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We compute the one-loop corrections to Z decay properties from dimension-six operators in the
Standard Model effective field theory (SMEFT) that contribute also to anomalous 3-gauge boson couplings
and examine the relative sensitivity of the two processes to the anomalous couplings. The size of the
contributions is of order a few percent, of the same size as Standard Model electroweak corrections. This is
part of a program of computing electroweak quantities to one-loop in the SMEFT: these calculations are
needed for a future global fit to limit the coefficients of the dimension-six Wilson coefficients consistently
at one-loop.
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I. INTRODUCTION

The development of the precision electroweak program
at the LHC is a major task for the coming decade. At
present, the interactions of the Higgs boson and the
electroweak gauge bosons appear to have approximately
StandardModel (SM)–like interactions, and there is no sign
of new massive particles. These points together imply that
deviations from the SM can be analyzed in an effective field
theory framework [1,2].
In the Standard Model effective field theory (SMEFT),

deviations from the SM are parametrized in terms of a
tower of higher dimension operators, Od

k ,

L ¼ LSM þ ΣdΣk
Cd
kO

d
k

Λd−4 ; ð1Þ

where the operators, Od
k , contain only SM fields and are

invariant underSUð3Þ × SUð2Þ ×Uð1Þ. The complete set of
dimension-six operators was first compiled in Refs. [3,4]
and the Feynman rules in this basis (“Warsaw basis”) are
conveniently given in Ref. [5]. The new physics is com-
pletely contained in the coefficient functions, Cd

k . The scale
of the assumed UV complete theory is Λ, and we assume
Λ ≫ v ¼ 246 GeV. For a weakly coupled theory, the
corrections to SM predictions are dominated by the dimen-
sion-six contributions.

Predictions for Higgs production and decay, along with
VV (W�, Z, γ) interactions are well known at tree level in
the SMEFT [1,2,6,7]. Including also contributions to the
oblique parameters, limits on the allowed sizes of the
SMEFT coefficients can be extracted in a global fit to Higgs
signal rates and gauge boson pair production [8–11]. A
precision Higgs and electroweak physics program, how-
ever, requires SMEFT calculations beyond the leading
order if matching between the experimental results and
theory is to eventually be done at the few percent level.
The program of calculating SMEFT quantities beyond

leading order is in its infancy. One-loop calculations exist
for H → γγ [12–14], H → bb̄ [15,16], and the unphysical
H → ZZ and H → WþW− processes [17,18]. The one-

loop Yukawa, yt, and λ ¼ M2
H

2v2 contributions to Z decays
are also known [19]. In addition to effects in the electro-
weak sector, one-loop contributions from top-quark oper-
ators can significantly affect Higgs production rates at the
LHC [20,21].
In this paper, we compute the one-loop corrections to the

partial Z decay widths due to the dimension-six operators
that contribute to pp → WþW− and compare the sensi-
tivity of the two processes. These operators are particularly
interesting because for transverse gauge boson production
they contribute to different helicity amplitudes [22,23],
such that their interference with the SM does not grow with
energy unless decays or higher order corrections are
considered [24,25]. Along with anomalous 3-gauge boson
couplings, we include in our calculation the shifts in the Z
decay widths due to anomalous fermion couplings, which
have important contributions not only to the Z widths [26]
but also to gauge boson pair production [23,27,28]. Low
energy data places strong limits on deviations from the SM,
and information from Z decays is particularly interesting
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due to the precision of the LEP measurements. Consistent
fits to the LEP data require the inclusion of the complete set
of SMEFT operators, along with the one-loop predictions.
Our calculation is a step in this direction and is related to
previous studies of the loop effects of gauge boson self-
couplings on precision electroweak observables [29–33].
In Sec. II, we review the basics of the one-loop SMEFT

calculation, and in Sec. III, the calculation of Z → ff̄ in the
SMEFTis summarized,with analytic formulas presented in a
series of Appendices. Numerical results are given in Sec. III.

II. SMEFT AT ONE-LOOP

In this work we consider modifications of the Zff̄
and WþW−V (V ¼ Z, γ) vertices. We consider only
operators that contribute both to qq̄ → WþW− [23,28] and
to Z → ff̄.
The fermion vertices can be parametrized as

Lf¼gZZμ

h�
gZfL þδgZfL

�
f̄LγμfL

þ
h
gZfR þδgZfR

i
f̄RγμfRþðf→f0Þ

i
þ gffiffiffi

2
p

n
Wμ

h�
1þδgWL

�
f̄Lγμf0LþδgWR f̄Rγμf

0
R

i
þH:c:

o
;

ð2Þ
where gZ ≡ e=ðcWsWÞ ¼ g=cW and f (f0) denotes up-type
(down-type) quarks. The SM fermion couplings are

gZfR ¼ −s2WQf and gZfL ¼ Tf
3 − s2WQf; ð3Þ

where Tf
3 ¼ � 1

2
and Qf are the weak isospin and electric

charge of the fermions, respectively.
Assuming CP conservation, the most general Lorentz

invariant 3-gauge boson couplings can be written as [34,35]

LV ¼ −igWWV

�
gV1 ðWþ

μνW−μVν −W−
μνWþμVνÞ

þ κVWþ
μ W−

ν Vμν þ λV

M2
W
Wþ

ρμW−μ
νVνρ

�
; ð4Þ

where gWWγ ¼ e and gWWZ ¼ gcW . For the 3-gauge boson
couplings we define gV1 ¼ 1þ δgV1 , κ

V ¼ 1þ δκV , and in
the SM, δgV1 ¼ δκV ¼ λV ¼ 0. Because of gauge invariance
we always have δgγ1 ¼ 0. We assume SUð2Þ invariance,
which implies that the coefficients are related by

δgWL ¼ δgZfL − δgZf
0

L ;

δgZ1 ¼ δκZ þ s2W
c2W

δκγ;

λγ ¼ λZ; ð5Þ
leaving three independent effective couplings.
We work in the Warsaw basis [3,4], and the dimension-

six operators contributing to the 3-gauge boson vertices are

OW ¼ ϵabcWaν
μ Wbρ

ν Wcμ
ρ ;

OHWB ¼ Φ†σaΦWa
μνBμν; ð6Þ

whereDμΦ ¼ ð∂μ − i g
2
σaWa

μ − i g
0
2
BμÞΦ,Wa

μν ¼ ∂μWa
ν −

∂νWa
μ þ gεabcWb

μWc
ν, and Φ is the Higgs doublet field with

a vacuum expectation value hΦi ¼ ð0; v= ffiffiffi
2

p ÞT. Two other
operators involving the Higgs and gauge bosons make
important contributions to the effective Zff̄ vertices,

OHW ¼ ðΦ†ΦÞWa
μνWaμν

OHB ¼ ðΦ†ΦÞBμνBμν: ð7Þ
OHW and OHB contribute to the one-loop renormalization
of the input parameters, as discussed in the next section.
We take as our input parameters MW , MZ, and Gμ. All

other parameters are defined in terms of the input param-
eters. The Lagrangian of interest to us is

L ¼ −
1

4
Wa

μνWa
μν −

1

4
BμνBμν þ

1

Λ2
ðCHWOHW þ CHBOHB

þ CHWBOHWB þ CWOWÞ: ð8Þ

We define “barred” fields, W̄μ ≡ ð1 − CHWv2=Λ2ÞWμ and
B̄μ ≡ ð1 − CHBv2=Λ2ÞBμ, and “barred” gauge couplings,
ḡ≡ ð1þ CHWv2=Λ2Þg and ḡ0 ≡ ð1þ CHBv2=Λ2Þg0, so
that W̄μḡ ¼ Wμg and B̄μḡ0 ¼ Bμg0. The barred fields have
their kinetic terms properly normalized and the covariant
derivatives have the canonical form. The masses of the W
and Z fields (poles of the propagators) are, in terms of the
barred couplings [5,36],

M2
W ¼ ḡ2v2

4
;

M2
Z ¼

ðḡ02þ ḡ2Þv2
4

þ v4

Λ2

�
1

8
ðḡ02þ ḡ2ÞCHDþ1

2
ḡ0ḡCHWB

�
:

ð9Þ
The extra terms in the definition of the Zmass are due to the
rotation, ðW3

μ;BμÞ→ ðZμ;AμÞ, that is proportional toCHWB.
1

We can define cos θW ≡ cW in terms of MW and MZ,

c2W ≡M2
W

M2
Z
¼ ḡ22

ðḡ21 þ ḡ22Þ
�
1þ δc2W

c2W

�
; ð10Þ

and δs2W
s2W

¼ − δc2W
c2W

. Comparing with Eq. (9),

δs2W ¼ −
sWcW

c2W − s2W

v2

Λ2
CHWB: ð11Þ

In Eq. (11) we can use cW ¼ MW
MZ

to Oðv2Λ2Þ.

1We will neglect the contribution to MZ that is proportional
to CHD.
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We find the following mappings between the SMEFT
coefficients, CHWB and CW , and the effective couplings:

δgZ1 ¼ −
δs2W
c2W

;

δκZ ¼ −2δs2W;

δκγ ¼ −
c2W − s2W

s2W
δs2W;

λV ¼ v
Λ2

3MWCW;

δgWL ¼ δs2W;

δgWR ¼ 0;

δgZfL;R ¼ Qfδs2W: ð12Þ
The shifts including the SMEFT operators that we have
omitted can be found in Refs. [27,37].

III. RESULTS

At tree level, the decay amplitude for Z → fðpÞf̄ðp0Þ in
the SMEFT is (including only those terms that contribute
also to 3-gauge boson vertices),

M0¼2MZ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
Gμ0

q �
Tf
3−Qf

�
1−

M2
W0

M2
Z0

�

þQf
MW0

MZ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

M2
W0

M2
Z0

s
v2

Λ2
CHWB

�
ūðpÞ=ϵ�ðpþp0Þvðp0Þ;

ð13Þ
where the subscript “0” indicates the unrenormalized tree
level value, and in the CHWB term we can take v2 ¼ 1ffiffi

2
p

Gμ
.

At one-loop, there are contributions from corrections to
the input parameters and fields to M0, Z − γ mixing, and
the one-particle irreducible loop corrections to the decay,
M1. The virtual decay amplitude is

M1−loop ¼
�
1þδCHWB

∂
∂CHWB

þδGμ
∂

∂Gμ
þδM2

Z
∂

∂M2
Z
þδM2

W
∂

∂M2
W
þ1

2
δZZþδZf

�
M0−Mγ

ΠγZðM2
ZÞ

M2
Z

þM1: ð14Þ

Here Mγ is the amplitude for γ → fðpÞf̄ðp0Þ, which is

Mγ ¼ 2MW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
Gμ

q
Qf

8<
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2
W

M2
Z

s
−
MW

MZ

v2

Λ2
CHWB

9=
;

× ūðpÞ=ϵ�ðpþ p0Þvðp0Þ; ð15Þ
in the SMEFT. In Eq. (14), Zf and ZZ are the wave function
renormalizations of the external Z boson and the fermions.
We use on-shell renormalization for all quantities, except
for the Wilson coefficients which are renormalized using
MS subtraction. In general, the coefficients are renormal-
ized as [36,38]

CiðμÞ ¼ C0;i −
1

32π2ϵ̂
γijCj; ð16Þ

where μ is the renormalization scale, γij is the one-loop
anomalous dimension, and ϵ̂−1 ≡ ϵ−1 − γE þ logð4πÞ is
related to the regulator ϵ for integrals evaluated in d ¼
4 − 2ϵ dimensions.

The renormalization ofGμ in the SMEFT, including both
logarithms and constant contributions, can be found in the
Appendix of Ref. [17]. The shifts in the SM input parameters
as well as the external field wave function renormalizations
follow from the two-point functions in Appendix B.
We calculate the contributions to Eq. (14) to Oð 1

Λ2Þ,
neglecting higher order terms whose impact would be
expected to be comparable to that of dimension-eight oper-
ators. Theone-particle irreducible (1PI) loop amplitudeM1 is
given in Appendix C.We use FEYNARTS [39] and FEYNCALC

[40,41] to calculate loop amplitudeswith theSMEFTpackage
for FEYNRULES [42,43]. Explicit analytic expressions for the
loop integrals have been computed using the FEYNHELPERS

interface [44] between FEYNCALC and PACKAGE-X [45]. As a
check of our calculation, we demonstrate that the UV poles in
Eq. (14) cancel completely in Appendix A.
There are IR divergences arising from loops with

massless photons, appearing in the fermion wave function
renormalization and M1. We regulate these divergences
with a photon mass, MZβ. We find

ReðZfM0 þM1Þ ¼
ffiffiffiffiffiffi
Gμ

p MZM2
Wffiffiffi

24
p

π2
Q2

f log βð3þ log βÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2
W

M2
Z

s 8<
:−Gμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2
W

M2
Z

s 	
Tf
3 −Qf

�
1 −

M2
W

M2
Z

�


þ CHWBffiffiffi
2

p
Λ2

MW

MZ

	
2Tf

3 − 3Qf

�
1 −

M2
W

M2
Z

�
9=
;: ð17Þ
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The above divergences give β-dependent terms in the decay width, which are in turn canceled by real photon emission
that contributes to both soft and collinear singularities. The SMEFT calculation of Z → ff̄γ proceeds analogously to the
well-known SM result [46] with additional terms proportional to CHWB. The result is

jMðZ → ff̄γÞj2 ¼ 4G2
μM2

WM
2
Z

π2
Q2

f

�
ðTf

3 −Qfs2WÞ
	
− logðβÞð3þ log βÞ þ 3E2

0

2M2
Z
− logðθ0Þ

�
3E0

MZ
þ log

�
MZ

2E0

− 1

�
−
3

4

�

−
E0

MZ
þ 5π2

12
−
87

16



·

	
−s2WðTf

3 −Qfs2WÞ þ
2cWsWv2

Λ2
CHWBðTf

3 − 2Qfs2WÞ

�

; ð18Þ

where s2W ¼ 1 − M2
W

M2
Z
, cW ¼ MW

MZ
in Eq. (18) and θ0 and E0 are

the angular and energy cutoff for observing the photon, and
depend on the detector sensitivities [47,48].
After summingEq. (17) and the contributions fromvirtual

and real photon emission, taking into account the fermion
wave function renormalization, there is no β dependence,
verifying the cancellation of the IR divergences. In our
numerical results below, we take θ0 ¼ 1° and E0 ¼ 1 GeV.

A. Effective Z vertices

From Eq. (14), we obtain the contribution to the Z → ff̄
decay width from CHWB, CHW , CHB, and CW , still working

to Oð 1
Λ2Þ. We write our result in terms of effective fermion

couplings as

ΓðZ → fif̄iÞ ¼
GμM3

Z

6
ffiffiffi
2

p
π
Ncðgfi Þ2; ð19Þ

where i ¼ L, R indicates the fermion helicity and we
neglect fermion masses. For a fermion with charge Qf and

weak isospin Tf
3 , the effective coupling is

gf ¼ ðgfÞSM
�
1þ

�
1 TeV
Λ

�
2 1

DðQf; T
f
3Þ
½−0.23CHWBQ4

f þ 1.5Tf
3CHWBQ3

f

þ ð−1.9CHWBðTf
3Þ2 þ 0.15CHB þ 0.15CHW þ 11.0CHWB þ 0.19CWÞQ2

f

þ Tf
3ð−0.67CHB − 0.69CHW − 49.0CHWB − 0.85CWÞQf

þ ðTf
3Þ2ð0.0084CHB þ 0.029CHW − 0.23CHWB þ 0.032CWÞ�

�
; ð20Þ

where

DðQf; T
f
3Þ ¼ Q4

f − 8.7Tf
3Q

3
f þ ð17ðTf

3Þ2 − 76ÞQ2
f þ 660Tf

3Qf − 1400ðTf
3Þ2: ð21Þ

The relatively large size of theCHWB coefficients is due to the fact that they contribute at tree level. For our numerical results
we use

TABLE I. LEP and SLD measurements of the effective Z couplings to fermions.

Parameter SM prediction Measurement Correlations

gνL glL gbL gcL glR gbR gcR

gνL 0.50199� 0.00020 0.50075� 0.00077 1.00
glL −0.26919� 0.00020 −0.26939� 0.00022 −0.32 1.00
gbL −0.42114� 0.00045 −0.4182� 0.0015 0.05 −0.27 1.00
gcL 0.34674� 0.00017 0.3453� 0.0036 −0.02 0.04 −0.09 1.00
glR 0.23208� 0.00018 0.23186� 0.00023 0.25 0.34 −0.37 0.07 1.00
gbR 0.077420� 0.000052 0.0962� 0.0063 0.00 −0.33 0.88 −0.14 −0.35 1.00
gcR −0.15470� 0.00011 −0.1580� 0.0051 0.00 0.08 −0.17 0.30 0.08 −0.13 1.00
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Gμ ¼ 1.1663787ð6Þ × 10−5 GeV−2;

MZ ¼ 91.1876� :0021 GeV;

MW ¼ 80.385� :015 GeV;

MH ¼ 125.09� 0.21� 0.11 GeV;

Mt ¼ 173.1� 0.6 GeV: ð22Þ

In particular, the SM fermion vertex couplings are

gνL ¼ ðgνLÞSM
	
1þ δgZνL þ

�
1 TeV
Λ

�
2

f−6.0 × 10−6CHB − 2.1 × 10−5CHW þ 1.6 × 10−4CHWB − 2.3 × 10−5CWg


;

geL ¼ ðgeLÞSM
	
1þ δgZeL þ

�
1 TeV
Λ

�
2

f0.0019CHB þ 0.0019CHW þ 0.043CHWB þ 0.0023CWg


;

geR ¼ ðgeRÞSM
	
1þ δgZeR þ

�
1 TeV
Λ

�
2

f−0.0020CHB − 0.0020CHW − 0.033CHWB − 0.0025CWg


;

guL ¼ ðguLÞSM
	
1þ δgZuL þ

�
1 TeV
Λ

�
2

f9.3 × 10−4CHB þ 9.3 × 10−4CHW þ 0.021CHWB þ 0.0011CWg


;

guR ¼ ðguRÞSM
	
1þ δgZuR þ

�
1 TeV
Λ

�
2

f−0.0020CHB − 0.0020CHW − 0.034CHWB − 0.0025CWg


;

gdL ¼ ðgdLÞSM
	
1þ δgZdL þ

�
1 TeV
Λ

�
2

f3.7 × 10−4CHB þ 3.6 × 10−4CHW þ 0.0080CHWB þ 4.5 × 10−4CWg


;

gdR ¼ ðgdRÞSM
	
1þ δgZdR þ

�
1 TeV
Λ

�
2

f−0.0020CHB − 0.0020CHW − 0.034CHWB − 0.0025CWg


: ð23Þ

For bL, the coefficient in front of CW is 2.7 × 10−4 rather
than 4.5 × 10−4 because of top mass effects. The tree level
contributions of CHWB are contained in the δgZfL;R contri-
butions as given in Eq. (12).
These effective couplings are bounded by LEP measure-

ments at the Z pole. We proceed to take the limits of [49] on
the Z-fermion couplings to constrain the SMEFToperators.
We minimize a χ2 function constructed using the LEP
measurements of the quantities ðgνL; geL; geR; guL; guR; gbL; gbRÞ
and their correlations shown in Table I, including the
uncertainties on the input parameters. While Z pole mea-
surements constrain all of the operators in Eq. (23), we focus
on the implications of our calculation for the operatorsOW ,
OHB, and OHW , which do not contribute to Z decay at tree
level. We seek to minimize the quantity

ðχ2ÞLEP ¼ ðg⃗SMEFT − g⃗expÞTV−1ðg⃗SMEFT − g⃗expÞ; ð24Þ
where g⃗ ¼ ðgνL; glL; gbL; gcL; glR; gbR; gcRÞ and V is the covari-
ance matrix constructed from the errors and correlations
above. We use Eq. (23) together with the SM predic-
tions of Table I to calculate g⃗SMEFT. Since we set light
fermion masses to zero in our SMEFT analysis, the
effective couplings for the down (up) quark apply
equally to the b (c) quark, with the exception of the
bL for which top quark corrections apply as specified
below Eq. (23).

In Fig. 1, we show the resulting 90% C.L. limits in two-
dimensional planes of the coefficients of these operators
along with that of OHWB, which affects electroweak cou-
plings at tree level. The coefficients of all other operators are
set to zero.We compare our results to processes in which the
SMEFToperators contribute at tree level. The limit of [28],
set using LHC Run I data [50–53], is converted in our
notation to

−0.17 < CW

�
1 TeV
Λ

�
2

< 0.18: ð25Þ

For OW, we use the limits of [28] obtained by using 8 TeV
LHC gauge boson pair production in leptonic final states
[50–53].
ForOHB andOHW , we use limits [18] from the calculation

of H → γγ [12,14,18] in the SMEFT, as compared to
measurements of H → γγ at Runs 1 and 2 of the LHC
[54–56]. The SMEFT calculation of H → γγ [18] gives

μγγ ¼
ΓðH → γγÞ

ΓðH → γγÞjSM
¼ 1 − 40.15CHB

�
1 TeV
Λ

�
2

− 13.08CHW

�
1 TeV
Λ

�
2

þ 22.40CHWB

�
1 TeV
Λ

�
2

: ð26Þ
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Then, using the average μγγ ¼ 1.09� 0.10 of current LHC
Higgs measurements [54–56], we find

−0.003 <

����CHB

�
1 TeV
Λ

�
2

þ 0.33CHW

�
1 TeV
Λ

�
2

− 0.55CHWB

�
1 TeV
Λ

�
2
���� < 0.007; ð27Þ

or taking only one nonzero coupling at a time with the
conservative bound jμγγ − 1j < 0.29,����CHB

�
1 TeV
Λ

�
2
���� < 0.007;����CHW

�
1 TeV
Λ

�
2
���� < 0.02: ð28Þ

OHWB corresponds to the oblique parameter S [57,58],
whose limit we take from the Gfitter Collaboration [59]
of S ¼ 0.04� 0.11 to set the 2σ bound,

−0.004 < CHWB < 0.006: ð29Þ
The existing bounds in Fig. 2 are stronger than those

that we obtain directly from Z pole measurements.

Nevertheless, they provide complementary information,
and in particular in Fig. 2, the interplay between the limits
on CW and CHWB demonstrates the power of electroweak
precision measurements to constrain couplings that only
contribute at loop level. In the case of the operators CHB
and CHW which directly affect H → γγ, Higgs precision is
already significantly more effective than Z pole measure-
ments in setting limits, due to the loop suppression of these
operators’ contributions to Z decay.

IV. CONCLUSIONS

Precision measurements of electroweak physics will
eventually necessitate higher order calculations of beyond
the Standard Model (BSM) contributions. The SMEFT
framework takes a general approach to potential new UV
physics by parametrizing its effects in terms of higher
dimension operators involving the SM fields. In this work,
we have furthered the applicability of the SMEFT to probe
new physics by considering the one-loop corrections to Z
decay from operators which contribute to gauge boson
production.
While the contributions of the operators OW , OHB, and

OHW are small relative to those of the operators that modify
theZ coupling to fermions at tree level, the relative size of all
of the SMEFT operators is fixed by the new physics. In
particular, integrating out a heavy SM singlet scalar could
naturally give these operators without changing the leading
Z couplings to the fermions [60]. In such a scenario, it would

Z decay this work

H 18
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FIG. 2. Limits on the coefficients of the operatorsOHB andOHW
which contribute to Z decay at one-loop. The solid brown lines are
as in Fig. 1. (The allowed region is between the lines.) For
comparison, the region allowed by the more constraining meas-
urement of theH → γγ signal strength is shown in red between the
blue dashed lines.

FIG. 1. Limits on the coefficients of the operators OW and
OHWB which contribute to Z decay at one-loop and tree level,
respectively. All other operators are set to zero, and the region
between the solid brown lines is allowed by Z pole measurements
given our calculation. For comparison, the region between the
dashed blue lines is allowed by the same LEP precision data
considering only the impact of the operator OHWB that modifies
the S parameter. The region between the magenta dotted lines is
allowed by measurements of VV production at the LHC, to which
OW contributes at tree level. The region in the plane that is
allowed by all measurements is shown in red.
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be essential to have the higher order contributions of the
BSM physics to all possible processes. In this regard our
calculation provides a useful prediction, relating the effects
of new physics in Z decay to those in other electroweak
processes provided the states responsible for deviations
from the SM are heavy enough to be integrated out.
A full calculation of Z decay at one-loop in the SMEFT

would provide even more complete information about the
influence of higher dimensional operators on Z physics.
With this as well as other higher order calculations of
electroweak processes, in the future a global fit at next-to-
leading order in the SMEFT could be performed to bound
the sizes of all possible dimension-six SMEFT operators.
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APPENDIX A: UV POLES

The cancellation of UV poles follows from the individual
contributions. Numerically with Λ ¼ 1 TeV, the pieces are
as follows:

∂M0

∂CHWB
δCHWB ¼ 1

ϵ
fQfðð2.7 × 10−5ÞCHB þ ð2.7 × 10−5ÞCHW þ ð4.6 × 10−4ÞCHWB þ ð2.6 × 10−5ÞCWÞg þOðϵ0Þ;

∂M0

∂Gμ
δGμ ¼

1

ϵ
fð2.1 × 10−5ÞðQfðCHWB þ 8.8Þ − 40Tf

3Þðξ − 5.5Þg þOðϵ0Þ;

∂M0

∂M2
Z
δM2

Z ¼ 1

ϵ
fQfðð−1.4 × 10−4ÞξCHW − ð3.2 × 10−4ÞCHW − ð6.7 × 10−4ÞCHWB þ ð7.7 × 10−4ÞCW

þ CHBðð−3.9 × 10−5Þξ − 9.1 × 10−5Þ − ð1.4 × 10−6ÞCHWBξ − ð1.5 × 10−3Þξþ 1.2 × 10−2Þ
þ Tf

3ðð7.7 × 10−5ÞξCHW þ ð1.8 × 10−4ÞCHW þ ð5.3 × 10−5ÞCHWB − ð4.3 × 10−4ÞCW

þ CHBðð2.2 × 10−5Þξþ 5.1 × 10−5Þ þ ð4.1 × 10−5ÞCHWBξþ ð8.2 × 10−4Þξ − 6.5 × 10−3Þg þOðϵ0Þ;
∂M0

∂M2
W
δM2

W ¼ Qf

ϵ
fð−9.2 × 10−4ÞCW þ CHWBð5.3 × 10−4 − ð5.2 × 10−5ÞξÞ þ CHWðð1.5 × 10−4Þξþ 3.0 × 10−4Þ

þ ð1.3 × 10−3Þξ − 1.2 × 10−2g þOðϵ0Þ;

−Mγ
ΠγZðM2

ZÞ
M2

Z
¼ Qf

ϵ
fð3.7 × 10−5ÞξCHWB − ð2.3 × 10−4ÞCHWB þ ð1.9 × 10−4ÞCW þ CHWðð−3.5 × 10−5Þξ

− 5.2 × 10−5Þ þ CHBðð3.5 × 10−5Þξþ 5.2 × 10−5Þ − ð1.7 × 10−4Þξþ 1.3 × 10−3g þOðϵ0Þ;
ZZ

2
M0 ¼

1

ϵ
fTf

3ðð−7.7 × 10−5ÞξCHW − ð1.8 × 10−4ÞCHW − ð1.3 × 10−4ÞCHWB þ ð3.2 × 10−4ÞCW

þ CHBðð−2.2 × 10−5Þξ − 5.1 × 10−5Þ − ð6.7 × 10−5ÞCHWBξ − ð7.8 × 10−4Þξ − 3.1 × 10−4Þ
þQfðð1.7 × 10−5ÞξCHW þ ð4.0 × 10−5ÞCHW þ ð2.1 × 10−5ÞCHWB − ð7.0 × 10−5ÞCW

þ CHBðð4.9 × 10−6Þξþ 1.1 × 10−5Þ − ð4.7 × 10−6ÞCHWBξþ ð1.7 × 10−4Þξþ 6.9 × 10−5Þg þOðϵ0Þ;

ZfM0 ¼
ξ

ϵ
fQ3

fð1.3 × 10−4 − ð4.3 × 10−5ÞCHWBÞ þQ2
fT

f
3ðð1.9 × 10−4ÞCHWB − 8.3 × 10−4Þ

þQfT
f2
3 ð2.6 × 10−3 − ð3.0 × 10−4ÞCHWBÞ − ð1.6 × 10−3ÞTf

3g þOðϵ0Þ;

M1 ¼
1

ϵ
fQ3

fðð4.3 × 10−5ÞCHWB − 1.3 × 10−4ÞξþQfT
f2
3 ðð3.0 × 10−4ÞCHWB − 2.6 × 10−3Þξ

þ Tf
3ðð8.3 × 10−4ÞξQ2

f þ ð1.2 × 10−4ÞCW þ ð2.4 × 10−3Þξþ CHWBðð−1.9 × 10−4ÞξQ2
f

þ ð2.5 × 10−5Þξþ 7.6 × 10−5Þ þ 2.3 × 10−3Þg þOðϵ0Þ:
The sum vanishes for any given fermion.

APPENDIX B: TWO-POINT FUNCTIONS

In this Appendix, we show the two-point functions in Rξ gauge due to the SMEFToperators that also contribute to gauge
boson pair production. Previous results for the gauge boson two-point functions in other operator bases appear in [31,61].
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In D ¼ 4 − 2ϵ dimensions, the two-point function for a massless fermion with weak isospin Tf
3 and charge Qf is

ΣðpÞ ¼ 1

8π2

�
2

ffiffiffi
2

p
A0ðM2

WÞGμT
f2
3 ððD − 2ÞM2

W − p2Þ
p2

þ 2
ffiffiffi
2

p
A0ðM2

WξÞGμT
f2
3

þ 1

M4
Zp

2
ðA0ðM2

ZÞððD − 2ÞM2
Z − p2ÞðM2

WQf þM2
ZðTf

3 −QfÞÞð
ffiffiffi
2

p
GμðM2

WQf þM2
ZðTf

3 −QfÞÞ

þ 2MWQfCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
ÞÞ

−
A0ðM2

ZβÞðD − 2ÞM2
WQ

2
fð

ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞ þ 2MWCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

p
Þ

M2
Zp

2

þ A0ðM2
ZξÞðM2

WQf þM2
ZðTf

3 −QfÞÞð
ffiffiffi
2

p
GμðM2

WQf þM2
ZðTf

3 −QfÞÞ þ 2MWQfCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

p
Þ

M4
Z

−
B0ð0;M2

Zβ;M
2
ZβÞM2

Wðξ − 1ÞQ2
fð

ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞ þ 2MWCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

p
Þ

M2
Z

þ 2
ffiffiffi
2

p
B0ðp2; 0;M2

WÞGμT
f2
3 ðp2 −M2

WÞððD − 2ÞM2
W þ p2Þ

p2
− 2

ffiffiffi
2

p
B0ðp2; 0;M2

WξÞGμT
f2
3 ðp2 −M2

WξÞ

−
1

M4
Zp

2
ðB0ðp2; 0;M2

ZÞðMZ − pÞðMZ þ pÞððD − 2ÞM2
Z þ p2ÞðM2

WQf þM2
ZðTf

3 −QfÞÞð
ffiffiffi
2

p
GμðM2

WQf

þM2
ZðTf

3 −QfÞÞ þ 2MWQfCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
ÞÞ

þ 1

M2
Zp

2
ðB0ðp2; 0;M2

ZβÞM2
WQ

2
fðβðD − 2ÞM2

Z − p2ðDþ ξ − 3ÞÞð
ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞ

þ 2MWCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
ÞÞ

þ 1

M4
Z
ðB0ðp2; 0;M2

ZξÞðM2
Zξ − p2ÞðM2

WQf þM2
ZðTf

3 −QfÞÞð
ffiffiffi
2

p
GμðM2

WQf þM2
ZðTf

3 −QfÞÞ

þ 2MWQfCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
ÞÞ þ 1

M2
Z
ðC0ð0; p2; p2;M2

Zβ;M
2
Zβ; 0ÞM2

Wðξ − 1ÞQ2
fðp2 − βM2

ZÞ

× ð
ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞ þ 2MWCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
ÞÞ
�
: ðB1Þ

We have regulated IR divergences with a photon of massMZβ and use standard FEYNCALC notation [40] for the Passarino-
Veltman functions.
This leads to the wave function renormalization

Zf ¼ 1

8π2ϵ

�
1

M2
Z
ðQ2

fð
ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞ þ 2MWCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
Þð2ξϵðM2

WðlogðβÞ − logðξÞÞ

þM2
ZðlogðM2

Z=μ
2Þ þ logðπξÞÞÞ þ 2M2

Wðξ − 1ÞϵþM2
Zðð2ðγ − 1Þξþ 3Þϵ − 2ξÞÞÞ

− 2QfT
f
3ð

ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞ þMWCHWB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
Þð2ξϵð2 logðM2

Z=μ
2Þ þ logðπξÞÞ − 2ξ

þ ð2ðγ − 1Þξþ 3ÞϵÞ −
ffiffiffi
2

p
GμT

f2
3 ðð2M2

W þM2
ZÞð2ξϵðlogðπξÞÞ þ 2ξððγ − 1Þϵ − 1Þ þ 3ϵÞ þ 4M2

Wξϵ logðM2
W=μ

2Þ

þ 2M2
Zξϵ logðM2

Z=μ
2ÞÞ

�
: ðB2Þ

For the bL, there are corrections proportional to the top mass, leading to an additional wave function renormalization which
in Feynman gauge is

SALLY DAWSON and AHMED ISMAIL PHYS. REV. D 98, 093003 (2018)

093003-8



ZbL ¼ Zf

�
Qf ¼ −

1

3
; Tf

3 ¼ −
1

2

�
þ
GμM2

Tð2ϵ logð μ2

M2
W
Þ − 2γϵþ ϵ − 2ϵ log π þ 2Þ
16

ffiffiffi
2

p
π2ϵ

: ðB3Þ

The transverse W two-point function is

ΠT
WWðp2Þ ¼ 1

16p2π2
ð− 18

ffiffiffi
2

p
B0ðp2; 0; 0ÞðD − 2ÞGμM2

Wp
4

D − 1
−

1

ðD − 1ÞM2
Z
ðC0ð0; p2; p2; 0; 0;M2

WξÞðM4
W − p4Þ

× ð
ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞ þ 2MW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
CHWBÞðξ − 1Þðp2 −M2

WξÞ2Þ

−
6

ffiffiffi
2

p
A0ðM2

TÞGμM2
WðM2

T − ðD − 2Þp2Þ
D − 1

þ 6
ffiffiffi
2

p
B0ðp2; 0;M2

TÞGμM2
WðMT − pÞðMT þ pÞðM2

T þ ðD − 2Þp2Þ
D − 1

−
1

D − 1
ðB0ðp2;M2

H;M
2
WÞM2

Wð8ðD − 1Þð−M2
H þM2

W þ p2ÞCHWp2

þ
ffiffiffi
2

p
Gμðp4 − 2ðM2

H þ ð3 − 2DÞM2
WÞp2 þ ðM2

H −M2
WÞ2ÞÞÞ þ

1

D − 1
ðA0ðM2

HÞð
ffiffiffi
2

p
GμM2

WðM2
H −M2

W

− ðD − 2Þp2Þ − 2ðD − 1Þp2ð4M2
W þ p2ÞCHWÞÞ −

1

ðD − 1ÞM4
Z
ðB0ðp2;M2

W;M
2
ZÞMWðMW þMZ − pÞðMW

þMZ þ pÞððMW −MZÞ2 − p2Þð36
ffiffiffi
2

4
p

ðD − 2Þ ffiffiffiffiffiffi
Gμ

p
M2

WM
2
ZCWp2 þ

ffiffiffi
2

p
GμMWðM4

W

þ 2ð2D − 3ÞðM2
Z þ p2ÞM2

W þM4
Z þ p4 þ 2ð2D − 3ÞM2

Zp
2Þ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
ðM4

W þ ð2D − 3ÞðM2
Z þ 2p2ÞM2

W

þ p4 þ ð2D − 3ÞM2
Zp

2ÞCHWBÞÞ þ
1

ðD − 1ÞM2
Z
ðC0ð0; p2; p2; 0; 0;M2

WÞðM2
W − p2Þ2ðM4

W

þ 2ð2D − 3Þp2M2
W þ p4Þð

ffiffiffi
2

p
GμðM2

Z −M2
WÞ − 2MW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
CHWBÞðξ − 1ÞÞ

þ 1

ðD − 1ÞM4
Z
ðB0ðp2;M2

Wξ;M
2
ZξÞMWðM4

W − p4Þð
ffiffiffi
2

p
GμMW þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
CHWBÞ

× ðp4 − 2ðM2
W þM2

ZÞξp2 þ ðM2
W −M2

ZÞ2ξ2ÞÞ þ
1

ðD − 1ÞM4
Z
ðB0ðp2;M2

W;M
2
ZξÞMWðM2

W − p2Þ2

× ð
ffiffiffi
2

p
GμMW þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
CHWBÞðM4

W þ ðð4D − 6Þp2 − 2M2
ZξÞM2

W þ ðp2 −M2
ZξÞ2ÞÞ

−
1

D − 1
ðA0ðM2

WξÞð2ð2ðD − 1ÞCHWp4 þMW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
CHWBp2 −M3

W

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
CHWBÞ

þ
ffiffiffi
2

p
Gμððξ − 1ÞM4

W − 2p2ðDþ ξ − 3ÞM2
W þ p4ð4Dþ ξ − 7ÞÞÞÞ

−
1

ð1 −DÞM2
Z
ð2B0ðp2; 0;M2

WÞ
�
18

ffiffiffi
2

4
p

ðD − 2Þ ffiffiffiffiffiffi
Gμ

p
MWðMW −MZÞðMW þMZÞðMW − pÞ2p2CWðMW þ pÞ2

þ
ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞðM2

W þ p2Þðð2Dþ ξ − 4ÞM4
W − 2p2ð4Dþ ξ − 6ÞM2

W þ p4ð2Dþ ξ − 4ÞÞ
þMW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
ðM2

W þ p2ÞCHWBðð2Dþ 2ξ − 5ÞM4
W − 2p2ð6Dþ 2ξ − 9ÞM2

W þ p4ð2Dþ 2ξ − 5ÞÞÞÞ

−
1

ðD − 1ÞM2
Z
ð2B0ðp2; 0;M2

WξÞðMW − pÞðMW þ pÞð
ffiffiffi
2

p
GμðMW −MZÞðMW þMZÞðξM4

W − p2ðξ2 þ 2ξ

þ 2D − 3ÞM2
W − p4ð2Dþ ξ − 4ÞÞ −MW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z −M2
W

q
CHWBððξ − 2ÞξM4

W þ 2p2ðξ2 þDðξþ 2Þ − 3ÞM2
W

þ p4ð2Dþ 2ξ − 5ÞÞÞÞ
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þ 1

ðD−1ÞM4
Z
ðA0ðM2

ZξÞð
ffiffiffi
2

p
Gμððξþ1ÞM6

Wþð4ðD−2Þp2−2M2
ZξÞM4

W

þð2M2
Zp

2ξ−p4ð4Dþξ−7ÞÞM2
W−ðD−1ÞM4

Zp
2ÞM2

Wþ2ð−ðD−1ÞM4
ZCHWp4

þ2M3
WM

2
Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z−M2
W

q
ðp2−M2

WÞCHWBξþM3
W

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z−M2
W

q
ðMW−pÞðMWþpÞCHWBððξþ1ÞM2

Wþp2ð4Dþξ−7ÞÞÞÞÞ

þ 1

D−1
ðA0ðM2

WÞð36
ffiffiffi
2

4
p

ðD−2Þ ffiffiffiffiffiffi
Gμ

p
MWCWp4þ2MWðð3−2DÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z−M2
W

q
CHWBM2

Wþ4ðD−1Þp2CHWMW

þð3−2DÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z−M2
W

q
p2CHWBÞþ

ffiffiffi
2

p
Gμððξþ1ÞM4

W−M2
HM

2
W−ðM2

Zþ2p2ð2ðD−3ÞDþξþ3ÞÞM2
Wþp4ð4Dþξ−7ÞÞÞÞ

−
1

ðD−1ÞM4
Z
ðA0ðM2

ZÞMWð36
ffiffiffi
2

4
p

ðD−2Þ ffiffiffiffiffiffi
Gμ

p
M2

WM
2
ZðM2

W−M2
Z−p2ÞCWp2þ

ffiffiffi
2

p
GμMWððξþ1ÞM6

W

þ2ð2ðD−2ÞðM2
Zþp2Þ−M2

ZξÞM4
Wþðð9−4DÞM4

Zþ2p2ð2ðD−2Þ2þξÞM2
Z−p4ð4Dþξ−7ÞÞM2

W−M4
ZðM2

Zþp2ÞÞ
þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z−M2
W

q
CHWBððξþ1ÞM6

Wþðð2D−ξ−5ÞM2
Zþ4ðD−2Þp2ÞM4

Wþð−2ðD−2ÞM4
Zþp2ð2Dð2D−7Þþξþ13ÞM2

Z

−p4ð4Dþξ−7ÞÞM2
W−2ðD−1ÞM4

Zp
2ÞÞÞþ 1

ðD−1ÞM4
Z
ðB0ðp2;M2

Z;M
2
WξÞMWðMW−pÞðMWþpÞ

×ð−
ffiffiffi
2

p
GμMWðM2

W−2M2
Zþp2ÞðM4

Zþðð4D−6Þp2−2M2
WξÞM2

Zþðp2−M2
WξÞ2Þ

−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Z−M2
W

q
CHWBðξ2M6

W−ξðM2
Zðξþ2Þ−p2ðξ−2ÞÞM4

Wþðð2ξþ1ÞM4
Zþ2p2ð−ξþDðξþ2Þ−3ÞM2

Z

þp4ð1−2ξÞÞM2
W−M6

Zþp6þð2D−5ÞM2
Zp

4þ3ð3−2DÞM4
Zp

2ÞÞÞ
�
; ðB4Þ

which yields the mass shift

δM2
W ¼ ΠT

WWðM2
WÞ

¼ 1

16π2

�
A0ðM2

HÞð
ffiffiffi
2

p
GμðM2

H − ðD − 1ÞM2
WÞ − 10ðD − 1ÞM2

WCHWÞ
D − 1

−
6

ffiffiffi
2

p
A0ðM2

TÞGμðM2
T − ðD − 2ÞM2

WÞ
D − 1

−
1

D − 1
ðA0ðM2

WÞð−36
ffiffiffi
2

4
p
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The transverse Z two-point function is
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The γ − Z two-point function is
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which yields the on-shell mixing
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APPENDIX C: VERTEX FUNCTIONS

The one-loop amplitude for Zðpþ p0Þ → fðpÞf̄ðp0Þ, the decay of a Z boson to a pair of massless fermions with weak
isospin Tf

3 and charge Qf, is

M1 ¼ VūðpÞ=ϵ�ðpþ p0Þvðp0Þ; ðC1Þ
where the vertex function is
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For the bL, there are also top mass effects, and the vertex function in Feynman gauge is
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