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We calculate the magnetic moments of spin—% singly charmed baryons in the heavy baryon chiral

perturbation theory (HBChPT). The analytical expressions are given up to O(p?). The heavy quark
symmetry is used to reduce the number of low energy constants (LECs). With the lattice QCD simulation

data as the magnetic moments of the charmed baryons, the numerical results are given up to O(p?) in three
scenarios. In the first scenario, we use the results in the quark model as the leading order input. In the
second scenario, we use the heavy quark symmetry and neglect the contribution of heavy quark. In the third
scenario, the heavy quark contribution is considered on the basis of the scenario II and the magnetic
moments of singly bottom baryons are given as a by-product.

DOI: 10.1103/PhysRevD.98.094013

I. INTRODUCTION

The singly heavy baryon contains a heavy quark and two
light quarks. The two light quarks form the 3; and the 6,
representation in the SU(3) flavor symmetry. With the
constraint of Fermi-Dirac statistics, the spin of the 3 5 and
the 6, diquarks are 0 and 1, respectively. Thus, the total
spin of the 3, heavy baryon is § while that of the 6, heavy
baryon is either 1 or 3,

The electromagnetic form factors are important pro-
perties of the hadrons, which can reveal their inner
structures. The magnetic moments of hadrons especially
attract much attention from the theorists and experimen-
talists [1-7]. The magnetic moments of the singly charmed
baryons were investigated in naive quark model in Ref. [8].
In Ref. [9], the relativistic effect was considered. The
magnetic moments and charge radii of the charmed baryons
are calculated [9]. The SU(4) chiral constituent quark
model was also adopted to calculated the (transition)
magnetic moments of spin-; and spin-3 charmed baryons
[10]. The masses and magnetic moments of heavy flavor
baryons were calculated in a hyper central model in
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Ref. [11]. The magnetic moments of spin-% heavy baryons
were obtained using the effective mass and screened charge
scheme [12]. Besides the above quark models, the MIT bag
model was employed to get the magnetic moments of heavy
baryons [13], which were reexamined in Ref. [14]. The
magnetic moments of charmed baryons were calculated in
the skyrmion description [15]. The mass and magnetic
moments of the heavy flavored baryons were calculated in
the QCD sum rules [16—18]. The magnetic moments of the
lowest-lying singly heavy baryons were investigated in the
chiral quark-soliton model[19]. The (transition) magnetic
moments and charge radii of charmed baryons were
simulated with the lattice QCD recently [20-23].

The chiral perturbation theory (ChPT) is a model-
independent method to study the hadron properties
[24-26]. When one performs the ChPT in the baryon
sector, the nonvanishing baryon mass in chiral limit will
mess up the power counting used in the pure meson sector.
The heavy baryon chiral perturbation theory (HBChPT)
was introduced to solve the problem [27,28]. The HBChPT
is expanded by the momenta of pseudoscalar mesons and
the residual momenta of heavy baryons. The HBChPT was
widely performed to calculated the electromagnetic proper-
ties of baryons. The magnetic moments of octet and
decuplet baryons were calculated in HBChPT scheme
[29-34]. The (transition) magnetic moments of doubly
heavy baryons were investigated in Refs. [35-37]. The
magnetic moments of singly charmed baryons were calcu-
lated up to the next-to-next-to-leading order in HBChPT
[38,39]. In our recent work, we calculated the magnetic
moments of spin—% singly charmed baryons up to the
O(p?) [401.
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The dynamics of singly heavy hadron is constrained by
both the chiral symmetry in light quark sector and heavy
quark symmetry in heavy quark sector. The heavy quark
symmetry and the chiral symmetry were often combined to
investigate the singly heavy hadrons. In Ref. [41], the authors
constructed the chiral Lagrangians of heavy mesons (Qg)
and heavy baryons (Qgq) and calculated their strong and
semileptonic weak decays incorporating with heavy quark
symmetry. The decay properties of singly heavy hadrons
were calculated in a formalism which combines the chiral
symmetry and the heavy quark symmetry [42-47]. The
electromagnetic decays of Dyy(2317) and Dy, (2460) are
investigated in the heavy-hadron chiral perturbation theory
with the heavy quark symmetry [48].

In this work, we calculate the magnetic moments of the
spin—% singly heavy baryons in the HBChPT scheme. In
Sec. II, we perform the multiple expansion of the electro-
magnetic current matrix element for spin—% baryons. In
Sec. III, we construct the Lagrangians used in calculating
the magnetic moments. In Sec. IV, we calculate the
analytical expressions of the magnetic moments order by
order up to O(p?). In Sec. V, we reduce the numbers of
independent LECs in our analytical results with the heavy
quark spin symmetry. We give the numerical results in three
scenarios in Sec. VI. Some discussions and a brief con-
clusion are given in the Sec. VII. The integrals used in this
work and some by-products are listed in the Appendix.

II. ELECTROMAGNETIC FORM FACTORS
OF THE SPIN-; BARYONS

Constrained by the time reversal (T), the parity (P),
charge conjugate (C), and the gauge invariance, the matrix
element of the electromagnetic current for spin—% particles
takes the following form [49,50],

(T(p"),|T(p)) = #(p") O (p', p)u(p), (1)
with
iaﬂaqa

2M;

9p4s { o 104" 2]
- vuF3(q7) + 5——Fu(q”)|. (2
M, |7 3(99) M, 4(q7) |, (2)

0o (P's P) = =Gps |:7ﬂF1 (¢°) + Fz(CIQ)}

where p and p’ are the momenta of the spin-% baryons.
P=p+p,q=p — p. My is the baryon mass and u, is
the Rarita-Schwinger spinor [51].

The charge (EO), electro-quadrupole (E2), magnetic-
dipole (M1), and magnetic octupole (M3) form factors read

(¢%) = F\ —tF, +31Gpy,
Gp(q?) = Fy —tF, =3 (1 +7)(F5 — 7F),
:Fl +F2+%TGM3,

3)
(q%)
Gus(q*) =F + Fy—=1(1 +7)(F3 + Fy).

where 7 = —ﬁ. On the right-hand side, we omit the

variable ¢ of F; for convenience. The magnetic-dipole
form factor is related to the magnetic moment as

e

tr = Gy (0) M, (4)

In HBChPT scheme, The baryon momentum p* is
decomposed into the Myv* and a residual momentum
k*, where v, is the velocity of the baryon and v?> = 1. The
baryon field T is decomposed into a “light” field 7 (x) and
a “heavy” field NV (x),

’T(x) _ e"MT”'X#T(X), (5)

N(x) = eiMtrox 1%’5 T(x). ()

After integrating out the heavy degrees of freedom, one
gets the nonrelativistic Lagrangians. In the HBChPT scheme,
the theory is expanded by either the momenta of the
pseudoscalar mesons or the residual momenta of the baryons.
In the HBChPT scheme, the matrix element of the
electromagnetic current J, is reduced as [34]

(T(PIIT (p)) = @ (p)Ope(p’, p)u’(p),  (7)

with

S..S.,
Onel'-) ==ty |y =5 + 5 (1, 4 )|

o

_4"q
4M3.

otrrmer g, )]
(8)

where §, = %yS()—ﬂDv” is the covariant spin-operator.

The tree and loop Feynman diagrams contributing to the
magnetic moments are shown in Figs. 1 and 2, respectively.
According to the standard power counting [30,52], the
chiral order D, of a Feynmen diagram is

D, =2L+1+> (d=2)N)+3 (d-1)N?* (9)
d d

where L, N"';, and NZ;B are the numbers of loops, pure
meson vertices, and meson-baryon vertices, respectively.
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FIG. 1. The tree diagrams contribute to the magnetic moments of the spin-% heavy baryon. The solid dot and black square represents

O(p?) and O(p*) vertices, representatively.

(k) 0]

FIG. 2. The loop diagrams contribute to the magnetic moments of the spin-% heavy baryons. The single and double lines represent the
spin-% and spin-% heavy baryons, respectively. The solid dots denote the next-leading order vertices, while the other vertices are at the
leading order. The diagrams (a)—(d) contribute to the O(p?) magnetic moments, while the (e)—(1) diagrams contribute to the O(p?)

magnetic moments.

d is the chiral dimension. The chiral order of the magnetic
moment 7 is counted as (D, — 1).

III. CHIRAL LAGRANGIANS

A. The leading order chiral Lagrangians

We choose the nonlinear realization of the chiral symmetry,

U = u* = exp(ig/Fy), (10)

where ¢ is the matrix for octet Goldstones,

p=| V2= 2"+ V2K |, (11)
- K0 2
V2K V2K vl

F( is the decay constant of the pseudoscalar meson in
chiral limit. We adopt F, = 92.4 MeV, Fg =113 MeV,
and F, = 116 MeV in this work. Under the SU(3), x
SU(3)g chiral transformation, the U and u respond
according to

U — RULT, (12)

u — RuK' = KulL?", (13)

where R and L are SU(3), and SU(3), transformation
matrices, respectively. K = K(R,L,¢) is a unitary
transformation.

We use the notations B3, Bg, and Bg to denote the
antitriplet, spin—% sextet, and spin—% sextet, respectively.
These baryon fields are realized as [41]:
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0 A EF
Bs=|-AF 0 ZE |,
-5 B2 0
Bg = % =0 \E/g)
B =| X om0 = (14)
The chiral transformation can be established:
B — KBK" (15)

where B represents the Bs, the By, or the By field.
We introduce the left-handed and the right-handed
external fields as the electromagnetic fields:

Ty =l = —eQue)Ay,

(16)
where A, is the electromagnetic field and Q,,(.) represents
the meson (singly charmed baryon) charge matrix. In this
work, Q,,=diag(2/3,—-1/3,—1/3) and Q.=diag(1,0,0).

We define some “building blocks” before constructing
Lagrangians. The chiral connection and axial vector field
are defined as [30,52],

1 . . . +

F/t :E[“Waﬂ_lrﬂ>u+”(aﬂ_llﬂ)u{]’ (17)
i . .

u, :E[“T(au —ir,)u—u(0, _llﬂ)”T]’ (18)

The chiral covariant QED field strength tensors Fﬁ are
defined as

Fﬂi,, = u'I'FffDu + uFII;,/uT, (19)
FR, = 0,r, —0yr, —i[r,.1,], (20)
Fﬁy = 8”1,/ - aylﬂ - i[lﬂ, l,,]. (21)

In order to introduce the chiral symmetry breaking effect,
we define y,
v =u"yu' +uytu,

X = ZBOdiag(mu’ mgy, ms) (22)

where B is a parameter related to the quark condensate and
m, 4 18 the current quark mass.

The leading order (O(p?)) pure-meson Lagrangian is

F
4

(=3 )

L (V,UVFU)Y), (23)

)
b

where the superscript denotes the chiral order. The (X)
means the trace of field X. The covariant derivative of
Goldstone fields is define as

V,U=98,U—ir,U+iUl, (24)

The leading order Lagrangians for singly heavy baryons
read

L) = 5 (B3(iD ~ M3)B3) + (Bo(iD — M)B)
+ (B[, (iD = Mg:) + i(y,D, +1,D,)
= 7u(iD + Mg:)7.]Bg") + 91 (Bsy,rsu'Be)
+ 92(Bey,ysu' Bs + H.c.) + g3(Bg,u"Bs + H.c.)
+ 94(Bg,u"Bs + H.c.) + gs(Bg'y,ysu*Bg,)

+ g6(B3y,75u"B3), (25)

where g; is the axial charge. In this work, we ignore the
mass splitting among the particles in the same multiplet.
M5, Mg, and Mg- are the average baryon masses for the
antritriplet, spin—% sextet, and spin—% sextet, respectively.

In the framework of HBChPT, the leading order non-
relativistic Lagrangians read

o .
[,(qui = 5 <B§ll) . DB§> + <B6(l’U -D - 52>86>

— (Bi(iv - D — 85)Bg) + 29, (BgS - uBBg)

+20,(B6S - uB; + H.c.) + g3<Bg”uﬂBﬁ +H.c)
+ 94 (B u By + Hee.) + 25(BgS - ul5;)
+296(B5S - uBs), (26)

where we ignore the terms suppressed by MLT 0123 are the
mass differences between different multiplets,

8 =Mg.—Ms, 6 =Msg—Ms5, 63=Ms —Ms5. (27)

B. The next-to-leading order chiral Lagrangians

The O(p?) baryon-photon Lagrangians contributing to
the magnetic moments read:
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2 d v d v
Ly :—2N<B o E Bg>+87<33aﬂ B3)(Fh)

IM
+ O B By + -0 (BoomBg) (F i)
SM SM

f D T f *
+#<B3G’WF ,Be) +H.c. +W<B%F;w}’ 7536”>

N
+H.c. +8L<B FiLyvyB)+He.

<B v Be')(F,,) +H.c.

fl()
4My

8M

f * T £ R R*U
g B FLB s BB FL). (8)

where d; and f; are the coupling constants. X = X — 1x)
is the traceless part of the field X. The fo and f;, terms
contribute to the leading order magnetic moments of spin—%
heavy baryons in the tree diagrams. Other terms will
contribute to the higher order magnetic moments in the
loop diagrams. The nonrelativistic form of Eq. (28) reads

(2)_ ldz - U1 5 ld3 "
)= = e (B[ SFL) - (B, 5184) ()

idi - .

=2z, Bols".S1F LB,

_ s g 15 BN FL) -2 (B [s, 1 F LBy
4MN 6 s nv 4MN 3 s uv=6

+H.c. +4f4 (B;F;f,S"B¢") + H.c.

+ M6 (Bt B £ Heeo 2 (555 ()
My 4M

+Hec. + 4—f 2 <B;”F;DB;U> if 10< B (F).
N N

(29)

The d, terms in Eqgs. (28) and (29) represent the contri-
bution of the light degrees of freedom to the magnetic
moments of the antitriplet baryons. Since the J” of the light
diquark in the antitriplet baryons is 0", the M1 radiative
transition |J = 0) — |[J =0) + y is forbidden. The light
diquark does not contribute to the magnetic moment
and d, = 0.

We also construct the O(p?) meson-meson-baryon
interaction Lagrangian as followings, which contributes

to the O(p?) magnetic moments through the loop (j) in
Fig 2.
2 f8 * *U
Liai = = 531, Bl w]BE). (30)

C. The higher order chiral Lagrangians

According to the group representation theory, there are
seven interaction terms in (O(p*) Lagrangians which
contribute to the O(p?) magnetic moments in the tree
diagrams [40]. The y, = 4Bydiag(0,0,m,) = 4Bymy, at
the leading order. We use the 7, as the building block and
the B and m, are absorbed into the LECs. There are only
two independent nonvanishing terms

(4) _ lh2
B0 amy

n* *U h *
(B FLIZ B+ BUELBIA). ()

IV. ANALYTICAL EXPRESSIONS

The leading order magnetic moments are at O(p), which
stem from O(p?) vertices in Eq. (29):

2
“(z]:.)*+ = —<§f9 +f10>/l1v,

1
—<—f9 +f10>ﬂ1va
Q*o = < f9—f10>MN

There are two unknown LECs fy and f, at this order.
Four loop diagrams (a)—(d) in Fig. 2 contribute to the
O(p?) magnetic moments. The meson-photon vertex arises

m _ 1 _

i — Mo =
Z jC

m _ 1

220 - ”E;O - (32)

from the Eﬁ, while the meson-baryon vertex is from the

E(quz. The diagrams (c) and (d) vanish for the structure v, u*

in the amplitude [34,37]. The corrections from the loops
(a)—(d) read

My3—-d
(2.a) — ¢92 N nll
H B 27 71" (0.mg)uy, (33)
gM
=/ ZF2N ni! (81.my)uy
gM
2ﬂ¢ ZFZN 11(53,m¢)ﬂ1\/, (34)

p)

where the nf(w,m,) is the loop integral given in
Appendix A. The 7 is the coefficient in Table I. There
exist three LECs g3 45 to be determined at this order.

The O(p?) magnetic moments come from both the tree
diagrams and the loop diagrams. The vertices of tree
diagrams are from the interaction in Eq. (31). The results
of the tree diagram read,
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TABLE I. The coefficients of the loop diagrams in Fig. 2.
Loop Tt =it 0 Shas =0 Q0
(a),(b), s 2 -2 -1
1,() pK 2 1 -1 -2
" 2fo+2f1 3f0 +2f10 —sfo+2f10 —gfo+3f10 2 f10
r¥ Lfo+ fio — 150+ f10 —I%fo‘i‘lflo Zfo+3f10 _}lzf9+%f10 —§f9+ff10
7 5fo+5f10 wfo+3f10 =50 +3/10 5o+ 15 10 —36fo t13f10 —5fo+5/ 10
Vf 72—7’1(f9—>d5f10—>d6)
7;/) 73—71(f9—’f6f10—’f7)
(e)—(h) p" 2d, +4d, 2d, + 4d; 2dy + 4d, -1d, +3d, 3dy
pK 1d, + 4d, —1d, 4+ 4d; —;—‘d2+4d3 Ld, +2d; Ld, +2d, —3d, + 84,
ol Tdy +3ds —dy + 3d3
0 1 ! : ;
5 -1 -3 : 3 1
o ~3
cf[’; 2 2 2 % %
& 1 1 1 3 > 2
& 3 3 5 e o 3
(), " ) > 2 3 3
0K 2 2 2 1 1 4
v : :
(3.tree)  (3tree)  (3.tree) 0
-+ - o+ - 0 - q g
= x x 'u(3’f) 75 4;2 J) (5 ) Un + P'b 4F42 J’ (53)/'4N
(3.tree) (1 Iy + 4]’[ )ﬂ
ot — T\ 52ty HN,
= 2 3 5129394 J2(81) = J2(55)
+26 2 KN, (39)
(3,tree) 1h 2h 4F¢ o) — 53
520 ——52—54/11%
d—3\ J,(6,) = J»(0)
4 BG.g) — ,(3.h) _ » 9593 2001 2
Hoa ™ = - (h2 -3 h4> sy 35) * # Bar\d-1 (—o) ™
d—3\ J,(5;) —J»(0
The loop diagrams (e)—(1) in Fig. 2 contribute to the + 67 925354 ( . 1> 2 3()_ 5 )2< )MN,
O(p?) magnetic moments. The baryon-photon vertices in 4 3
loop diagrams (e)—(h) come from the [,gy) in Eq. (29). The (40)
baryon-meson vertices are from the axial coupling
Lagrangian in Eq. (26). The vertex in the loop diagram 545 95 J/( )(1;614_#) ul, o (41)
comes from the fy term in Eq. (29). The meson-meson- 4 d-1
baryon vertex in the loop diagram (j) comes from the
interaction (30) Diagrams (k) and (1) are the renormaliza- Gl _ 05 g3 , —gﬁ
: ) Ty (8 4+ n? =2 J5(85)uV), (42
tion of the spln—— baryon fields. The O(p?) corrections from Hel = 4F, g2 20K A 4F 31 2(83)u (42)

the above loop diagrams read,

. Fomy
HO =2 o 12827 " /12 s ()
. , fgmé mi)
’u(37./) — —4ﬂ4 WIHATMN» (37)
2 (l-d 4 4
(3.e) — ¢ 95 - J5(0 38
o=t (5 g O 39

where ?, v/, p?, 8%, £, and 5? are the coefficients of
loops, which are given in Table 1. There are thirteen new
LECs introduced at this order.

V. INDEPENDENT LECS IN THE
HEAVY QUARK LIMIT

There are eighteen unknown LECs in the analytical
expressions in Egs. (32)—(42), including five axial charges
gi_s, ten O(p?) baryon-photon coupling constants d, 3 5 6,
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f2.4.67.9.10, One meson-meson-baryon coupling constant fg,
and two O(p*) chiral symmetry breaking coupling con-
stants £, 4. Since the number of the LEC:s is larger than that
of the ground heavy baryons, we use the heavy quark
symmetry to reduce the number of independent LECs.
The spin-% and the spin—% sextet are degenerate states in
the heavy quark limit. The heavy quark symmetry can
relate some LECs to others. We define a superfield H, to

denote By and Bgﬂ [44,47],
% 1 5
H, = Bg, - g(y,, + v,)7° B, (43)
_ . [
Hﬂ = BGM + §B6y (yﬂ + vﬂ)’ (44)

where 7:{” is the conjugate field of H,. v, is the velocity of

heavy quark. In the heavy quark limit, the v, also

corresponds to the velocity of the heavy baryon. This field
H, is constrained by

v-H =0, YH ="H. (45)

The H,, follows the same chiral transformation in Eq. (15).

In Refs. [44,47], the authors constructed the axial

coupling Lagrangian of the sextet baryons in heavy quark
symmetry,

E%) = igaeﬂyp(,(?:{”upv”?'{”) + gb<7:(”uﬂl35 +H.c.). (46)

The LECs in Cg 4)5 are reduced to two independent LECs, g,
and g,

_ _2 _ \f
95 =Ya> 91 = 3911’ 93 = 30’
1
ga=9p: 92 ==\|39%: 96 =0. (47)

ge 1s the coupling constant between pseudoscalar mesons
and antitriplet heavy baryons. The light spin §; = 0 for
the antitriplets. The pseudoscalar mesons only interact with
the light degree in the heavy baryon. Thus, the parity and
angular momentum conservatlon forbid the g, vertex.

The interaction in ﬁ in heavy quark symmetry
corresponds to

2 v ge
5;344 (RUELH) ~

e (H 4 v, B3) + Hee.
N

(48)

The eight LECS ds, dﬁ, f2, f4, f6a f7, fg, and flO in E(Bz},) are
reduced to two LECs g, and g,:

2 2
= Y, = =Y ds = —= o
f9 g f6 \/gg 5 3g
Jio=f7=de¢ =0,
2
. — _4g,. 49
f2 \/gg f4 g ( )

In Lagrangians, we decompose the F}/, into the trace part
(Fj,) and traceless part F,,, which correspond to the
contributions from the light quarks and the heavy quark,
respectively. The contribution from the heavy quark to the
magnetic moments is order of 1 . Thus, heavy quark
contribution and the LECs, f, f7, and dg vanish in the
heavy quark limit.

For spin-} singly heavy baryons, we construct the O(p?)
meson-baryon interaction and O(p*) photon-baryon inter-
action [40]:

@ _ ldg o,
Lrpp = 2My (Beo"*[uy., u,]Be), (50)
@ _ 5 2 (Beo" F, B
cBy SMN <B66ﬂ <F;11/>/},/+BG> + 2MN <B6GM F;FI/BGZ£>
(51)

In the heavy quark symmetry, the LECs in Egs. (50) and
(51) can be related to those in Egs. (30) and (31). The
Lagrangians in the heavy quark limit read

gf 1 v
EH(/;(/; = 4M7N (H* [”w u,|H”)
COh e e
Ly = zﬁ (HFESHZE). (52)

The LECs are related as

1 1

d4:89f; fs:—zgf, sy =hy =0;
1 n
= ——0gp hy ==. 53
Sq 69h 4 4 ( )

In the heavy quark limit, the heavy quark contribution
vanishes Thus, in this limit, there are seven nonvanishing

magnetic moments of the sextet baryons

VI. NUMERICAL RESULTS

In the present work, we perform the numerical analysis
with three scenarios. In the first scenario, we use the LECs
determined by our previous work [40]. Three new LECs,
fg, ho, and hy are related to d4, s,, and s, through the heavy
quark spin symmetry. In the second scenario, we reduce the
number of the LECs in the heavy quark limit and adopt the
lattice QCD simulation results in Table II as input. In the
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TABLE II. The Lattice QCD simulation results [20,21,23]. “v/” represents the results used as input.

! = Tt = Y o Q.
LQCD 0.235(25) 0.192(17) 1.499(202) —0.875(103) 0.315(141)  —0.599(71) —0.688(31) —0.730(23)
SI Input v v v 4 v
SII Input v v v v v v
ST Input v v v v v v

third scenario, we include the heavy quark contribution on
the basis of the scenario II. As a by-product, we also give
the magnetic moments of singly bottom baryon.

In the three scenarios, we all use the same axial coupling
values. The axial coupling constants g, and g, in Eq. (26)
are estimated through the decay widths of X. and X7,
respectively [53,54]. The other g; are related to g, and g,
with the help of quark model. Their values are

8
¢ =-0060, g,=—V3¢g,=1.04, ¢ = —\ég2 =0.98,
V3

g3=—74g1 = 085,

3
=——q,=—147
9s 291 s

A. Scenario I

In our previous work [40], we calculated the magnetic
moments of the spin—% singly heavy baryons. All the LECs
in Eq. (29) have been evaluated through the quark model.
Here, we review the idea in brief. The vertices in Eq. (29)
contribute to the leading order (transition) magnetic
moments in the HBChPT scheme. We assume that their
values are approximate to those estimated by the naive
quark model. Then, we can extract these LECs. The
(transition) magnetic moments from the quark model
and the leading order results in HBChPT are given in
Tables III and IV.

TABLE IIl.  The (transition) magnetic moments pp., Hp,_p;.
and Hp: -8, from the quark model and the leading order results in

HBChPT.

HBs AL Shy =0
QM He He Ue
o(p") Ld, +2dy Ldy + 24, ~2d, + 24,
HBs—B; - Aly Bt - By 20, =9,
QM \@(Md — Hy) \@(ﬂs — Hy) \@(ﬂx —uy)
O(pl) %fz \/%fz 0
Mp-p I Ay Bt > Bly 10 20y
M Flmm) Hleow) Gew)
O(P]) 1172f4 ﬁfﬁt 0

Apart from the axial coupling constants and the O(p?)
baryon-photon coupling constants, we have three new
LECs in the present work. In our previous work, dy, s,,
and s, have been determined by fitting three lattice QCD
results, py++, pz+, and pigo in Table I1. With the relations in
Eq. (53), we obtain the values of fg, h,, and hy. In this
scenario, we keep the mass splitting between the spin—%
sextet and the spin—% sextet. The mass splitting reads

61 = Mﬁ* _M6 =67 MCV,
8, = Mg — M5 = 127 MeV,
85 = Mg, — M3 = 194 MeV. (55)

We have determined all the LECs in the analytical
expressions up to O(p?). We give the numerical results
in two schemes. In the first scheme, we include the spin—%
antitriplet, the spin-j, and the spin-3 sextet as the inter-
mediate states in the loops. The numerical results are listed
in the left panel of Table V. The chiral convergence is not
good enough. The O(p?) contribution is larger than that at
O(p?) for Zi* and Z:0. In the second scheme, we only take
the spin—% and spin—% sextet as the intermediate states. The
results are given in the right panel of Table V. The chiral
convergence becomes much better.

The mass splittings J; , 3 do not vanish in the chiral limit,
which will worsen the chiral convergence. Due to the large
mass splitting 83, about 194 MeV, including the spin—%
antitriplet will destroy the chiral convergence. As for the
spin-% sextet, the mass splitting &, is small. Taking spin-%
sextet as intermediate states has almost no negative impact
on the convergence. Meanwhile, the spin—% and spin-% sextet
form doublet in the heavy quark limit. To calculate the
magnetic moments of the spin—% sextet, the contribution
from the chiral fluctuation around the spin—% sextet is
important. Thus, we choose the results from the second
scheme, in the right panel of Table V, as our final results.

B. Scenario 11

According to Sec. V, we reduce the LECs to five
unknown independent ones with the heavy quark sym-
metry. In this scenario, we make use of six lattice QCD
results in Table II to determine them. In the heavy quark
limit, the spin-} and 3 are degenerate states. The mass

2
splittings are
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TABLE IV. The (transition) magnetic moments ., pt B and p Bi—Bq from the quark model and the leading order results in HBChPT.

Up S+ >+ Y =+ =0 QO

6 C C C = —ic C

QM T — e 2py+3pa =y, Tha — FHe 2+ 3ps — S He Zha +3us — Spe Tus — SHe
o(p") ds + dg Lds + ds —4ds + dg Lds + ds —1ds + de —1ds +dg
iy, i =it 50 o =0 o

QM 22uu + e Ha + pa + pe g+ pe Hu + uy + e Ha + Hs + pe 25 + phe
o(p') —35fo—fuo —sfo— S0 fo—r10 —sfo— S0 fo—ruo fo—rio
Mg, ot =Tty Tt - Ty 0 — =y Bit - Bty B — By Q- Q%
QM 220, —p)  Rtua—20)  2Pa—n)  Rotu-2u)  Ratus—2) 22— n)
Op") —\iGfe+ 1) —\fibfe+f) =M =S+ ) —\ib S+ £ —E M) M= b et 1)

51 :MG* _M6 =0 MeV,

62 :53 :Mé(*) —M:; =161 MeV. (56)
In this scenario, we also apply two schemes to estimate the
LECs. In the first scheme, we consider all the singly
charmed baryons as the intermediate states. The results are
given in the left panel of Table VI. In the second scheme,
we set g, = 0 and decouple the 3 ¢ and 67 singly charmed
baryon in the loop diagrams. The results are given in the
right panel of Table VI.

The results in the left panel suffer from the bad conver-
gence, which are even worse than those in the first scheme in
the scenario 1. The quark model predictions are comparable
with the lattice QCD results. Taking the quark model results as
the leading order input at least ensure a dominant O(p')
contribution in scenario I. Comparing results in the two panels
of Table VI, although the total values are similar, the chiral
convergence in the second scheme improve significantly.
Including the antitriplet as the intermediate states break the
chiral convergence. Thus, we also choose the results from the
second scheme as our final results in this scenario.

In the second scheme, the magnetic moments of sextet
baryons do not depend on the antitriplet. In the sextet
sector, we determine three unknown LECs and obtain

TABLE V. The numerical results of spin-% singly charmed
baryon magnetic moments in the scenario I (in unit of uy). We
take B3, Bg, and By as the intermediate states in the left panel,
while we only consider the Bg and B in the right panel.

twelve magnetic moments. Thus, this scenario has powerful
predictions.

C. Scenario IIT

In the lattice QCD simulation [20,21,23], the contribu-
tion of heavy quark and light quarks to the magnetic
moments are given separately. The heavy quark contribu-
tion for ZF, =+, =+ Q0 and Q0 read
Uy ==0.066py  pg, =—0.05%uy,

(57)

pe, =0.226uy,

”fzg =—0.061uy, ;4;‘220 =0.23%y,

where the superscript “c”” denotes the contribution from the
charm quark. According to the quark model in Tables III
and IV, the heavy quark contribution is ., — % U, and u, for
the antitriplet, spin—% sextet, and spin-% sextet, respectively.
Using the lattice QCD results in Egs. (57), we get the
average p. = 0.205uy. In this scenario, the heavy quark
contribution is estimated by using the average y,. while the
light quark contribution is derived through fitting the
remaining part of lattice QCD results. The results are given
in Table VII. The right panel of this table is our final results
of this scenario.

TABLE VI. The numerical results of spin-% singly charmed
baryon magnetic moments in the scenario II (in unit of yy). We
take B3, Bg, and B{ as the intermediate states in the left panel,
while we only consider the Bg and B in the right panel.

with B3, Bg, and B with Bg and By

with B3, Bg, and B with Bg and B

SI  O(p") O(p*) O(p?) Total O(p') O(p?) O(p?) Total  SIT  O(p') O(p?) O(p?) Total O(p') O(p*) O(p?) Total
ittt 410 -1.16 -0.02 292 4.10 —-1.03 -0.16 291 et 078 —-1.28 243 192 263 —1.11 0.60 2.12
=t 148 =072 -0.17 0.59 148 —-0.39 -0.10 0.99 =+t 0.19 =074 0.82 0.27 0.66 —0.39 0.18 0.44
>0 —1.13 -0.29 -0.32 -1.74 -1.13 026 —0.05 —0.92 >0 -039 -020 -0.78 —1.37 -1.32  0.32 -0.25 —1.24
B 148 014 -0.50 1.13 148 -0.13 -0.07 1.28 B 019 010 —-0.03 0.27 0.66 —0.16 0.03 0.52
=0 —1.13 058 -0.22 -0.77 —-1.13  0.52 0.003 -0.61 20 -039 064 —1.28 —-1.03 -1.32 0.55 -0.27 —1.03
Q0 —1.13 145 -0.27 0.05 -1.13 0.78 0.08 —0.27 Q0 -039 149 -1.83 -0.73 -1.32 0.78 -0.26 —0.79
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TABLE VII. The numerical results of spin-% singly charmed baryon magnetic moments from the scenario III (in unit of u,). We take
B3, Bg, and By as the intermediate states in the left panel, while we only take the B and By in the right panel. The “HQ” represents the
heavy quark contribution.

with B3, Bg, and B

with Bg and Bj

S1II HQ o(ph) O(p?) O(p?) Total HQ o(ph) O(p?) O(p?) Total
Py 0.21 0.96 —1.28 2.65 2.54 0.21 2.69 —1.11 0.62 241
ppes 0.21 0.24 -0.74 0.96 0.66 0.21 0.67 —-0.39 0.18 0.67
=0 0.21 —0.48 —-0.20 —-0.73 -1.21 0.21 -1.35 0.32 -0.26 —1.07
=it 0.21 0.24 0.10 0.27 0.81 0.21 0.67 —-0.16 0.10 0.81
=0 0.21 —0.48 0.64 —1.31 -0.94 0.21 -1.35 0.55 —0.31 —0.90
Q0 0.21 —0.48 1.49 -1.94 -0.73 0.21 -1.35 0.78 —0.34 —0.70
TABLE VIII. The magnetic moments of singly bottom baryon quark part is estimated using the quark model. We adopt the

sextet (in unit of puy). The “HQ” represents the heavy quark
contribution. The light quark contribution is the same as that for
singly charmed baryon.

spin—% HQ Total spin—% HQ Total
Py 0.02 1.59 it -0.06 2.14
%) 0.02 0.39 %0 —0.06 0.40
X 0.02 —-0.81 X5 —-0.06 -1.35
= 0.02 0.40 g0 —0.06 0.54
B, 0.02 -0.73 S —-0.06 -1.17
Q, 0.02 —-0.65 Q)" —-0.06 -0.97

The heavy quark contribution can also be introduced
through the heavy quark symmetry breaking Lagrangian at
O(1/m,) which reads,

Lig = gy (0w M) (F) (58)

The LECs dg, f7, and f, are related to gy as
f10 = 9u, d6:19H7 f7:—i9H- (59)

3 NG

We use the heavy quark contribution from the Lattice QCD
simulation to extract the gy. The same magnetic moment
results are obtained.

In scenario III, we can easily extend our formalism to
calculate the magnetic moments of singly bottom baryons. In
the heavy quark limit, the light contribution for a bottom
baryon is the same as that for the charmed baryon. The heavy

constituent mass m; = 4700 MeV. The magnetic moments
of singly bottom baryons are given in Table VIIL

VII. DISCUSSION AND CONCLUSION

We calculate the magnetic moments of spin-% singly
charmed baryons. The analytical expressions are derived
up to O(p?). There are eighteen unknown LECs involved. We
reduce them into seven novanishing independent LECs with
the heavy quark symmetry. Our numerical results are given up
to O(p?) in three scenarios. The LECs are listed in Table IX.
In the first scenario, we keep the mass difference between
spin—% and spin—% sextet. The quark model results are regarded
as the leading order magnetic moments. Five lattice QCD
results are used to determine the LECs. The heavy quark
symmetry is used to relate the O(p?) Bgpg and O(p*) By
vertices to those for the spin-% heavy baryons. In the second
scenario, we adopt the heavy quark symmetry globally. The
spin-% and spin—% sextets belong to the same doublet. The five
unknown LECs are fitted using six lattice QCD results. In the
third scenario, we add the heavy quark contribution explicitly
on the basis of scenario II. In this scenario, we also evaluate
the magnetic moments of singly bottom baryons as a by-
product. Including the spin-% antitriplet intermediate states
will worsen the chiral divergence, due to its large mass
difference with the sextet. We list both the results with all
intermediate states and only sextet intermediate states. We
take the latter ones as the final results.

We give our final results and those from other schemes in
Table X. Compared with the scenario II, the scenario III

TABLE IX. The numerical results of LECs for the three scenarios.

SI d» ds fo fe ds Sfio f7 ds dy f3 52 hy S4 hy
0.04 0.11 =523 -6.00 349 -0.61 0.60 0.03 345 -10.35 -0.24 036 -0.04 0.05
S d, d3 9e Sfio S7 ds gy 52 hy 9n
—-0.09 0 -3.95 0 0.61 0 0.32
SI d, ds Je Sfio S7 ds g5 52 hy 9n
0.03 0.10 —4.04 -0.21 047 -0.07 0.41 0 0.12
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TABLE X. Comparison of the spin-% singly charmed baryon magnetic in the literature, including the lattice QCD (LQCD) [21], the
hyper central model (HCM) [11], effective mass (EM), and screened charge scheme (SC) [12], chiral constituent quark model (yCQM)

[10], light-cone QCD sum rules (LCQSR) [16], MIT bag model [1
[19] (in unit of py).

3,14], Skyrmion [15] scheme, and chiral quark-soliton model (yQSM)

SISl SHI LQCD HCM EM SC yCOM LCQSR Bagl Bagll Skyrmion xQSM
291 212 241 3.68~3.84 356 363 392 481+122 391 3.13 4.52~458 322+£0.15
=t 099 044 0.67 1.20~1.26 1.17 1.18 097 2.00+046 134 1.09 1.12~1.31  0.68 £0.04
>0 —0.92-1.24-1.07 -0.83~-0.85-1.23 -1.18 -1.99 -0.81 £0.20 —-1.20 -0.96 —-2.29~-1.92-1.86+0.07
Bt 128 0.52 0.81 145~1.52 143 139 159 1.68+042 154 1.27 226~2.07 0.90=+0.04
20 —0.61 —1.03 —0.90 ... —0.67~-0.69-1.00-1.02 -143 —-0.68+0.18 —1.01 -0.75 -2.01 ~—-1.98-1.57+0.06
Q0 —-0.27-0.79 -0.70 —0.73 —0.83 ~—0.87 —0.77 —0.84 —0.86 —0.62 £0.18 —0.78 -0.55 —0.87 ~—1.23 —1.28 +0.08

includes the heavy quark contribution. The results in scenario
III tend to be closer to those from other schemes. Thus, the %
effect may be not negligible. While the bottom quark is much
heavier, its contribution in the singly bottom baryons can be
neglected. In the scenario I, no lattice QCD results for spin—%
heavy baryon is used as input. The value of -0 in scenario I
may become larger if we use lattice QCD simulation value as
input. In the scenario III, we determined three unknown
LECs and p,. to give twelve predictions. The scenario III has
powerful predictions with twelve predictions. Scenario I and
III are quite different methods. The numerical results for the
scenario I and III are similar and corroborate each other.

The other schemes in Table X include the lattice QCD
[21], the hyper central model [11], effective mass and
screened charge scheme [12], chiral constituent quark model
[10], light-cone QCD sum rules [16], MIT bag model
[13,14], Skyrmion scheme [15], and chiral quark-soliton
model [19]. Our results from all scenarios are less than those
from other schemes in general. Same tendency also appeared
in the magnetic moments of spin—% charmed baryon [40]. In
fact the lattice QCD results which we used as input are also
less than other schemes. In the lattice QCD simulation, in
order to extract the results with physical pion mass, the rough
linear or quadratic extrapolation was used in Ref. [20].

We have calculated the magnetic moments of spin-% singly
heavy baryons analytically to O(p?). The convergence of

the chiral expansion is good in our numerical results. For the
lack of experimental data, we have to adopt heavy quark
symmetry and the quark model to reduce and estimate our
LECs. Our numerical results can be improved with the new
experimental results and the new lattice QCD simulation
results in the future. Meanwhile, our analytical expressions
can help the chiral extrapolation in lattice QCD simulation.
The LECs determined in this work can also be used to study
other physical properties, for instance, the electromagnetic
decay of singly heavy baryon.
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APPENDIX A: INTEGRALS

We give some integrals with the conditions v - ¢ = 0 and

g*> = 0. All the results are given in the dimension d = 4.

(1) Integrals with one meson propagator and one baryon
propagator

/ o o 12 (@) + vevpls (@) (A1)
: = ()] v,V )
(Zﬂ)d (12 - m2 + l€><a) + - l+ l€> ga/)' 2 alpJ3
2”}<a)z_m2)+w<3m2_2m2><]n;1_22+32”2L(0)))—4(0)2—m2)3/2(00511—' @)—in)
1622 (d—1) (w > m)
_ 2w<w2—m2)+w<3’”2—2w2)(ln%+32n2L(w))+4(m2_w2)3/2 cos ()
JZ(a)) - A](,ﬂ?(d_l) (a)z < m2) (AZ)
2w(w2_m2)+a)<3m2—2w2)<1n%+32ﬂ2L(w))+4(w2_m2)3/2 cosh-! (_%)
=) (w < —m)
where L(4) is the infinite term:
L) =2 [ s+ 1) (A3)
=75\ "5 v
16722 |d—4 2
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(ii) Integrals with two meson propagators and one baryon propagator

, /ddz/14—d Lol B
") en) T P-mtie) (I +qP —m tie)w+ov-l+ie)

nlllga[}' + nIZIan[)’ + ”131%”/;’ + n?(vaq[)’ + q(lvﬂ)
(A4)

@(3272L(3)+1n5)+2V/? —m? (cosh™! (2)—ix)
87°(d-2)
w(32ﬂ2L(l)+ln2’—22)+2\/ m?—w? cos™! (—2)
8722(d-2)
w(32n2L(/1)+1nf;72) ~2VaP—n? cosh™! (-2)
822(d-2)

(0 > m)

(w? < m?) (A5)

(0 < —m)
(iii) Other integrals
The infinite terms are absorbed by the renormalization of the coefficients and the L(4) term is omitted in the

following expression.

(3 ln;”—zz-'r 1)+6Va?—m?[cosh™ (2)—ix]

m
14472 (@ > m)
3—-d 2 fr?—? cos—]
il _ ®(3InZ5+1)+6Vm*—w* cos™! (-2)
ny(w,m)=¢ _ 2 m 2 2 A6
d-1 i (0, m) e (0> < m*) (A6)
(3 1n254+1)-6Va? —m? cosh™ (—2)
- 14472 (@ < —m)
(3 ln’;’—zz— )+6Vw?—m?[cosh™ (2)—ix]
2 (0> m)
4 2 Y S I
il _ ) o(3In%-5)+6Vm*—w* cos™! (-2)
ny(w,m) = 2 m 2 2 A7
d—1 l( ’ ) 3622 (C() <m) ( )
(3 ln’;—;—s)—év w?—m? cosh™ (-2)
o (0 < —m)
(m2—2a)2)ln(’;é)—4w\/w2—m2[cosh‘l(ﬁ)—iﬂ]+2w2 ( - )
167° w m
2
/ _ ) (m*=20%) In(%) =4V m?—w? cos™! (=2)42w”
w) = 2 m 2 2 A8
) A T (0* < m*) (A8)
(m2—2w2)ln(’%22)+4w\/w2—m2 cosh™! (—2)+2¢? (a) - _m)
1672
—15(m2=20?) In25+ 600V P i [cosh™ (2) —ix]~26m% +2207 ( )
w>m
576x°
1-d + 1 / (0)) _ —15(1112—2(4)2)1[1’:1#22+60w\/m2—a)2 cos™! (=2)-26m+220? 5 5 (A9)
4 d-1)"? 57677 (@ <m?)
—15(m? =207 In25—60w /@’ —m? cosh™! (=2 —26m*+220?
/12 m (a) < _m)
576x*
—33(m2=20?) In"+ 1320V @ —mZ[cosh™! (2)—i]~70m? + T40? ( )
4 w>m
86477
- 2 _
1-d + 4 _ 4 > J/Z(w) — —33(m2—2a)2)ln:f’—2+132w\/m2—a)2 cos™! (=2)=70m>+74w? ((1)2 - mz) (AlO)
2 d-1 (d-1) 86417
—33(m*2w? ln'f’—2—132mv @*—m? cosh™ (=2)=70m>+74w?
AZ m (w < _m)
86477

APPENDIX B: RENORMALIZATION

In the HBChPT, the divergences from the loops with fixed order should be canceled out by renormalizing the LECs at this
order. In this section, we calculate the divergences of the loop diagrams and give the renormalization of LECs explicitly. We
take the mass splittings as
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(B1)

We use the Gell-Mann-Okubo relation to express the 5
mass, m3 = (4m} —m?2)/3. We adopt the leading order
decay constants for mesons F,=Fx=F,=F, for
convenience.

The infinite parts of the O(p?
and (b) are

) loop diagrams (a)

3 2
”—é )~ _EQ%MNCMOL(/I);

1
LY ~— == GMNOAYL(2), (B2)

¢

where L denotes the infinite terms. The subscripts 6 and 6*
denote the spin-} and spin-3 sextets, respectively. Ay =
{4,1,-2,1,-2, -2} corresponds to the loop coefficients of
the sextet {E{)7F x0T w0 gl =20 Q0 The
infinite parts in Eq. (B2) for two sextets can be cancelled
simultaneously by one counterterm,

L) _ 3g;0L(4)

W =i (HE B HY).

Hv

(B3)

The divergences in the O(p*) loop diagrams (e)—(1)
should be absorbed by the LECs in the O(p*) chiral
Lagrangians. In Eq. (31), we set m, =m; =0 and
¥+ = 4By diag(0,0, m;) = 4Bymgy.. In this section, we
keep the u/d quark mass. At the lead order, the y, reads:

TABLE XI.
scripts are symmetrized.

X+ = diag(mz, mz. 2mg — m3),

7o =y diag(m 2, 20— m2) (B4)
where N = 2m% + m2. We have more nonvanishing inde-
pendent terms in the O(p*) Lagrangians than those in
Eq. (31). As illustrated in Table XI, there are seven indepen-
dent terms at this order. [7, , F ] is vanishing at this order
since the leading terms of 7, and F '+ are both diagonal after
the chiral expansion. We can reconstruct the O(p*)
Lagrangians for spin-} and spin-3 sextets, respectively,

2 5 -
i 2 (Boo 7. Be) ()
M <B66”DF/4DBGZ+>

4 v
£33 = gag Boo™ (7 Fu}Be) +

+W<B6O'ﬂ Be) (7. F))+

+M<B60’WB6><)?+><F;Z>

20 (Boo™ (7, ) P Be).

S (BS)

£8) = g B e B B+
+ s BB F) +
i BB E L)
e
ot (B ELBE) ).

ihy [~ .
721\/ <B6MZ+B6D><F;FD>

M
ihy =, w
My ——(Bg ”F+B )

+

(B6)

The h, (s, ) and hs(s5) terms involve the (F;, ). The two terms

represent the heavy quark’s contribution. The other terms

The possible flavor structures of O(p*) Lagrangian. (v f;y)’a’h = ()(+) ( f ”,,) py» Where the {...} means that the flavor

Group representation Ix1—-1 I1x8—8 8§x1 -8 8§x8—1 8§ x 8 — 8§ 8§ X8 — 8§, 8§ x 8 —27
Flavor structure T ) (F) (;h)f?; 7+(Fl) (;hf«“;y) [ I:";;] {74 IA’;;} (Z+F;ru)};jb}}
LECs s5/hs/xs 56/ he/Ks s2/ha /K, s3/h3/K3 Vanishing s1/h/x S4/ha/Ky

TABLE XII.  Coefficients of the magnetic moments that arise from the O(p*) Lagrangians. The A, is also used to express the infinite

parts of the O(p*) loop diagrams.

(#)++ () + (*)0 =/ () + =/(x)0 (*)0
e e I He = Qe
4 2 1,2 _2 .2 2.2 11,2 2 2 4.2 . 2 2
Ay Iy Mr 35 M 3§ M (=3ymx +ymz) 3§ Mk (=3ymx +3yMz%)
A, m2 m2 m2 m_f( ﬁ 2m2 —m?
N N N N N
20,2 2 2 (2 2 2 (2 2 2 (2 2 2 2 (.2 2
As 3N (ml( —mz) 3N (mK - mn) 3N ("ZK m,,) N (ml( m,,) N (nZtK —my) 3y Mg — m”)
8 2 2,2 _ 4 8 2 _2 _4 8,2 4 2
Ay = mz 3 Mz 3N Mk Gy Mk = % Mz) 3N Mk (=5mg + 3y mz)
As 1 1 1 1 1 1
2 1 _1 1 _1 _1
Ag 3 5 3 5 3 3
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represent the light quarks’ contribution. The magnetic
moments of the spin-} and spin-3 sextets are

6 6
He = Z&Ap He = —ZhlAi,
P pa

where A, is the coefficients of &; or s; in Table XII. The
divergences in the loop diagrams of spin-% and spin—% sextets
can be absorbed by s; and h;, respectively.

The LECs k; and s; can be related to each other using the
heavy quark expansion. In the heavy quark limit, the O(p*)
Lagrangians read

(B7)

iK]
4M N

- ~ Pa v l - v ~ A
Ly = (H {7, FL ) + oy (T FL)
o P ELHRT) + e (RUEL ) (7).
N N
(BS)

where H* is the superfield defined in Eq. (44). The heavy

quark symmetry breaking Lagrangians at the order of mi
read

4 v

Liio = gyp (Fouz H)(F)

+7<H Ol + Hp) Gt ) (FT),

M (B9)

The Ly;) and L}y, describe the dynamics of the light quark

and the heavy quark sectors, respectively. The s; and £; are
related to the k; as

{—%x,- i=1,3,4,6 A {xi i=1,3,4,6
§; = B i = . B
%Ki l:2,5 K; l:2,5

~2h; i=1,3,4,6

= §; = (B 10)
L, i=25

Since the O(p*) LECs of the spin-} and spin-3 are related to

each other as shown in Eq. (B10), we expect the diver-
gences of the O(p*) loop diagrams have the same relations.

Here we give the infinite parts of loop diagrams
explicitly. For the spin—% sextet, the divergences of the
loops at O(p*) are

L~ ST aALR) + D aAL(Q)

i=13,4,6 i=2.5

(B11)

with
N 16
= 8g2 +3¢> +6) — — 3g/],
4 12[;3} [gc( Yo+ 59, + ) 3 9a9p9e + gf:|
N
a = 6F2 93 (2d5 + gp).
N
as = 2 [_Sgagbge + (3931 + 4)90 + ng}a
12F¢
N 40
= | —— 7 2 6 2 ,
as 48F{2/) ( 3 9a9p9e T 1929. + gbgc)
8> =N ,
=———¢q;(2d ,
as 617 9;(2d3 + gy)
N 2 2
ag = 77 19:(359z + 36g;, + 12) — 249,9,.9.
36Fy
8 2
+ 697 + 275 9a959.6° (B12)
3F¢

where the a, and a5 are related to the ds and g, which are
coupling constants of the heavy quark sector. The other
terms only involve the coupling constants of the light quark
sector.

For the spm- the infinite parts of O(p*) loop diagrams

read
LY ~i:1§3:462a AL(A ;2:53aAL (B13)
We find that
@ _ 2 @ @) 1 @
"—61 = g"—e* I |]—6,h = _g "—e*.w (B14)

where the subscripts / and & represent the contributions
from the light quarks and heavy quark, respectively. The
divergences of the chiral loops respect the relations
between s; and h; in the heavy quark limit [up to a —1
factor arising from Eq. (B7)]. Even though the number of
the LECs are reduced using the heavy quark symmetry, the
divergences of the two sextets can be renormalized simul-
taneously. We give the renormalization of «; explicitly,

K 434 L) i=1,3,4,6

(
K,-(/l)={ ’ (B15)
K\ —3q,L()) i=2.5
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