmzm(lm)i + E.vt(s + t)(lst)i + 8pi + 4ql =m.
Terms contributing to m = 2 include,
1 H
I 1—2 7 (32)
1 1

Terms with m = 3 include,

detM, detM?,--- (33)
Terms contributing to R, are the same as (25), etc.

Finally there are multiple possibilities for the symmetry
breaking term fsp [38]. An explicit example will be given
at the end of this section.

The scalar and pseudoscalar fields H and G (that have
mass dimension four) are related to scalar and pseudoscalar
fields 2 and ¢ with mass dimension one. We make the
substitution H = h* and G = h’gin the Lagrangian (21) to
obtain:

1 i ! / i
= —ETr(O"Ma,,MI) - ETr(&"M o,M")

- % (0,h)(8,h) — % (0,9)(0u9) =V,

“V=f+fat/fs+[ss (34)

where, as discussed previously, f(M,M’, g, h) is invariant
under chiral, axial and scale transformations, whereas fo
and fg respectively break axial and scale symmetries
according to (1) and fgp is explicit symmetry breaker
due to quark masses.

Below, we give the particular expressions for f, f, and
fs such that the inclusion of glueballs is achieved as the
minimal extension of the leading order of generalized linear
sigma model discussed in Sec. III. Since the resulting mass
spectra and probe of the substructures are extracted from a
set of highly nonlinear and coupled system of equations, it
is important to first carefully study this minimal extension
in order to keep the calculations manageable and be able
to provide a meaningful interpretation of the results in
comparison with those found previously in [45] (and
references therein).

In the minimal extension, the part of function f that
contains quark-antiquark and four-quark chiral nonets M
and M’ corresponds to terms in the general expression for f
[given in (24)] that recover the first four terms of potential
(16). Since function f is also scale invariant, effectively the
desired extension is obtained by replacing the dimensionful
couplings in the first four terms of (16) with dimensionless
couplings and appropriate powers of scalar glueball field 4,
i.e., by making the following substitution in (16)

¢y = —u h?,

d2 i I/t3h2,

cq — Uy,

e§ — uyh, (35)

which, when combined with the mass terms for scalar and
pseudoscalar glueballs, result in the following chiral,
U(1),, and scale invariant terms in f in this minimal
extension
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FM M, g, 1) = —(uy 2T [MM] + uy Te MM MM']
4 ush2Tr [ M M|
+ ugh(eqpee™ MGMIM's +Hee.)

+ ush* + ugh®>g*> + - - ). (36)
Similarly, we can write down f, in the minimal extension.
As mentioned in Sec. III, in the leading order of generalized
linear sigma model in which only effective terms with eight
(or fewer) quark or antiquark lines are retained, the
effective term for axial anomaly is the last term given in
Eq. (16) which is obtained from integrating the pseudo-
scalar glueball out. When the pseudoscalar glueball is
present in the Lagrangian, the general form that mocks
up the exact U(1), anomaly is given in (26) with operators
Q; taken from set (27). In the minimal extension, the
operators that (after integrating out the pseudoscalar glue-
ball field) result in the last term of (16) are detM and
Tr(MM'") (note that det M’ contains 12 quark and aniquark
lines and does not contribute to the leading order of
generalized linear sigma model). Therefore, in the minimal
extension

G det M Tr(MM'T)
=i— |yyIn|—— Inl ——~ |, 37
Ia=ig [“ n<detMT> T n(Tr(M’MT) (37)
where y; and y, in Eq. (37) are arbitrary parameters that
must satisfy the constraint: y; +y, = 1 [38—46].
In a similar fashion, we can work out fg in this minimal
extension using the general template (28). Incorporating the

same operators det M and Tr(MM'") that we just discussed
|

os]

ov
< > = 4uyho(a1f3 + asfy) + 2urh’ay + 4urap® + 4
0

above for the axial anomaly, as well as a term which is the
fourth power of the glueball field 4, Eq. (28) results in:

H detM detM*
fS = —H{ﬂl 11'1 <P> + ﬂz |:11'1 (T) + 11'1 (T)]
TrMM' TrM' M
+ /13 In A2 + In A2 B

where A with mass dimension one is the characteristic scale
of QCD and 14, 4, and A are arbitrary parameters that must
fulfill the condition: 44, 4+ 64, +44; =1 [47]. As such,
the terms f and fg in the potential are invariant under
U(3), x U(3)g and f, breaks U(1),.

In the presence of the quark masses,

(38)

0y =H~(1+47,)Vss, (39)
where y,, is the anomalous dimension of the fermion mass
operator. Note that a simple symmetry breaking term such
as (17) does not fully result in Eq. (39), therefore, it should
be extended. The complete symmetry breaking term is:

fsg = Tr[MM* '3 Tr[A(M + MT]. (40)
which, under the scale transformation, leads to exactly the
second term on the right hand side of Eq. (39), where,
similar to (17), A = diag(A;, A,, A3) is proportional to the
three light quark masses.

The minimum equations describing the stability of
vacuum are

(B1 (A + A3/2)ay 4+ 1/2a3345) hy*
2a,°B) + ajaz s

+42a% + a3?) (=2 + y,) (Ayay + 1/24503)a; — 2(2a)* + a3?) ' 77n/2A,

=2

= 8u4h0ﬂ1a1 + 2u1h02a3 + 4142&33 + 4

(1/285(20 + A3)as + a1 f142) ho*

2a1030) + a3’

+4(2a;2 + a3?) (=2 + y)as(Agay + 1/2A503) — 2(2a,% + a3?) 7102 A,
(4aasfruy + (203 Byug + 212 hous + ho’A3)ay + azfifshous ) hy

2B1a1 + Pz
2h0(4a13ﬁ1’44 + 20, a3y + 2011 f3hous + azf3hous + ashg®As)

A2

+ (4(1121/[1 + 2(132141 + 4ﬂ12M3 + 2,332143)]’10 + 4u4a1 ((llﬂ3 + 2053,31)

2B10q + Pras
2 2
=8In (—ﬁlal + ﬂ3a3) h03/13 + 81n (ai\

0

/’l 4
3“3) ho’dy + 41n (%) ho*Ay + (44, + dus)hy>

(41)

where the first two equations describe the minimum of V with respect to quark-antiquark components whereas the third and
fourth equations describe this minimum with respect to four-quark composites. The last equation minimizes the potential
with respect to the scalar glueball field. The brackets with subscript zero represent evaluation of each derivative at VEV

values
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Ay = <SZ>’ ﬂa = <S/g>7 hO = <h> (42)

The mass matrices for pions (M2), kaons (M%), system
of a scalars (X2) and kappa system (X2) are
ho*2y

(M3),, = 4ughofs + 2urhy? +4uray> +2 o
1

F4(=2+7,) A1y +1/24303) 2,2 + a3?) 77/

2hy* A
M2),, = dughgay + ~———22—
( )12 UgnpO3 26101 + faats
(Myzz)zz = 2MShOZ (43)
) 1
(M) 5 [4a (=2 +7,)

T 2aia; + aay
X a3(Ajay + 1/2A303) (20,2 + a32) ' 77n/?
+ 4((112 + 1/2(132)(2(113(13142 — 2(1120(32],[2

+ a3 (237 uy + 2ushofy + urhe?)ay + ho*ly)]

2h¢A
M%),y = dayughg + 02—
(Mi)12 ot Bt
(M%()zz = 2”3hoz (44)
2 _ 2 2 h04/12
(X2)11 = —dughofs +2u hy” +12uy0,* =2 e
+4(=247,)(Ara; +1/24303) (2% + a3*) 770 /?
2ho* 5
X2),, = —dughgay + ——0 3
(Xa) 1 s+ T B
(X3)2n = 2uzhy* (45)

(X3) 11 = —4ughofy +2u hy*
ho* 2
a|a3

+4M2(C(12+(11(13 +a32) -2

FA(=2+7) (A +1/24303) 20,2 + a?) 70/
206" A

2p a1 + f3a3

(X;%)zz =2uzhy’ (46)

(X3) 1, =—4ushoa; +

Note that these mass matrices are subject to the vacuum
conditions expressed by Eqgs. (41). Once these vacuum
conditions are invoked some of the unknown parameters
can be determined in terms of the rest of the parameters. For
example, we can use the five equations given in Egs. (41) to
solve for u; - - - us (these solutions are rather bulky and we
do not give them here). Upon substitution of these solutions
back into the pion mass matrix (43) we can compute the
determinant

(203 + a3?) 712 hy* A (o) — a3?)A,
0‘1<20l12ﬁ12 — o a3fi sz — a32ﬂ32)

det(M2) = —4 (47)

which is, as expected, proportional to the quark masses
(here proportional to A;) and vanishes when there is no
explicit symmetry breaking. Since det(M2) = mZm'Z,
Eq. (47) results in a massless pion when A; — 0.
Similarly, using the kaon mass matrix given above,

together with vacuum conditions (41), we can show

A
den(M3) = 8 (-a + (2”2 = Ay + 5 ) (24 ) ) 4 (i = Ay + Aar?

2
(=24 7) (Al +fﬁ> aar + 5 (Agy Ay —A3>] / (a2 + @) 2y + frcs) (Bra — rcas)] (48)

2 2

which clearly shows that

- 2
A11,£}1—>o det(M%) — 0 (49)

and since det(M%) = m%m'%, in the absence of quark
masses mg vanishes.

The mass matrices for f, and » systems (each a 5 x 5
matrix) are more involved and given in Appendix A. The
determinant of eta system is also explicitly given in
Appendix A and shown to be proportional to quark masses
(similar to the above cases for pion and kaon systems).

Note that in the absence of the glueballs, the mass
matrices obtained in this section as well as the minimum

[

equations should agree with those given in [45]. In order to
check this, we first make the substitution for u; - - - u4 and
Ym in terms of ¢;, ¢4, d, and ef defined in [45]:

U —>u _a ur, - ud = ¢
1 1 h2 2 2 4
0
d ed
0 2 0o_ “3
M3—>M3—ﬁ Uy M4—h—
0 0
0 _
Ym = Tm =2 (50)

and then take the limit of iy — O:
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(X2)0 = 1113% (G| P y—y

2\(0) — 1 2
(X)) = Jim[(X;)

(X3)© = lim [(X3)
0—)

—] — O]
|u[—L¢i Ym=Vm

ui:M(,‘)st:}/%]

(M2)) = 1im [(M2)

—0 — O]
0= |ui—u; Ym=Vm

(M%) = Tim (M), 2] (51)

hy—0
where i = 1---4, and the matrices on the left hand side
with superscript (0) are those found in [45] in the absence
of glueballs. We find that the expected limits are upheld.

The case of M} is more complicated. There is a clear
limit in which the glueball part in the Lagrangian in
Eq. (34) can lead in first order to the axial anomaly term
in Eq. (16). This is achieved when the bare glueball mass
term ugh’g> or more exactly ugq is very large such that the
kinetic term becomes negligible and the glueball field can
be integrated out. Therefore:

ov T ? n detM tyoln Tr(MM'?)
Y o na—ilt qan M)
dg I | M dermr™) T2 Tr(M'M")

=0, (52)
and solve for g to obtain:
h detM Tr(MM'")
=i— |y In| ——= In{——==|. (583
9= 2 4u {71 n<detMT> tre n(Tr(M’MT) (53)

which upon substitution into the pseudoscalar glueball
piece of the Lagrangian (34) leads to the following term:

yelf — ht mfdety Tr(MM'™)\]?
A T 088ug | \deem”) T P\ o)) |

In first order, this leads to identification of c¢; in Eq. (16)
with

(54)

hy

0:
288¢;

M6—>l/l6

(55)

Therefore, we expect

2 y/eff
MO — fim (M2 e lim A
( ,7)(1/; h;—»O[( '1)(1/}|u,-7u?,7mfrg,]+ 1 anaanﬁ 0

u6—>u2
(56)

where i,a, f = 1---4. We have verified that this equation
is satisfied as well.

V. DECOUPLING LIMIT

We consider a limiting case where the glueball fields are
decoupled from the quark mesons and affect the system

only through the vacuum. This limit is important because
(a) it allows probing the pure glueball mass from the
stability of vacuum, and (b) it defines a basic starting point
for tackling the complicated system of mass matrices and
minimum equations (derived in previous section) and
makes it possible to study the mass spectrum and the
interaction vertices as well as the spectroscopy of the
physical scalar and pseudoscalar states in which
the formation of the quark and gluball components are
assembled step by step upon the properties of the vacuum.
Particularly, it is well known that disentangling the two-
quark, four-quark and glueball building blocks of isosinglet
states (particularly scalars) is a nontrivial undertaking, and
in this approach, we begin with a careful study of the
vacuum containing quark-antiquarks, four-quarks and non-
interacting glueballs.

For comparison, we refer to the work of [42-44] in
SU(3) limit. In these works, the effect of pseudoscalar
glueball was fully taken into account (in which while the
pseudoscalar glueball is integrated out, the U(1) , is exactly
saturated), but in [42-44] no scalar glueballs were present.
In the decoupling limit of the present work, the situation is
rather reversed: the pseudoscalar glueball is completely
decoupled and only noninteracting scalar glueballs are
considered. We find that, expectedly, the eta masses are
not physical in this limit (demonstrating the well-known
fact about the importance of the axial anomaly), whereas
the scalar isosinglet masses (and their quark substructure)
are similar to those found in the three references just cited
which shows that in oder to make physical predictions,
having scalar glueball in the vacuum is not sufficient and
the glueball interactions with quark mesons should be
turned on.

For the scalars, the decoupling conditions for the choice
Ym = 2 are straightforward:

8h3
X345 = dotuy + dushofy +— 022 =
[X5las ajuy + 4uzhofs +20’1ﬁ1+0!3,53
8vV2hiAsa
X2, = 42 4V 2u-h 043
[X3]ss = 4V 20 0314 + 4V 2, 0ﬁ1+—2a1ﬁ1+a3ﬂ3
832 8h31:f8
X35 =8 4urh — 08
(X525 ugon fy + 4uhpas + a5 2a.f, + asfs
8vV2h3 )
[X(Z)]IS :4\/5144[/51(13 +alﬂ3} +4\/§M1]’l0(11 +—\/; 072
1

8V 233

_— 57
20181 + aspz 57)

The two minimum equations of interest refer to M’
components and are
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4o fpruy + 20703 f3us + 2011 f3hous
+ a3 fEhous + azhids = 0
daiasfpyuy + 205 p300uy 4 270 hous + hjdza
+ azf1fshous =0 (58)

These equations may be put in more amenable form:

a3h813 o
21 + a3p3

a1h8/13
— =0 59
20141 + azp3 (59)

2atuy + Bshous +
2o 103u4 + frhgus +

Subtracting first equation in Eq. (57) from the second
equation in Eq. (59) we obtain

P ajuy (2001 + asps) (60)
3 h8a3 '

Then the system of four equations (57) reduces to:

3(1%1/!4 + M3h0ﬁ3 =0
o

2ay03uy + a—1“4 + frhouz =0
3

3

2a
ala3u4+a—1u4 +/51h0u3 =0 (61)
3

Solving this system leads to:
3a’u,
Bhy

We thus arrive at the SU(3)y limit. From the first two
minimum equations we determine A; = A; = A. We fur-
ther solve the last two equations (which are identical in the
SU(3)y limit) in Eq. (57) to determine

Ps=P=p

GB=a=a uy = (62)

_ az(houl + 4ﬂu4)

ﬂ/ pr—
g 2k}

(63)

In the SU(3)y limit, the mass matrices are organized in
terms of octet-singlet bases in which the mass matrices for
scalars (Y?) and pseudoscalars (N?) are related to the
isosinglet scalar and pseudoscalar mass matrices by

Y} =TX3T  N*=TM3T (64)
where 7 is the transformation matrix between strange-
nonstrange (SNS) basis and the octet-singlet (OS) basis
which its explicit form is not unique and obviously depends
on the specific way that the basis vectors are defined and
organized. Our definitions and notations for these bases
(and our preference for their organization) are as follows:

fi fa fs

f2 fo 8
Foy=1/31- Fsns= | fe s Fos= | fo |,

fa fa 0

Lfs ] LA ] L

[ ] 14 ] [ 175 |

Ub My g
Mphy = (13 | » NsNs = | e | » Nos = (Mo |» (65)

M4 Na Mo

L5 L9 | L 9 ]

where f1...f5 and #;...n5 are respectively the five lowest
physical isosinglet scalars and pseudoscalars and

Sl S2
fa= 1:/%20””1 fo =55 55,
Sll S/2

are the bare quark-antiquark and four-quark components in
the SNS scalar basis. In the OS basis,

1 _Si+83-28 7, _ S +83-283
N V6 ’
| 2 3 /1 12 13
f0_51+\5/2§+53’ f6_S1+\S/%+S3’ (67)

where the scalar components fg and f, are of quark-
antiquark type whereas the f; and f{, have four-quark
substructure. Similarly,

PL+d; s
Ny = & ni, Ny = @3 x S5,
\/i 3
/1 12
nC:WansﬁE, Ng=¢'s xnnitii. (68)

are the bare quark-antiquark and four-quark pseudoscalar
components in the SNS basis. In the OS basis,

g = P93 =203 4 _ P+ ¢ - 29
\/6 b \/6 9
¢+ 43+ ¢+ 3+ 43
¢0:T37 ¢6:Ta (69)

where the pseudoscalar components ¢g and ¢, are of
quark-antiquark type whereas the ¢ and ¢ have
four-quark substructure. The SNS and OS bases are related
by transformation matrix 7,
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Fsns = TFogs, nsns = Tnos, (70)

where, in our setup, matrix 7 has the explicit form

[ 5 0 2 0 O]
-JZ 0o L 0o
™=1o L 0o 2o (71)
0 - 0 Lo
i o 0 o0 1l

The mass matrices Y> and N? defined in Eq. (64) have a
block diagonal octet singlet structure

[Y2]5 = |:[Y§]2><2 j|
[Y(2)]3><3
N2
[N0]3><3
The octet physical states
(1) (1)
For = [WM ¥ = [wfn} 73)

l//8+ WS‘

diagonalize [Y3] and [N3] respectively and are related to the
octet “bare” states

/3 3
Bg+ = |: ;| BS— - mE (74)
8 UE
by
Wg: = [Kg+|™' B+, Ys- = [Ks-|'Bg-.  (75)
therefore
IP8+[ ]dlagqj = Bg+ [Y%]BS‘F 5
lPS [N%]dlag\Pg = Bgf [N%]Bgf (76)

In the present decoupling limit, Y3 and N3 themselves
become block diagonal as well:

v {mﬂm | e [Wam

| o

g

2

my m

In this case, the physical singlet states

~ (1) ~ (1)

"I\IOJr = l//0+ ’ liJO_ = ll/Oi ’ (78)
~(2) ~(2)
4 Yo-

ot

are related to the “bare” singlet states
o= |2 B =[2] o
Mo

by

A

e = [Ko+]™' By ¥y = [Ko-]7'By-  (80)

which means

li"04r [?g]diag‘iloJr = E0+ [f/(z)}éoﬂ

lI,\IO’ [],\\/vz]dlag(\P B [N(z)]BO’ ’ (81)
The mass matrices Y3, Y3, N3 and N3 in the SU(3) limit

are

1
(Y31 == (12upa* — dughofa* + 2uihy*a* — 2hy*2,)
a
2h
(Y§)12 = ﬁ (_6052,6144 + h()3/13)
(Y3)y, = 2u3hg (82)
2 ! 4 2.2
(Yo) = 32 (=64, — 243)hg + 6u, ha

+ 24uyhofa’ + 36ura’]
(Y3),, = Bughoa

4
(Y3) 13 = —= (60Buy + 3uyhoa® + 6ho> Ay + 2ho>23)
Y2 — _2_h% -3 2 h2/1
(Y5)pn = 3ﬁ2( usfp* + hils)
4
(Y3) = V3 —— (3a®Buy + Suzhof® + 2h3A3)

35

h4
(Y2)33—241n< >h2,12+121n< >h02/11

+24 1n< o ) ho*A3 + 241n(3)hy> 15

+ (2811 + 12M5>]’l0 + 6I/t1(12 + 6M3ﬂ2 (83)

1
(N§>ll = ? (4”2(14 + 4M4h0ﬂaz + 2u1h(2)a2 + 2,’13/12)
ho
(N3, = 3 5(60‘2,3“4 + hys)
(N§>22 = 2“3ho (84)
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(N§)n [(62 + 243) 1l + 61 hZo® — 24uyhofa?

3 2.2
+ 12uya?]
(N(z))lz = —8u4h0a
f h}
(No)ia ( ri+1)
2h2
(N§)y = 3_,6(2) (Busp® + hiAs)
V3h
(N§)ys = 18ﬁ0 (=1+71)
(N(2>)33 = 2”6h(2) (85)

In the decoupling limit, (Y3);; = (Y3)y = (N3);3 =

(N§)as = 0.
The trace of the mass matrices for the scalar and
pseudoscalar octets are the sum of the physical masses,

[INgly + [Ngly = mg- + m'3-
(Y3l + (Y3l = mg. +m'g, (86)

which can be used to calculate u; and u, in terms of «,
and h:

2
8+

12

~+m@ + 8a’u, —m. o

2hj
BBmE- +3m'g- —mi —m'%)
12e2h, ‘

—m

u = -

(87)

uy = —

We have two more relations for the determinants of the
octet scalar and pseudoscalar mass matrices. In order to
simplify them, we will subtract and add the two determi-
nants which leads to

(mg- +m'§ —mg. —m's)[Ngly, — (INgJ, = [Y3]3,)
= mg_mgz_ — m§+ mé{
[mg- + m'g- + (mg+ +m' 8+ J[N§-]n
- 2([N2-]%2 - [Nz-]%z - [Yg]%z)
=mg-m'g- +mz.m'’3.. (88)

From the first equation, we determine f in terms of a:

3
Do 2 B0mg - mi)

2
+4(md- — m§+ - m’2 ym'-
+ 4( - m8 )m —4m8+m8 ]1/2
X (m8+ +m'}. —3mg- —3m'E-). (89)

The second equation is then independent of any param-
eter and is a constraint applied to the physical mass of the
heavy pseudoscalar octet:

2 38
mlgf - g( 8+ + m ) 39 m%-
1
= 25 [169m}. + (=364m'3. + 52m )mf.
+169m"S. + 52m'2 my- — TTmd-]V/2. (90)

Using the octect decay constant and Eq. (89), we
determine o

a= Js (91)

2(cos Og- — gsin 05-)

where

wE

_ m8 + 3m’ 8_—m§+ m'§+ (92)
2z —mi)

2uszh} — 12
cos 0. — (u)

and this, together with (89), determines . Upon substitu-
tion of e and f into (87) uy is determined as a function of A
[i.e., u4(ho)]. When uy(hy) is substituted in (60), results in
A3(hg). Using a first-order estimate stemming from the
trace anomaly results (namely 4, = %), together with
A3(hg), result in A,(hy) which in turn, when substituted
in Eq. (63), determines u;(hg). Finally, when u;(hy) is
substituted in the first equation of (87) determines u,(hy).
Therefore, all parameters are determined in terms of A,.

For numerical analysis, we examine the following inputs
for the octets (and then make variations to study the
sensitivity of the results):

mg- = 137 MeV
mg+ = 980 MeV

fs- = 131 MeV
m'y- = 1474 MeV  (93)

With these inputs, Eq. (90) gives m’g- = 1308 MeV which
is near the central value of the experimental data on
m[z(1300)] = 1.2-1.4 GeV [1]. In Table I, our results for
the model parameters are given for two values of &. These
model parameters then allow predictions for SU(3) singlet
masses (Table II) and rotation matrices (Table III), both being
independent of hy. This is of course expected in the
decoupling limit in which the properties of scalar and
pseudoscalar mesons become decoupled from the properties
of glueballs (hence, independent of condensate /). However,
once the interactions of quark components with glueballs are
turned on the predictions are expected to depend on /. The
predictions for both scalar and pseudoscalar SU(3) singlets
include a light and a heavy state. The light pseudoscalar
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TABLE I. Values of the model parameters in terms of A. TABLE III. Predicted rotation matrices in terms of /.
Parameters hy = 0.80 GeV hy = 1.0 GeV Rotation matrices hy = 0.80 GeV hy = 1.0 GeV
a (GeV) 5.10 x 1072 5.10 x 1072 [Kg-]7! 0.772  0.636 0.772  0.636
P (GeV) 4.12 x 1072 4.12 x 1072 -0.636  0.772 -0.636  0.772
uy 1.83 % 10 285x10 g -1 0.521 —0.853 0.521 —0.853
U -1.06 x 10° —2.68 x 10° —0.853 —0.521 —0.853 —0.521
—1 —1
" 8.03 ;3190 > '14;7120 Ky ]! 0.235 —0.972 0.235 —0.972
4 —_J. 4. _ _ . _
1 _356 % 10-2 Z3.65 x 10-2 0.972 —0.235 0.972 —0.235
I —2.13 x 1073 —871 x 104 [f(m] 1 0.765 0.644 0.765 0.644
A (Gev3) 7.96 x 10—4 7.96 x 10—4 —0.644 0.765 —0.644 0.765
are overall consistent with general expectations where light
TABLE II. Predicted masses in terms of . pseudoscalars are mainly quark-antiquark states (which is
seen to be minimally the case) while light scalars are closer
Masses (GeV) hy = 0.80 GeV hg =1.0 GeV (o four-quark states (which is seen to be clearly the case).
Mo~ 9.26 x 1072 0.26 x 10~2 The situation for singlets is different and the predictions are
mo- 1.58 1.58 not conclusive because of suppressing the interactions of
my+ 2.36 x 107! 2.36 x 107! quark components with glueballs. The values of a, f and A
m g+ 1.52 1.52 are independent of the parameter h;,.
nmy, 1.60 2.0 To further investigate the stability of predictions, we

singlet mass of 93 MeV does not overlap with known physical
eta masses, but the scalar singlet mass of 236 MeV is
qualitatively pointing to the sigma meson. The lighter than
expected pseudoscalar singlet can be attributed to the
complete suppression of pseudoscalar glueball in this limit
which in turn suppresses the realization of U(1), which is
known to be crucial in generating the correct # masses. The
low mass of the 7 meson in our method can be justified further.
In [76], Weinberg showed that in a theory where U(1) , axial
current is conserved and its breaking stems only from the
quark masses there is a pseudoscalar singlet with a very low

mass of order v/3m,,. Similarly, in [9] within the leading-order
U(@3) chiral perturbation theory, an explicit calculation
showed that in the N, — oo limit (where the axial anomaly
term vanishes) the eta mass approaches the mass of the pion.

For the scalar singlet, the situation is different because
the effect of trace anomaly on singlet scalar masses is not as
pronounced as the effect of axial anomaly on singlet
pseudoscalars [38—47]. The heavier singlet masses (both
around 1.5 GeV) overlap with some of the known # or f
states above 1 GeV.

The prediction for the scalar glueball mass depends on
hoy. We have shown [77] that the favored range of hy =
0.8-1 is consistent with QCD sum-rules analysis. In this
range of hy, the scalar glueball mass is 1.6-2.0 GeV
consistent with other approaches [33].

In the decoupling limit, the model predictions for the
quark and glue contents of scalars and pseudoscalars are
expected to be of qualitative importance. We have pre-
sented these predictions in Table III. We see that the
substructure of octet states (both scalars and pseudoscalars)

have considered the decoupling limit with massless quark.
This imposes more stringent conditions on the system of
equations. The results are given in the three tables of
Appendix B and show, expectedly, that there are no
sensitivities compared to Tables I, II, and III when this
additional condition is imposed.

According to Eq. (A2) in order to decouple the pseu-
doscalar glueball (which amounts to setting the elements
(M,27) s with i = 1, 2, 3, 4 to zero) the instanton term should
be dropped altogether. However alternatively one might
consider a generalized instanton term of the type in Eq. (26)
that contains enough parameters such that the decoupling
equations are solvable and the axial anomaly would still be
satisfied.

We end this section by a general comparison of the
decoupling limit presented here and the decoupling of scalar
glueballs from quark-antiquarks obtained as a result of a
“chiral suppression” studied in [65]. Of course there are
major differences between our formulation and the work of
[65]: Our framework is formulated in terms of chiral nonet
fields and can only indirectly probe quarks (through studies
of mixing patterns among components); it contains compo-
sites of four-quark fields; and in our model chiral symmetry
is broken both through quark masses as well as sponta-
neously through condensates of quark-antiquarks, four-
quarks and scalar glueball field. Moreover, the decoupling
limit in our model can occur both with or without quark
masses, and in either case, within the SU(3)y, subgroup. In
this decoupling limit, while the scalar glueball is not
interacting with mesons, it still plays a very important role
in stabilizing the vacuum through mixing of its condensate
with other condensates. Nevertheless, in limits that our
model qualitatively resembles the model of Ref. [65], it does
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not seem to contradict the “chiral suppression” found in
that work. For example, when trace anomaly is saturated
by glueballs only (i.e., when 4, = 13 = 0) and assuming
v» = 2 for simplicity, together with invoking the minimum
conditions (41), the coupling of scalar glueball in this limit to
nonstrange quark-antiquark is

1 Aoz —Asa?
wR—  lim  (X2),.=—4 ”—“) 94
g, \/522:13_)0,7”1_)2( 0)15 (ho(alz—a32)a3 ( )

whereas the coupling of scalar glueball to strange quark-
antiquark (in this limit) becomes

ad — Awats3
(X2)ps = - (AA) (95)

s lim
s ho(ay? — az?)ay

Ay=243—0,7,,>2
First, we see that in massless quark limit, both of these

couplings vanish in agreement with “chiral suppression” of
[65]. Secondly, using (94) and (95), we find

Gss a3
e 96
9nn %1 ( )

To get the numerical value of this ratio, we need to do the
calculation in the SU(2) isospin limit. In the absence of the
SU(2) calculation in the present work, we can only give a
rough approximation. For all values of the condensates a;
and a; found in the generalized linear sigma model without
glueballs (see Fig. 2 in Ref. [45]), this ratio is clearly larger
than one in agreement with the “chiral suppression” of [65].
However, this is only an estimate and has to be confirmed
with full SU(2) calculation.

VI. CONCLUSIONS

In [42-44], we introduced the SU(3)y limit of the
generalized linear sigma model with two chiral nonets
(both with and without quark masses). These analyses were
performed with the hope that this simplified model would
have the correct main features of the low energy meson
spectrum. In the limit of massless quarks, three pions and
one of the n’s were massless as expected. The model
contained a very low isosinglet scalar mass and was
consistent with the picture developed in further works that
the low lying pseudoscalars are mostly “quark-antiquark”
states whereas the low lying scalars have a larger four quark
component. The SU(3)y limit in the presence of quark
masses had the same main features except that the massless
states were replaced by light meson masses.

In the model presented here, all the characteristics
outlined in our previous versions of the generalized linear
model are respected with the provision that one of the
pseudoscalar singlets and the lowest scalar isosinglet (o)
are nearly massless in the limit of massless quarks. This
difference stems from the presence of the instanton term in
the Lagrangian in the model discussed in [42-44] that
brought a large contribution directly to the # masses and

indirectly to the o mass. Since the corresponding term gives
no contribution to the 7 mass matrix in the decoupling limit
of the present model, it is natural to obtain a massless 7.
This setup may have limited phenomenological conse-
quences but it is very important from the theoretical point
of view as it reveals the significance of specific terms in the
Lagrangian. Also the important feature that the low lying
pseudoscalars are mainly “quark-antiquark™ states whereas
the corresponding scalars have large four quark compo-
nents emerges from the rotation matrices in Tables III
and VL

In the case of massive quarks in the decoupling SU(3)y,
limit, there is no massless meson but the main character-
istics of the meson spectrum are preserved. The model
contains a very low 5 and a very low ¢ with the masses
indicated in Table II.

The generalized linear sigma model developed in
[38—45] provided an adequate and reliable picture of
low-energy QCD model with pseudoscalar and scalar
mesons. In the present work, we expanded that framework
to accommodate scalar and pseudoscalar glueballs that may
mix with the quark meson states and conceivably lead to a
better description of the low energy sector. We discussed
that in the decoupling SU(3)y, limit (both with and without
quark masses) the model presents interesting features
compatible with the same limit for the generalized linear
sigma model of quark mesons only. Moreover, the mass of
the scalar glueball was predicted for adequate values of the
glueball condensate with a result in very good agreement
with those calculated in lattice studies [16—18] or from
QCD sum rules [33] (for a detailed discussion of the scalar
glueball mass in the present approach see [77]).

The Lagrangian in (34) is fairly complex, contains a very
large number of parameters that, in principle, can be exactly
treated numerically. However, in practice, brute force
numerical approach is insufficient because (i) it lacks
physical insight into how the system of equations evolve
step by step from the simplest limits which are exactly
solvable and contain the basic fundamental knowledge of
the underlying dynamics, and (ii) the optimized numerical
solutions of a highly nonlinear system of equations with
many unknown parameters (in the leading order of the
model presented here there are 18 a priori unknown
parameters) are not unique and while may mathematically
correspond to an optimized solution may not necessarily
correspond to a physical solution. Therefore, tackling the
system of equations by first pushing them to solvable limits
and then step by step evolving their solutions to the desired
general conditions is necessary and is the main strategy
promoted in this work for exploring the unknowns of the
model. The aspects already discussed here are promising
and suggest that a comprehensive analysis of the model
may lead to a very interesting picture of low energy scalar
and pseudoscalar meson spectrum and properties. This
endeavor will be further pursued in future works.
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APPENDIX A: ISOSINGLET MASS MATRICES

In this appendix, we give the mass matrices for isosinglet scalars and isosinglet pseudoscalars:

ho* (Broq + 3 aafs)*hp + 51 f1s)

@ (2p1ay + Pzas)?
— 420 + a3?) 2 (<2 4y, )2 P (24101 4 Azas) + H=2 4 1) (Arag 4 1/2A303) 20* + az?) 70/
—16(=2 +7,,) 2a1* + a3?) 7 T 22 (Ao + 1/2A303) + 8(2a0% + a3?) T2 (=2 + 7)o A

1
(X(z))n = 2 2 232
(2p1a1 + P3az)” (201" + a3”)

X [16((=2 +7,)(—Aza;” + Ajas(y,, — D)
+ 1/243032 (7, — Day = 1/2A4,05%) (Bray + 1/2B303)* (2ay* + a3?) ' 77/2 = 1/2(a* + 1/2a3%)?
X (8”4/3120512 + 8uyfi a3 + (2M4/330532 - /13h03)/)73>h0/)71)\/§]

(X(z))ll = 41/!4]’10,63 + 2M|h02 + 121/!26!]2 - 8

ho*sasp
(X3)13 = 4ushoaz +2 LRCEE L 5
<2alﬂ1 + 013,33)
ho*isprax
X3 —2\/5[2u hoa —&}
(X0 o (a1 81 + azf3)?

yl A3
X3),s = 4V2 h +2h3<—2+3—)]
( 0)15 \/—|:M4(ﬁla3 +ﬂ3al)+ul 01 0 a 2alﬂl+a3ﬁ3

1
)2 = a3*(2p1ay + Paaz)
+ 16032 (B1ay + 1/2B303)* (Aray + 3/24303) (=2 + 7,) 2y * + a3?) 70/ + 120556575 + 4800371 fuy
+ (481 2f12us + 2P5%houy as® + 8ayaz’ By f3hgu,
= 2ho* (=4 frPay® + ho®B5* (Ag + 23))as® = 8ayaz i f3hg* A — 8ay*B17ho*dy)
ho* Az s }
Qa1 p1 + asps)?

(X

s (—16a3*(Aay + 1/24303) (Bray + 1/26303) %7, (=2 + 7,) (201 + a3?) 71770 /2

(X(Z))23 = 2\/5 2144]’10&1 -

ho* s, By

2y
(Xo)as = (2018, + a3f3)?

p A
X2),. =8 duh p3(22 3P
(X5)2s ugo fy + 4uyhoas + 8hyg <a3+2a1ﬂ1+a3ﬂ3
h04/13012
(X2)33 = 2ushy? —4—"————
073 0 (2B1a1 + Braz)?
h04/13\/§a1a3

2 - _
(X554 = =2 (2B1a1 + B3a3)*
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hod
X2).. =42 h o 07371
(X3)35 = 4V2 |uga 03 + ushopy + S+
ho*Ayas?
(X2) 4 = 2uzhy? =2~ 037
07s 0 (2B1a1 + B303)*

h03ﬂ3(l3

X2) ,c =4du,0? +4ush 8—— =
(Xo)as = duger +4ushof + 2011 + a3

ho* a’a 20 a; + fza
(X2)ss = 2u; (2,2 + a32) + 2uz (28,2 + B52) + 12usho? + 12hy? (zm(%) +2/121n< 1/\3 3) +22;1n (%))
+28hy24, (A1)
+ 1/2B303)% 4 + 1/223p1% ;) ho*
M2),, = —dughofs + 2uyhg? + dupay? + 8 W10
(M3),, ughofs + 2uihy”™ + 4upo~ + a2(2Par + Paas)?
+42a% + a3?) (=2 + 7, (Aja; + 1/2A30a3)
ho* 231 P
M2 _2\6[—2uhﬁ NI R L
(Ma)ro o (20181 + azp3)?
ho* o
(M2) 5 = —dughgay + 22— W .
(201,51 + 0‘3ﬁa>
h04/13ﬂ10‘%
(M2),, =22 [—2u hoa; — —————2- 72
o o (20181 + azf3)?
o (Bilri + Doy + asfsri)V2hy?
(My),s =
715 12(112,81 + 6a1a3ﬂ3
(M2),, = 2uho? + 4upas? + 8h04((ﬂ1a1 + 1/2B303)* Ay + 1/42385°a3?)
. a3*(2B1ay + P3a3)?
+ 420 + a3?) (=2 + 7)) (Ayay + 1/245a5)
(M2),. = -2 hoV/ 20 (Busfr’ar® + 8usfifrasay + 205° 32 us + P3ho’A)
17 (2p1a; + praz)?
(M2) - a1 p h04/13
n/24 — (2ﬁ _|_/} a )2
11 303
(M2),. — (2B1a1y1 + a3f3)hg’
B R2ajaspy + 603
(M2),, =2 ho*(4ayBr2us + 2012 ho* Ay + dayazfpy faus + az?f37us)
B (2p1a1 + Praz)?
w2 Asho*V2a,a5
(4, = 2 P
(2p1a1 + Pra3)
(M2) _ al()’l - 1)\/2%3
35 1200y 4 6asp5
(M2),, =2 ho*(4ai’Bius + dayasfrfaus + a3’ B5°us + az*ho’As)
1o (2B1a1 + B3a3)*
(Mz) o 053(71 - 1)h03
)45 =
120, + 6a3f33
(M%)55 = 2u6h02 (AZ)

Using the mass matrix for the eta system, together with vacuum conditions (41), we can show
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(a2 +1/205%) () + a3)A3ho" (a3 + ;)
(Bray = pyaz)*as(Brag + 1/2f505)

det(M2) = 1/6

2.3
_ 2 0 g2Vt (a? 4+ g2 (AL ) e _
X|: 144A1A3(2al +(X3) (20:1 —|—(l3 )< 216 a3 /131’!6 216
g 1 Bras* (=1 +7,)?
2 g =4 11 P3os (=1 T 11"
+has (3”6 432 7216 a3 )M T 432

+ A3ho* (a1 B3 + ras) (Aay + 24305) (2 + 032)_“’/2] )

which, as expected, shows:

lim det(M;) = 0.

1,430

(A4)

APPENDIX B: DECOUPLING LIMIT IN THE
MASSLESS CASE

In this appendix, we consider the decoupling limit in the
absence of explicit symmetry breaking term in the
Lagrangian. This amounts to the condition A| =A;=A=0
where equivalently from the first and second equations
in (41):

6ushgap + 4uya® + uhja = 0. (B1)

Equations (60)—(63) are still valid. The system of equations,

1 11
1(1—6/12—413) :/11 :% TI'[N%] = (mg_)2
det[N3] =0, (B2)
is solved for the parameters u;, u, uy:
2h2
up = —02 s
27
202 h$ + 22 hg — 270 2 (m'g-)?
Uy = — ,
. 108a* (a? + /%)
/)2
6(a” + f)hg
Furthermore, we calculate o from (see [42,43]),
 fV/3(m )2 = (mge)? — (g )?
a= (B4)
2V2(m's-)?
and then
1 2 2
p= > —4a” + fz. (B5)

For numerical work, we use

2
LR SR P
108 216>ﬁ3“‘

(A3)

[

TABLEIV. Values of the model parameters in terms of 4 in the

massless quarks limit.

Parameters hy = 0.80 GeV hy = 1.0 GeV
a (GeV) 4.96 x 1072 4.96 x 1072
p (GeV) 4.28 x 1072 4.28 x 1072
u; 1.93 x 10 3.01 x 10
Uy —-1.18 x 10° -2.99 x 10°
us 7.57 x 107! 4.84 x 107!
Uy -3.51 -2.81

A -3.56 x 1072 -3.65x 1072
A3 -2.17 x 1073 —8.87 x 107*
A 0 0

TABLE V. Predicted masses in terms of A, in the massless

quarks limit.

Masses (GeV) hy = 0.80 GeV hy = 1.0 GeV

M- ~0 ~0

m’y- 1.60 1.60

M- 1.81 x 107 3.10 x 107

m'y+ 1.50 1.50

m, 1.60 2.00

g 9.52 x 107! 9.52 x 107!

m'g+ 1.49 1.49

TABLE VI. Predicted rotation matrices in terms of 4, in the

massless quarks limit.

Rotation matrices ho = 0.80 GeV hg = 1.0 GeV

[Kg-]7! 0.757  0.653 0.757  0.653
—0.653  0.757 —0.653  0.757

[Ko-]™! 0.501 —0.865 0.501 —0.865
—0.865 —0.501 —0.865 —0.501

[Kg+]™! 0.216 —0.976 0.216 —0.976
—-0.976 —0.216 —-0.976 —0.216

(Ko ]! 0.757  0.653 0.757  0.653
—0.653  0.757 —0.653 0.757
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m'g- = 1.30 GeV,
Tr(Y3) = (0.9807 + 1.474?) GeV?,
det(Y3) = 0.980% x 1.474% GeV*.

For two choices of hy, the parameters are given in
Table 1V, the predicted masses in Table V and the rotation
matrices in Table VI. These results show small deviations
from those presented in Tables I, II and III.
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