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Yang-Mills theory from the worldsheet
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We give a new description of classical Yang-Mills theory by coupling a two-dimensional chiral
conformal field theory (which gives the tree-level S matrix of Yang-Mills theory at genus zero) to a
background non-Abelian gauge field. The resulting model is solvable, and when the gravitational degrees
of freedom are decoupled, the nonlinear Yang-Mills equations are imposed as an exact worldsheet anomaly
cancellation condition. When gravitational modes are reinstated, we find gauge anomalies analogous to

those appearing in heterotic string theory.
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I. INTRODUCTION

The equations of motion for a classical field theory are
usually understood as the Euler-Lagrange equations of a
corresponding action functional. For certain theories, such
as gauge theory and gravity, the equations of motion can
also famously be derived from a low-energy expansion of
string theory [1-3]. Coupling the Polyakov action to
background gauge or gravitational fields leads to a con-
formal anomaly. Since the resulting worldsheet action is a
complicated interacting 2D conformal field theory (CFT),
this anomaly can only be computed perturbatively in a
small parameter, taken to be the inverse string tension. To
the lowest order in this parameter, anomaly cancellation
imposes the field equations of gauge theory or gravity on
the background fields; the higher-order corrections impose
an infinite tower of additional higher-derivative equations.

Recent progress in the study of scattering amplitudes has
suggested a new description of field theories as certain
string theories in their own right. Compact formulas for the
full tree-level S matrix of many massless QFTs (including
gauge theory and gravity) present scattering amplitudes in
terms of localized integrals on the Riemann sphere rather
than a sum of Feynman diagrams or the low-energy limit of
an ordinary string theory amplitude [4,5]. These formulas
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arise as the genus zero correlation functions of certain
chiral 2D CFTs known as ambitwistor strings [6], which
have a finite massless spectrum and no tunable parameter
on the worldsheet. A natural question is therefore: can
ambitwistor strings be coupled to background fields to give
a nonlinear description of the underlying field theories?
Unlike ordinary string theory, such a description should be
exact—that is, computable without recourse to an infinite
perturbative expansion.

For the case of the NS-NS supergravity (consisting of a
graviton, dilaton, and two-form B field), this was answered
in the affirmative: the NS-NS sector of supergravity is
described exactly by a worldsheet theory at the level of its
nonlinear equations of motion [7]. More recently, it was
shown that the Abelian Maxwell equations could also be
obtained in a similar fashion [8]. However, this success has
not been extended to other field theories due to a variety of
subtleties associated with coupling to background fields
and nonunitary gravitational modes which do not exist in
the case of NS-NS supergravity.

In this paper, we extend the exact worldsheet description
of classical field theories to include Yang-Mills theory. This
is accomplished by coupling a heterotic version of the
ambitwistor string to a non-Abelian background gauge field.
A different formulation, the heterotic ambitwistor string with
background fields, was also studied [9] but only classically
on the worldsheet, and the absence or not of anomalies is
still an open question. Here we will solve this question with
regards to a gauge background in the context of the original
heterotic model. This model contains both gauge theoretic
and (nonunitary) gravitational degrees of freedom (d.o.f.),
but the latter can be locally decoupled on the worldsheet.
Gauge fixing the worldsheet action leads to potential
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anomalies; remarkably, the only conditions imposed on the
background gauge field by anomaly cancellation are the
(nonlinear) Yang-Mills equations. We also show that recou-
pling the gravitational modes leads to gauge anomalies,
analogous to but distinct from the well-known anomaly [10]
of the standard heterotic string.

II. THE WORLDSHEET MODEL

The heterotic ambitwistor string has a worldsheet
action [6],

1 1
S = 5 /P OXH + ~ wﬂawusc, (1)
/3

where X is a closed Riemann surface, P, has conformal
weight (1,0) on Z, w* is a real fermion with conformal
weight (1,0), and S¢ is the action of a holomorphic
worldsheet current algebra for some gauge group G
(assumed to be simple and compact). The current, j¢,
associated to S¢ has conformal weight (1,0) and its operator

product expansion (OPE) on X takes the form,

ab abc ;¢ w
j%@fWQNQ?Wy+fzii)’ @)

where the indices a, b, ... run over the adjoint representa-
tion of G, k is the level of the worldsheet current algebra,
and f2°° are the structure constants.

It is easy to see that (1) is invariant under global
holomorphic reparametrizations as well as gauge trans-
formations generated by the constraints P> =0 =y - P.
These symmetries can be gauged, resulting in a consistent,
anomaly free 2D CFT when the space-time dimension d
and central charge of the worldsheet current algebra ¢ are
related by: ¢ =41 —3¢

The spectrum of this model contains gluons of the gauge
group G as well as gravitational d.o.f. The gravitational
modes correspond to a nonunitary theory of gravity which
is fourth order in derivatives [11]. The genus zero world-
sheet correlation functions of gluon vertex operators gen-
erate the entire tree-level S matrix of Yang-Mills theory in
the scattering equations form of [4] by isolating the single
trace contributions to the correlator from the worldsheet
current algebra. Double (and higher) trace terms—which
contribute with higher powers of the level k—are mediated
by the nonunitary gravitational modes.

As first observed in the context of similar chiral hetero-
ticlike worldsheet models [12], these “bad” gravitational
modes can be decoupled at genus zero by taking a limit
where k — 0 while £ s is held fixed, for g, the “string”

coupling constant Wthh effectively counts the genus of .
In this limit, only single trace contributions to a worldsheet
correlation function survive at genus zero. Globality and
unitarity of the worldsheet current algebra dictate that k be a

positive integer, so the k — 0 limit must be viewed as a
purely formal one which effectively removes the second
order pole from the OPE (2). Since our primary concern
will be anomalies, which can be computed locally on Z, the
formality of the limit will not be a problem.

Fixing k — 0, we introduce a background gauge poten-
tial A3(X) valued in the adjoint of G, which couples to the
worldsheet current algebra by

1 -
S¢ = S¢ +—/ A2 jaDXH. (3)
2 b

The purely quadratic nature of the worldsheet model (1) can
be preserved by absorbing the explicit dependence on the
background into the conjugate of X* (cf., [7] for the
analogous procedure in the gravitational context),

P,— P, +Ajj% =11, (4)

This leads to a worldsheet action
—I/HSXﬂ+1 ot + S (5)
T 2 VeV T e

with free OPEs of the worldsheet fields (in the k — O limit),

WML ~ 2 ()~
abe jc(y,,
e ~ LI, )

for n,, is the d-dimensional Minkowski metric.

The price for this simplicity (which is in stark contrast to
the complicated interacting 2D CFT obtained by coupling
the ordinary heterotic string to a background) is that I1, is
not invariant under local gauge transformations. Under an
infinitesimal gauge transformation with parameter €2,

AS — fabcgbAﬁ —8”8"’1, ja N fabcghjc’ (7)

which indicates that

I, — O8I, :== —j20,€2. (8)
This is a common feature of all curved fy systems, of which
(5) is an example [13], and is problematic only if I, has a
singular OPE with itself after a gauge transformation.
Fortunately, it is easy to check that

(Hu + 5H/4)(Z) (I, + 5Hu)<w) ~0, 9)
so the structure of the OPEs (6) is preserved under gauge
transformations. Note that infinitesimal gauge transforma-
tions can be implemented by a local operator O, = —¢2}2,
which obeys
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fabcea/lbjc
N =W

—w

O, (2) Oz(w)

, (10)
and acts correctly on all worldsheet fields.

III. YANG-MILLS EQUATIONS AS AN ANOMALY

The worldsheet action (5) has additional symmetries
beyond holomorphic reparametrization invariance. Indeed,
the action is invariant under the transformations

SXH = —ey”, Syt = e(I* — AF8 )
oll, = ey*0,A3 2, (11)

where ¢ is a constant fermionic parameter of a conformal
weight (—%,0). These transformations are generated by a
fermionic current

G = y#(I1, — A2j2), (12)

on the worldsheet, which is the extension of y - P to the
nontrivial gauge background. This current is a holomorphic
conformal primary of dimension 3/2 and is invariant under
gauge transformations of the background field.

The OPE of G with itself has only simple poles,
generating a bosonic current,

G(z2)G(w) ~ , (13)

—w

where H is the extension of P? to the nontrivial gauge
background,

H=TI2 — 2IM A3 2 + ABAMP ja 0 4 ity v F3, ja
— 0(9,A"3j3) + fabe AP HAR, (14)

As both G and H are composite operators on the world-
sheet, their definition as currents in the fully quantum
mechanical regime requires normal ordering to remove
singular self-contractions. We use a pointsplitting prescrip-
tion to do this; for example, the explicit normal ordering of
the second term in H is given by

" 1 (w)A5 (2) /% (z)
—=w

—201FA2j2(z) = % % d . (15)

where the integral is taken on a small contour in w around z.
From now on, we assume this normal ordering implicitly. It
is straightforward to check that the normal-ordered current
H is a conformal primary of dimension 2 and gauge
invariant.

Gauging the symmetries associated with these currents
leads to a worldsheet action

1 _ 1.
S = —/ IL,0X* + ~y,Oy* + yG + eH 4 S¢,  (16)
2 b 2

where the gauge fields y, e are fermionic of a conformal
weight (—1, 1) and bosonic of a conformal weight (=1, 1),
respectively. The worldsheet symmetries associated with
G,H can now be gauge fixed, along with holomorphic
reparametrization invariance; choosing a conformal gauge
with y = e = 0 leads to a gauge-fixed action

1 - | R = -z =
S:—/H”GX” + -y, Opt + bdc +b e+ iy + Se,
271' > 2
(17)

and associated Becchi-Rouet-Stora-Tyutin (BRST) opera-
tor charge

Q:j[cT+yG+EH+§y2. (18)

Here, (c,b) and (Z,b) are fermionic ghost systems for
which ¢, ¢ have a conformal weight (—1,0), while (y, §)
are a bosonic ghost system for which y has a conformal
weight (—1,0). In the BRST charge, 7 denotes the
(appropriately normal-ordered) holomorphic stress tensor
of the worldsheet CFT, including all contributions from the
worldsheet current algebra.

This gauge fixing is anomaly free if and only if the
BRST charge is nilpotent: Q> = 0. Given the free OPEs
(6), this calculation can be performed exactly—there is no
need for a background field expansion as in the analogous
calculation for the heterotic string [1]. It is straightforward
to show that Q%> = 0 only if the central charge of the
worldsheet current algebra obeys ¢ = 41 — %, and

G(z)H(w) ~ 0. (19)

The first of these conditions kills the holomorphic con-
formal anomaly; remarkably, it is completely independent
of the background fields. The second condition—that the
OPE between G and H be nonsingular—is trivially satisfied
in a flat background, but becomes nontrivial in the presence
of A%. Making use of the identity

PP(2) = j°j(2) = f2*°0)°(z), (20)

for normal-ordered products of the worldsheet current, one
finds

w'PD'F, Oy jPD'FL,)
(z—w)?

Wty D, Fy,

z—w '

G(z)H(w) ~ =3

—w

(21)
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where D, is the gauge-covariant derivative with respect
to A
Requiring (19) to hold then imposes the constraints

D'F§, =0, D[”ng] =0, (22)

on the background gauge field, which are precisely the

Yang-Mills equations and Bianchi identity. Furthermore,

these are the only constraints placed on the background

gauge field by anomaly cancellation in the 2D worldsheet

theory. Thus, nonlinear Yang-Mills theory (in any dimen-
sion) is described by an exact anomaly in a 2D chiral CFT.

IV. RECOUPLING GRAVITY AND THE
GAUGE ANOMALY

Gravitational d.o.f. (in the guise of multitrace terms) can
be recoupled by reinstating the level k& (now assumed to be a
positive integer). In the ordinary heterotic string, the
interplay between gravitational and gauge theoretic
d.o.f., mediated by the B field, leads to the Green-
Schwarz anomaly cancellation mechanism [10]. Naively,
one might expect a similar phenomenon to arise in the
heterotic ambitwistor string, especially since coupling to
the background gauge field (through the left-moving
worldsheet current algebra) is the same as in string theory
(cf., [14,15]). This means that we should encounter the
usual gauge anomaly associated with chiral fermions on the
worldsheet.

In heterotic string theory, resolving this gauge anomaly
relies crucially on the form of the B-field coupling to the
worldsheet CFT (cf., [16]). This leads to a modified gauge
transformation of the B field and the shift of its field
strength by a Chern-Simons term for the background gauge
field. In a chiral model such as the ambitwistor string, the
coupling of other background fields (including the B field)
is different and the resolution of the anomaly is no
longer clear.

To see this, it suffices to consider an Abelian background
gauge field A, now coupled to the worldsheet through an
(Abelian) current algebra of level k € Z,. Under a gauge
transformation A, — A, — 8ﬂe, the worldsheet field II,
transforms as I, — I, — jO,e. The gauge-transformed IT,,
now has a singular OPE with itself,

; 0,€0,¢ kaﬂsa(ays)

(Hﬂ _jaﬂg) (Z) (Hv _jaye) (W) ~ (Z —W)2 -

’

z—w
(23)

proportional to the level k. Such anomalous OPEs can be
removed in chiral CFTs of ffy type by compensating for the
gauge transformation with a shift of the I, field (e.g., [13]).
To remove the anomalous OPE (23), define the gauge
transformation of II, by

k
I, = I, — jO,e + Eaﬂeae. (24)

It is straightforward to check that this level-dependent shift
removes the singularities from (23), ensuring that I, has a
nonsingular OPE with itself in any choice of gauge.

Unfortunately, there is still a gauge anomaly at the level
of the worldsheet currents G and H. It is straightforward to
see that these currents are no longer gauge invariant; for
instance,

G-G+ gwa,,gae, (25)

under a gauge transformation with the proviso (24).
Furthermore, the OPE of G with itself now has a triple
pole contribution

k AFA,
3_|_...’

G(z)G(w) ~ (26)

(z—=w)

which must vanish. In other words, the G, H current algebra
imposes the gauge-dependent, algebraic equation of motion
A? = 0 on the background gauge field.

A potential remedy for this situation would be to modify
the current G. Such modification are constrained by
conformal weight and fermionic statistics to take the form

G- G+yty*y’H,, +y"C,0X", (27)
for some H,,, and C,, that depend only on X. Corrections
proportional to H,,,, are reminiscent of the standard Green-
Schwarz mechanism, but it is easy to see that they cannot
remove the gauge-dependent triple pole (26). While we
have been unable to use corrections proportional to C,, to
remove the gauge anomaly completely, there are some
suggestive hints which emerge.

Consider the modification of G given by

GoG+ IECI//”AMADBX”. (28)

It is worth noting that analogous terms appear in descrip-
tions of anomaly cancellation for the Green-Schwarz
formalism of the heterotic string [17], although the precise
connection (if any) is unclear. This modification removes
the triple pole (26) entirely and leads to O(k) modifications
of H,

H-H+ k(H"AﬂAUé?X” — Yyt A DA, — A2A,OXH |
1 1 )
— 5 0AOA" +50(0,(A"A,)0X")

2
—yrytd, (A,,A,;)a)(") + %AZ(AME)X”)z. (29)
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The modified G and H are worldsheet conformal primaries
of the appropriate dimension, although both are still gauge
dependent.

While these modifications do not remove all gauge depen-
dence, the OPE of G with H takes a remarkably simple form.
Indeed, on the support of the Maxwell equations for the
background gauge field, one finds the structure,

'ty wryty 0X°
G(HwW) ~ k| LYYy VYo
(z)H(w) C=w)? p— ()
s O 1OXY
L s T B ey B
=W —w
HOXYOXP Oyt oXY
+‘/’f )+ ’/’_ ¢, 30
Z w Z w

where the (- - -) stand for gauge-dependent tensors constructed
from the background gauge field. Although far from satis-
factory, these modifications do kill all O(k?) contributions to
the OPE, as well as terms proportional to I, and j—all of
which occur for generic modifications (27). Furthermore,
many of the terms appearing in (30) actually have a surpris-
ingly simple form; for instance, the double pole is

3k ytyty? 1
- AF, +— (), (31
2 (Z—W)2 H l/p+z_ ( ) ( )

G(z)H(w) ~
namely, a Chern-Simons term.

We expect that a full resolution of the gauge anomaly for
the heterotic ambitwistor string requires a full knowledge of
its coupling to other background fields. These fields obey
higher-derivative equations of motion, and there are addi-
tional fields (such as a massless three-form) which do not
appear in the standard heterotic string [6,11,18]. A recent
description of the effective free theory on space-time for
these fields should be a useful tool in this regard [19]. We
hope that future work will lead to a full resolution of these
issues.
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