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We explore the recently observed Ξbð6227Þ− resonance to fix its quantum numbers. To this end, we
consider various possible scenarios: It can be considered as either a 1P or 2S excitation of the Ξ−

b and
Ξ0
bð5935Þ ground-state baryons with spin-1

2
or the 1P or 2S excitation of the ground-state Ξbð5955Þ with

spin-3
2
. We calculate the masses of the possible angular-orbital 1P and 2S excited states corresponding to

each channel employing the QCD sum rule technique. It is seen that all the obtained masses are in
agreement with the experimentally observed value, implying that the mass calculations are not enough to
determine the quantum numbers of the state under question. Therefore, we extend the analysis to
investigate the possible decays of the excited states intoΛ0

bK
− and Ξ−

bπ. Using the light cone QCD sum rule
method, we calculate the corresponding strong coupling constants, which are used to extract the decay
widths of the modes under consideration. Our results on decay widths indicate that the Ξbð6227Þ− is a 1P
angular-orbital excited state of the Ξbð5955Þ baryon with quantum numbers JP ¼ 3

2
−.

DOI: 10.1103/PhysRevD.98.094014

I. INTRODUCTION

The theoretical studies of the heavy baryons involving
their spectroscopic parameters and the interaction mecha-
nisms improve our understanding of the nonperturbative
regime of the strong interaction, as well as their nature and
internal structure. As a result of the impressive develop-
ments in the experimental sector in the last decade, almost
all of the ground-state baryons with single heavy quarks
were observed [1–9].
The spectroscopy of the heavy baryons containing the b

quark has been investigated within different models. These
approaches include the quark model [10–19], the QCD sum
rule approach [20–24], lattice QCD [25], 1=Nc and 1=mb
expansions [26], and the Faddeev approach [27]. To gain a
deeper understanding of the single bottom baryons, their
properties, such as magnetic dipole moments and strong
decays, were investigated in Refs. [28–33]. In Ref. [34],
their strong and radiative decays were studied using the
constituent quark model.

The quark model predicts the existence of many new
baryons with one, two, or three heavy quarks. The
impressive developments in the experimental techniques
indicate that more heavy baryons will be observed in
the near future. With this motivation and the motiva-
tion brought by the recent observation of the LHCb
Collaboration [35], we investigate the masses and decay
constants of the low-lying 2S and 1P excited Ξb baryons
having J ¼ 1

2
and J ¼ 3

2
. The LHCb Collaboration

recently reported the observation of Ξbð6227Þ− with mass
mΞbð6227Þ− ¼ 6226.9� 2.0� 0.3� 0.2 MeV and width
ΓΞbð6227Þ− ¼ 18.1� 5.4� 1.8 MeV. From the observed
mass and decay modes, it was stated that the Ξbð6227Þ−
state may be a 1P or 2S excited baryon (see also [35]).
After this observation, this state is considered in Ref. [36]
and its mass and strong decays were analyzed. The
obtained results indicated the possibility of its being a
P-wave state with JP ¼ 3

2
− or 5

2
−. It is clear that to identify

the characteristics of this baryon, more studies are neces-
sary. In this study, we aim to identify the properties of the
Ξbð6227Þ− state by using QCD sum rule method [37–39].
This method serves as one of the powerful nonperturbative
methods. In the calculations, the observed state is consid-
ered as a 1P and 2S excitation of the ground-state Ξb

baryons having J ¼ 1
2
and J ¼ 3

2
, with the Ξ0

b baryon having
J ¼ 1

2
. We obtain the decay constants and masses of the 1P
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and 2S excitations for each case. In the quark model’s
notations, these states are represented by the 12P1=2, 22S1=2,
14P3=2, and 24S3=2. For simplicity, we denote these states
as JP ¼ 1=2−, JP ¼ 1=2þ, JP ¼ 3=2−, and JP ¼ 3=2þ,
respectively.
Moreover, we discuss the strong transitions of the

Ξbð6227Þ− to Λ0
b and K− as well as to Ξ0

b and π−. To this
end, we use an extension of the traditional QCD sum rules
method, namely the light cone QCD sum rule (LCSR)
technique [40–42]. In the LCSR, the time-ordered product
of the interpolating currents is sandwiched between an on-
shell state and the vacuum. The on-shell state in the present
work is either K or π meson depending on the considered
transition. Again, taking into account the 1P and 2S
excitation possibilities for the Ξbð6227Þ− state, the related
coupling constants and decay widths are obtained for the
mentioned transitions. The results are compared to the
existing experimental ones with the aim of better determi-
nation of the quantum numbers to be assigned to the
Ξbð6227Þ− state.
The outline of the article is as follows: In Sec. II, we

derive the QCD sum rules for the masses and decay
constants of the Ξbð6227Þ− with the possible quantum
numbers JP ¼ 1

2
� and 3

2
�. This section also contains the

numerical values obtained for masses and decay constants
of considered states which will be used as inputs in the
following section. In Sec. III, within light cone QCD
sum rule method, we obtain the coupling constants for
the considered transitions with possible configurations
assigned to the Ξbð6227Þ− and present the results
obtained from the analysis. This section includes also
the decay width calculations for the considered transitions.
Section IV is devoted to the summary and discussion of
the results.

II. SPECTROSCOPIC PARAMETERS
OF THE Ξb STATES

In this section, the details of the calculations for
spectroscopic properties, i.e., masses and decay constants,
of 1P and 2S excited Ξb states are presented for three
different total angular momentum J possibilities. The
calculations for all three considerations are performed
using the QCD sum rule formalism which starts from
the following correlation function,

ΠðμνÞðqÞ ¼ i
Z

d4xeiq·xh0jT fJBðμÞðxÞJ†BðνÞð0Þgj0i; ð1Þ

The correlation function is written in terms of the inter-
polating current of the considered state, i.e., the current
JBðμÞ corresponding to the considered J ¼ 1

2
ð3
2
Þ state, which

is formed using quark fields and considering the quantum
numbers of the state. The subindex B represents one of the

states, Ξb (J ¼ 1
2
), Ξ0

b (J ¼ 1
2
) or Ξb (J ¼ 3

2
). We will use the

following interpolating currents in the calculations:
(a) For J ¼ 1

2
particles:

JΞb
¼ 1ffiffiffi

6
p ϵabcf2ðdaTCsbÞγ5bc þ ðdaTCbbÞγ5sc

þ ðbaTCsbÞγ5dc þ 2βðdaTCγ5sbÞbc
þ βðdaTCγ5bbÞsc þ βðbaTCγ5sbÞdcg;

JΞ0
b
¼ −

1ffiffiffi
2

p ϵabcfðdaTCbbÞγ5sc − ðbaTCsbÞγ5dc

þ βðdaTCγ5bbÞsc − βðbaTCγ5sbÞdcg: ð2Þ

(b) For J ¼ 3
2
particles:

JΞb;μ ¼
ffiffiffi
2

3

r
ϵabcfðdaCγμsbÞbc þ ðsaCγμbbÞdc

þ ðbaCγμdbÞscg: ð3Þ

The indices a, b, and c in the current expressions are used
to represent the color indices, C is the charge conjugation
operator, and β in the J ¼ 1

2
currents is an arbitrary

parameter.
In QCD sum rule calculations, we calculate the correlator

in two ways. In the first step, it is calculated in terms of
hadronic degrees of freedom, considering the interpolating
fields as operators annihilating or creating those hadrons.
This side is expressed in terms of hadronic degrees of
freedom and denoted as physical or phenomenological
side. For the calculation of this side, complete sets of
hadronic states with the same quantum numbers of the
considered hadrons are inserted in the correlation function.
As a result, we have

ΠPhys
ðμνÞ ðqÞ ¼

h0jJBðμÞjBðq; sÞihBðq; sÞjJ̄BðνÞj0i
m2 − q2

þ h0jJBðμÞjB̃ðq; sÞihB̃ðq; sÞjJ̄BðνÞj0i
m̃2 − q2

þ � � � ; ð4Þ

and

ΠPhys
ðμνÞ ðqÞ ¼

h0jJBðμÞjBðq; sÞihBðq; sÞjJ̄BðνÞj0i
m2 − q2

þ h0jJBðμÞjB0ðq; sÞihB0ðq; sÞjJ̄BðνÞj0i
m02 − q2

þ � � � ;

ð5Þ

when the 1P and the 2S excitations are considered,
respectively. Here, m, m̃; and m0 are the mass of the
ground, 1P, and 2S excited states of the Ξb baryons,
correspondingly. JBðμÞ represents either the current JB of

ALIEV, AZIZI, SARAC, and SUNDU PHYS. REV. D 98, 094014 (2018)

094014-2



J ¼ 1
2
or that JBμ of J ¼ 3

2
baryon. The contributions of

higher states and the continuum are represented by the dots.
The matrix elements between the vacuum and one-particle
states are defined as

h0jJBjBðq; sÞi ¼ λuðq; sÞ;
h0jJBjB̃ðq; sÞi ¼ λ̃γ5uðq; sÞ;
h0jJBjB0ðq; sÞi ¼ λ0uðq; sÞ; ð6Þ

for J ¼ 1
2
states and

h0jJBμjB�ðq; sÞi ¼ λ�uμðq; sÞ;
h0jJBμjB̃�ðq; sÞi ¼ λ̃�γ5uμðq; sÞ;
h0jJBμjB�0ðq; sÞi ¼ λ�0uμðq; sÞ ð7Þ

for J ¼ 3
2
states. In this section and in the following one,

BðB�Þ, B̃ðB̃�Þ, and B0ðB�0Þ notations are used to represent
the ground 1S, 1P, and 2S excited states corresponding to
the J ¼ 1

2
ð3
2
Þ baryon, respectively, and λðλ�Þ, λ̃ðλ̃�Þ, and

λ0ðλ�0Þ are the decay constants related to each of these
states. In Eq. (7), uμðq; sÞ is the Rarita-Schwinger spinor
for the J ¼ 3

2
states. Summation over the spins of spinors is

performed by using the formulas

X
s

uðq; sÞūðq; sÞ ¼ ð=qþmÞ ð8Þ

and

X
s

uμðq; sÞūνðq; sÞ

¼ −ð=qþmÞ
�
gμν −

1

3
γμγν −

2qμqν
3m2

þ qμγν − qνγμ
3m

�
: ð9Þ

Using these expressions together with the matrix elements
in Eqs. (4) and (5), we get the following expressions for the
J ¼ 1

2
case:

ΠPhysðqÞ ¼ λ2ð=qþmÞ
m2 − q2

þ λ̃2ð=q − m̃Þ
m̃2 − q2

þ � � � ; ð10Þ

and

ΠPhysðqÞ ¼ λ2ð=qþmÞ
m2 − q2

þ λ02ð=qþm0Þ
m02 − q2

þ � � � : ð11Þ

For the J ¼ 3
2
case, we obtain

ΠPhys
μν ðqÞ ¼ −

λ�2

q2 −m�2 ð=qþm�Þ

×

�
gμν −

1

3
γμγν −

2qμqν
3m�2 þ qμγν − qνγμ

3m�

�

−
λ̃�2

q2 − m̃�2 ð=q − m̃�Þ

×

�
gμν −

1

3
γμγν −

2qμqν
3m̃�2 þ qμγν − qνγμ

3m̃�

�
þ � � � ;

ð12Þ

and

ΠPhys
μν ðqÞ ¼ −

λ�2

q2 −m�2 ð=qþm�Þ

×
�
gμν −

1

3
γμγν −

2qμqν
3m�2 þ qμγν − qνγμ

3m�

�

−
λ02

q2 −m�02 ð=qþm�0Þ

×

�
gμν −

1

3
γμγν −

2qμqν
3m�02 þ

qμγν − qνγμ
3m�0

�
þ � � � ;

ð13Þ

where the first and second equations for each case belong to
the 1P and 2S excitations, respectively. Note that Eqs. (10)
and (11) are used as common formulas for both J ¼ 1

2
Ξb

and Ξ0
b baryons.

The same correlation function, Eq. (1), can also be
calculated in terms of quarks and gluons using the explicit
expressions of the interpolating currents and by the help of
operator product expansion (OPE). The possible contrac-
tions between quark fields render the expression into a
form, which contains the heavy and light quark propaga-
tors. Using these quark propagators in coordinate space and
performing the necessary Fourier transformations to trans-
fer the calculations to the momentum space, we get the
results for the QCD side.
After calculations of the physical and QCD sides, Borel

transformations are applied to both sides with the aim of
suppression of the higher states and continuum contribu-
tions. Finally, we choose the coefficients of the same
Lorentz structures from both sides to get the QCD sum
rules for the masses and decay constants. In calculations,
the structures =q and I are chosen for J ¼ 1

2
cases and =qgμν

and gμν for J ¼ 3
2
case. In the case of J ¼ 3

2
, there are

actually more Lorentz structures; however, the others
contain contributions from the J ¼ 1

2
states and, to avoid

the contributions of these undesired states, only these two
structures are considered. Final form of the QCD sum rules
for the masses and decay constants are obtained as
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λ2e−
m2

M2 þ λ̃2ðλ02Þe−m̃2ðm02Þ
M2 ¼ ΠQCD

1 ;

mλ2e−
m2

M2 ∓ m̃ðm0Þλ̃2ðλ02Þe−m̃2ðm02Þ
M2 ¼ ΠQCD

2 ; ð14Þ

where − and þ signs in the second equation correspond to
the 1P excited B̃ and 2S excited B0 states, respectively.
ΠQCD

i with i ¼ 1, 2 are the Borel transformed coefficients
of the structures =q and I for J ¼ 1

2
cases obtained in QCD

sides. The results for J ¼ 3
2
case can be obtained from

Eq. (14) by replacing λ̃ → λ̃�, λ0 → λ�0, m̃ → m̃�,
m0 → m�0, and ΠQCD

i → Π�QCD
i for the coefficients of

=qgμν and gμν attained on the QCD side.
To perform the numerical analysis, various input param-

eters entering the sum rules are needed. Some of these input
parameters are given in Table I. Besides these parameters,
the sum rules contain three auxiliary parameters. These are
the Borel parameter M2, threshold parameter s0, and an
arbitrary parameter β existing in the calculations of J ¼ 1

2

states. To fix their working intervals, we follow the standard
criteria of the QCD sum rules formalism. To begin with, in
the determination of threshold parameter s0, we need to
emphasize that it is not completely arbitrary and has a
relation with the energy of first excited state having the
same quantum numbers with the considered state.
However, since we have very limited knowledge on the
energy of excited states, we fix its interval looking at the
pole dominance condition. We demand that the pole
contributions for each case are dominant and comprise
the highest part of the total value. The Borel parameter
region is determined looking at the convergence of the
OPE. This requires also the dominance of the perturbative
terms over the nonperturbative ones in the calculations.
Claiming these, the lower limit of the Borel parameter is
fixed. For the upper limit of this parameter, the pole
dominance is required. Finally, for the calculations

including the parameter β, its working interval is obtained
from the analysis of the results, requiring the least possible
dependence on this parameter. For this purpose, one
examines the variance of the results as a function of
cos θ, where β ¼ tan θ, and determines the regions where
the results have relatively weak dependence on cos θ.
Actually, the relatively weak dependence on the auxiliary
parameters is another requirement in the QCD sum rules
calculation to gain reliable results for the physical param-
eters under consideration. With all these requirements, the
intervals for auxiliary parameters, for all the considered
states, are attained as

45 GeV2 ≤ s0 ≤ 48 GeV2; ð15Þ

6 GeV2 ≤ M2 ≤ 9 GeV2; ð16Þ

and

−1 ≤ cos θ ≤ −0.3 and 0.3 ≤ cos θ ≤ 1: ð17Þ

Using the working regions for the auxiliary parameters,
together with the parameters given in Table I, we obtain the
final results for the masses and decay constants under
consideration. Note that the ground-state mass values of Ξb
baryons, i.e., the masses of Ξ−

b , Ξ0
bð5935Þ−, and Ξbð5955Þ−,

are taken as inputs in the equations. The values of the
masses corresponding to the 1P and 2S excitations are
obtained as presented in Table II. The errors in the results
are due to the errors of the input parameters as well as those
coming from the variations of the results with respect to
the variations of the auxiliary parameters in their working
intervals. As an example, in Fig. 1, we present the
dependence of the mass of the Ξbð32−Þð1PÞ state on M2

and s0. From this figure, one can see that the requirement of
the relatively weak dependence on these parameters is
satisfied.
The masses of the other possibilities and decay constants

for all the states under consideration are determined
similarly and presented in Table II. From this table, it
follows that the masses of the considered states with JP ¼
1
2
� and JP ¼ 3

2
� are all very close to each other and

TABLE I. Some input parameters used in the calculations of
masses and coupling constants.

Parameters Values

mΞ−
b

5794.5� 1.4 MeV [1]
mΞ0

bð5935Þ− 5935.02� 0.02� 0.05 MeV [1]
mΞbð5955Þ− 5955.33� 0.12� 0.05 MeV [1]
mb 4.18þ0.04

−0.03 GeV [1]
ms 128þ12

−4 MeV [1]
md 4.7þ0.5

−0.3 MeV [1]
λΛb ð3.85� 0.56Þ × 10−2 GeV3 [43]
λΞb 0.054� 0.012 GeV3 [44]
hq̄qi ð−0.24� 0.01Þ3 GeV3 [45]
hs̄si 0.8hq̄qi [45]
m2

0 ð0.8� 0.1Þ GeV2 [45]
hg2sG2i 4π2ð0.012� 0.004Þ GeV4 [46]
Λ ð0.5� 0.1Þ GeV [47]

TABLE II. Results obtained for the 1P and 2S excitations of the
ground-state Ξ−

b , Ξ0
bð5935Þ− and Ξbð5955Þ− baryons.

The state BðJPÞ Mass (MeV) Residue λðGeV3Þ
Ξbð12−Þð1PÞ 6190þ165

−145 0.145þ0.030
−0.040

Ξbð12þÞð2SÞ 6190þ165
−145 0.810þ0.050

−0.060
Ξ0
bð12−Þð1PÞ 6195þ140

−150 0.110þ0.050
−0.070

Ξ0
bð12þÞð2SÞ 6195þ140

−150 0.760þ0.190
−0.240

Ξð
b
3
2
−Þð1PÞ 6200þ90

−105 0.075þ0.010
−0.010

Ξð
b
3
2
þÞð2SÞ 6200þ90

−105 0.540þ0.030
−0.050
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therefore the mass determination is not enough to identify
Ξbð6227Þ−. Hence, in the next section, we extend the
analysis and obtain the widths of the considered excited
states decaying to Λ0

bK
− and Ξ0

bπ
−, which can provide us

with the possibility to assign quantum numbers of the
Ξbð6227Þ− state.

III. TRANSITIONS OF THE Ξb STATES
TO Λ0

bK
− AND Ξ0

bπ
−

This section is devoted to the analysis of the transitions
Ξbð6227Þ− → Λ0

bK
− and Ξbð6227Þ− → Ξ0

bπ
− by consid-

ering the Ξbð6227Þ− as the 1P or 2S excitation state of one
of the ground-state Ξ−

b , Ξ0
bð5935Þ−, or Ξbð5955Þ− baryons.

In calculations, the LCSR method is employed. The
starting point of this method is consideration of the
correlation function given as

ΠðμÞðqÞ ¼ i
Z

d4xeiq·xhKðπÞðqÞjT fJΛ0
bðΞ0

bÞðxÞJ̄BðμÞð0Þgj0i:

ð18Þ

In this correlation function, JBðμÞ represents one of the
currents given in Eqs. (2) and (3), and the calculation of this
correlation function will be carried out for each current
given there, considering again both possibilities of being
1P or 2S states separately. The index (μ) is used only for
transition of the J ¼ 3

2
state. hKðπÞðqÞj is the on-shellKðπÞ-

meson state with momentum q. JΛ0
b
and JΞ0

b
are the

interpolating currents of the J ¼ 1
2
Λ0
b and Ξ0

b baryons.
In this part of the study, again the correlation function is

firstly calculated in terms of the hadronic parameters. For
J ¼ 1

2
, we get

ΠPhysðp; qÞ ¼ h0jJΛbðΞbÞjΛbðΞbÞðp; sÞi
p2 −m2

ΛbðΞbÞ
hKðπÞðqÞΛbðΞbÞðp; sÞjBðp0; s0Þi hBðp

0; s0ÞjJ̄Bj0i
p02 −m2

þ h0jJΛbðΞbÞjΛbðΞbÞðp; sÞi
p2 −m2

ΛbðΞbÞ
hKðπÞðqÞΛbðΞbÞðp; sÞjB̃ðp0; s0Þi hB̃ðp

0; s0ÞjJ̄Bj0i
p02 − m̃2

þ � � � ; ð19Þ

ΠPhysðp; qÞ ¼ h0jJΛbðΞbÞjΛbðΞbÞðp; sÞi
p2 −m2

ΛbðΞbÞ
hKðπÞðqÞΛbðΞbÞðp; sÞjBðp0; s0Þi hBðp

0; s0ÞjJ̄Bj0i
p02 −m2

þ h0jJΛbðΞbÞjΛbðΞbÞðp; sÞi
p2 −m2

ΛbðΞbÞ
hKðπÞðqÞΛbðΞbÞðp; sÞjB0ðp0; s0Þi hB

0ðp0; s0ÞjJ̄Bj0i
p02 −m02 þ � � � ; ð20Þ

and for J ¼ 3
2
, we obtain

ΠPhys
μ ðp; qÞ ¼ h0jJΛbðΞbÞjΛbðΞbÞðp; sÞi

p2 −m2
ΛbðΞbÞ

hKðπÞðqÞΛbðΞbÞðp; sÞjB�ðp0; s0Þi hB
�ðp0; s0ÞjJ̄B;μj0i
p02 −m�2

þ h0jJΛbðΞbÞjΛbðΞbÞðp; sÞi
p2 −m2

ΛbðΞbÞ
hKðπÞðqÞΛbðΞbÞðp; sÞjB̃�ðp0; s0Þi hB̃

�ðp0; s0ÞjJ̄B;μj0i
p02 − m̃�2 þ � � � ; ð21Þ

FIG. 1. Left: The mass m̃ for the 1P excitation of Ξbð5955Þ− baryon vs Borel parameterM2. Right: The mass m̃ for the 1P excitation
of Ξbð5955Þ− baryon vs threshold parameter s0.
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ΠPhys
μ ðp; qÞ ¼ h0jJΛbðΞbÞjΛbðΞbÞðp; sÞi

p2 −m2
ΛbðΞbÞ

hKðπÞðqÞΛbðΞbÞðp; sÞjB�ðp0; s0Þi hB
�ðp0; s0ÞjJ̄B;μj0i
p02 −m�2

þ h0jJΛbðΞbÞjΛbðΞbÞðp; sÞi
p2 −m2

ΛbðΞbÞ
hKðπÞðqÞΛbðΞbÞðp; sÞjB�0ðp0; s0Þi hB

�0ðp0; s0ÞjJ̄B;μj0i
p02 −m�02 þ � � � : ð22Þ

Again, note that, in these equations, BðB�Þ, B̃ðB̃�Þ, and B0ðB�0Þ represent the ground, 1P, and 2S excited states
corresponding to each considered ground-state baryon. Here, p0 ¼ pþ q and p are the momenta of these baryons and
ΛbðΞbÞ baryon, respectively. The contributions of higher states and continuum are represented by dots.
Now, we have some additional matrix elements in Eqs. (19)–(22). For J ¼ 1

2
baryons, these matrix elements are

determined as

hKðπÞðqÞΛbðΞbÞðp; sÞjBðp0; s0Þi ¼ gBΛbðΞbÞKðπÞūðp; sÞγ5uðp0; s0Þ;
hKðπÞðqÞΛbðΞbÞðp; sÞjB̃ðp0; s0Þi ¼ gB̃ΛbðΞbÞKðπÞūðp; sÞuðp0; s0Þ;
hKðπÞðqÞΛbðΞbÞðp; sÞjB0ðp0; s0Þi ¼ gB0ΛbðΞbÞKðπÞūðp; sÞγ5uðp0; s0Þ; ð23Þ

and, for J ¼ 3
2
baryons, they are parametrized as

hKðπÞðqÞΛbðΞbÞðp; sÞjB�ðp0; s0Þi ¼ gB�ΛbðΞbÞKðπÞūðp; sÞuμðp0; s0Þqμ;
hKðπÞðqÞΛbðΞbÞðp; sÞjB̃�ðp0; s0Þi ¼ gB̃�ΛbðΞbÞKðπÞūðp; sÞγ5uμðp0; s0Þqμ;
hKðπÞðqÞΛbðΞbÞðp; sÞjB�0ðp0; s0Þi ¼ gB�0ΛbðΞbÞKðπÞūðp; sÞuμðp0; s0Þqμ; ð24Þ

where, in Eqs. (23) and (24), g’s with various indices denote the strong coupling constants of the corresponding baryons
with pseudoscalar mesons.
Inserting these matrix elements into Eqs. (19)–(22) and applying summations over spins given in Eqs. (8) and (9), for

physical sides of the correlation function, we get

ΠPhysðp; qÞ ¼ gBΛbðΞbÞKðπÞλΛbðΞbÞλ
ðp2 −m2

ΛbðΞbÞÞðp02 −m2Þ ð=pþmΛbðΞbÞÞγ5ð=p0 þmÞ − gB̃ΛbðΞbÞKðπÞλΛbðΞbÞλ̃

ðp2 −m2
ΛbðΞbÞÞðp02 − m̃2Þ ð=pþmΛbðΞbÞÞ

× ð=p0 þ m̃Þγ5 þ � � � ; ð25Þ

ΠPhysðp; qÞ ¼ gBΛbðΞbÞKðπÞλΛbðΞbÞλ
ðp2 −m2

ΛbðΞbÞÞðp02 −m2Þ ð=pþmΛbðΞbÞÞγ5ð=p0 þmÞ þ gB0ΛbðΞbÞKðπÞλΛbðΞbÞλ
0

ðp2 −m2
ΛbðΞbÞÞðp02 −m02Þ ð=pþmΛbðΞbÞÞ

× γ5ð=p0 þm0Þ þ � � � ; ð26Þ

ΠPhys
μ ðp; qÞ ¼ −

gB�ΛbðΞbÞKðπÞλΛbðΞbÞλ
ðp2 −m2

ΛbðΞbÞÞðp02 −m�2Þ q
αð=pþmΛbðΞbÞÞð=p0 þm�ÞTαμ þ

gB̃�ΛbðΞbÞKðπÞλΛbðΞbÞλ̃
�

ðp2 −m2
ΛbðΞbÞÞðp02 − m̃�2Þ

× qαð=pþmΛbðΞbÞÞγ5ð=p0 þ m̃�ÞTαμγ5 þ � � � ; ð27Þ

ΠPhys
μ ðp; qÞ ¼ −

gB�ΛbðΞbÞKðπÞλΛbðΞbÞλ
ðp2 −m2

ΛbðΞbÞÞðp02 −m�2Þ q
αð=pþmΛbðΞbÞÞð=p0 þm�ÞTαμ −

gB�0ΛbðΞbÞKðπÞλΛbðΞbÞλ
�0

ðp2 −m2
ΛbðΞbÞÞðp02 −m�02Þ

× qαð=pþmΛbðΞbÞÞð=p0 þm�0ÞTαμ þ � � � : ð28Þ

The function Tαμ is given as

TαμðpÞ ¼ gαμ −
1

3
γαγμ −

2

3m2
pαpμ þ

1

3m
½pαγμ − pμγα�: ð29Þ

To suppress the contributions coming from the higher states and continuum, a double Borel transformation with respect to
−p2 and −p02 is performed. As a result, we get
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BΠPhysðp; qÞ ¼ gBΛbðΞbÞKðπÞλΛbðΞbÞλe
−m2=M2

1e
−m2

ΛbðΞbÞ
=M2

2f=q=pγ5 −mΛbðΞbÞ=qγ5 þ ðm −mΛbðΞbÞÞ=pγ5
þ ½m2

KðπÞ −mðm −mΛbðΞbÞÞ�γ5g þ gB̃ΛbðΞbÞKðπÞλΛbðΞbÞλ̃e
−m̃2=M2

1e
−m2

ΛbðΞbÞ
=M2

2

× f=q=pγ5 −mΛbðΞbÞ=qγ5 − ðm̃þmΛbðΞbÞÞ=pγ5 þ ½m2
KðπÞ − m̃ðm̃þmΛbðΞbÞÞ�γ5g; ð30Þ

BΠPhysðp; qÞ ¼ gBΛbðΞbÞKðπÞλΛbðΞbÞλe
−m2=M2

1e
−m2

ΛbðΞbÞ
=M2

2f=q=pγ5 −mΛbðΞbÞ=qγ5 þ ðm −mΛbðΞbÞÞ=pγ5
þ ½m2

KðπÞ −mðm −mΛbðΞbÞÞ�γ5g þ gB0ΛbðΞbÞKðπÞλΛbðΞbÞλ
0e−m02=M2

1e
−m2

ΛbðΞbÞ
=M2

2

× f=q=pγ5 −mΛbðΞbÞ=qγ5 þ ðm0 −mΛbðΞbÞÞ=pγ5 þ ½m2
KðπÞ −m0ðm0 −mΛbðΞbÞÞ�γ5g; ð31Þ

BΠPhys
μ ðp; qÞ ¼ −gB�ΛbðΞbÞKðπÞλΛbðΞbÞλ

�e−m�2=M2
1e

−m2
ΛbðΞbÞ

=M2
2qαð=pþmΛbðΞbÞÞð=p0 þm�ÞTαμ

þ gB̃�ΛbðΞbÞKðπÞλΛbðΞbÞλ̃
�e−m̃�2=M2

1e
−m2

ΛbðΞbÞ
=M2

2qαð=pþmΛbðΞbÞÞγ5ð=p0 þ m̃�ÞTαμγ5: ð32Þ

BΠPhys
μ ðp; qÞ ¼ −gB�ΛbðΞbÞKðπÞλΛbðΞbÞλ

�e−m�2=M2
1e

−m2
ΛbðΞbÞ

=M2
2qαð=pþmΛbðΞbÞÞð=p0 þm�ÞTαμ

− gB�0ΛbðΞbÞKðπÞλΛbðΞbÞλ
�0e−m�02=M2

1e
−m2

ΛbðΞbÞ
=M2

2qαð=pþmΛbðΞbÞÞð=p0 þm�0ÞTαμ; ð33Þ

where M2
1 and M2

2 are Borel parameters in initial and final
channels, respectively. In these equations, BΠPhys

ðμÞ ðp; qÞ
stands for the Borel transformed form of the ΠPhys

ðμÞ ðp; qÞ
function. These results contain different Lorentz structures
from which we can get the sum rules to obtain the strong
coupling constants under question. In the J ¼ 1

2
scenario,

we use q=pγ5 and =pγ5 structures to obtain the coupling
constants for each possibility that the state Ξbð6227Þ may
become. For obtaining the relevant coupling constants for
J ¼ 3

2
baryon, the Lorentz structures q=pγμ and qqμ are

considered.
For both JP ¼ 1

2
� and JP ¼ 3

2
� scenarios, we also need to

calculate the theoretical sides of the correlation function,
Eq. (18), with usage of the related interpolating currents,
explicitly. Similar to the previous case after the possible
contractions made usingWick’s theorem between the quark
fields of the interpolating currents, the results are expressed

in terms of light and heavy quark propagators. Besides the
propagators, we need matrix elements of remaining quark
field operators between the KðπÞ meson and the vacuum.
These matrix elements, whose common forms can be
written as hKðπÞðqÞjq̄ðxÞΓqðyÞj0i or hKðπÞðqÞjq̄ðxÞ ×
ΓGμνqðyÞj0i with Γ and Gμν being the full set of Dirac
matrices and gluon field strength tensor, respectively, are
parametrized in terms of KðπÞ-meson distribution ampli-
tudes (DAs). Nonperturbative contributions are attained by
exploiting these matrix elements as inputs in the calcu-
lations. The explicit form of these matrix elements is
present in Refs. [48–51].
Again, considering the same structures in the physical

and the theoretical sides and matching the coefficients of
the same structures in both sides, performing the Borel
transformation and continuum subtraction using quark
hadron duality assumption, we obtain the QCD sum rules
for the relevant coupling constants as

BΠOPE
1 ¼ gBΛbðΞbÞKðπÞλΛbðΞbÞλe

−m2

M2
1e

−
m2
ΛbðΞbÞ
M2
2 þ gB̃ΛbðΞbÞKðπÞλΛbðΞbÞλ̃e

−m̃2

M2
1e

−
m2
ΛbðΞbÞ
M2
2

BΠOPE
2 ¼ gBΛbðΞbÞKðπÞλΛbðΞbÞλe

−m2

M2
1e

−
m2
ΛbðΞbÞ
M2
2 ðm −mΛbðΞbÞÞ − gB̃ΛbðΞbÞKðπÞλΛbðΞbÞλ̃e

−m̃2

M2
1e

−
m2
ΛbðΞbÞ
M2
2 × ðm̃þmΛbðΞbÞÞ; ð34Þ

BΠOPE
1 ¼ gBΛbðΞbÞKðπÞλΛbðΞbÞλe

−m2

M2
1e

−
m2
ΛbðΞbÞ
M2
2 þ gB0ΛbðΞbÞKðπÞλΛbðΞbÞλ

0e
−m02

M2
1e

−
m2
ΛbðΞbÞ
M2
2

BΠOPE
2 ¼ gBΛbðΞbÞKðπÞλΛbðΞbÞλe

−m2

M2
1e

−
m2
ΛbðΞbÞ
M2
2 ðm −mΛbðΞbÞÞ þ gB0ΛbðΞbÞKðπÞλΛbðΞbÞλ

0e
−m02

M2
1e

−
m2
ΛbðΞbÞ
M2
2 × ðm0 −mΛbðΞbÞÞ; ð35Þ
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BΠ�
1
OPE ¼ −gB�ΛbðΞbÞKðπÞλΛbðΞbÞλ

� ½ðm
� þmΛbðΞbÞÞ2 −m2

KðπÞ�
6m� e

−m�2
M2
1 e

−
m2
ΛbðΞbÞ
M2
2 þ gB̃�ΛbðΞbÞKðπÞλΛbðΞbÞλ̃

�

×
½ðm̃� −mΛbðΞbÞÞ2 −m2

KðπÞ�
6m̃� e

−m̃�2
M2
1 e

−
m2
ΛbðΞbÞ
M2
2

BΠ�
2
OPE ¼ −gB�ΛbðΞbÞKðπÞλΛbðΞbÞλ

� ½m
�2 þm2

ΛbðΞbÞ −m�mΛbðΞbÞ −m2
KðπÞ�mΛbðΞbÞ

3m�2 e
−m�2

M2
1 e

−
m2
ΛbðΞbÞ
M2
2

− gB̃�ΛbðΞbÞKðπÞλΛbðΞbÞλ̃
� ½m̃�2 þm2

ΛbðΞbÞ þ m̃�mΛbðΞbÞ −m2
KðπÞ�mΛbðΞbÞ

3m̃�2 e
−m̃�2

M2
1 e

−
m2
ΛbðΞbÞ
M2
2 ; ð36Þ

BΠ�
1
OPE ¼ −gB�ΛbðΞbÞKðπÞλΛbðΞbÞλ

� ½ðm
� þmΛbðΞbÞÞ2 −m2

KðπÞ�
6m� e

−m�2
M2
1 e

−
m2
ΛbðΞbÞ
M2
2 − gB�0ΛbðΞbÞKðπÞλΛbðΞbÞλ

�0

×
½ðm�0 þmΛbðΞbÞÞ2 −m2

KðπÞ�
6m�0 e

−m�02
M2
1 e

−
m2
ΛbðΞbÞ
M2
2

BΠ�
2
OPE ¼ −gB�ΛbðΞbÞKðπÞλΛbðΞbÞλ

� ½m
�2 þm2

ΛbðΞbÞ −m�mΛbðΞbÞ −m2
KðπÞ�mΛbðΞbÞ

3m�2 e
−m�2

M2
1 e

−
m2
ΛbðΞbÞ
M2
2

− gB�0ΛbðΞbÞKðπÞλΛbðΞbÞλ
�0 ½m

�02 þm2
ΛbðΞbÞ −m�0mΛbðΞbÞ −m2

KðπÞ�mΛbðΞbÞ
3m�02 e

−m�02
M2
1 e

−
m2
ΛbðΞbÞ
M2
2 : ð37Þ

where BΠOPE
1 ðBΠ�

1
OPEÞ and BΠOPE

2 ðBΠ�
2
OPEÞ represent the

Borel transformed coefficients of the =q=pγ5ð=q=pγμÞ and
=pγ5ðqqμÞ structures of theoretical sides for J ¼ 1

2
ð3
2
Þ case.

As examples, we present the explicit expressions of the
QCD sides obtained for the decay of J ¼ 1

2
, Ξ−

b baryon to
Ξ0
b and π− states in the Appendix.
To perform the calculations for the coupling constants,

the numerical values of the input parameters presented in
Table I are used. Since the masses of the considered
baryons are close to each other, we choose M2

1 ¼ M2
2 in

M2 ¼ M2
1M

2
2

M2
1 þM2

2

; ð38Þ

entering the calculations, which leads to

M2
1 ¼ M2

2 ¼ 2M2: ð39Þ

Moreover, for all of the auxiliary parameters, we adopt the
values obtained in the mass and decay constant calculations
only with one exception. Using the OPE series convergence
and pole dominance conditions for working region of M2,
in this part, we obtain

15 GeV2 ≤ M2 ≤ 25 GeV2: ð40Þ

Again to illustrate the sensitivity of the results to the
auxiliary parameters, we pick out the coupling constant

FIG. 2. Left: The coupling constant gΞ̃bΛbK
of the 1P excitation of Ξbð5955Þ− baryon to ΛbK vs Borel parameter M2. Right: The

coupling constant gΞ̃bΛbK
of the 1P excitation of Ξbð5955Þ− baryon to ΛbK vs threshold parameter s0.
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gΞ̃bΛbK
for the transition of the 1P excitation of the

Ξbð5955Þ− baryon to Λb and K final states and present
the dependence of the corresponding coupling constant on
M2 and s0 in Fig. 2.
Similarly, we perform the analyses for all the coupling

constants under consideration. Our final results for the
relevant coupling constants are presented in Table III. The
obtained coupling constants are used to extract the corre-
sponding decay widths. The decay width formulas for the
1P and 2S excitations for the J ¼ 1

2
cases are

ΓðB̃ → ΛbðΞbÞKðπÞÞ ¼
g2
B̃ΛbðΞbÞKðπÞ
8πm̃2

½ðm̃þmΛbðΞbÞÞ2

−m2
KðπÞ�fðm̃; mΛbðΞbÞ; mKðπÞÞ;

ð41Þ

and

ΓðB0 → ΛbðΞbÞKðπÞÞ ¼
g2B0ΛbðΞbÞKðπÞ

8πm02 ½ðm0 −mΛbðΞbÞÞ2

−m2
KðπÞ�fðm0; mΛbðΞbÞ; mKðπÞÞ:

ð42Þ

The similar decay width expressions for the J ¼ 3
2

case are

ΓðB̃� → ΛbðΞbÞKðπÞÞ ¼
g2
B̃�ΛbðΞbÞKðπÞ
24πm̃�2 ½ðm̃� −mΛbðΞbÞÞ2

−m2
KðπÞ�f3ðm̃�; mΛbðΞbÞ; mKðπÞÞ;

ð43Þ

and

ΓðB�0 → ΛbðΞbÞKðπÞÞ ¼
g2B�0ΛbðΞbÞKðπÞ
24πm�02 ½ðm�0 þmΛbðΞbÞÞ2

−m2
KðπÞ�f3ðm�0; mΛbðΞbÞ; mKðπÞÞ:

ð44Þ

The function fðx; y; zÞ appearing in the decay width
equations is defined as

fðx; y; zÞ ¼ 1

2x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ y4 þ z4 − 2x2y2 − 2x2z2 − 2y2z2

q
:

The numerical results for the decay widths are also
presented in Table III. In this table, we also present the total
width values as a sum of the considered transitions in each
case. Comparing our results given in Table III to that of the
experimental width, which is ΓΞbð6227Þ− ¼ 18.1� 5.4�
1.8 MeV [35], it can be seen that the state with JP ¼ 3

2
−

scenario nicely reproduces the experimental width value.
At the end of this section, we would like to have a

comment on the heavy quark symmetry partners. In heavy
quark effective theory (HQET), the heavy quark decouple
with light quarks in the leading inverse heavy quark mass
expansion. Therefore, properties of baryons with one heavy
quark are determined with the properties of light quarks (so
called diquark). The properties of P-wave baryons and their
interpolating currents were systematically studied in
[52,53]. Using the same notations given in these studies,
the heavy baryons belonging to the baryon multiplet
are characterized by the set of the quantum numbers
½F; jl; sl; ρ=λ�, where F means antitriplet or sextet repre-
sentation of SUð3ÞF; jl and sl are the total angular and spin
momenta of the diquark, and ρ and λ denote the ρ type
ðlρ ¼ 1; lλ ¼ 0Þ and λ type ðlρ ¼ 0; lλ ¼ 1Þ, respectively.
Here, lρ is the orbital angular momentum between two light
quarks and lλ is the angular momentum between heavy
quark and diquark. As a result, for the antitriplet negative
parity baryons for instance, the following heavy quark
symmetry partners are obtained:

Λb

�
1

2

−
�
;Ξb

�
1

2

−
�

½3̄F; 0; 1; ρ�;

Λb

�
1

2

−
;
3

2

−
�
;Ξb

�
1

2

−
;
3

2

−
�

½3̄F; 1; 1; ρ�;

Λb

�
3

2

−
;
5

2

−
�
;Ξb

�
3

2

−
;
5

2

−
�

½3̄F; 2; 1; ρ�;

Λb

�
1

2

−
;
3

2

−
�
;Ξb

�
1

2

−
;
3

2

−
�

½3̄F; 1; 0; λ�: ð45Þ

TABLE III. Coupling constant and decay width results obtained for the 1P and 2S excitations of the ground-state Ξ−
b , Ξ0

bð5935Þ−, and
Ξbð5955Þ− baryons.

The state BðJPÞ gBΛ0
bK

− gBΞ0
bπ

− ΓðB → Λ0
bK

−ÞðMeVÞ ΓðB → Ξ0
bπ

−ÞðMeVÞ Total Width ΓðMeVÞ
Ξbð12−Þð1PÞ 1.8� 0.4 0.010� 0.002 130� 30 0.006� 0.002 130� 30

Ξbð12þÞð2SÞ 6.7� 1.5 0.06� 0.01 1.1� 0.3 0.00016� 0.00005 1.1� 0.3

Ξ0
bð12−Þð1PÞ 0.5� 0.1 0.8� 0.2 12� 4 32� 9 44� 10

Ξ0
bð12þÞð2SÞ 1.6� 0.4 5.2� 1.1 0.07� 0.02 1.4� 0.4 1.5� 0.4

Ξbð32−Þð1PÞ 44� 10 GeV−1 77� 6 GeV−1 1.6� 0.5 15� 3 17� 3

Ξbð32þÞð2SÞ 19� 4 GeV−1 35� 4 GeV−1 0.4� 0.1 3.2� 0.8 3.6� 0.8
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The strong decay widths of these states are calculated
in [52].

IV. CONCLUSION

The present work covers an investigation into the nature
of the recently observed Ξbð6227Þ− baryon. To get the
information about the possible quantum numbers of this
state, three different ground-state particles, namely Ξ−

b ,
Ξ0
bð5935Þ, and Ξbð5955Þ−, are considered. The investiga-

tions were conducted focusing on their angular-orbital 1P
and 2S excitations. With this orientation, we first calculated
the corresponding masses and decay constants for all these
excited states using the two-point QCD sum rule formal-
ism. We find that the sum rule predictions on the masses for
all the considered scenarios are very consistent with the
experimental mass value. Hence, only mass considerations
are not enough to determine the quantum numbers of this
state. Therefore, to get extra information about possible
quantum numbers, we also studied the strong decays of all
the considered states to Λ0

bK
− and Ξ−

bπ. To this end, we
applied the LCSR and obtained the coupling constants for
all the possible transitions. These coupling constants were

then used to get the corresponding decay widths. From the
results on decay widths, it is obtained that the angular-
orbital excited 1P state with JP ¼ 3

2
− has reproduced well

the experimental value of the width. This result indicates
that the state Ξbð6227Þ− has the quantum numbers JP ¼ 3

2
−.
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APPENDIX: QCD SIDES OF THE
CORRELATION FUNCTIONS

In this appendix, as an example, we present the results of
the QCD sides for the Ξbð6227Þ− → Ξ0

bπ
− transition, i.e.,

the functions BΠOPE
1 and BΠOPE

2 . They are obtained as

BΠOPE
1ð2Þ ¼

Z
s0

m2
b

e−
s

M2−
m2
π

4M2ρ1ð2ÞðsÞdsþ e−
m2
b

M2−
m2
π

4M2Γ1ð2Þ; ðA1Þ

where the expressions ρ1ð2ÞðsÞ and Γ1ð2Þ are given as

ρ1ðsÞ ¼
1

384m2
bπ

2
ðβ− 1Þ

�
fπ

�
2ð5þ βÞms½m2

bð−2ψ10 þ ψ00ð−4þM2ÞÞ þ 2ψ00s�ðζ1 − 2ζ2Þ ln
�
Λ2

m2
b

�

þm2
b

�
−4ψ10mbζ4 þ 4βψ10mbζ4 − 4ψ21mbζ4 þ 4βψ21mbζ4 þ 20ψ10msζ4 þ 4βψ10msζζ4

þ 20ψ21msζ4 þ 4βψ21msζ4 þ 20ψ10mbζ1 þ 28βψ10mbζ1 þ 20ψ21mbζ1 þ 28βψ21mbζ1 þ 30ψ00msζ1

þ 6βψ00msζ1 þ 30γEψ00msζ1 þ 6βγEψ00msζ1 þ 10ψ01msζ1 þ 2βψ01msζ1 − 25ψ02msζ1 − 5βψ02msζ1

− 10γEψ02msζ1 − 2βγEψ02msζ1 − 2ψ10msζ1 − 10βψ10msζ1 − 5ψ11msζ1 − βψ11msζ1 − 10γEψ11msζ1

− 2βγEψ11msζ1 − 5ψ12msζ1 − βψ12msζ1 − 10γEψ12msζ1 − 2βγEψ12msζ1 − 2ψ21msζ1 − 10βψ21msζ1

þ 2ð−2ðβ− 1Þðψ10 þ ψ21Þmb − ð5þ βÞ½6ð1þ γEÞψ00 þ 2ψ01 − ð5þ 2γEÞψ02

− ð1þ 2γEÞðψ11 þψ12Þ�msÞζ2 − 4ð5þ βÞψ00msðζ1 − 2ζ2Þ ln
�
M2

Λ2

�

− 2ð5þ βÞψ02msðζ1 − 2ζ2Þ ln
�
Λ2

s

�
þ 2

�
−ð5þ βÞψ02msðζ1 − 2ζ2Þ ln

�
s
Λ2

�
−mbðð11þ 13βÞζ1

− 2ðβ− 1Þζ2Þ ln
�

s
m2

b

�
− ð5þ βÞmsðζ1 − 2ζ2Þ

�
ð2ψ00 − ψ02 − 2ψ10 þ 2ψ21 þψ22Þ ln

�ðs−m2
bÞ

Λ2

�

þψ00 ln

�ðm2
bðs−m2

bÞÞ
Λ2s

�
− 2ψ02 ln

�ðsðs−m2
bÞÞ

Λ2m2
b

�����
m2

π þ 2m4
bðζ05 − 2ζ06Þ½ψ10 þ 5βψ10

− 3ð1þ βÞðψ20 − ψ31Þ þ ð1þ 5βÞ ln
�
m2

b

s

��
μπ

�
þ ðβ− 1Þ

384π2
AðuÞðu0Þfπm2

π½ðβ− 1Þðψ10 þψ21Þmb þ ð5þ βÞψ00ms�

−
ðβ− 1Þ
192π2

m2
bfπφπðu0Þ

�
ðβ− 1Þð2ψ10 − ψ20 þψ31Þmb þ ð5þ βÞðψ20 − ψ31Þms þ 2ðβ− 1Þmb ln

�
m2

b

s

��

−
ðβ− 1Þ
576π2

mbð−1þ μ̃2πÞμπφσðu0Þ½ð5þ bÞðψ20 − ψ31Þmb þ 2ðβ− 1Þðψ10 þψ21Þms� þ
hs̄si
72

ðβ− 1Þ
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× ð5þ βÞψ00fπφπðu0Þ þ hg2G2i
�

1

576m4
bπ

2
ðβ − 1Þðβ − 1Þmsð3ð5þ βÞζ4 − 4ð1þ 2βÞζ1 þ ð5þ βÞζ2Þfπm2

π

�
2ψ00 − ψ01

− ψ02 − 9ψ10 þ 6γEψ10 þ 3ψ21 þ ψ22 − 6ψ10 ln

�
M2

Λ2

�
þ 2ðψ00 − ψ03 þ 3ψ21 þ 2ψ22 þ ψ23Þ ln

�
s −m2

b

Λ2

��

−
1

768m6
bπ

2
5ðβ − 1Þð5þ βÞmsAðuÞðu0Þfπm2

π

�
m2

b

�
6ð2γE − 3Þψ10 þ 6ψ21 þ 3ψ22 þ ψ23 − 4ψ−10 þ 3ψ−1−1 þ ψ−1−3

− 12ψ10 ln

�
Msq
Λ2

��
þ 12ψ00ðs −m2

bÞ ln
�
s −m2

b

Λ2

��
þ 1

6912m2
bπ

2
ðβ − 1Þfπφπðu0Þ

�
ðβ − 1Þðψ00 − 3ðψ10 þ ψ21ÞÞmb

þ 3ð5þ βÞð3ð−3þ 4γEÞψ00 − ψ01 þ 2ψ03 þ 5ψ0−1 þ 37ψ10 − 36γEψ10 − ψ12 − 3ψ13 − 6ψ21 − 2ψ22Þms

− 6ð5þ βÞms

�
6ðψ00 − 3ψ10Þ ln

�
M2

Λ2

�
þ ½−19ψ00 − 2ψ03 þ 12ψ0−1 þ 6ψ21 þ 4ψ22 þ 2ψ23� ln

�
s −m2

b

Λ2

�

þ 3ψ03 ln

�
sðs −mqb2Þ

Λ2m2
bÞ

���
þ 1

576m3
bπ

2
ðβ − 1Þ2msðμ̃2π − 1Þμπφσðu0Þ

�
2ψ00 − ψ01 − ψ02 − 9ψ10

þ 6γEψ10 þ 3ψ21 þ ψ22 − 6ψ10 ln

�
M2

Λ2

�
þ 2ðψ00 − ψ03 þ 3ψ21 þ 2ψ22 þ ψ23Þ ln

�
s −m2

b

Λ2

���
ðA2Þ

ρ2ðsÞ ¼
1

192mbπ
2
m2

π

�
fπðm2

bðψ10mb½−2ð1þ βð7þ βÞÞζ03 þ 4ð1þ βð7þ βÞÞζ04 − ðβ − 1Þ2ðζ07 − 2ζ08Þ�

þ 3ð1þ βð4þ βÞÞðψ20 − ψ31Þmbðζ07 − 2ζ08Þ þ 2ðβ − 1Þð5þ βÞψ10msζB þ ð5þ βÞ½ð1þ 5βÞðψ20 − ψ31Þmb

þ 2ðβ − 1Þψ21ms�ζB −mb½2ð1þ βð7þ βÞÞζ03 − 4ð1þ βð7þ βÞÞζ04 þ ðβ − 1Þ2ðζ07 − 2ζ08Þ� ln
�
m2

b

s

��

− 2

�
−ðβ − 1Þ½½2ð5þ βÞðψ01 − 2ψ02Þ− ð1þ 5βÞψ11�msðζ̃1 þ ζ̃2Þ þ ψ21½ð5þ βÞmsðζ̃1 þ ζ̃2Þ þ ðβ − 1Þmbðζ̃1 þ ζ̃2

þ ζ̃3 − 2ζ̃4 þ ζ̃7 − 2ζ̃8Þ� þ ψ10½ð5þ βÞð−7þ 6γEÞmsðζ̃1 þ ζ̃2Þ þ ðβ − 1Þmbðζ̃1 þ ζ̃2 þ ζ̃3 − 2ζ̃4 þ ζ̃7 − 2ζ̃8Þ��
þ ψ00½3ðβ − 1Þð−2þ βð−2þ γEÞ þ 5γEÞmsðζ̃1 þ ζ̃2Þ þ ð5þ βÞð1þ 5βÞmbðζ̃1 þ ζ̃2 þ ζ̃3 − 2ζ̃4 þ ζ̃7 − 2ζ̃8Þ�

− ðβ − 1Þð5þ βÞmsðζ̃1 þ ζ̃2Þ
�
ψ00ðM2 − 1Þ ln

�
Λ2

m2
b

�
þ 3ðψ00 − 2ψ10Þ ln

�
M2

Λ2

�
− 2ψ02 ln

�
Λ2

s

�
þ ½−2ψ00

− 3ψ02 þ 6ψ21 þ 3ψ22� ln
�
s−m2

b

Λ2

�
þ 2ψ02 ln

�
sðs−m2

bÞ
Λ2m2

b

���
m2

π

�
− ðβ − 1Þðψ10 þ ψ21Þmb½ð5þ βÞmb

þ ðβ − 1Þms�ðψ72 − 2ψ73Þμπ
�
−

1

384π2
ðð1þ βð7þ βÞÞðψ20 − ψ31Þm2

bfπm
2
πA0ðu0ÞÞ−

1

576π2
ð1þ βð7þ βÞÞm4

b

× fπφπ
0ðu0Þ

�
6ψ10 − 3ψ20 þ ψ30 − 2ψ41 − 6ψ00 ln

�
s
m2

b

��
−

1

1152π2
ðβ − 1Þm2

bðμ̃2π − 1Þμπφσ
0ðu0Þ

�
ð5þ bÞð2ψ10

− ψ20 þ ψ31Þmb þ ðβ − 1Þðψ20 − ψ31Þms þ 2ð5þ βÞmb ln

�
m2

b

s

��
þ hs̄si

432
ψ00½6ð1þ βð7þ βÞÞmsfπφπ

0ðu0Þ

þ ðβ − 1Þ2ðμ̃2π − 1Þμπφσ
0ðu0Þ� þ hg2G2i

�
−

1

1152m7
bπ

2
ðβ − 1Þmsm2

π

�
2fπðð3ð5þ βÞm4

bζB½2ψ00 − ψ01 − ψ02

− 9ψ10 þ 6γEψ10 þ 3ψ21 þ ψ22 − 6ψ10 ln

�
M2

Λ2

�
þ 2ðψ00 − ψ03 þ 3ψ21 þ 2ψ22 þ ψ23Þ ln

�
s−m2

b

Λ2

��

þ ðζ̃1 þ ζ̃2Þ
�
ð30ψ00 − 15ψ01 − 15ψ02 − 15ψ0−1 þ 12ð29− 19γEÞψ10 − 5½−3þ 21ψ21 þ 12ψ22 þ 5ψ23 − 20ψ−10

þ 5ψ−13 þ 15ψ−1−1� þ β½6ψ00 − 3ψ01 − 3ψ02 − 75ψ0−1 þ 12ð19− 11γEÞψ10 − 21ψ21 − 12ψ22 − 5ð−15þ ψ23
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− 4ψ−10 þ ψ−13 þ 3ψ−1−1Þ�Þm2
b þ 12ð19þ 11βÞψ10m2

b ln

�
M2

Λ2

�
þ 3½ð−19þ 135ψ00 − 10ψ03 − 6ψ0−1 þ 30ψ21

þ 20ψ22 þ 10ψ23 þ β½25þ 27ψ00 − 2ψ03 − 30ψ0−1 þ 6ψ21 þ 4ψ22 þ 2ψ23Þ�m2
b − 20ð5þ βÞψ00s� ln

�
s −m2

b

Λ2

��
m2

π

�

− 3ðβ − 1Þm3
bðζ5 − 2ζ6Þð2ψ00 − ψ01 − ψ02 − 9ψ10 þ 6γEψ10 þ 3ψ21 þ ψ22 − 6ψ10 ln

�
M2

Λ2

�
þ 2½ψ00 − ψ03 þ 3ψ21

þ 2ψ22 þ ψ23� ln
�
s −m2

b

Λ2

��
μπ

�
−

1

3456π2
ð1þ βð7þ βÞÞðψ10 þ ψ21Þfπφπ

0ðu0Þ þ
1

41472m2
bπ

2
ðβ − 1Þðμ̃2π − 1Þμπ

× φσ
0ðu0Þ½ð5þ βÞðψ00 − 3ðψ10 þ ψ21ÞÞmb þ 3ðβ − 1Þ½ð−1þ 20γEÞψ00 þ ψ01 þ 2ψ02 − 3ψ03 þ 61ψ10 − ψ12

− 3ψ13 − 60γEðψ10 − 2ψ20Þ − 181ψ20 þ ψ31�ms þ 6ðβ − 1Þms

�
−10ðψ00 − 3ψ10 þ 6ψ20Þ ln

�
M2

Λ2

�
þ ½89þ ψ00

þ ψ03 − 135ψ0−1 þ 54ψ0−2 þ 6ψ31 þ 3ψ32 þ ψ33� ln
�
s −m2

b

Λ2

����
ðA3Þ

Γ1 ¼ hs̄si
�

1

1728M6
ðβ − 1Þ½−ð6M4½4ð5þ βÞM2ζ4 − 2ð1þ 5βÞM2ζ1 þmbmsð11ζ1 þ 13βζ1 þ 2ζ2 − 2βζ2Þ�

þm2
0mb½3mbM2ð−2ð5þ βÞζ4 þ ζ1 þ 5βζ1Þ −m2

bmsð11ζ1 þ 13βζ1 þ 2ζ2 − 2βζ2Þ þmsM2ð11ζ1 þ 13βζ1 þ 2ζ2

− 2βζ2Þ�Þfπm2
π þ ð1þ 5βÞmsM2ð−m2

0m
2
b þ 6M4Þðζ05 − 2ζ06Þμπ�−

1

6912M8
ðβ − 1ÞAðuÞðu0Þfπm2

π½12M4ðm3
bðms

− βmsÞ þ 2ð5þ βÞm2
bM

2 þ 2ð5þ βÞM4Þ þm2
0mbð2ðβ − 1Þm4

bms þm2
b½−6ð5þ βÞmb þ ð19þ 5βÞms�M2

− 3½ð−3þ βÞmb þ ð5þ 3βÞms�M4Þ� þ 1

1728M4
ðβ − 1Þfπφπðu0Þ½−12ðβ − 1ÞmbmsM4 þm2

0ð2ðβ − 1Þm3
bms

þ 3mb½−2ð5þ βÞmb þ ð5þ 3βÞms�M2 − 3ð7þ 3βÞM4Þ� þ 1

5184M6
ðμ̃2π − 1Þμπφσðu0Þ½−12ðβ − 1ÞM4ðð5þ βÞ

×m2
bms − 2ðβ − 1ÞmbM2 þ ð5þ βÞmsM2Þ þm2

0mbð2ðβ − 1Þð5þ βÞm3
bms − ðβ − 1Þmb½6ðβ − 1Þmb

þ ð11þ 7βÞms�M2 þ 24ð1þ βþ β2ÞM4Þ�
�
þ hg2G2i

� ðβ − 1Þ
82944m2

bM
6π2

�
6M2fπ

�
−ðβ − 1Þm3

bM
2ð2ζ4 þ ζ1Þ

þ 2ðβ − 1ÞmbM4ð2ζ4 þ ζ1Þ − 4m2
bmsM2½3ð5þ βÞζ4 − 4ð1þ 2βÞζ1 þ ð5þ βÞζ2�− 2msM4½3ð5þ βÞζ4 − 4ð1þ 2βÞζ1

þ ð5þ βÞζ2� þ 2m4
bms½2ð5þ βÞð−1þ 3γEÞζ4 þ ð1þ 5β − 8ð1þ 2βÞγEÞζ1 þ 2ð5þ βÞγEζ2�− 2m4

bms½3ð5þ βÞζ4
− 4ð1þ 2βÞζ1 þ ð5þ βÞζ2�

�
ln

�
Λ2

m2
b

�
þ 2 ln

�
M2

Λ2

���
m2

π þ 6ð5þ βÞm2
bM

6ðζ05 − 2ζ06Þμπ
�
þ 1

27648m2
bM

6π2

× ðβ − 1ÞAðuÞðu0Þfπm2
π

�
2ð5þ βÞð−1þ 3γEÞm6

bms − 10ð5þ βÞm4
bmsM2 þm2

b½mb − βmb − 9ð5þ βÞms�M4

þ 2½ðβ − 1Þmb − 3ð5þ βÞms�M6 − 3ð5þ βÞm6
bms

�
ln

�
Λ2

m2
b

�
þ 2 ln

�
M2

Λ2

���
þ 1

6912M2π2
ðβ − 1Þð5þ βÞmsfπ

× φπðu0Þ
�
ð−2þ 6γEÞm2

b þ 6ð−1þ γEÞM2 − 3ðm2
b þ 2M2Þ ln

�
Λ2

m2
b

�
− 3ð2m2

b þ 3M2Þ ln
�
M2

Λ2

��

−
1

20736mbM4π2
ðβ − 1Þð−1þ μ̃2πÞμπφσðu0Þ

�
2ðβ − 1Þð−1þ 3γEÞm4

bms − 7ðβ − 1Þm2
bmsM2 − ½ð5þ βÞmb

þ ðβ − 1Þms�M4 − 3ðβ − 1Þm4
bms

�
ln

�
Λ2

m2
b

�
þ 2 ln

�
M2

Λ2

����
þ hs̄sihg2G2i

�
1

248832M14
ðβ − 1Þmbfπm2

πAðuÞðu0Þ

×

�
6M4ð−ðβ − 1Þm4

bms þ 2m2
bðð5þ βÞmb þ 3ðβ − 1ÞmsÞM2 − 2ð2ð5þ βÞmb þ 3ðβ − 1ÞmsÞM4Þ
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þm2
0ððβ − 1Þm6

bms −m4
b½3ð5þ βÞmb þ 11ðβ − 1Þms�M2 þ 6m2

b½3ð5þ βÞmb þ 5ðβ − 1Þms�M4 − 18½ð5þ βÞmb

þ ðβ − 1Þms�M6Þ� − 1

62208M10
ðβ − 1Þmbfπφπðu0Þ½6M4ðm2

bðms − βmsÞ þ 2ð5þ βÞmbM2 þ 3ðβ − 1ÞmsM2Þ
þm2

0ððβ − 1Þm4
bms − 3m2

b½ð5þ βÞmb þ 2ðβ − 1Þms�M2 þ 6½ð5þ βÞmb þ ðβ − 1Þms�M4Þ�

−
1

186624M12
ðβ − 1Þmbðμ̃2π − 1Þμπφσðu0Þ½m2

0½ð5þ βÞmbms − 3ðβ − 1ÞM2�ðm4
b − 6m2

bM
2 þ 6M4Þ

− 6M4ðð5þ βÞm3
bms − 2mb½ð−1þ βÞmb þ ð5þ βÞms�M2 þ 6ðβ − 1ÞM4Þ

��
ðA4Þ

Γ2 ¼
1

96π2
ðβ− 1Þð5þ βÞmbmsðζ̃1þ ζ̃2Þfπm4

π

�
2γE− ln

�
Λ2

m2
b

�
− 2 ln

�
M2

Λ2

��
þhs̄si

�
1

1728M8
½fπm2

πðM2f6M4ðmsM2

× ½−2ð1þ βð7þ βÞÞζ03þ 4ð1þ βð7þ βÞÞζ04− ðβ− 1Þ2ðζ07− 2ζ08Þ�þ 2ð5þ βÞðm2
bðmsþ 5βmsÞ− 2ðβ− 1ÞmbM2

þð1þ 5βÞmsM2ÞζBÞþm2
0mb½−2ð5þ βÞð1þ 5βÞm3

bmsζBþ 6ðβ− 1Þð5þ βÞm2
bM

2ζB − 18ðβ2− 1ÞM4ζB

þmbmsM2½2ð1þ βð7þ βÞÞζ03 −4ð1þ βð7þ βÞÞζ04þðβ− 1Þ2ðζ07 − 2ζ08þ 3ζBÞ��
�
−2ðβ− 1Þmb½6M4½2ð1þ 5βÞ

×M2ðζ̃1þ ζ̃2Þ− ðβ− 1Þmbmsðζ̃1þ ζ̃2þ ζ̃3− 2ζ̃4þ ζ̃7− 2ζ̃8Þ�þm2
0ð−3ð1þ 5βÞm2

bM
2ðζ̃1þ ζ̃2Þþ 3ð1þ 5βÞM4ðζ̃1

þ ζ̃2Þþ ðβ− 1Þm3
bmsðζ̃1þ ζ̃2þ ζ̃3− 2ζ̃4þ ζ̃7 − 2ζ̃8Þ− 2ðβ− 1ÞmbmsM2ðζ̃1þ ζ̃2þ ζ̃3 −2ζ̃4þ ζ̃7− 2ζ̃8ÞÞ�m2

πÞ

−3ðβ− 1Þ2M4μπððm2
0m

2
b − 4M4Þðζ5− 2ζ6Þm2

π þm2
0M

4ð2v− 1ÞφPðu0ÞÞ�þ
1

6912M6
msfπm2

πA0ðu0Þ½−24ð1

þ βð7þ βÞÞM4ðm2
bþM2Þþm2

0m
2
b½4ð1þ βð7þ βÞÞm2

bþð7þ βð4þ 7βÞÞM2��− 1

1728M2
m2

0msfπφ0
πðu0Þ½4ð1

þ βð7þ βÞÞm2
bþð11þ βð32þ 11βÞÞM2� þ 1

10368M4
ðβ− 1Þðμ̃2π − 1Þμπφ0

σðu0Þ½−12ð5þ βÞmbmsM4þm2
0ð2ð5

þ βÞm3
bmsþ 3mbð−2ðβ− 1Þmbþðβ− 3ÞmsÞM2− 3ð3þ 5βÞM4Þ

��
þhg2G2i

�
1

13824m3
bM

6π2
m2

π½fπðm2
bM

2

×

�
mbM4½2ð1þ βð7þ βÞÞζ03− 4ð1þ βð7þ βÞÞζ04− ð5þ βÞð1þ 5βÞðζ07− 2ζ08Þ�þ 2ð5þ βÞ½2ðβ− 1Þð3γE − 1Þm4

bms

−7ðβ− 1Þm2
bmsM2 − ðmbþ 5βmbþðβ−1ÞmsÞM4�ζB− 6ðβ− 1Þð5þ βÞm4

bmsζB

�
ln

�
Λ2

m2
b

�
þ 2 ln

�
Msq
Λ2

���

þ 2ð2ðβ− 1Þð−1− 2γEþ βð14γE − 5ÞÞm6
bmsðζ̃1þ ζ̃2Þ− 8ðβ− 1Þð−1þ 4βþ 3ðβ− 1ÞγEÞm4

bmsM2ðζ̃1þ ζ̃2Þ
þ 12ðβ− 1Þ2m2

bmsM4ðζ̃1þ ζ̃2Þ− ðβ− 1Þð5þ βÞmsM6ðζ̃1þ ζ̃2Þþ ð5þ βÞð1þ 5βÞm5
bM

2ðζ̃1þ ζ̃2þ ζ̃3− 2ζ̃4

þ ζ̃7 − 2ζ̃8Þþ ðβ− 1Þm4
bmsðζ̃1þ ζ̃2Þ½½ð2− 14βÞm2

bþ 9ð3β− 1ÞM2

�
ln

�
Λ2

m2
b

�
þ½ð4− 28βÞm2

bþ 3ð−7þ 13βÞM2�

× ln
�
Msq
Λ2

���
m2

π

�
− ðβ− 1ÞmbM2ðζ5 − 2ζ6Þ

�
2ðβ− 1Þð3γE− 1Þm4

bms−m2
bðð5þ βÞmbþ 6ðβ−1ÞmsÞM2

þð2ð5þ βÞmb − 3ðβ− 1ÞmsÞM4 − 3ðβ− 1Þm4
bms

�
ln

�
Λ2

m2
b

�
þ 2 ln

�
M2

Λ2

���
μπ

�
þ 1

13824π2
ð1þ βð7þ βÞÞfπm2

πA0ðu0Þ

−
1

41472M2π2
ðβ− 1Þ2msðμ̃2π − 1Þμπφ0

σðu0Þ½ð6γE − 2Þm2
bþ 6ðγE− 1ÞM2− 3ðm2

bþ 2M2Þ ln
�
Λ2

m2
b

�

−3ð2m2
bþ 3M2Þ ln

�
M2

Λ2

���
þhs̄sihg2G2i

�
1

62208M12
ð5þ βÞmbζBfπm2

π½m2
0½mbðmsþ 5βmsÞ− 3ðβ− 1ÞM2�ðm4

b

−6m2
bM

2þ 6M4Þþ 6M4ð−ð1þ 5βÞm3
bmsþ 2mb½ðβ− 1Þmbþmsþ 5βms�M2 − 6ðβ− 1ÞM4Þ�

−
1

124416M12
ð1þ βð7þ βÞÞm2

bmsfπm2
πA0ðu0Þ½6M4ð−m2

bþ 2M2Þþm2
0ðm4

b− 6m2
bM

2þ 6M4Þ�
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þ 1

31104M8
ð1þ βð7þ βÞÞm2

bmsfπφ0
πðu0Þðm2

0ðm2
b − 2M2Þ − 6M4Þ − 1

373248M10
ðβ − 1Þmbðμ̃2π − 1Þμπ

× φ0
σðu0Þ½6M4½−ð5þ βÞm2

bms þ 2ðβ − 1ÞmbM2 þ 3ð5þ βÞmsM2� þm2
0ðð5þ βÞm4

bms

− 3m2
b½ðβ − 1Þmb þ 2ð5þ βÞms�M2 þ 6½ðβ − 1Þmb þ ð5þ βÞms�M4Þ

��
ðA5Þ

where the functions ζj, ζ0j, ζ̃j and ζB are defined as

ζj ¼
Z

Dαi

Z
1

0

dvfjðαiÞδðkðαq þ vαgÞ − u0Þ;

ζ0j ¼
Z

Dαi

Z
1

0

dvfjðαiÞδ0ðkðαq þ vαgÞ − u0Þ;

ζ̃j ¼
Z

Dαi

Z
1

0

dvfjðαiÞθðkðαq þ vαgÞ − u0Þ;

ζB ¼
Z

1

u0

du0Bðu0Þ;

ψnm ¼ ðs −mQ
2Þn

smðm2
QÞn−m

; ðA6Þ

with f1ðαiÞ ¼ VkðαiÞ, f2ðαiÞ ¼ V⊥ðαiÞ, f3ðαiÞ ¼ AkðαiÞ, f4ðαiÞ ¼ T ðαiÞ, f5ðαiÞ ¼ vT ðαiÞ being the pion distribution

amplitudes whose explicit forms can be found in Refs. [49–51]. Note that u0 ¼ M2
1

M2
1
þM2

2

and, due to the close masses of initial

and final baryons, this expression becomes u0 ¼ 1
2
with the use of M2

1 ¼ M2
2. In the above results, μπ ¼ fπ

m2
π

muþmd
,

μ̃π ¼ muþmd
mπ

, Dα ¼ dαq̄dαqdαgδð1 − αq̄ − αq − αgÞ and the φπðuÞ, AðuÞ, BðuÞ, φPðuÞ, φσðuÞ, T ðαiÞ, A⊥ðαiÞ, AkðαiÞ,
V⊥ðαiÞ and VkðαiÞ are functions of definite twist which are given as [49–51]

φπðuÞ ¼ 6uūð1þ aπ1C1ð2u − 1Þ þ aπ2C
3
2

2ð2u − 1ÞÞ;

T ðαiÞ ¼ 360η3αq̄αqα
2
g

�
1þ w3

1

2
ð7αg − 3Þ

�
;

φPðuÞ ¼ 1þ
�
30η3 −

5

2
μ2π

�
C

1
2

2ð2u − 1Þ þ
�
−3η3w3 −

27

20
μ2π −

81

10
μ2πaπ2

�
C

1
2

4ð2u − 1Þ;

φσðuÞ ¼ 6uū

�
1þ

�
5η3 −

1

2
η3w3 −

7

20
μ2π −

3

5
μ2πaπ2

�
C

3
2

2ð2u − 1Þ
�
;

VkðαiÞ ¼ 120αqαq̄αgðv00 þ v10ð3αg − 1ÞÞ;
AkðαiÞ ¼ 120αqαq̄αgð0þ a10ðαq − αq̄ÞÞ;

V⊥ðαiÞ ¼ −30α2g
�
h00ð1 − αgÞ þ h01ðαgð1 − αgÞ − 6αqαq̄Þ þ h10

�
αgð1 − αgÞ −

3

2

�
α2q̄ þ α2qÞ

��
;

A⊥ðαiÞ ¼ 30α2gðαq̄ − αqÞ
�
h00 þ h01αg þ

1

2
h10ð5αg − 3Þ

�
;

BðuÞ ¼ gπðuÞ − ϕπðuÞ;
gπðuÞ ¼ g0C

1
2

0ð2u − 1Þ þ g2C
1
2

2ð2u − 1Þ þ g4C
1
2

4ð2u − 1Þ;

AðuÞ ¼ 6uū

�
16

15
þ 24

35
aπ2 þ 20η3 þ

20

9
η4 þ

�
−

1

15
þ 1

16
−

7

27
η3w3 −

10

27
η4

�
C

3
2

2ð2u − 1Þ

þ
�
−

11

210
aπ2 −

4

135
η3w3

�
C

3
2

4ð2u − 1Þ
�
þ
�
−
18

5
aπ2 þ 21η4w4

�
½2u3ð10 − 15uþ 6u2Þ ln u

þ 2ū3ð10 − 15ūþ 6ū2Þ ln ūþ uūð2þ 13uūÞ�; ðA7Þ
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where Ck
nðxÞ are the Gegenbauer polynomials,

h00 ¼ v00 ¼ −
1

3
η4;

h01 ¼
7

4
η4w4 −

3

20
aπ2;

h10 ¼
7

4
η4w4 þ

3

20
aπ2;

a10 ¼
21

8
η4w4 −

9

20
aπ2;

v10 ¼
21

8
η4w4;

g0 ¼ 1;

g2 ¼ 1þ 18

7
aπ2 þ 60η3 þ

20

3
η4;

g4 ¼ −
9

28
aπ2 − 6η3w3: ðA8Þ

Equations (A7) and (A8) contain some constants which were calculated using QCD sum rules at the renormalization scale
μ ¼ 1 GeV2 [48–51,54–57] and are given as aπ1 ¼ 0, aπ2 ¼ 0.44, η3 ¼ 0.015, η4 ¼ 10, w3 ¼ −3, and w4 ¼ 0.2.
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