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Spacetime geometry fluctuations and geodesic deviation
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The quantum fluctuations of the geodesic deviation equation in a flat background spacetime are
discussed. We calculate the resulting mean-squared fluctuations in the relative velocity and separation
of test particles. The effect of these quantum fluctuations of the spacetime geometry is given in terms of
the Riemann tensor correlation function. Three different sources of the Riemann tensor fluctuations are
considered: a thermal bath of gravitons, gravitons in a squeezed state, and the graviton vacuum state.
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I. INTRODUCTION

In flat space, parallel lines maintain their separation
forever. However, in curved spacetime, parallel geodesics
do not remain parallel when they are extended. The
mathematical statement of this physical phenomena is
given by the geodesic deviation equation, which shows
that the tidal force of a gravitational field causes mod-
ifications in the trajectories of neighboring particles [1].
Many studies concerning the behavior of the geodesic
deviation equation in several background gravitational
fields as well as their consequences can be found in
Refs. [2-6]. In general relativity, an important effect of
curvature is how it changes the relative separation between
two geodesic particles. This is a manifestation of the
gravitational field and hence the acceleration of the
deviation vector between two nearby geodesics contains
information about the curvature of the spacetime [7-10].

The properties of the curved spacetime which are
reflected by physics in a gravitational field can be evaluated
by analyzing the behavior of a set of neighboring geo-
desics, representing, e.g., a bundle of photons or a
distribution of massive test particles [11]. In order to study
this phenomenon, many different approaches have been
proposed [12-15].

On the other hand, the investigation of Brownian motion,
which can be described by the Langevin equation, played a
very important role for the establishment of the atomic
structure of matter. The discrete character of matter (micro-
scopic feature) causes fluctuations in the density of matter,
which, in turn, causes observable effects on the motion
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of the Brownian particle (macroscopic feature) [16].
Recently, the solutions of Langevin-type equations in
some astrophysical scenarios have been discussed in the
literature [17-23].

The knowledge of the behavior of a Brownian particle
immersed in a fluid of much smaller atoms, can give us, in
principle, some relevant information about the physics of these
objects [24]. The Brownian motion of test particles coupled to
quantized fields was studied in Refs. [25-27]. Similarly, we
can study the Brownian motion of test particles in a fluctuating
gravitational field to look for insights into quantum gravity
[28]. In this way, we will use the geodesic deviation equation
as a Langevin equation in which the Riemann tensor fluc-
tuates. These quantum fluctuations of the curvature modify the
motion of test particles and can be measured by the relative
velocity dispersion after an interaction.

The quantum fluctuations of the spacetime geometry can
be of two types: passive and active. The passive case is
generated by fluctuations of the quantum matter fields, that
is, fluctuations in the source of the gravitational field which
are described in terms of the stress and Ricci tensor
correlation functions [29-35]. The active case is due to
the quantum nature of gravity, that is, fluctuations of the
dynamical degrees of freedom of gravity itself, which
are given in terms of the Riemann tensor correlation
function [36-43].

This paper is organized as follows. In Sec. II we
introduce the geodesic deviation equation and obtain an
expression for the relative velocity dispersion. In Sec. III,
we evaluate this expression and compute the relative
distance fluctuations in the case of a thermal bath of
gravitons. In Sec. IV, we do the same for gravitons in a
squeezed state. In Sec. V, we sample the Riemann tensor
correlation function for the case of the graviton vacuum
state. Finally, in Sec. VI, the conclusions are given. We will
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use units in which # =c¢ =1 throughout the paper. In
Secs. Il and V, we use units in which 327G = 32x£3 = 1
where G is Newton’s constant and Zp;, is the Planck
length. However, in Sec. IV we will work in units where
G = ¢4, = 1 for consistency with previous references. In
all cases, we will restore powers £p; in the final results.

II. GEODESIC DEVIATION FLUCTUATIONS

Let us consider two test particles whose world lines are
nearby timelike geodesics, as illustrated in Fig. 1.

The 4-velocity, u*, and the separation vector, s#, are
given by

dx#
H=—0! 1
= (1)
and
dx*

H=""" — ek, 2

= =en (2)
where n*n, = 1, and n is a parameter which labels nearby

geodesics. Note that s* is a spacelike vector with magnitude
() which connects two points on the two geodesics with
the same values of the proper time, 7.

The variation of the separation vector between two
neighboring geodesics is described by the geodesic
deviation equation,

D2 g+
= R (3)
where RY , is the Riemann tensor. For particles on the

neighboring geodesics, their relative acceleration along the
separation direction is given by [44]

D2t

., s p
=y 2

a = —€R 0 un*u’. (4)

€n

FIG. 1. Timelike geodesics for two nearby falling particles,
with 4-velocity u#, and separation s* = en”, where n* is a unit
spacelike vector.

Thus, if the particles start at rest at proper time 7 = 0, then
we may approximately integrate the above expression to
find their relative velocity at a later time 7 = 7 as

Ds*

v=n,—
" dr

T
~ —e()A ’ dtR i (D)0 un*ut. (5)

Here we assume that the separation change during this
interval is small, so we may let € ~ €(0) = ¢, the initial
separation. We also assume that n# is constant to leading
order. Equation (5) defines a scalar velocity in the frame
where n* = (0, 7).

Now, let us suppose that the spacetime geometry is
subject to quantum fluctuations. In fact, given an ensemble
of geodesics, measurements of the relative velocity along
the same line will give different results. Therefore, we must
take the expectation value of these measurements as well as
the standard deviation. To do this, we will assume that the
Riemann tensor is subject to quantum fluctuations which
can be, in principle, active, passive or both. We have to
specify how the 4-vectors u#* and s* behave under the
fluctuations. The simplest assumption is that both u* and s#
do not fluctuate to lowest order in the perturbations of
spacetime. Physically, this is equivalent to assuming that
both the source and detector are located in a flat region, or
both are rigidly attached to one another by nongravitational
forces. Finally, we assume that the perturbation is negli-
gible at both the source and detector.

The mean relative velocity of the particles, (v), is now
obtained by averaging Eq. (5) as follows:

(v) = —€ /O (R o (7)) U (6)

The fluctuations around the mean trajectory in the direction
of n* are described by
Av =0 — (v)
7o
= 6o [ " lRyus (1) = Rpms ). (1)

Therefore, the variance of the relative velocity, ((Av)?),
can be expressed as

((Av)?)
= () -
2 o o / 1\ 3,4, A v 800 4,0
=€ dr A7’ Copyspe (X, X' ) u' nk u’ n u’n’u°,
0 0

(8)

where the Riemann tensor correlation

N
Ca/lyuy&pa (-x1 X ), is given by

function,
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<Ra/1;w (X)Ryépa (x/)>
- <Rai;4v(x)> <R}/6p0(x/)>' (9)

This expression describes the fluctuations of the Riemann
tensor. Here, the indices aduv refer to the spacetime point x
(which corresponds to the point ), while the indices ydpo
refer to the spacetime point x’ (which corresponds to the
point 7'). Equation (8) is our key result for the geodesic
deviation fluctuations and it applies to both active and passive
fluctuations of the spacetime geometry. In what follows, we
will evaluate the relative velocity dispersion given by Eq. (8)
for three different sources of active fluctuations.

Ca/lﬂyyépa (X, x/) =

III. THERMAL GRAVITON STATE

In this section, we will analyze the fluctuations produced
by a thermal bath of gravitons, which may be created, e.g.,
by the Hawking effect or cosmological particle production
[45,46]. In this case, let us suppose that the spacetime
geometry fluctuates in such a way that [47]

(R%) =0, (10)
but

<Raim/Ry5po'> 75 0. (1 1)

These two statements mean that we are neglecting the
average spacetime curvature due to the bath of gravitons.
Therefore, the average geometry corresponds to a flat
Minkowski spacetime. Furthermore, since we are dealing
with a thermal quantum state at temperature 7, the
Riemann tensor correlation function can be written as

C{zﬁyyyﬁprf = <Rm1;w (.X) Ryﬁpﬁ (.X/ ) >/)’ ’ ( 1 2)

where (R, (X)R,s5,4(X')) 5 is the thermal normal-ordered
Riemann tensor two-point function, with g =1/T.
Therefore, Eq. (8) reduces to

(@op) = ["ar [ (R

X R0 (X)) gr®utn u ' ulnfuc. (13)
Let us choose the case where both the source and

detector are initially at rest with respect to one another
and to the bath of gravitons. This choice is such that

= (1,0,0,0), (14)
n* =(0,1,0,0), (15)
where we have assumed that the particles are separated

in the x direction. Thus, substituting Eqgs. (14)—(15) into
Eq. (13), we obtain

(@op) = [ ar / © 42 (R ()

X Ry (x
- 60/ dT/ dT txtx txtx(x )>ﬁ’ (16)

where we have used the symmetry and cyclic properties of
the Riemann tensor, namely,

}nunununu

Ral/w = _R/la/w = _Raﬁw' (17)

Now, we introduce the thermal Riemann tensor two-
point function which was constructed from the vacuum
two-point function via the Matsubara method (see Ref. [44]
and references therein). It is given by

(R 3 Ros () = 3 (0 = 20808 + 00D, (18)
with
.y
Dy = 4;72 Z (A%)? — (At + inf)*’ (19)
where
8,0, = -2, (20)
A¥=3%-7, (1)
At=1t-1. (22)

In the last summation, the prime denotes that we have
removed the n = 0 term, which is the vacuum contribution.

Now we will examine the relative velocity dispersion
in one space dimension, that is, we may choose
Ay = Az = 0. Then, we can write Eq. (19) as

“+o00 /

ﬁ 47t2 Z Ax

n=—00

(At +inp)*” (23)

Next we assume that the two particles both start at rest in
our frame of reference, so we may use dr = dt in Eq. (16),
which becomes

((A0)?) =1, + 1 + 1., (24)

ty Iy 1
It:/ dt/ dr (—8?Dﬂ>, (25)
0 0 4
Iy ) , 1 )
Itx — dt dt —Ef)laxDﬁ N (26)
0 0

with
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fo ) 1
IX:/ dt/ dr'( 0Dy ). (27)
0 0 4

where 1, is the flight time, that is, the interaction time
between the particles and the thermal bath.

We are interested in the real part of Dy. Thus, we may
make the replacement

+oco / +00
> =2). (28)
n=-—o0 n=1
and take
1 —+00
N(Dy) = — 2
WDy =520 G (29)
with
G =9 ! (30)
- U (Ax)? = (At inp)?]’

where R denotes the real part. After that, we can evaluate
Eq. (24) by using an algebraic manipulation program.
However, the final expression is so long that no insight is
gained by writing it out.

Next, we will assume that Ax is small compared to At
and/or f, and hence can be ignored. We may compute the
relative velocity between the two test particles by taking the
following limits in the derivatives:

1 &7/ 1
—‘ny%ﬁxZ?ZX}E@%GV*)

n=1

w0

n=1
1 1 &/1
—OtD = - 0%G|
4% ﬂ|x_>x 27[22 4% |x—>x

zﬂzz [m} (33)

Thus, we can write the thermal normal-ordered Riemann
tensor two-point function as

<Rtxtx(x>Rtxrx x [} 2”22 |: W] (34)

Therefore, substituting Egs. (25)-(33) into Eq. (24), we
obtain

e ][ 8 8
<(AU)2>:—02 40d T (2 232\2
27 = |5n*pt S(t5 +np?)
64% 3 64t3

(35)

5(3 +n?p*)?  5(i% + n?p?)?

At this point, we can analyze the limits in which the time of
observation £, is large compared to the thermal parameter /3,
and vice versa.

A. Case 1: {; < f (short flight time or low temperature)
If ty < ff, we have

Ll Z 1?[2 6%2(2) _ 2567z5fpfot0 (36)
" on n°p 945p 945p
Here the rms relative velocity is given by
167[5/2fp1€0t0
Av ms = F— > 37
(Av) 31054 (37)

which grows linearly with the flight time. Recall that,
following the convention in Ref. [44], we set 322¢ %,1 =1lin
this section.

B. Case 2: t, > f (long flight time or high temperature)

In the limit when 7, > f, that is, in the observationally
reasonable limit where the wavelength of the gravitational
waves is small compared to the flight time of the particles
after the interaction with the thermal bath of gravitons, the
expression reduces to

2 +o0 27{26(2)

64n° L3 €]
"ol Z 5n4ﬁ4 -

((20)%) Tspt T 2255

(38)

where £p; is the Planck length. In this case, the rms relative
velocity approaches a constant, namely,

8753/2fpl€0

(Av)rms = Tﬁz

(39)

There are several noteworthy features of this result. First,
it is proportional to the Planck length, £p,. This arises from
the fact that the graviton Riemann tensor correlation
function, Eq. (9), is proportional to G = ¢3,, and reflects
the smallness of quantum gravity effects. Second, the
relative velocity of the test particles is proportional to their
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initial separation, ¢y. This arises because the tidal accel-
eration, Eq. (3), is proportional to the particle separation.
Recall that we have assumed that this separation does not
change dramatically, so €(7) = €. In addition, we assumed
in Eq. (30) that Ax < f8, which implies that €, < $. Finally,
note that (Av),,,, o =2 = T2, which can be understood on
dimensional grounds, given the factors of #p; and ¢ in the
numerator. However, in thermal equilibrium one expects
(Av), o T'/2. The reason for this difference is that
Eq. (39) describes the state of the system after a time long
compared to f, but well before thermal equilibrium has
been reached. Equilibrium requires a balance between
graviton absorption and emission processes, the latter of
which is not included in our analysis. In addition, the
equilibrium value of the mean speed should be independent
of the value of the coupling constant, G, which Eq. (39) is
not. The weakness of gravity ensures that the time required
to reach thermal equilibrium is much longer than the scales
which we consider.

C. Position fluctuations

From the previous calculations, note that the relative
velocity dispersion is not zero, that is, the nearby timelike
geodesics are affected by the gravitons. In this way, we are
interested in computing the relative distance dispersion
between the two test particles after their interaction with
the thermal bath of gravitons. The mean-squared distance
fluctuation in the x direction, as represented in Fig. 2, can
be calculated as follows:

affnf

/ 47 Ry ()R (). (40)

0

Following the same procedure used to obtain Eq. (39),
namely, setting Ax,Ay,Az=x0 in the denominator of
the Riemann tensor correlation function, which means
|AX| < At, the relative distance dispersion is given by

Ay

\s/
]

FIG. 2. Distance and velocity between two nearby timelike
geodesics after interaction with the thermal bath of gravitons.

4 412
((&r)%) Z Lanﬂl Sntpt

4(3t4 —62n%p* — n*pt)
15(2 + n2f?) }

, (41)

where we have set t = 7 > t;, which means that 7 is the
measurement time, i.e., the total time given by the sum of
the flight time and the time elapsed after the interaction.
In the + <« f limit, the relative distance dispersion and its
root-mean-square value are given, respectively, by

€ = 4t 64n €]
A 2\ 0 Pl 0 , 42
(O0) ~52) o= a2
87[5/2fp1€0t2
A = 43
On the other hand, for the ¢ > g limit, we have
€2 IR 42 3272432
A 2\ o 0 Pl 0 , 44
(Ar)) ~ 2 syt T 2054 (44)
4\/§ﬂ3/2l/ﬂpl€ol‘
A = 45
( )()rms 15ﬂ2 ( )
From Egs. (39), (37), (45), and (43), we have
A
(8 = B0 (ror 1), (46)
0
(AV) g
AY)pms = ——=—1 (for t> p). 47
(M) =0 (for 1) (47)

Therefore, we find in both cases a form of gravitational
wave memory effect (see Ref. [2] and references therein),
such that

(B2 )ims ~ (A0) st (48)
Note that while the test particles are in the thermal graviton
bath, our assumption that Ax < 8 in Eq. (40) requires that
(AY)ims < p. However, the timelike geodesics are sub-
sequently modified due to their passage through the thermal
bath. This modification is reflected in the growing distance
between the pair of particles and can in principle become
large as ¢ grows despite the smallness of the Planck length.

IV. GRAVITONS IN A SQUEEZED
QUANTUM STATE

In this section we will consider a spacetime region filled
with gravitons in a squeezed state which produce quantum
fluctuations on test particle geodesics. In principle, this
squeezed state could be due to the quantum creation of
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gravitons in a background gravitational field, as e.g., in the
course of a cosmological expansion or in the Hawking
process of black hole evaporation [48-51]. The squeezed
state is represented by |a,(), where a and { are the
displacement and squeezed parameters, respectively.
Consider a gravitational plane wave mode in a squeezed
state. The normal-ordered Riemann tensor correlation
function can be expressed as [47]

:C X/) = 4(5[(114““!1/””])(f[yAé][pfo])F(x, x’),

(49)

aluvydpo ()C s

with
F(x,x") = [cosh(2r) — 1] cos[£.(x¢ — x¢)]
—sinh(2r) cos[£.(x¢ +x'¢) + 6],  (50)

where £¢ = (w,. £*, ", %) is the specific wave vector of
the excited mode, w,, is the angular frequency, A, is the
|

Filwy. 1) = / " e / " F(x, ¥)
0 0

polarization tensor, and the parameters r, 0 are defined such
that ¢ = re. We have used the following convention for
the antisymmetrized tensor:

1
T[/u/] = 5 (T/w - Tl//l)' (51)

In this section only, we follow the convention of Ref. [47],
and use units in which #p; = 1. Substituting Egs. (49) and
(50) into Eq. (8), the relative velocity dispersion for test
particles subjected to gravitons in a squeezed state is
given by

((A0)?) = 4e5(£ 1Al ) (€ As L o)

X Wt U n unPuc f | (wg.19),  (52)

where the function f/(w,, 1) is calculated from Eq. (16),
again with dr = dt, leading to

_ / " / " 4 {[cosh(2r) — 1] coslay (1 — ) + £4(x — )]
0 0
—sinh(2r) cos[wy (1 + 1) + £ (x + X') + £, (y + ') + £.(2 + 2) + 0]}

4 i
= ;sinz (%) {2sinh?(r) cos[£, (x — x')] — sinh(2r) cos|w,to + £, (x + X') + £, (y + V') + £.(z + 2) + 6]},
g

where ¢, is the flight time, the interaction time between
the geodesic particles and the quantum state under con-
sideration.

In this last result, we have chosen Ay = Az = 0, that is,
we are again assuming that Ay and Az are small. It is worth
calling attention to the fact that f(w,?)), and hence
((Av)?), are independent of the displacement parameter a.
Therefore, the fluctuations depend only on the squeezing
parameter { in such a way that { = 0 (a coherent state)
induces no fluctuations:

r=0=¢(=0=f,=0=((Av)?)=0 (classical wave).

We will assume that the gravitational wave mode is in
the transverse-traceless gauge, in which the gravitational
perturbations have only spatial components 4;;, satisfying
d'h;; =0 and ki = 0. In fact, this choice is only a matter
of convenience, since our results were obtained from the
linearized Riemann tensor, which is gauge invariant. Thus,
the first vector product of Eq. (52) is given by

(53)
[
(f[aA,l]wf,,])n”u’ln”u”
= n*u'n*u
f[xAl][xft] X b X1
1
= Z (fotxft - fottl’ﬂx - l’ﬂtAxxft + ftAxtfx)
1 2
= _Z (fl) Axx
L
- —ngA+, (54)
where the polarization tensor A, is given by
0 0 0 O 0 0 0 O
A = 0 A, A, O _ 0 A, A, O
" 0 A, -A, O 0 A, —-A. 0]
0 0 0 O 0 O 0o o0
(55)

which is obviously traceless and purely spatial:
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n"A,, =0, Az, = 0. (56)

Therefore, there exists a nonzero effect on the relative
velocity dispersion due to gravitons in a squeezed state,
which depends on the (4) polarization as well as the
position. It is given by

(A0)?) = 4eo< LR )(—iwA

2
€
= Dl f1(0, 10). (57)

>f1 (0p:10)

In the 7, — O limit, we can expand Eq. (57) for fixed r in
order to find

2
((AD)?) ~ Za)gAi{2s1nh2( r)cos|ty(x — x')]
— sinh(2r) cos[Z(x + ') + £, (y + )
+?.(z+7) + 0]} (58)

A. Classical time dependence

In this subsection, we examine the expectation value of
the relative velocity, (v), which is given in terms of the first-
order contribution in the Riemann tensor fluctuations,
(Ruyu(x)). This quantity gives the classical time-dependent

|
7o 7o
gi(@y, 1) =/ dr/ d7G(x,x")
0 0

variation since it depends only upon the displacement
parameter, a. If { =0 the squeezed state becomes a
coherent state, which can describe a classical wave.

In order to evaluate (v), we can do a single integration of
the expectation value of the Riemann tensor over the proper
time dr by using Eq. (6). However, we want to calculate
(v)? directly from Eq. (8). Then, the squared mean change
in relative velocity can be written as

—60/ dr/ dt' (R, (x

X (R, 590 (x')yn"u* 0¥ u¥ n uPn’ u°. (59)

The right-hand side of the Riemann tensor correlation
function for gravitons in a squeezed state is given by [47]

< aruy (X) > < yépo (X/) >

=4 (CuAupln)(CpAspta)G(x, X),  (60)
14

where
G(x, x/) _ aZeife(x‘-k—x’E) + <a*)2e—it’€(x5+x’f)
+2|al? cos[£, (x¢ — X9)]. (61)

Thus, following the same procedure used to obtain
Eq. (53), and performing the integration of G(x, x), we get

_ /to dt/fo dt’{2|a|2 cos[a)g(t _ t/) + ?/px(x _ x/)} + (a*)Ze—i[a)g(t+z’)+fx(x+x’)+f),.(y+y’)+fz(z+z’)]
0 0

+ a2€i[wg(t+t’)+fx(x+x’)+fy (y+y')+, (z+z’)]}

e~ oyttt )+, (1Y )+ (242 (glogto —

2
D o (@) + el )+, ()4 .42

2

Wy

+ 2|a|Zei[a)gto-kfx(x+x’)+f).(y+y’)+z,"z(z+z’)] COS[fx(X — x’)]}‘ (62)

Therefore, the classical time-dependent variation of the relative velocity for a single mode is characterized by

<U>2 = 463(f[{1A/1][ﬂf1/] ) (f[yAﬁ] [/)f(r] )naulnﬂ u'n’ un® u’g (a)g: tO)

1 1
=4e; <_ Zw§A+> < 4 a)gAJr)gl (@y. 7o)

2
O

2 a)4A+91 (a)g, t)-

(63)

B. Special case: Transverse gravitational waves

Here, we will analyze the special case of transversely propagating gravity waves. These waves propagate with wave
vector given by £* = a)g(l,0,0, 1), while the test particles continue to have 4-vectors given by u* = (1,0,0,0) and
n* = (0, 1,0,0). Then, for a gravitational wave propagating in the z direction, we just need to set #,, = £, = 0in Eq. (53) in

order to define the function f;(w,, t)) as
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4 . (0] to .
fa(wgy.10) :Esm2 <%> {2sinh?(r)

—sinh(2r)cos|w ty+w,(z+2) +0]}.  (64)

Therefore, in the special case of transverse gravitational
waves, the relative velocity dispersion is given by

2
(40)%) = L wbA2 (@, 10). (65)
From Egs. (57) and (65), we conclude that the fluctuations
in the relative velocity depend on the degree of squeezing,
measured by the parameter (.
On the other hand, the classical time-dependent variation
of the relative velocity is given by

2
€
(0)? = @jAL g2 (g, 10), (66)

where the function g,(w,. ) is defined in a similar way as
g1(@y. 1y), when £, = £, = 0, namely,

e—iw_,,[210+(z+z’)] (eiw_,,to _ 1)2
92(wgvt0) - a)é
% {(a*)2 +2|a|2ei%[fo+(1+1/)] +a262iwy[tg+(z+z’)]}‘

(67)

Note that both functions g, (w,, ) and g,(w,, ;) depend
on the displacement parameter, @, but are independent
of the squeeze parameter, r. Therefore, we can say the
same for Egs. (63) and (66). Furthermore, in the o = 0
limit, we have that g, (a)g, t) = (@, ty) = 0, which
means a coherent state (r = 0 and a # 0) exhibits regular
time variation but does not fluctuate. In fact, from Eq. (53)
we can see that ((Av)?) = 0 for r = 0.

C. Estimating ((Av)?) from the value of the stress tensor

In this subsection, we will estimate the order of magni-
tude of ((Av)?) in the squeezed vacuum state when a = 0
and r> 1. In order to do this, we will assume the (+)
polarization for the gravitational waves, which implies
A, = 0. These assumptions lead to (v)?> = 0 and, therefore,
we have ((Av)?) = (v?). Thus, from Egs. (53) and (57),
with a suitable choice of 6, in a situation where many
modes are excited, we find the following asymptotic
behavior for large r:

2 87 V 2e2r
A2y w0t BT Y (Ap V(AL (AL
(8of) = ot s (A a8
wg 2r
=€} 5 (A2)(A7)(AZ). (68)

where the contribution from the (4) polarization is given by
A, = /8z/w,V. In the latter result, we have summed the
modes when the density of states is large, namely,

>~ e | 4= Gy Aean) 8. ©)

¢

where V is the quantization volume. Now, from the
effective stress tensor in the linearized theory, the vacuum
energy density for large r is given by [47]

) le

Too: m 525 (AC)(A%,)(AC,), (70)

Then, substituting Eq. (70) into Eq. (68), the relative
velocity dispersion can be expressed as

w3213l
<(AD)2> ~ 2gﬂ;2 FZ}’O :TOO: = 167[6%{]231 . TOO .. (71)
g9

In this case, the rms relative velocity dispersion is given by

(Av)rms ~ 4{]3160‘ /TP gy (72)

where p, = 1T is the graviton energy density. Recall that
Eq. (72) is valid only when €, <4, with 4, being the
characteristic wavelength of the gravitons in the bath. Unlike
the case of a thermal bath, where both energy density and
characteristic wavelength are determined by the temperature,
here p, and 4, can be independent of one another.

It is of interest to make an estimate of (Av),, in the
context of a cosmological model in which gravitons
contribute a non-negligible fraction of the total energy
density. Consider a spatially flat Robertson-Walker uni-
verse in which the present value of the Hubble parameter
is Hy, and the present total energy density is py. The
Friedmann equation gives

H} = 8?ITG,OT. (73)
Assume that gravitons contribute a fraction r of the total
energy density, so p, = rpr. Observational data on the
expansion rate of the Universe are consistent with r = 0,
and lead to an upper bound on r < 0.04 [51]. We may
combine Egs. (72) and (73) to write

A
(B0hs _\forH, < 0.5H,, (74)
€o

This relation gives an upper bound on and potentially an
estimate of the fractional relative speed (Av),,/€o in terms
of the Hubble parameter, whose value observed by the
Planck satellite is Hy ~ 67 km/s/Mpc [52]. If r is near its
upper bound, and ¢, is of the order of a few Mpc, then
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Eq. (74) gives the estimate (Av),,, & 10* km/s, which is of
the order of the peculiar motions of individual galaxies. This
estimate would require a present-day graviton bath with
A4 Z 1 Mpc, for which there is no obvious physical origin.
Smaller values of ¢, lead to smaller relative speeds from
Eq. (74), However, in the early Universe where the graviton
density could be much larger, the effect could increase.

|

((A)?) = 4€5(L1aAnul ) (€L As L o)) u

where the function f3(w,. 1) is given by

C()

D. Position fluctuation

In order to compute the relative distance dispersion for
two geodesic particles subject to the gravitons in a
squeezed state, we follow the same procedure used in
the thermal case, and perform two more integrals of the
function F(x,x'):

unut n? uln’ u® f(w,, ty), (75)

q, /drl/ dr/ dr]/ dr'F(x,x")

/ dtl/ dt/ a'tl/ dr'{[cosh(2r) — 1] cosla, (i — #) + £,(x — )]

— sinh(2r) cos|[w

such that

f3(wg7 t)

g

1
=3 {2sinh?(r) cos[l, (x — x')][Pw? — 21w, sin(1w,)

S+ )+ (x+ X))+ (v +Y) + (2 +2) + 6]}, (76)

—2cos(tw,) + 2]

+ sinh(2r){rPw} cos[0 + 1,(y + y') + L,(z + 2) + L, (x + x')]

+ 2tw,sin[0 + 1,(y + ') + 1.(z + 2') + L (x + x')]
+2cos[0 + 1,(y + ) + L(z+2) 4+ L(x + x) + tw,] —cos[0 + L, (y + ') + [ (2 + ') + L(x + %
—cosf + Iy(y + ') + L(z + 2) + L(x + X)] }}.

where we have set t = 7 > f,, which means that ¢ is the
total time.
Therefore, the relative distance dispersion is given by

(82) = LwjA? f3(@,.1). (78)

In the r — 0 limit, we can expand Eq. (78) for fixed r in
order to get

2

(Ag)?) ~ j’wgﬁ{; sinh?(r) cos[£, (x — x')]

1
~2 sinh(2r) cos[Z,(x +x') + £, (y + ')

+7,(z+7)+ 0 }z‘*. (79)

From Egs. (58) and (79), we have

((a0)?) ,

(Bn) =25 (50

—2tw,sin[0 4 L,(y + ') + L(z + 2') + L(x + X') + tw,]

) + 2tw, ]
(77)
I
The root-mean-square value is given by
A
(B )y = 20, (81)
Therefore, we conclude that
(A)()rms (Av)rms (82)

This is the same behavior as for the thermal case, given by
Eq. (48). As before, we need to require that (Ay) ., < 4,
while the test particles are in the graviton bath. However,
after leaving the bath, (Ay),s can become arbitrarily large

due to the gravitational memory effect.

V. GRAVITON VACUUM STATE

In this section, we will deal with fluctuations of the
Riemann tensor in the graviton vacuum state in linearized
quantum gravity. This state must approximate a corre-
sponding state in full quantum gravity in a suitable limit,
and exhibit nontrivial fluctuation effects. From Eq. (8), the
relative velocity dispersion can be expressed as
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((Av)*) = €5 / m dT/ Y Cppn (X)), (83)
0 0

where the Riemann tensor correlation function,
Cryrxreie (X, X7), is given in terms of the vacuum two-point
function, namely,

Ctxtxtxrx(x’ X/) = <Rtxtx(x)Rtxtx(x/)>
1

0} —2020: + 09D,  (84)

2(
with

1
D= s - ey (5

Substituting Egs. (20)—(22) into Eq. (84), we can write the
full expression of the Riemann tensor correlation function
in the graviton vacuum state as

Ctxtxtxtx(Ata Ax, Ay, AZ)
4 [(Ax? — Ar?)? + (Ay? + AZ?)?

22| (A AP+ A2 - AP
4(Ax% — A?)(AY* + AZ?)

_ , 86
(Ax? + Ay* + AZ> — AP?)° (86)

where Ar=t-17, Ax=x-x, Ay=y—y, and
Az = z — 7. Note that this correlation function is singular
in the limit of coincident spacetime points, so that the
integral in Eq. (83) diverges. We adopt the viewpoint that
the correct resolution of this problem involves averaging
over space and time.

A. Space and time averaging of quantum field operators

It is well known that while expectation values of
products of local field operators diverge, averaging the
operators over a finite spacetime region produces finite
expectation values. This technique of smearing a field
operator with a smooth test function is used as a formal
device in rigorous approaches to quantum field theory [53].
However, there is evidence that this averaging can have a
physical meaning in specific contexts. For example, the
one-loop QED correction to potential scattering can be
estimated by averaging the quantum electric field operator
over a time of the order of that spent by an electron in the
vicinity of the potential barrier [54]. The averaging of
quadratic operators, such as the stress tensor, in time or
space and time is essential to define a probability

distribution for the fluctuations of such operators [55-57].
Furthermore, the results are very sensitive to the choice of
the averaging function. The more rapidly the averaging
function switches on and off, the greater is the probability
of a large fluctuation. The physical origin of this sensitivity
is as follows: averaging suppresses the contributions of
the high-frequency modes of the theory and renders the
fluctuations finite. However, more rapid switching leaves a
larger contribution from high-frequency modes and hence
both a larger variance for the fluctuations and a greater
probability for a large fluctuation.

We adopt the viewpoint that the details of the averaging
function are to be determined by the specific physical
situation in question. In the present context of the fluctuations
in the Riemann tensor in a bundle of geodesics, this involves
averaging over the world tube defined by the bundle. This
approach was used in Refs. [58,59]. This averaging will
produce finite results which depend upon the details of the
averaging, as these details provide a physical cutoff on the
high-frequency mode contributions. In this view, there is no
need for a formal regularization and renormalization pro-
cedure. We replace the integrations on the proper time in
Eqg. (83) by four-dimensional spacetime integrations:

<(AU)2> = 6% /_+°° d4xf(x) /_+°° d4x/f(-x/)ctxtxtxtx(x’x/)’

(5] o]

(87)

where f(x) is the sampling function, which is normalized so
that [dxf(x) =1 and has dimensions of 1/length’.
It describes the history of a wave packet, and involves
integrating in time and averaging in space.

Here we will first average in space, and then integrate in
time. For the spatial averaging, we consider a Lorentzian
sampling function of width ¢ in each of the rectangular
coordinates x, y, z and X/, y', 7/,

¢

w0+ ) .

9. (u, @) =

so that

o0
/_ dug,(u.4) = 1. (89)

o]

This has the effect of averaging over a spatial scale of
order ¢b. Therefore, the Riemann tensor correlation function,
averaged over the spatial directions, may be defined by
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C(t —1,b) = /+oo d3Xf(X) /+°° d3x’f(x’)Ctxmx,x(x,x')

o0

= /_ ::o dxg,(x, ¢) /_ " dyg, (3. 4) /_ " dzg,(2.0) /_ :o dx'g, (x'.¢) /_ ::o ay'g.(y', $) /_ g, )

(5] (58

X Ctxtxtxtx(Ata Ax, Ay, AZ)
_ABL 46D (1= 1) — (1= 1)
B B0 + (1= 1) '

Here we have used the following identity:

[T a7 avaw pre-o
- / ™ dAxg, (Ax, b)F(Ax), (91)

with b = 2¢. Note that the light cone singularity present
in Eq. (86), is no longer present in C(r — ', b). We may
interpret the latter quantity as an acceleration correlation
function which has been averaged in space, but not in time.

B. Direct time integration

Because C'(t — ', b) is finite for all values of its argu-
ments, so long as b # 0, one option seems to be to integrate
|

<(AU)2>DTI =

16€31,6% 27Dty + 60b° 1 + 9bit3 + Tv/3(3b* + 12)? arctan(ty/v/3b))]

[58)

(90)

it directly in time to find the associated velocity and
position fluctuations. Define a velocity correlation function
obtained by direct time integration by

1A [5) A
Ot oleon = [ ar ["area-v). ©2)
0 0
and the associated velocity variance at time ?, by

((Av(1))*)prr = (0(10)v(10)) pr1- (93)

The latter quantity is found to be

In the limit that ¢, becomes large for fixed b, we find

56v/3e3¢3 64£%,€2 1?2
A 2 ~ 0” Pl _ P10 - .
(Ao )om~ 0, - TS 0] 09

One may also find the associated position fluctuations by
further time integrations,

(A7) 2)pm = / ", / " do(t)o(t))pm. (96)

and find

2.2 3
56€505,1;

((A%)*)pmi ~ S1V3bS

(97)

in the limit of large .

These results are puzzling, because they imply that the
mean-squared velocity of the particle grows linearly in
time. This is only possible if there is an external energy
source. It is useful to examine a somewhat different limit.

817b°(3b% + 12)?

. (94)

Let b = cty, where ¢ > 0 is a constant. Now Eq. (94) takes
the form

(A0 = f—< (98)

where K is a constant. Now ((Av)?)pp — 0 as ty — oo.
Thus if both b and 7, become large together, then the
velocity variance vanishes. At this point, it is unclear
whether the linear growth found in Eq. (94) is due to
holding b fixed, or to the sudden time switching used in the
direct time integration approach.

C. Lorentzian time integration
We next adopt an indirect way of integrating in time,
which we call Lorentzian time integration. It involves a
dimensionless Lorentzian function given by

¢2

w0 ) )

9. (u, @) =

This function has the property
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/_ﬂo dug, (u, ) = @, (100)

o0

so ¢ is the effective interval of integration. That is,
J7& dug, (u, ) F(u) is an integral of F(u) over an interval
of order ¢ centered about u = 0. The advantages of this
approach are that the integral can be finite even if F(u) has
a singularity somewhere in the range of integration, and it
avoids sudden switching.

In this subsection, we will use Lorentzian time integra-
tion to study velocity fluctuations. Thus, we integrate
C(t -1, b) using two functions of the form of Eq. (99),
and define the velocity variance as

«mmwm:%/”wm@m

+o0 N
x/ drg, (', )C(t -1, D)

2 +o0 N
— %/ drg, (7,a)C(z,b),

[Se]

(101)

where a = 2¢. In the last step, we used the fact that

“+o00 “+o00
/ mmw/ 415, (1. ) F(i — 1)

[Se]

_a /_ " deg, (v, ) F ().

[5e]

(102)

The integrand in the second line of Eq. (101) has first-
order poles at 7 = +iq and fifth-order poles at 7 = +i+/3b.
The integral may be performed by contour integration, with
the result

((Ao(1))?) 280G (3.3 ~ 1083dT?
v = a’ — a
MU 8172b5 (a? — 3b2)3
+ 594v/3a5b* (103)

+ 12964*b> — 4860V/3a3b° + 7776a%b7
+ 1215v/3ab® — 38881°). (104)

In the limit that @ becomes large for fixed b, we have
|

14+/3ael 3,

(Bo(0) P ~ =7 (105)

Given that the duration of the time integration is propor-
tional to a, this is essentially the same result as in Eq. (95),
with the velocity variance growing linearly in the flight
time. In fact, if we set a = 4xt), the two asymptotic forms
are identical. We can also consider the limit where a and b
are proportional to one another: set » = ca, so Eq. (104)
takes the form

!

(A0P)ir = 2. (106)

for some constant K’. Now ((Av)?); 1y = 0 as a — co.
Both Egs. (105) and (106) are in qualitative agreement
with the corresponding results, Egs. (95) and (98), found
using direct time integration. This indicates that the linear
growth of ((Ao())?) in time is not an artifact of sudden
temporal switching. However, the velocity variance does
not grow when both the flight time and spatial scale
increase together. This result suggests that we should
examine more general space and time averagings.

D. Averaging over world tubes of increasing width

In both of the previous subsections, the spatial scale b
was a constant, which means that we were averaging over
the history of a bundle of rays with a fixed spatial cross
section. However, more realistic beams tend to spread in
width as they propagate. Now we explore an averaging
method which describes this spreading. We return to the
Riemann tensor correlation function, Eq. (86). Now we
average it with Lorentzians of width b in (x, y, z), but width
b in (x',y',7'). However, this is equivalent to averaging
with Lorentzians of width b + b’ in each of Ax, Ay, and
Az, because of the identity

+oo +o0
/ dxg, (x,b) / dx' g, (x', b )F(x —x)

+00
= / dAxg, (Ax, b+ b')F(Ax).

(o]

(107)

Thus, we may define

N +o0 +o0
C(t—1,b,b") = / dxdydzg, (x,b)g,(y. b)g.(z. b) / dx'dy'dz' g, (X', b")g.(y'. ') g, (2, b') Cryppraax (AL, Ax, Ay, A7)

—o0

+00
= / dAxdAydAzg, (Ax, b+ b')g, (Ay, b+ D) g, (Az, b + ') C e (AL, Ax, Ay, AZ).

(5]

This may be evaluated with the result

C(t—1,bb) =

4B3(b+ D) +6(b+ b ) (t—1) = (1—1)%

(108)

m[3(b+ 1)+ (1 — 1)

. (109)
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So far, b and b’ have been constants, but they may be
functions of time without changing any of the above
analysis. Let them be linear functions given by
b =b(t) =ct+ by

and b =b({)=cl + by (110)

_ 4{B3[e(t+ 1) +2bo]* +6le(t+ 1) +2bo (1 — 1) — (1 = 1)}

where ¢ > 0 and by > 0 are constants. These functions
describe a bundle of rays that starts with a nonzero width,
which then grows linearly in time as the rays propagate.
Now the variable-width averaged acceleration correlation
function becomes

Cpo(t,8) =C(t=1,b(1),b'(7))

The velocity variance is obtained from an integral over ¢
and ¢ of C,,,(z,¢). In the limit of a long flight time, this
variance becomes

(Av)) = € A "t /O Tare,(nr).  (112)

This integral is finite so long as both ¢ and b are nonzero.
This is most easily seen by transforming to polar coor-
dinates, defined by r = zsin@ and ¢ = tcos 6,

(A0)2) :egf" dTA”/z d0:C,,(1.6).  (113)

The integrand is finite as 7 — 0 so long as by > 0. As
7 — oo, the integrand falls as 1/7° for all 8 if ¢ > 0, and
hence the integral converges at the upper limit. We can also
now understand why we found ((Av)?) growing with
increasing flight time in the two previous subsections.
Both of those cases correspond to ¢ = 0 in the present
notation. If ¢ = 0, the integrand in Eq. (113) grows for
large 7 if 6 = z/4, which is the t = ¢’ line. Note that on
dimensional grounds, ((Av)?) «x by,™*. The integral in
Eq. (112) may be evaluated numerically as a function of
the parameter c, and the result is plotted in Fig. 3.

bo((Av)?) /(e £2)
0.25¢

0.20

0.10

0.05

I I I N c
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 3. The velocity variance for the case of variable-width
spatial sampling is plotted as a function of the parameter c.

7 {3le(t + 1) +2bo)* + (t = 1)}

(111)

|

In summary, we have found that averaging over a geodesic
bundle with a fixed spatial cross section leads to a mean-
squared velocity which grows linearly in time. This requires
an external energy source to supply the added kinetic energy
to the particles. However, if the cross section grows linearly
in time, as would be the case for a diverging beam of
particles, then the mean-squared velocity approaches a
constant value. Furthermore, this asymptotic value is very
small unless the initial cross section is close to the Planck
scale. In other contexts, the lack of secular growth of vacuum
fluctuation effects can be linked to anticorrelations [59]. It is
of interest to explore whether similar anticorrelations exist
here as well. This is a topic for future research.

VI. CONCLUSIONS

In this work, we have analyzed the effects of fluctuations
of the spacetime geometry on the motion of test particles
using the geodesic deviation equation. Just as a classical
gravitational field leads to tidal acceleration and changes in
the relative velocities of test particles, a fluctuating gravi-
tational field leads to fluctuations in these relative velocities
and consequently fluctuations in the relative separations of
the particles. We treat the geodesic deviation equation as a
Langevin equation, which may be integrated to express the
relative velocity and position variances as integrals of a
Riemann tensor correlation function. Here we have con-
sidered fluctuations around an average flat spacetime
background produced by linear quantum gravity effects.
Thus we are dealing with active fluctuations of the
dynamical degrees of freedom of gravity, as opposed to
passive fluctuations driven by a matter stress tensor. The
source of the spacetime geometry fluctuations could be
either a bath of gravitons, or the graviton vacuum fluctua-
tions. We have considered both a thermal bath of gravitons,
and a bath of gravitons in a squeezed vacuum state. As
expected, the velocity and position variances tend to be
very small, and are suppressed by the square of the ratio of
the Planck length to a characteristic length scale of the
system. In the case of a thermal graviton bath, the variance
of the relative velocity approaches a constant at late time,
but the root-mean-square position fluctuation grows lin-
early in time. This can be interpreted as a version of the
gravitational memory effect [2].
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The discussion of graviton vacuum fluctuation effects,
given in Sec. V, requires averaging over both space and
time to produce finite results. We view this as averaging
over a world tube which describes the history of a set of test
particles. We found results which can be very sensitive
to the details of the averaging. This is to be expected,
because the details of the switch-on or switch-off rate
determine the frequencies of the vacuum graviton modes
which contribute to the final results. From this viewpoint,
the details of the world tube of the test particles provide a
physical cutoff which renders the theory finite, so there is
no need for formal regularization or renormalization. A test
of this viewpoint could in principle come from experiments
which measure the dependence of the observable fluctuation
effects upon the shape of this world tube. Although quantum
gravity effects cannot be observed at present, the same issues
could arise in analog systems with electromagnetic field
fluctuations which might be more accessible to experiment.
Determining whether large effects from rapid switching are
real or artificial effects which need to be subtracted by
renormalization is a topic for future study. In this paper, we
have worked only to lowest order in the Riemann tensor.
Whether the viewpoint which we adopted can be generalized
to higher orders remains to be determined.

In the case where the spatial width of the bundle of
geodesics is held constant, we found that the mean-squared
relative velocity grows linearly with the flight time. This
seems to require an external energy source to maintain the
constant width. However, it also raises the interesting
possibility of enhanced quantum gravity effects for long
flight times. However, we also found that if the spatial
width is allowed to grow, even if very slowly, as the
particles propagate, then the mean-squared relative velocity
approaches a constant.

There seem to be some subtle effects of spacetime
geometry fluctuations in linearized quantum gravity which
may elucidate the effects to be expected in a complete
quantum gravity theory.
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