
 

Predictions of angular observables for B̄s → K�ll and B̄ → ρll
in the standard model

Bharti Kindra*

Physical Research Laboratory, Navrangpura, Ahmedabad 380 009, Gujarat, India
and Indian Institute of Technology Gandhinagar, Gandhinagar 382 424, Gujarat, India

Namit Mahajan†

Physical Research Laboratory, Navrangpura, Ahmedabad 380 009, Gujarat, India

(Received 13 May 2018; revised manuscript received 14 September 2018; published 14 November 2018)

Exclusive semileptonic decays based on b → s transitions have attracted a lot of attention as some
angular observables deviate significantly from the standard model (SM) predictions. B meson decays
induced by other flavor changing neutral current (FCNC), b → d, can also offer a probe to new physics
with an additional sensitivity to the weak phase in the Cabibbo-Kobayashi-Maskawa (CKM) matrix. We
provide predictions for angular observables for b → d semileptonic transitions, namely B̄s → K�lþl−,
B̄0 → ρ0lþl−, and their CP-conjugated modes including various nonfactorizable corrections. For B̄0 →
ρ0lþl− mode, B0 − B̄0 mixing effects have been included and predictions are made for Belle and LHCb
separately. Study of these decay modes will be useful in its own right and to understand the pattern of
deviations in b → s transitions.
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I. INTRODUCTION

In recent years, a lot of attention has been given to
semileptonic decays of bottom hadrons as a result of
increasing experimental evidence of new physics. Many
decays have been observed involving the FCNC b →
slþl− and charged current b → clν. Most reliable mea-
surements include RKð�Þ [1,2] and RDð�Þ [3–7] which hint
towards lepton flavor universality (LFU) violation. These
measurements are important for precision tests of the
standard model as well as for searches of new physics.
Albeit there exist rich data for b → slþl− induced

processes, the b → d counterpart of the weak decay, i.e.,
b → dlþl−, has not caught much attention perhaps
because of low branching ratio. At the quark level, the
lowest order contribution arises at one loop level through
diagrams similar to b → sll which include box diagrams
and electroweak penguin diagrams. The weak phases
incorporate CKMmatrix elements ξiq ¼ V�

qiVqb, where q ∈
fu; c; tg and i ∈ fs; dg. For b → sll transition, ξsc;t ∼ λ2

and ξsu ∼ λ4 where λ ¼ 0.22. Since uū contribution

introduces the CKM phase which is negligible for
b → sll, CP violating quantities are very small in the
SM. On the other hand, since ξdu ∼ ξdc ∼ ξdt ∼ λ4 for
b → dll, the B decays mediated through this transition
allow for large CP violating quantities. Also, leading order
contribution in this case is smaller than the leading
contribution in b → sll which makes this channel more
sensitive to new physics. Hence, it is desirable to study
processes like B → fπ; ρglþl− and Bs → fK̄; K̄�glþl−

experimentally as well as theoretically. The first transition
of this variety to be measured is B → πlþl− by LHCb with
5.2σ significance [8] which is in good agreement the
expected value in SM [9,10]. Other than this B0ðB0

sÞ →
πþπ−μþμ− has also been observed by LHCb, where the
muons in final state do not originate from a resonance [11].
In this paper, we focus on two decay modes: B → ρμþμ−

and Bs → K̄�μþμ−. Predicted value of branching ratio for
B0 → ρ0lþl− is of the same order as B → πlþl−, thus
making it possible to be measured with upgraded exper-
imental facilities. Since experiments already have good
measurements of B → K�lþl− mode, it is likely that Bs →
K̄�lþl− mode may get early attention. The branching ratio
of this mode is expected to be a factor of two more that
B0 → ρ0lþl− owing to the factor of 1=

ffiffiffi
2

p
in the definition

of ρ0 ∼ ðuū − dd̄Þ= ffiffiffi
2

p
as compared to K� ∼ s̄d. Further,

neglecting SU(3) breaking effects, one expects the branch-
ing fractions to be Oðλ2Þ smaller than those in b → slþl−

decays. Predictions for certain observables including
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branching ratio, direct CP asymmetry, and forward-back-
ward asymmetry have been given for B → ρlþl− [12–16].
For Bs → K̄�μþμ−, only the branching ratio has been
studied based on relativistic quark model [17] and light
cone sum rules (LCSR) based on heavy quark effective
theory (HQET) approach [18]. However, a complete study
of angular distribution is lacking. We aim to fill the gap in
this paper.
Phenomenological analysis of the decays induced by this

channel will provide complementary information about the
nature of new physics (NP). The most prevailing problem
in the theoretical description is due to the long distance
effects of cc̄ and uū resonant states. In the q2 region close
to these resonances, only model dependent predictions are
available which result in large uncertainty. To avoid these
uncertainties, we restrict our study to a region which is well
below J=ψ resonance region ∼6 GeV2.
The paper is organized as follows. In Sec. II we present

the effective Hamiltonian for a general semileptonic B
decay mediated by b → d transition at the quark level, and
pseudoscalar to vector transition at hadronic level.
In Sec. III, we discuss the form factors and inputs used
to obtain numerical results. In Sec. IV, we list all the
observables considered in this paper. Results of these
observables are given in Sec. V followed by a summary
in Sec. VI.

II. DECAY AMPLITUDE

The theoretical description of semileptonic B decays is
based on the effective Hamiltonian approach in which
heavy degrees of freedom, i.e., top quark and gauge bosons,
are integrated out. This approach allows the separation of
short and long distance effects which are encoded inWilson
coefficients Ci and effective operators Oi respectively. The
effective Hamiltonian for b → dlþl− transitions, within
SM, is expressed as [19]:

Heff ¼ −
4GFffiffiffi

2
p ðξtHðtÞ

eff þ ξuH
ðuÞ
eff Þ þ H:c:; ð1Þ

where, GF is the Fermi constant, ξq ¼ V�
qdVqb are the

CKM factors and,

Ht
eff ¼ C1Oc

1 þ C2Oc
2 þ

X10
i¼3

CiOi; ð2aÞ

Hu
eff ¼ C1ðOc

1 −Ou
1Þ þ C2ðOc

2 −Ou
2Þ; ð2bÞ

where, the dominant contribution is due to the following
operators:

Ou
1 ¼ ðd̄LγμTauLÞðūLγμTabLÞ

Ou
2 ¼ ðd̄LγμuLÞðūLγμTabLÞ

Oc
1 ¼ ðd̄LγμTacLÞðc̄LγμTabLÞ

Oc
2 ¼ ðd̄LγμcLÞðc̄LγμbLÞ

O7 ¼
e
g2

mbðd̄LσμνbRÞFμν

O8 ¼
1

g
mbðd̄LσμνTabRÞGa

μν

O9 ¼
e2

g2
ðd̄LγμbLÞðl̄γμlÞ

O10 ¼
e2

g2
ðd̄LγμbLÞðl̄γμγ5lÞ: ð3Þ

Here, Ta represents generators of SUð3Þ group. In the new
physics scenario, operators other than given in Eq. (2) can
also contribute significantly. The full operator basis for the
effective Hamiltonian can be found in [19]. Unitarity of the
CKM matrix has been utilized to obtain Eq. (2). Ht

eff term
contains the contribution of tt̄ and cc̄ quark-antiquark pair
in the loop, whileHu

eff represents the contribution of the cc̄
and uū pair in the loop. Ci’s are the Wilson coefficients and
are calculated at scale μ ¼ mW and expressed as a pertur-
bative expansion in the strong coupling constant αsðμWÞ:

CiðμWÞ ¼ Cð0Þ
i ðμWÞ þ

αsðμWÞ
4π

Cð1Þ
i ðμWÞ

×

�
αsðμWÞ
4π

�
2

Cð2Þ
i ðμWÞ þ � � � ð4Þ

The Wilson coefficients have been worked out in [20–25]
up to next-to-next-to leading order (NNLO). They are
then evolved down to scale μ ¼ mb using renormalization
group equations which is again expressed as a series with
αs=ð4πÞ as expansion parameter. This step requires a
calculation of anomalous dimension matrix γðαsÞ up to
three-loop level to compute CiðμbÞð2Þ which has been
computed in [26]. To the NNLO approximation, Wilson
coefficients are given as [22],

Ceff
9 ¼

�
1þ αsðμÞ

π
ω9ðŝÞ

��
A9 −

ξc
ξt
T9ahðm̂c

2; ŝÞ

−
ξu
ξt
T9ahð0; ŝÞ þ T9bhðm̂c

2; ŝÞ þ U9hð1; ŝÞ

þW9hð0; ŝÞ
�
þ αsðμÞ

4π

�
ξu
ξt
ðCð0Þ

1 Fð9Þ
1;u þ Cð0Þ

2 Fð9Þ
2;uÞ

þ ξc
ξt
ðCð0Þ

1 Fð9Þ
1;c þ Cð0Þ

2 Fð9Þ
2;cÞ − Að0Þ

8 Fð9Þ
8

�
; ð5aÞ
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Ceff
7 ¼

�
1þ αsðμÞ

π
ω7ðsÞ

�
A7

þ αsðμÞ
4π

�
ξu
ξt
ðCð0Þ

1 Fð7Þ
1;u þ Cð0Þ

2 Fð7Þ
2;uÞ

þ ξc
ξt
ðCð0Þ

1 Fð7Þ
1;c þ Cð0Þ

2 Fð7Þ
2;cÞ − Að0Þ

8 Fð7Þ
8

�
ð5bÞ

Ceff
10 ¼

�
1þ αsðμÞ

π
ω9ðŝÞ

�
A10 ð5cÞ

where ŝ ¼ q2=m2
b is the momentum squared of the lepton

pair normalized to squared mass of b quark. One major
difference, as compared to b → slþl− transition, is the
presence of a large ξu=ξt term in the Wilson coefficients. In
b → s transition, this term is negligible in comparison to
other terms and can be conveniently neglected. This implies
that the Wilson coefficients, say Ceff

9 , receive a small
imaginary contribution. But for the b → d case, the
imaginary part is quite significant.
Using the effective Hamiltonian in Eq. (1), the matrix

element for the hadronic decay P → Vlþl− is written as
the product of short-distance contributions through Wilson
coefficients and long-distance contribution which is further
expressed in terms of form factors,

M¼GFαffiffiffi
2

p
π
VtbV�

td

��
hVjd̄γμðCeff

9 PLÞbjPi

−
2mb

q2
hVjd̄iσμνqνðCeff

7 PRÞbjPi
�
ðl̄γμlÞ

þhVjd̄γμðCeff
10PLÞbjPiðl̄γμγ5lÞ−16π2

l̄γμl
q2

Hnonfac
μ

�
:

ð6Þ

where, Hnon-fac
μ represents the nonfactorizable contribution

of nonlocal hadronic matrix element. This results from four
quark and chromomagnetic operators combined with vir-
tual photon emission which then decays to a lepton pair.

These corrections are given in terms of hard-scattering
kernels (T q

as), where a ∈ f⊥; kg and q ∈ fu; cg, which are
convoluted with BðBsÞ-meson and ρðK̄�Þ distribution
amplitudes. The nonfactorizable corrections included here
are discussed below.
Spectator scattering: The intermediate quark loop

(up or charm) or chromomagnetic operator (O8g) can emit
a hard gluon which can be absorbed by the spectator quark.
The T q;spec

a for spectator scattering are obtained from
Eqs. (20,22) of [21] and Eqs. (49,50) of [15].
Weak annihilation: The b quark in the B meson can

annihilate with the spectator quark to give the meson in the
final state. This contributes to the leading order term in αs
as the QCD correction to weak annihilation is highly
suppressed. The nonzero contribution of weak annihilation
(T q;WA

k ) is given by Eqs. (46-48) of [15].
Soft-gluon correction: Quark in the intermediate loop

can emit a soft gluon which contributes to nonfactori-
zable correction. The contribution is proportional to
1=ð4m2

c − q2Þ, and rises near the vector resonances.
Hence, it can be calculated in the region ½2–6� GeV2. In
the region beyond that, hadronic dispersion relations are
employed which systematically includes the contribution of
charm resonance [27]. For B → K�ll the contribution of
these two effects, soft-gluon emission and charmonium
resonances, can be described by the parametrization
defined in Eqs. (8-12) of [28] which is valid in the q2

region ½1–9� GeV2. Such corrections have not been explic-
itly computed for B → ρll or Bs → K̄�ll. However,
flavor SU(3) symmetry would imply that these corrections
can be assumed to be roughly the same as B → K�ll,
which are given by

ΔC⊥;soft
9;c ðq2Þ ¼ a⊥ þ b⊥q2ðc⊥ − q2Þ

q2ðc⊥ − q2Þ ð7Þ

ΔCk;soft
9;c ðq2Þ ¼ ak þ bkq2ðck − q2Þ

q2ðck − q2Þ ð8Þ

TABLE I. Summary of input parameters used to calculate nonfactorizable corrections.

Meson decay constants

fB ¼ 200� 30 MeV, fρ;⊥ ¼ 150� 25 MeV, fρ;k ¼ 209� 1 MeV [15]
fBs

¼ 230� 30 MeV, fK�;⊥ ¼ 175� 25 MeV, fK�;k ¼ 218� 4 MeV [29]

Couplings of meson distribution amplitudes

ak1;K� ¼ 0.17� 0.04, ak2;K� ¼ 0.05� 0.05, ak
1;K̄� ¼ −0.17� 0.04, ak

2;K̄� ¼ 0.05� 0.05, [30]
a⊥1;K� ¼ 0.18� 0.05, a⊥2;K� ¼ 0.03� 0.03, a⊥

1;K̄� ¼ −0.18� 0.05, a⊥
2;K̄� ¼ 0.05� 0.05,

Wilson coefficients

C1 ¼ −0.255, C2 ¼ 1.014, C3 ¼ −0.0048, C4 ¼ −0.078, C5 ¼ 0.0003, C6 ¼ 0.0009 [31]
Ceff
7 ¼ −0.2902, Ceff

8 ¼ −0.1599, C9 ¼ 4.033, C10 ¼ −4.187
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ΔC0;soft
9;c ðq2Þ ¼ a0 þ b0ðq2 þ 1Þðc0 − q2Þ

ðq2 þ 1Þðc0 − q2Þ ð9Þ

where, the mean values of parameters are given in Table II.
However, the expressions for soft-gluon emission from the
up loop are still absent and need to be computed properly.
Though the corresponding expressions exist for B → πll
mode but they cannot be naively used for the present
purpose. For the current study, we are assuming an
uncertainty of ∼10% in C9 to account for this missing
piece:

δCsoft
9;u ¼ aeiθ ð10Þ

where, jaj ∈ f0; 0.5g and θ ∈ f0; πg. The evaluation,
particularly the sign, of this correction requires a

complete LCSR calculation which is beyond the present
work. The impact of these contributions does not turn out
to be very significant except for one or two observables.
However, to be complete and to indicate the possible
effect of these corrections, we include them in our
numerical study.
These corrections are added systematically in trans-

versity amplitudes which are given in Appendix A.

III. FORM FACTORS

The matrix elements corresponding to operators O7;9;10

are expressed in terms of seven form factors which are
functions of q2:

cVhVðkÞjd̄γμbjBðpÞi ¼
2Vðq2Þ
mB þmV

ϵμνρσϵ�νpρkσ;

cVhVðkÞjd̄γμγ5bjPðpÞi ¼ 2imVA0ðq2Þ
ϵ� · q
q2

qμ þ iðmB þmVÞA1ðq2Þ
�
ϵ�μ −

ϵ� · q
q2

qμ
�

− iA2ðq2Þ
ϵ� · q

mB þmV

�
Pμ −

m2
B −m2

V

q2
qμ
�
;

cVhVðkÞjd̄qνσμνbjPðpÞi ¼ 2iT1ðq2Þϵμνρσϵ�νpρkσ;

cVhVðkÞjd̄qνσμνγ5bjPðpÞi ¼ T2ðq2Þ½ðm2
B −m2

VÞϵ�μ − ϵ� · qPμ� þ T3ðq2Þϵ� · q
�
qμ −

q2ðpþ kÞμ
m2

B −m2
V

�
; ð11Þ

where qμ ¼ ðp − kÞμ, Pμ ¼ ðpþ kÞμ, and cV ¼ 1=
ffiffiffi
2

p
in

the case of B̄0 → ρ0ll; 1 for B̄s → K�ll and B̄� → ρ�ll.
Form factors can be calculated using the method of QCD
sum rules on light cone (LCSRs) in the low-q2 region. For
semileptonic B decays, the method involves calculation of
correlation function of the weak currents involving b quark,
evaluated between the vacuum and light meson in the final
state. The correlation function is factorized into nonper-
turbative and process-independent hadron distribution am-
plitudes (DAs), ϕ, convoluted with process-dependent
amplitudes T.

correlation function ∼
X
n

TðnÞ ⊗ ϕðnÞ ð12Þ

where, n represents twist. The contributions with increas-
ing twist decreases by increasing powers of virtualities of

the currents involved (∼m2
b in the low q2 range). We

follow [32] for form factors of B → ρ and Bs → K�

hadronic decays, which provides an improved determi-
nation of B → V form factors compared to those in [33].
In [32], updated values of hadronic parameters are used
and contributions up to twist-5 in DAs have been
systematically included. Further, making use of equa-
tions of motion, it is shown that the uncertainties in the
ratios of form factors are reduced and so is the depend-
ence on mass scheme. Another advantage is that the
combined fits to sum rules and lattice calculations at low
and high q2 are given which provides form factors valid
over the whole range. In this paper, we call the updated
form factors as BSZ (Bharucha-Straub-Zwicky) form
factors while those in [33] as BZ (Ball-Zwicky) form
factors.

TABLE II. Values of parameters defined for ΔCi;soft
9 .

i ai bi ci

⊥ 9.25 −0.5 9.35
k 9.25 −0.5 9.35
0 33 −0.9 10.35

TABLE III. Input values used to generate values of observables.

MB ¼ 5.27 GeV Mρ ¼ 0.775� 0.025 GeV
MBs

¼ 5.366 GeV MK� ¼ 0.891 GeV
mb ¼ 4.80� 0.06 GeV mc ¼ 1.4� 0.2 GeV
μ ¼ 5 GeV αs=0.215
GF ¼ 1.16 × 10−5 GeV−2 αem=1/137
λ ¼ 0.22506� 0.00050 A ¼ 0.811� 0.026
ρ̄ ¼ 0.1240.019−0.018 η̄ ¼ 0.356� 0.011

BHARTI KINDRA and NAMIT MAHAJAN PHYS. REV. D 98, 094012 (2018)

094012-4



The form factors are written as a series expansion in
terms of the parameter [32],

zðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

p
ffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

p ð13Þ

where, t� ¼ ðMB �MVÞ2 and t0 ¼ tþð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − t−=tþ

p Þ.
Form factors are parametrized as:

Fiðq2Þ ¼ ð1 − s=m2
R;iÞ−1Σkα

i
k½zðsÞ − zð0Þ�k; ð14Þ

where mR;i is the resonance mass which is equal to
5.279 Gev for A0ðsÞ, 5.325 GeV for T1ðsÞ, and VðsÞ,
and 5.724 GeV for rest of the form factors.
Below, we provide detailed SM prediction employing

BSZ form factors, computed using LCSRs, which we will
refer to as BSZ1 form factors in this paper. To compare the
numerical impact of the improved form factors, we also
provide a direct comparison with results obtained using
BSZ form factors with lattice and LCSR results combined
together (referred to as BSZ2 form factors in this paper),
and BZ form factors, in the case of B̄s → K�lþl−. While

for B̄0 → ρ0lþl−, we use BSZ form factors (LCSR) only,
since combined fit with lattice results are not available for
this mode.

IV. OBSERVABLES

For a four body decay, B → Vð→ M1M2Þlþl−, the
decay distribution can be completely described in terms
of four kinematic variables; the lepton invariant mass
squared (q2) and three angles θV , θl, and ϕ. The angle
θV is the angle between direction of flight of M2 with
respect to B meson in the rest frame of V, θl is the angle
made by l− with respect to the Bmeson in the dilepton rest
frame and ϕ is the azimuthal angle between the two planes
formed by dilepton and M1M2. The full angular decay
distribution of B → Vð→ M1M2Þlþl− is given by [19],

d4Γ
dq2dcosθVdθldϕ

¼ 9

32π
Iðq2; θV; θl;ϕÞ ð15Þ

where,

Iðq2; θV; θl;ϕÞ ¼ ðIs1sin2θV þ Ic1cos
2θV þ ðIs2sin2θV þ Ic2cos

2θVÞ cos 2θl þ I3sin2θVsin2θl cos 2ϕ

þ I4 sin 2θV sin 2θl cosϕþ I5 sin 2θV sin θl cosϕþ ðIs6sin2θV þ Ic6cos
2θVÞ cos θl

þ I7 sin 2θV sin θl sinϕþ I8 sin 2θV sin 2θl sinϕþ I9sin2θVsin2θl sin 2ϕÞ: ð16Þ

Here, V is an intermediate vector meson which decays
to M1 and M2 whereas lþl− can be any lepton pair.
The corresponding angular decay distribution (d4Γ̄=
ðdq2dcosθπdθldϕÞ) for the CP-conjugated process,
B̄ → V̄ð→ M̄1M̄2Þlþl−, is obtained from Eq. (15) with
the replacement, Ii → Ĩi ≡ ζiĪi, where, ζi ¼ 1 for i ∈
f1; 2; 3; 4; 7g and -1 for i ∈ f5; 6; 8; 9g. Īi is equal to Ii
with the weak phase, i.e., CKM phase in this case,
conjugated. The functions Ii can be written in terms of
transversity amplitudes [19]. In the b → s transition, since
the Wilson coefficients are effectively real, modulo a small
imaginary part coming due to function hðm2; sÞ in Ceff

9 , Īi
are essentially Ii and observables sensitive to imaginary
part of Ii are rather small within SM. This is not the case in
b → d induced decays and we see this feature explicitly in
the results below. Various observables are constructed from
Eq. (15) by integrating over angles in various range. These
observables are generally plagued with large uncertainties
due to form factors. To avoid this, a lot of work has been
done to construct observables which are theoretically clean
in low-q2 region [34–40]. Such observables are free from
this dependence at the leading order and are called form
factor independent (FFI) observables. Those which have a
form factor dependence in the leading order are called form
factor dependent (FFD) observables. We study both classes

of observables in this paper, as discussed below. We shall
see below, SU(3) breaking effects are clearly visible in
some of the observables.

(i) FFD observables are (which have been experimen-
tally studied in the context of B → K̄�ll [41]):

dΓ
dq2

¼
Z

1

−1
d cos θl

Z
1

−1
d cos θV

Z
2π

0

ϕ

×
d4Γ

dq2d cos θVd cos θldϕ

¼ 1

4
ð3Ic1 þ 6Is1 − Ic2 − 2Is2Þ ð17aÞ

AFBðq2Þ ¼
1

dΓ=dq2

�Z
0

−1
−
Z

1

0

�
d cos θl

d4Γ
dq2d cos θl

¼ −3Is6
3Ic1 þ 6Is1 − Ic2 − 2Is2

ð17bÞ

FLðq2Þ ¼
3Ic1 − Ic2

3Ic1 þ 6Is1 − Ic2 − 2Is2
ð17cÞ

where, dΓdq2 is the dilepton spectrum distribution,

AFBðq2Þ is the forward-backward asymmetry and
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FLðq2Þ is the fraction of longitudinal polarization of
the intermediate vector meson. Similar observables
are constructed for the CP-conjugate process using
the decay distribution d4Γ̄=ðdq2dcosθπdθldϕÞ dis-
cussed above.

(ii) FFI observables or “clean observables” are indepen-
dent of form factors in the leading order of 1=mb and
αs thus exhibiting low hadronic uncertainties and
enhanced sensitivity to new physics. Much attention
has been given to the construction of such observ-
ables and some of them have been measured
experimentally [42,43]. We consider the following
set of FFI observables here:

P1 ¼
I3
2Is2

; P2 ¼ βl
Is6
8Is2

;

P3 ¼
I9
4Is2

; P0
4 ¼

I4ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p
P0
5 ¼

I5
2

ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p ; P0
6 ¼ −

I7
2

ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p ;

P0
8 ¼ −

I8
2

ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p ð18Þ

(iii) We also consider observables analogous to RK� for
which the form factor dependence cancels exactly
for Bs → K̄�ll, defined as:

RBs
K� ¼

½BRðBs → K̄�μþμ−Þ�q2∈fq2
1
;q2

2
g

½BRðBs → K̄�eþe−�q2∈fq2
1
;q2

2
g

ð19Þ

where, numerator and denominator are integrated
over q2 in the range ½q21 − q22� GeV2. Observables
defined in Eqs. (17)–(19) are valid for Bs →
K̄�lþl− decay mode. It has been pointed out in
literature that the zeroes (value of q2 where observ-
ables is zero) are also clean observables [44,45].
Also, the relation between zeroes of different ob-
servables provide crucial tests of the standard model.
Thus, we also provide values of zeroes of different
observables. Observables for the CP-conjugate de-
cay, B̄s → K�lþl− are also defined in the sameway,
with the substitution Ii → Īi ≡ ζiĨi. Results for
BsðB̄sÞ → K̄�ðK�Þμþμ− are given in the next section
which can be compared with data collected at LHCb
as well as Belle.

However, for B0 → ρ0lþl−, results corresponding to
LHCb and Belle have to be computed separately. Since
ρ0 → ππ, which is not a flavor specific state, the observ-
ables are affected by B0 − B̄0 oscillations and the expres-
sions of angular functions (Iis) defined in Eq. (15), are
modified. These modified, time-dependent functions have
been computed in [46] and given as,

JiðtÞ þ J̃iðtÞ ¼ e−Γt½ðIi þ ĨiÞcoshðyΓtÞ − hisinhðyΓtÞ�;
ð20Þ

JiðtÞ− J̃iðtÞ¼e−Γt½ðIi− ĨiÞcosðxΓtÞ−si sinðxΓtÞ�; ð21Þ

where, x ¼ Δm=Γ, y ¼ ΔΓ=Γ, J̃i ≡ ζiJi, and the addi-
tional functions (hi and si) arise because of the mixing in
B0 meson system. This leads to two types of quantities,
time-dependent observables and time-integrated observ-
ables. In this work, we consider observables which include
time-integrated angular functions over a range t ∈ ½0;∞Þ in
the case of LHCb and t ∈ ð−∞;∞Þ (in addition to
expð−ΓtÞ → expð−ΓjtjÞ) at Belle [47,48]. After time inte-
gration, the modified angular functions are given by,

hJi þ J̃iiLHCb ¼
1

Γ

�
Ii þ Ĩi
1 − y2

−
y

1 − y2
× hi

�
; ð22Þ

hJi − J̃iiLHCb ¼
1

Γ

�
Ii − Ĩi
1þ x2

−
x

1þ x2
× si

�
; ð23Þ

hJi þ J̃iiBelle ¼
2

Γ

�
1

1 − y2
× ðIi þ ĨiÞ

�
; ð24Þ

hJi − J̃iiBelle ¼
2

Γ

�
1

1þ x2
× ðIi − ĨiÞ

�
; ð25Þ

where, hi represents time-integrated quantity. Other differ-
ence at LHCb and Belle arises due to the fact that the flavor
of the meson can be tagged using flavor-specific decays at
Belle. Thus, the flavor of the meson decaying to the final
state is known at time t ¼ 0 and the appropriate angular
function (Ji or J̃i) can be used. On the other hand, there is
no method to determine the flavor of the meson at t ¼ 0
at LHCb. As a result, the measured quantity at LHCb
is dΓðB0 → ρ0lþl−Þ þ dΓ̄ðB̄0 → ρ0lþl−Þ allowing the
observation of hJi þ J̃ii combination only, which is a
CP-averaged quantity for i ∈ f1; 2; 3; 4; 7g and CP-violat-
ing quantity for i ∈ f5; 6; 8; 9g. Due to the difference in the
method of measurement, we consider different observables
to be studied at LHCb and Belle.
For B0 → ρ0lþl− at Belle, the definition of observables

(say, O) in Eqs. (17)–(19) are modified as, Ii → hJii and
are denoted by hOiTagged. Similarly, for the CP conjugate
process, the observables hÕiTagged are obtained by modi-
fication Īi → J̃i. For untagged events at LHCb, the required
modification in the definition of observables is Ii →
hJi þ J̃ii and the observables are denoted as hOiUntagged.
To avoid any ambiguity, we have provided the definitions
of full set of observables in Appendix B. It is clear from
the form of observables that, Belle allows a study of
angular distribution of both B0 → ρ0lþl− and B̄0 →
ρ0lþl− decays, while at LHCb, only a CP-averaged or
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CP-asymmetric study is possible. For the decays consid-
ered in this paper y ¼ 0. Thus, observables hOiUntagged are
also measurable at Belle. Moreover, it can be noticed from
Eq. (22), that the value of these observables (hOiUntagged), if
measured at Belle, are expected to be same at the two
experiments, except hBRiLHCb, which should be twice for
Belle in comparison to LHCb.
Even though tagging power at LHCb is low, new

algorithms have been suggested to improve the tagging
power by 50% [49,50]. Thus, for completion we also give
predictions for observables which can be measured at
LHCb using tagging of B mesons. The definition of these

observables is again given by hOiTagged. Moreover, having
measurements of angular distribution with and without
tagging can be of phenomenological importance [51].

V. RESULTS

In this section, we present observables as a function of q2

and their binned values over two q2 ranges: ½0.1–1� GeV2

and ½1–6� GeV2 and consider the dimuon pair in the final
state. For B̄s → K�μþμ−, we provide the results obtained
using three sets of form factors. As discussed earlier, we
mainly employ the BSZ(LCSR) form factors and compare

TABLE IV. Binned values of observables for the process B̄s → K�μþμ− and Bs → K̄�μþμ− are given for all the
three sets of form factors. The uncertainties shown are due to errors in determination of form factors.

B̄s → K�μþμ− Bs → K̄�μþμ−

Observable/ Bin ½0.1–1� GeV2 ½1–6� GeV2 ½0.1–1� GeV2 ½1–6� GeV2

P1 [BSZ1] 0.006� 0.132 −0.081� 0.129 0.005� 0.131 −0.071� 0.114
[BSZ2] 0.008� 0.131 −0.097� 0.128 0.007� 0.129 −0.082� 0.113
[BZ] 0.006 −0.084 0.005 −0.069

P2 [BSZ1] 0.124� 0.013 0.011� 0.078 0.111� 0.011 0.094� 0.076
[BSZ2] 0.117� 0.013 0.051� 0.081 0.104� 0.011 0.132� 0.075
[BZ] 0.127 −0.012 0.110 0.095

P3 [BSZ1] 0� 0.001 0.002� 0.005 0� 0 0.001� 0.002
[BSZ2] 0� 0.001 0.002� 0.005 0� 0 0.001� 0.002
[BZ] −0.0 0.001 0 0

P0
4 [BSZ1] −0.488� 0.053 0.619� 0.151 −0.489� 0.051 0.526� 0.159
[BSZ2] −0.506� 0.052 0.575� 0.161 −0.508� 0.049 0.473� 0.168
[BZ] −0.489 0.654 −0.481 0.537

P0
5 [BSZ1] 0.633� 0.057 −0.424� 0.119 0.673� 0.057 −0.324� 0.125
[BSZ2] 0.635� 0.055 −0.365� 0.126 0.659� 0.053 −0.264� 0.130
[BZ] 0.632 −0.450 0.679 −0.328

P0
6 [BSZ1] −0.098� 0.006 −0.071� 0.009 0.004� 0.001 −0.012� 0.002
[BSZ2] −0.096� 0.006 −0.075� 0.010 0.004� 0.001 −0.013� 0.002
[BZ] −0.0982 −0.067 0.004 0.024

P0
8 [BSZ1] 0.0234� 0.004 0.023� 0.005 0.003� 0.001 0.009� 0.002
[BSZ2] 0.023� 0.005 0.022� 0.005 0.003� 0.001 0.009� 0.002
[BZ] 0.019 0.017 −0.005 0.003

RBs
K� [BSZ1] 0.939� 0.010 0.997� 0.004 0.935� 0.009 0.997� 0.004
[BSZ2] 0.944� 0.010 0.999� 0.004 0.939� 0.011 0.998� 0.040
[BZ] 0.929 0.995 0.932 0.995

BR × 109 [BSZ1] 2.647� 0.331 5.807� 1.418 3.159� 0.378 6.011� 1.452
[BSZ2] 3.019� 0.366 7.274� 1.642 3.526� 0.409 7.531� 1.685
[BZ] 3.117 7.107 3.712 7.329

AFB [BSZ1] −0.078� 0.009 −0.021� 0.028 −0.076� 0.009 −0.033� 0.029
[BSZ2] −0.065� 0.008 −0.012� 0.021 −0.065� 0.001 −0.035� 0.021
[BZ] −0.078 0.004 −0.071 −0.033

FL [BSZ1] 0.343� 0.065 0.824� 0.050 0.276� 0.058 0.800� 0.053
[BSZ2] 0.414� 0.101 0.876� 0.356 0.345� 0.058 0.848� 0.038
[BZ] 0.341 0.841 0.273 0.815
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the results obtained using BZ form factors and BSZ form
factors (LCSR+Lattice results). For B0 → ρ0μþμ−, we
present results using the BSZ form factors only.
We first discuss the observables without the inclusion of

various nonfactorizable corrections. After discussing the
main results, we shall return to the discussion of the impact
of these corrections. In Table IV, we give values of
observables for Bs → K̄�μþμ− and B̄s → K�μþμ− corre-
sponding to the form factor set BSZ1, BSZ2, and BZ. For
BðB̄Þ → ρμþμ−, the values of angular observables are given
in Table V for the form factor set BZ. The errors in the
binned values are due to errors in form factors as given
in [32,33].
As we mentioned above, due to the ξu=ξt term in the

present case, which is practically negligible in the case of
b → s transition, the observable for the mode and the CP
conjugated mode show clear differences and hence is a
clear sign of CP violation. A precise measurement would
determine whether the amount of CP violation is in
conformity with the CKM picture or there are extra phases
present. The observable P0

6 is of particular interest in this

regard as it is proportional to an imaginary part of Wilson
coefficients. It can be noted that its value in low q2 is
significantly different for CP-conjugate modes, giving
large value of CP asymmetry.
From Table IV, it is easy to note that different choices of

form factors yield values for FFI observables that are
reasonably close to each other while for FFD observables,
like branching ratio, the impact is significant and there is a
larger spread in the predictions. Comparing B̄0 → ρ0μþμ−

with B̄s → K�μþμ−, effects of strange quark versus up/down
quark is apparent in many observables. Along with the
observables discussed in the previous section, we report the
branching ratio for B0 → ρ0μþμ− and Bs → K̄�μþμ− over
the full kinematically allowed range. For B0 → ρ0μþμ−, the
time-integrated branching ratio within SM is found out to be

hBRðB → ρμþμ−ÞiBelle ¼ ð4.131� 0.679Þ × 10−8

hBRðB̄ → ρμþμ−ÞiBelle ¼ ð4.198� 0.678Þ × 10−8

hBRiLHCb ¼ ð4.164� 0.678Þ × 10−8: ð26Þ

TABLE V. Binned values of observables for the process B → ρμþμ− to be measured at Belle, B̄ → ρμþμ− to be measured at Belle for
tagged events and at LHCb for untagged events are given.

B → ρμþμ− (Belle) B̄ → ρμþμ− (Belle) LHCb (untagged)

Observable ½0.1–1� GeV2 ½1–6� GeV2 ½0.1–1� GeV2 ½1–6� GeV2 ½0.1–1� GeV2 ½1–6� GeV2

hP1i 0� 0.178 −0.044� 0.119 0� 0.179 −0.048� 0.125 0� 0.178 −0.046� 0.122
hP2i 0.0772� 0.018 0.073� 0.071 0.071� 0.017 −0.016� 0.071 0.009� 0.009 0.045� 0.060
hP3i 0� 0 0� 0.001 0� 0.001 0.001� −0.004 0� 0 0� 0.001
hP0

4i −0.501� 0.106 0.538� 0.169 −0.501� 0.104 0.597� 0.174 −0.500� 0.094 0.567� 0.151
hP0

5i 0.455� 0.095 −0.215� 0.099 0.368� 0.079 −0.308� 0.100 0.058� 0.011 0.043� 0.009
hP0

6i −0.0136� 0.003 −0.023� 0.005 −0.078� 0.015 −0.061� 0.014 −0.045� 0.009 −0.042� 0.009
hP0

8i 0.006� 0.001 0.010� 0.002 0.019� 0.004 0.002� 0.004 0.012� 0.003 0.014� 0.003
hRρi 0.958� 0.181 1.128� 0.263 0.961� 0.174 1.124� 0.265 0.956� 0.165 1.116� 0.245
hBRi × 109 3.688� 0.515 7.052� 1.23 3.282� 0.451 6.892� 1.211 3.485� 0.483 6.972� 1.221
hAFBi −0.053� 0.005 −0.027� 0.019 −0.046� 0.005 0.004� 0.018 −0.006� 0.001 −0.016� 0.003
hFLi 0.259� 0.064 0.734� 0.220 0.298� 0.073 0.749� 0.220 0.278� 0.068 0.742� 0.218

TABLE VI. Observables for B̄s → K�μþμ− and Bs → K̄�μþμ− using BSZ2 form factors. The first uncertainty is due to form factors
and second is due to soft-gluon corrections with up quark in the loop.

B̄s → K�μþμ− Bs → K̄�μþμ−

Observable ½0.1–1� GeV2 ½1–6� GeV2 ½0.1–1� GeV2 ½1–6� GeV2

P1 0.012� 0.129� 0.001 −0.081� 0.111� 0.005 0.011� 0.135� 0.001 −0.075� 0.108� 0.005
P2 0.118� 0.013� 0.001 0.112� 0.072� 0.036 0.112� 0.013� 0.001 0.142� 0.071� 0.034
P3 0.001� 0.002� 0.0 0.004� 0.010� 0.002 0.001� 0.007� 0.0 0.003� 0.010� 0.002
P0
4 −0.593� 0.057� 0.009 0.464� 0.164� 0.014 −0.650� 0.060� 0.008 0.379� 0.171� 0.016

P0
5 0.547� 0.051� 0.016 −0.286� 0.125� 0.046 0.543� 0.053� 0.016 −0.273� 0.132� 0.047

P0
6 −0.104� 0.006� 0.016 −0.095� 0.011� 0.002 −0.069� 0.005� 0.001 −0.078� 0.004� 0.002

P0
8 0.015� 0.003� 0.016 0.040� 0.004� 0.017 0.044� 0.003� 0.016 0.034� 0.002� 0.019

RBs
K� 0.940� 0.009� 0.001 0.998� 0.004� 0.0 0.942� 0.008� 0.001 0.998� 0.004� 0.0

BR × 109 3.812� 0.450� 0.086 7.803� 1.758� 0.357 4.411� 0.560� 0.101 8.391� 1.856� 0.375
AFB −0.060� 0.008� 0.001 −0.029� 0.020� 0.009 −0.056� 0.008� 0.001 −0.036� 0.020� 0.009
FL 0.453� 0.067� 0.014 0.853� 0.038� 0.007 0.464� 0.064� 0.014 0.851� 0.038� 0.007
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From the definition of observables given in Appendix B
it is clear that the measurable quantity is actually the time-
integrated branching ratio normalized by decay rate. For
results given in Eq. (26), we have taken the mean value of
the decay rate to be ΓB0 ¼ 6.579 × 1011 s−1 [52]. Thus, the
actual observable hdΓ=dq2iBelle defined in Appendix B is
obtained by multiplying the results in Eq. (26) by Γ−1

B0 .
Branching ratio of B̄s → K�μþμ− in SM using BSZ form
factors based on LCSR calculation is

BRðBs → K̄�μþμ−Þ ¼ ð2.849� 0.719Þ × 10−8

BRðB̄s → K�μþμ−Þ ¼ ð2.897� 0.732Þ × 10−8 ð27Þ
For branching ratio in full kinematic range, form factors
based on LCSR are not as much reliable as they are valid in
low-q2 region only while the kinematic range extends up to
∼20 GeV2 (ðMBs

−MK� Þ2). Hence, we also give below
values of branching ratio using form factors obtained from
combined fits of lattice and LCSRs results.

BRðBs → K̄�μþμ−Þ ¼ ð3.356� 0.814Þ × 10−8

BRðB̄s → K�μþμ−Þ ¼ ð3.419� 0.827Þ × 10−8: ð28Þ
While finalizing this manuscript, LHCb collaboration

reported a preliminary result BRðBs → K̄�μþμ−Þ ¼ ð3.0�
1.0� 0.2� 0.3Þ × 10−8 [53] which is consistent with the
SM prediction given in this paper.
We now study the impact of various corrections stem-

ming from the four quark operators. The factorizable
corrections are already included in the definition of Ceff

9

and Ceff
7 to NNLO. The nonfactorizable ones, i.e., weak

TABLE VII. Values of zeroes of angular observables for the
process B̄s → K�μþμ− and Bs → K̄�μþμ−. The uncertainty is due
to form factors. Mean values include the contribution of non-
factorizable corrections.

Observable B̄s → K�μþμ− Bs → K̄�μþμ−

P2 4.137� 0.421 4.307� 0.441
P0
4 1.867� 0.300 2.067� 0.327

P0
5 2.223� 0.319 2.267� 0.343

AFB 4.081� 0.453 4.250� 0.476

TABLE VIII. Binned values of observables for the process B → ρμþμ− and B̄ → ρμþμ− using tagged events to be measured at Belle
and LHCb. The mean values include nonfactorizable corrections. The first uncertainty is due to form factors and second uncertainty is
due to soft gluon emission with up quark in the loop.

B → ρμþμ− B̄ → ρμþμ−

½0.1–1� GeV2 ½1–6� GeV2 ½0.1–1� GeV2 ½1–6� GeV2

hP1i (Belle) 0.011� 0.181� 0.001 −0.059� 0.110� 0.003 0.112� 0.179� 0.001 −0.063� 0.113� 0.003
(LHCb) 0.050� 0.181 −0.044� 0.110 −0.034� 0.179 −0.061� 0.111

hP2i (Belle) 0.083� 0.010� 0.001 0.073� 0.053� 0.023 0.008� 0.009� 0.0 0.0105� 0.050� 0.024
(LHCb) 0.083� 0.010 0.074� 0.053 0.078� 0.009 0.002� 0.050

hP3i (Belle) 0� 0.005� 0.0 0.001� 0.005� 0.002 0� 0.001� 0.0 0.001� 0.005� 0.002
(LHCb) −0.228� 0.044 −0.229� 0.028 0.261� 0.050 0.240� 0.030

hP0
4i (Belle) −0.618� 0.076� 0.047 0.467� 0.161� 0.029 −0.586� 0.076� 0.046 0.529� 0.155� 0.017

(LHCb) −0.591� 0.077 0.470� 0.161 −0.616� 0.075 0.526� 0.155

hP0
5i (Belle) 0.332� 0.043� 0.027 −0.211� 0.084� 0.085 0.300� 0.040� 0.030 −0.263� 0.075� 0.098

(LHCb) 0.368� 0.043 −0.178� 0.084 0.331� 0.039 −0.228� 0.075

hP0
6i (Belle) −0.050� 0.004� 0.001 −0.064� 0.004� 0.002 −0.088� 0.006� 0.001 −0.076� 0.009� 0.002

(LHCb) −0.030� 0.003 −0.042� 0.003 −0.109� 0.008 −0.099� 0.010

hP0
8i (Belle) 0.013� 0.002� 0.016 0.012� 0.001� 0.018 0.014� 0.005� 0.002 0.020� 0.003� 0.017

(LHCb) −0.133� 0.021 0.113� 0.013 −0.145� 0.024 0.124� 0.014

hRρi (Belle) 0.938� 0.203� 0.001 0.997� 0.278� 0.0 0.939� 0.167� 0.002 0.998� 0.362� 0.0
(LHCb) 0.955� 0.194 1.036� 0.289 0.954� 0.192 1.033� 0.289

hBRi × 109 (Belle) 4.078� 0.585� 0.080 7.908� 1.549� 0.366 3.653� 0.529� 0.077 7.626� 1.504� 0.365
(LHCb) 2.165� 0.302 4.064� 0.778 1.977� 0.273 3.943� 0.756

hAFBi (Belle) −0.045� 0.005� 0.001 −0.023� 0.018� 0.007 −0.041� 0.005� 0.001 −0.003� 0.016� 0.006
(LHCb) −0.046� 0.005 −0.024� 0.018 −0.041� 0.001 −0.011� 0.002

hFLi (Belle) 0.414� 0.067� 0.014 0.822� 0.039� 0.007 0.431� 0.069� 0.014 0.832� 0.038� 0.006
(LHCb) 0.409� 0.067 0.822� 0.039 0.437� 0.068 0.832� 0.037
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annihilation, spectator scattering, and soft gluon emission
are systematically included for predictions in the bin
½1–6� GeV2.1 As mentioned before, the contribution of
soft gluon emission from the up quark loop is not available
at present. A very rough estimate leads us to include 10%
uncertainty in Ceff

9 due to this particular correction. The
crucial issue here is not just the rough magnitude but also
the sign and thus without a proper LCSR based calculation,
this is the best one can do. In Tables VI, VIII, IX, we
present the value of the observables with these corrections
included. In these tables, the first error is due to the form
factors while the second shows the spread due to soft gluon
emission from the up quark loops. These are presented for
the BSZ2 set of form factors. It is found that the inclusion
of these corrections has significant impact on observables
like P0

5, branching ratio, and AFB. This confirms the broad
pattern observed in B → K�μμ. Although the results are
presented for ½0.1–1� GeV2 and ½1–6� GeV2, a comparison
of results with and without these corrections is more
meaningful and reliable for ½1–6� GeV2 bin as for
q2 < 1 GeV2, the soft gluon contribution tends to be very
large. The observables are also plotted as function of q2 as
shown in Figs. 1–3. The values of the zeroes are given in
Table VII, X. Since the error due to soft gluon emission
from up quark is very small, we only show the error due to
form factors in the value of zeroes.2

VI. SUMMARY AND CONCLUSIONS

Exclusive semileptonic decays mediated by b → s
transitions have shown several deviations from SM
expectations [54]. This has attracted a lot of theoretical
attention, attempting to explain these deviations. At
present, it is not clear if the deviations are due to the
physics beyond SM or just hadronic artefacts [55–57]. An
obvious solution is to study the analogous b → d tran-
sitions. Due to the complex phase involved, b → d
transitions have a rich phenomenology and the CKM
parameters ρ and η can be extracted from a dedicated
study of angular observables [15,51,58]. We have pro-
vided the detailed predictions of angular observables for
B̄0 → ρ̄0μþμ− and B̄s → K�μþμ− modes in the SM. It is
found that the naive guess that branching ratio of B̄0 →
ρ0μþμ− should be approximately half of the branching
ratio of B̄s → K�μþμ− does not always work because of
additional effects due to B0 − B̄0 mixing. It may be
worthwhile to mention that the values of observables
for B� → ρ�μþμ− are also expected to be same as that for
BsðB̄sÞ → K̄�ðK�Þμþμ− modulo strange quark mass and
SUð3Þ corrections. For the B̄s → K�μþ μ− mode, we
have explicitly compared predictions of angular observ-
ables using different form factors. The results, provided in
Table IV, clearly show a dependence on the form factors,
even for the form factor independent observables, though
the deviations in these observables are only marginal.
Table VI contains the predicted values for BSZ2 form
factors after including various nonfactorizable correc-
tions. These turn out to be important and should be
included while comparing with data and to decipher any
possible new physics.
A potentially important missing piece is the inclusion

of finite width effects, especially relevant for B → ρll
modes. Since, ρ0 → ππ width is large, it must be
taken into account. In [59], an attempt is made to include
these effects as a part of form factors. However,
these effects are computed only for vector and axial
vector form factors while no calculation exists for tensor
form factors. These effects could be large and must be
evaluated.
To the best of our knowledge, this is the first dedi-

cated study in this direction. The b → d mediated
modes bring along several interesting features due to
intrinsic CP violating phase within SM with a non-
negligible contribution. We have provided q2 dependence
as well as binned values of angular observables,
which can be directly compared once the data is avai-
lable. LHCb’s result for Bs → K̄�μþμ− [60] announced
recently is consistent with our result of branching ratio.
Precise measurements of various angular observables will
lead to complimentary information to b → s mediated
decays.

TABLE IX. Binned values for observables for the process B →
ρμþμ− using untagged events to be measured at LHCb. The
results include nonfactorizable corrections. The first uncertainty
is due to form factors and second uncertainty is due to soft gluon
emission with up quark in the loop.

B → ρμþμ− (LHCb)

Observables ½0.1–1� GeV2 ½1–6� GeV2

hP1i 0.011� 0.180� 0.001 −0.061� 0.111� 0.003
hP2i 0.008� 0.001� 0.0 0.033� 0.003� 0.001
hP3i 0� 0.002� 0.0 0� 0.001� 0.0
hP0

4i −0.603� 0.076� 0.008 0.497� 0.158� 0.015
hP0

5i 0.032� 0.004� 0.001 0.022� 0.006� 0.002
hP0

6i −0.068� 0.005� 0.001 −0.070� 0.006� 0.002
hP0

8i 0� 0.001� 0.005 −0.003� 0.002� 0.006
hRρi 0.954� 0.193� 0.002 1.035� 0.289� 0.0
hBRi × 109 4.142� 0.575� 0.138 8.007� 1.533� 0.731
hAFBi −0.046� 0.005� 0.0 −0.024� 0.018� 0.001
hFLi 0.422� 0.068� 0.032 0.827� 0.0388� 0.016

1Since the parametrization used to define ΔCsoft
9;c are not valid

below 1 GeV2, contribution of soft gluon emission has not been
included in the lower bin, ½0.1–1� GeV2.

2Ignoring the effect of soft gluon emission and time evolution,
our results for branching ratio of BðB̄Þ → ρμþμ− in the bin
½1–6� GeV2 and zero of AFB are consistent with [15].
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FIG. 1. Observables as functions of q2. Red solid curve shows the mean value of observable for Bs → K̄�μþμ−, Blue solid curve show
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APPENDIX A: TRANSVERSITY AMPLITUDES

The nonfactorizable corrections discussed in this section
can be added to transversity amplitudes or the Wilson
coefficient Ceff

9 . Following [21,27], we add the corrections
in the following way:

A⊥L;Rðq2Þ ¼
ffiffiffiffiffi
2λ

p
N

�
2
mb

q2
ðCeff

7 T1ðq2Þ þ ΔT⊥Þ þ ðCeff
9 ∓ C10 þ ΔC1

9ðq2ÞÞ
Vðq2Þ

MB þMV

�
ðA1aÞ

AkL;Rðq2Þ ¼ −
ffiffiffi
2

p
NðM2

B −M2
VÞ
�
2
mb

q2

�
Ceff
7 T2ðq2Þ þ 2

Eðq2Þ
MB

ΔT⊥
�
þ ðCeff

9 ∓ C10 þ ΔC2
9ðq2ÞÞ

A1ðq2Þ
MB −MV

�
ðA1bÞ

A0L;Rðq2Þ ¼ −
N

2MV

ffiffiffiffiffi
q2

p
�
2mb

�
ðM2

B þ 3M2
V − q2Þ

�
Ceff
7 T2ðq2ÞÞ −

λ

M2
B −M2

v
ðCeff

7 T3ðq2Þ þ ΔTkÞ
�

þ ðCeff
9 ∓ C10 þ ΔC3

9Þ
�
ðM2

B þM2
V − q2ÞðMB þMVÞA1ðq2Þ −

λ

MB þMV
A2ðq2Þ

��
ðA1cÞ

Atðq2Þ ¼
Nffiffiffi
s

p ffiffiffi
λ

p
2C10A0ðq2Þ ðA1dÞ

where,

ΔT⊥ ¼ π2

Nc

fPfV;⊥
MB

αsCF

4π

Z
dω
ω

ΦP;þðωÞ
Z

1

0

duΦV;⊥ðuÞ
�
Tc;spec
⊥ þ ξu

ξt
ðTu;spec

⊥ Þ
�

ðA2Þ

ΔTk ¼
π2

Nc

fPfV;k
MB

MV

E

X
�

Z
dω
ω

ΦPðωÞ
Z

1

0

duΦV;kðuÞ
�
Tc;WA
k þ ξu

ξt
Tu;WA
k þ αsCF

4π

�
Tc;spec
k þ ξu

ξt
T;spec
k

��
ðA3Þ

ΔCi
9 ¼ ΔCi;soft

9;c þ ΔCi;soft
9;u ðA4Þ

where P≡ B̄, B̄s and V ≡ ρ, K�. The values of input
parameters used to calculate the corrections are given in
Tables I and III.

APPENDIX B: OBSERVABLES

In this section, we explicitly write the definitions of
observables considered while giving predictions for B →
ρμþμ− process.

TABLE X. Values of zeroes of angular observables for the process B → ρμþμ− and B̄ → ρμþμ− The uncertainty is due to form factors.
Mean values include the contribution of nonfactorizable corrections.

Belle LHCb

Observable B → ρμþμ− B̄ → ρμþμ− B → ρμþμ− B̄ → ρμþμ− Untagged events

P2 4.101� 0.441 3.593� 0.304 4.111� 0.443 3.604� 0.399 � � �
P0
4 1.869� 0.304 1.727� 0.282 1.851� 0.307 1.746� 0.279 1.799� 0.293

P0
5 2.107� 0.344 1.842� 0.290 2.269� 0.353 1.860� 0.287 � � �

P0
8 � � � � � � 1.827� 0.023 1.706� 0.036 � � �

AFB 4.060� 0.462 3.560� 0.419 4.069� 0.462 3.571� 0.420 � � �
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1. Tagged

The observables for B0 → ρ0μþμ− corresponding to
tagged events which can be measured at LHCb and
Belle are defined as,

	
dΓ
dq2



Tagged

¼ 1

4
ð3Jc1 þ 6Js1 − Jc2 − 2Js2Þ ðB1Þ

hAFBðq2ÞiTagged ¼
−3Js6

3Jc1 þ 6Js1 − Jc2 − 2Js2
ðB2Þ

hFLðq2ÞiTagged ¼
3Jc1 − Jc2

3Jc1 þ 6Js1 − Jc2 − 2Js2
ðB3Þ

hRρiTagged ¼
R q2

2

q2
1

dq2hdΓ=dq2iTagged
R q2

2

q12
dq2hdΓ=dq2iTagged

ðB4Þ

hP1iTagged ¼
J3
2J2s

; hP2iTagged ¼ βl
Js6
8Js2

;

hP3iTagged ¼
J9
4Js2

; hP0
4iTagged ¼

J4ffiffiffiffiffiffiffiffiffiffiffiffiffi
−Jc2Js2

p ;

hP0
5iTagged ¼

J5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−Jc2Js2

p ; hP0
6iTagged ¼

−I7
2

ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p ;

ðB5Þ

hP0
8iTagged ¼

−I8
2

ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p ðB6Þ

The observables for the CP-conjugate decay B̄0 → ρμþμ−

are obtained by replacing Ji by J̃ið≡ζiĪiÞ in Eqs. (B1)–
(B5). These definitions are common for observables at
LHCb and Belle, but the definitions of angular functions
are different for the two cases. For Belle, the functions Ji
and J̃i used are time-integrated functions obtained from
Eq. (22) and given as,

Ji ¼
1

Γ

�
Ii þ Ĩi þ

1

1þ x2
× ðIi þ ĨiÞ

�

J̃i ¼
1

Γ

�
Ii þ Ĩi −

1

1þ x2
× ðIi þ ĨiÞ

�
ðB7Þ

while for LHCb, the angular functions are given by,

Ji¼
1

2Γ

�
Iiþ Ĩiþ

1

1þx2
×ðIiþ ĨiÞ−

x
1þx2

×si

�

J̃i¼
1

2Γ

�
Iiþ Ĩi−

1

1þx2
×ðIiþ ĨiÞþ

x
1þx2

×si

�
ðB8Þ

2. Untagged

For untagged events, the observables for B0 → ρ0μþμ−
are defined as,

	
dΓ
dq2



Untagged

¼ 1

2

	
dΓ
dq2

þ dΓ̄
dq2



Untagged

ðB9Þ

hAFBðq2ÞiUntagged ¼
−3ðJs6 þ J̃s6Þ

4hdΓ=dq2iUntagged ðB10Þ

hFLðq2ÞiUntagged ¼
3ðJc1 þ J̃c1Þ − ðJc2 þ J̃c2Þ

4hdΓ=dq2iUntagged ðB11Þ

hRρiUntagged¼
R q2

2

q2
1

dq2hdΓ=dq2iUntaggedþhdΓ=dq2iUntagged
R q2

2

q12 dq
2hdΓ=dq2iUntaggedþhdΓ=dq2iUntagged

ðB12Þ

hP1iUntagged ¼
J3 þ J̃3

2ðJ2s þ J̃s2Þ
; ðB13aÞ

hP2iUntagged ¼ βl
Js6 þ J̃s6

8ðJs2 þ J̃s2Þ
; ðB13bÞ

hP3iUntagged ¼
J9 þ J̃9
4ðJs2 þ J̃s2

; ðB13cÞ

hP0
4iUntagged ¼

J4 þ J̃4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðJc2 þ J̃c2ÞðJs2 þ J̃s2Þ

q ; ðB13dÞ

hP0
5iUntagged ¼

J5 þ J̃5

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðJc2 þ J̃c2ÞðJs2 þ J̃s2Þ

q ; ðB13eÞ

hP0
6iUntagged ¼

−ðJ7 þ J̃7Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðJc2 þ J̃c2ÞðJs2 þ J̃s2Þ

q ðB13fÞ

hP0
8iUntagged ¼

−ðJ8 þ J̃8Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðJc2 þ J̃c2ÞðJs2 þ J̃s2Þ

q : ðB13gÞ

In Sec. B 1, all the Ji and J̃i are time integrated functions.
Similarly in Sec. B 2, the combination Ji þ J̃i are time
integrated functions and the hi symbol is suppressed.
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