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Jiří Novotný*

Institute of Particle and Nuclear Physics, Faculty of Mathematics and Physics, Charles University,
V Holešovičkách 2, CZ-180 00 Prague 8, Czech Republic

(Received 9 July 2018; published 17 October 2018)

We give a proof of the equivalence of the electric-magnetic duality on one side and helicity conservation
of the tree-level amplitudes on the other side within general models of nonlinear electrodynamics.
Using modified Feynman rules derived from a generalized normal ordered Lagrangian, we discuss the
interrelation of the above two properties of the theory also at higher loops. As an illustration we present two
explicit examples; namely we find the generalized normal ordered Lagrangian for the Born-Infeld theory
and derive a semiclosed expression for the Lagrangian of the Bossard-Nicolai model (in terms of the weak
field expansion with explicitly known coefficients) from its normal ordered form.
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I. INTRODUCTION

The electric-magnetic duality is a remarkable on shell
symmetry of the equation of motion of the Maxwell theory.
It also holds for some of its nonlinear generalization the
most famous of which is the one constructed by Born and
Infeld in the 1930s [1]. The general aspects of this type of
duality and of its extensions were studied in detail by
Gaillard and Zumino in a seminal paper [2], where also the
famous Noether-Gaillard-Zumino (NGZ) identity express-
ing the necessary and sufficient condition for the
Lagrangian of the duality invariant theory was obtained.
An iterative solution of the NGZ condition in terms of one
arbitrary function was found in [3] proving at the same time
that Maxwell and Born-Infeld (BI) theories are not only
self-dual cases but also that there is an infinite class of such
theories. Also various further generalizations were sug-
gested. The supersymmetric extensions of self-dual theo-
ries were constructed by Kuzenko and Theisen in [4,5]. In
[5] also self-dual higher derivative theories were discussed
for the first time. The analysis of the case of noncommu-
tative Maxwell type theories was performed by Banerjee
in [6,7].
The general solution of the NGZ condition was found by

Gaillard and Zumino in [8]. Their implicit construction of
the solution is again parametrized by means of one arbitrary
function of one external variable. This variable is implicitly
determined as a solution of certain (in a general case

transcendental) equation. Another alternative solution of
the NGZ condition of this type was constructed by Hatsuda,
Kamimura, and Sekiya in [9], where also nontrivial explicit
examples of the self-dual Lagrangians were given in a
closed form. A different approach to construction of the
Lagrangian of self-dual theories, which is based on
covariant perturbative deformations of Uð1Þ duality invari-
ant theories, was considered by Kuzenko and Theisen in [5]
and further elaborated by Bossard and Nicolai in [10] and
by Carrasco, Kallosh, and Roiban in [11]. In the latter
reference, the solutions of the corresponding nonlinear
twisted self-duality constraints for the Maxwell case, Born-
Infeld, and the Bossard-Nicolai (BN) model were discussed
in detail. An interesting insight into the construction of self-
dual theories was provided by Ivanov and Zupnik [12,13]
using the bispinor auxiliary fields. The authors also proved
that this approach appears to be fully equivalent to the one
based on the nonlinear twisted self-duality constraint. Both
the latter two approaches parametrize the general solution
of the NGZ condition in terms of one arbitrary functional
which has manifest Uð1Þ rotational symmetry. However,
the physical meaning of this functional is not completely
clear. Note also that, in spite of the progress in under-
standing the self-duality, only a few Lagrangians leading to
self-dual theories beyond the BI one are known in a closed
form. For instance, for the Lagrangian of the BN model
only the first eight terms of the weak field expansion have
been calculated explicitly [11] and its closed form is not
known yet.
The BI theory is a prominent member of the class of self-

dual theories and since its birth it has been subject of
countless studies. The renewed interest in this theory was
inspired by strings and D-branes: as was shown by Fradkin
and Tseytlin in [14], the BI Lagrangian can be interpreted
as a low energy effective theory describing the vector field
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coupled to the string ending on a D-brane (see also [15,16]).
It also naturally appears as a bosonic sector of the effective
theory which corresponds to the spontaneous breaking of the
N ¼ 2 toN ¼ 1 SUSY (see [17,18,16]). Also the tree-level
amplitudes in BI theory are special. First, they conserve
helicity; i.e. the amplitudes with nonequal number of helicity
plus and helicity minus photons (when all particles are
assumed to be outgoing) vanish identically. This was proved
in [19], where this property was interpreted as a consequence
of the self-duality of the theory, and independently in [20]
using Feynman diagrams. This results allow one to conclude,
that the helicity violating one-loop amplitudes in the BI
theory have vanishing imaginary parts and should be rational
functions which hopefully vanish too. However, the general
proof of the possible helicity conservation of the higher loop
amplitudes in BI theory still seems to be an open problem.
The second interesting property of tree-level amplitudes in
BI theory has been established quite recently in [21].
Namely, the tree-level amplitudes have a unique soft
behavior (they vanish) in the multichiral soft limit when
all the particles with the same helicity1 become simulta-
neously soft. This soft behavior constrains the amplitude
strongly enough to fix uniquely the BI theory (up to the
choice of the units2). Note also that the BI theory belongs to
the class of theories for which the Cachazo–He–Yuan
representation of the tree-level amplitudes exists [22].
It is a natural question which of the above properties of

the BI theory are connected intimately with the self-duality
only and can be thus proved for any self-dual theory. In this
study we concentrate mainly on the connection of the
helicity conservation and self-duality at the tree and loop
level in the general nonlinear QED. As a byproduct we find
a physical interpretation of the Uð1Þ rotational invariant
generating functional which appears in the auxiliary field
method of Ivanov and Zupnik (or equivalently in the
method of the nonlinear twisted self-duality constraint of
Carrasco, Kallosh, and Roiban) in terms of a certain
generalization of normal ordering, which simplifies the
Feynman rules for perturbative calculation of the S-matrix.
As an explicit example we find a normal ordered version of
the BI Lagrangian in a closed form (and rederive at the
same time the hypergeometric form of the BI Lagrangian
found originally in [23,24]) and calculate a semiclosed
form of the BN Lagrangian (in terms of infinite series
corresponding to the weak field expansion with explicit
coefficients). We also briefly discuss a general form
of the self-dual Lagrangian in terms of its normal ordered
form.
The article is organized as follows. In Sec. II we shortly

remind the reader of the basics of the nonlinear QED and

duality transformation and also fix our notation. In Sec. III
we briefly discuss various representations of the general
solutions of the NGZ identity (including a new one) and
give some examples of the self-dual Lagrangians beyond
the Maxwell and BI case. In Sec. IV we discuss the
quantization of nonlinear QED with stress on various
versions of the Feynman rules within different representa-
tions of the Lagrangian. Section V is devoted to the proof of
the tree-level helicity conservation in a general self-dual
QED. In Sec. VI we introduce the normal ordering and
modified Feynman rules and discuss the helicity conser-
vation at the loop level. We also find the normal ordered
form of the BI Lagrangian and the semiclosed form of
the BN Lagrangian and give a general prescription for the
transformation of the normal ordered Lagrangian into the
usual form. In Sec. VII we summarize the results.

II. NONLINEAR ELECTRODYNAMICS
AND DUALITY

In what follows we will consider models of the
nonlinear electrodynamic in four dimensions, the
Lagrangian of which is a functions of the field strength
tensor Fμν ¼ ∂μAν − ∂νAμ only. The most general such
Lagrangian can be written in the form

L ¼ −
1

4
FμνFμν þ LintðFμνÞ; ð2:1Þ

where LintðFμνÞ ¼ OðF4Þ. From the phenomenological
point of view, such models can appear as the leading order
in the derivative expansion of the nonlocal effective action
obtained by means of integrating out the massive charged
degrees of freedom. Let us mention in this context the
famous Euler-Heisenberg Lagrangian [25] (see also [26]
for a comprehensive review) which describes effective
interactions of the low-energy photons at energy scale p ≪
me where me is the electron mass,

LEH
int ðFμνÞ ¼

α2

90m4
e

�
ðFμνFμνÞ2 þ

7

4
ðF̃μνFμνÞ2

�

þO

��
α

me

�
3
�
: ð2:2Þ

Here

F̃μν ¼ 1

2
εμναβFαβ ð2:3Þ

is the dual field strengths and we have written explicitly
only the leading term in the fine structure constant α.
Another example is the Born-Infeld modification of the
Maxwell electrodynamics [1] designed originally in order
to solve the problem of the infinite electromagnetic self-
energy of the point charge

1Here we again assume all the particles to be outgoing.
2For example, up to one dimensionful parameter which

corresponds at the classical level to the maximal intensity of
the electric field.
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LBI ¼ −Λ4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
ημν þ

Fμν

Λ2

�s
þ Λ4

¼ −Λ4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

Λ4
F −

1

Λ8
G2

r
þ Λ4: ð2:4Þ

Here the two independent invariants F and G (in four
dimensions any other invariant is a function of these two)
are defined as

F ¼ 1

4
FμνFμν; G ¼ 1

4
FμνF̃μν: ð2:5Þ

The dimensionful scale Λ sets a limit on the maximal
possible intensity of the electric field, Emax ¼ Λ2. The
Lagrangian LBI also appears as an effective action describ-
ing fluctuations of the massless degrees of freedom of
an open string ending on a D-brane corresponding to the
string excitations longitudinal to the brane. In this context
Λ−2 ¼ 2πα0 ¼ T−1 where T is the string tension and α0 is
the Regge slope.
For further consideration it will be useful to reformulate

the Lagrangian in terms of the symmetric spinor fields ϕAB

and ϕ̄A
:
B
: defined as

Fμνσ̄
μ

AA
: σ̄ν

BB
: ¼ ϕABεA

:
B
: þ ϕ̄A

:
B
: εAB ð2:6Þ

where as usual σμ ¼ ð1; σÞ and σ̄μ ¼ ð1;−σÞ. Let us
note that

F̃μνσ̄
μ

AA
: σ̄ν

BB
: ¼ iϕABεA

:
B
: − iϕ̄A

:
B
: εAB: ð2:7Þ

As a consequence of the Cayley-Hamilton theorem for
two-by-two traceless matrices Φ≡ ϕA

B ¼ εACϕCB and

Φ̄≡ ϕ̄A
:

B
: ¼ εA

:
C
:

ϕ̄C
:
B
: we get

Φ2 ¼ − detΦ ¼ −
1

2
ϕADϕAD ≡ −

1

2
ϕ2 ð2:8Þ

and thus

TrΦ2n ¼ Tr

�
−
1

2
ϕ2

�
n
¼ ð−1Þn

2n−1
ðϕ2Þn; TrΦ2nþ1 ¼ 0

ð2:9Þ

and similarly for Φ̄. Therefore the most general invariant
built from Fμν only can be expressed as a function of two
independent invariants ϕ2 and ϕ̄2. For instance for the
above two invariants F and G we get

F ¼ 1

8
ðϕ2 þ ϕ̄2Þ; G ¼ i

8
ðϕ2 − ϕ̄2Þ; ð2:10Þ

and the most general Lagrangian (2.1) can be expressed as a
function of two variables Lintðϕ2; ϕ̄2Þ in the form

L ¼ −
1

8
ðϕ2 þ ϕ̄2Þ þ Lintðϕ2; ϕ̄2Þ; ð2:11Þ

where

Lint ¼
X

nþm>1

cnmðϕ2Þnðϕ̄2Þm ð2:12Þ

and where Hermiticity requires c�nm ¼ cmn.
The classical equations of motion without sources

expressed in terms of Fμν consist of the Bianchi identity
and the Euler-Lagrange equation

∂μF̃μν ¼ 0; ∂μGμν ¼ 0 ð2:13Þ

where

Gμν ¼ −2
∂L
∂Fμν ð2:14Þ

is the Lorentz covariant constitutive equation. The above
equations (2.13) are invariant with respect to the famous
duality transformation written in the infinitesimal form as

δFμν ¼ G̃μν ¼
1

2
εμναβGαβ; ð2:15Þ

δGμν ¼ F̃μν ¼
1

2
εμναβFαβ; ð2:16Þ

provided the Lagrangian satisfies the Noether-Gaillard-
Zumino relation [2]. The NGZ relation expresses consis-
tency of the transformation (2.15) and (2.16) with
definition of Gμν (2.14). Here we write it in the form
which appeared for the first time in [3] (see also [8,27]):

εμναβ
∂L
∂Fμν

∂L
∂Fαβ ¼

1

4
εμναβFμνFαβ þ C; ð2:17Þ

where C is an arbitrary constant. Provided we require the
weak field expansion of the constitutive relation of the form

Gμν ¼ Fμν þOðF2Þ;

i.e. the theory can be approximated in this limit by Maxwell
electromagnetism, we get for the constant C ¼ 0. In what
follows we restrict ourselves to this case and refer to the
theories satisfying (2.17) with C ¼ 0 as self-dual theories.3

3Let us also note that, as proved in [4], the theories satisfying
(2.17) for C ¼ 0 have a unique N ¼ 1 supersymmetric
extension.
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Note, however, that the duality transformation (2.15),
(2.16) is not an off-shell symmetry of the Lagrangian, but
an on-shell symmetry of the equations of motion.
In terms of the spinors ϕAB and ϕ̄A

:
B
: and analogous

spinors ΓAB and Γ̄A
:
B
: where

σ̄μ
AA

: σ̄ν
BB

: Gμν ¼ ΓABεA
:
B
: þ Γ̄A

:
B
: εAB ð2:18Þ

ΓAB ¼ −8
∂L
∂ϕ2

ϕAB; ð2:19Þ

Γ̄A
:
B
: ¼ −8

∂L
∂ϕ̄2

ϕ̄A
:
B
: ð2:20Þ

we can rewrite the duality transformation as

δϕAB ¼ −iΓAB; δϕ̄A
:
B
: ¼ iΓ̄A

:
B
: ; ð2:21Þ

δΓAB ¼ iϕAB; δΓ̄A
:
B
: ¼ −iϕ̄A

:
B
: : ð2:22Þ

The NGZ relation (2.17) in these variables reads (note that
the Lagrangian is a function of the invariants ϕ2 and ϕ̄2)

ϕ2

� ∂L
∂ϕ2

�
2

− ϕ̄2

� ∂L
∂ϕ̄2

�
2

−
1

64
ðϕ2 − ϕ̄2Þ ¼ 0; ð2:23Þ

see also [5], where it first appeared in this form. It is
straightforward to verify that the Born-Infeld Lagrangian,
which in the variables ϕAB and ϕ̄A

:
B
: reads

LBI ¼ −Λ4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

4Λ4
ðϕ2 þ ϕ̄2Þ þ 1

64Λ8
ðϕ2 − ϕ̄2Þ2

r
þ Λ4;

ð2:24Þ

satisfy the NGZ relation (2.23) and the theory is therefore
self-dual.
The NGZ relation (2.23) can be further simplified using

formally the variables

X� ¼ 1

2

� ffiffiffiffiffi
ϕ2

q
�

ffiffiffiffiffi
ϕ̄2

q �
ð2:25Þ

to the form

∂L
∂Xþ

∂L
∂X−

¼ 1

4
XþX− ð2:26Þ

or

∂L
∂X2þ

∂L
∂X2

−
¼ 1

16
: ð2:27Þ

This is the most suitable form for further consideration. In
the next section wewill discuss the solution of this equation

in more detail and give some explicit examples of self-dual
Lagrangians beyond the BI theory.

III. GENERAL SOLUTIONS OF THE
NGZ IDENTITY

The NGZ identity written in the form (2.27) is a partial
differential equation of the first order and as such it can be
solved using standard methods. Of course not all of its
solutions are physically acceptable. We typically require
analyticity of the resulting Lagrangian in the variables ϕ2

and ϕ̄2 at the origin and we also expect that the weak field
limit should reproduce the Maxwell electrodynamics. In
this section we give a general prescription and also
formulate the necessary condition for the above analyticity
requirement.
According to the general methods for a solution of the first

order partial differential equations by means of character-
istics, the general solution LðXþ; X−Þ of the equation (2.27)
can be expressed implicitly in terms of four functions p�ðuÞ
and x�ðuÞ which play the role of the one parametric set of
the initial values of the characteristics, namely

�4LðXþ;X−Þ ¼ p−ðuÞ½X2
− − x−ðuÞ� þpþðuÞ½X2þ − xþðuÞ�

þ
Z

du½pþðuÞx0þðuÞ þp−ðuÞx0−ðuÞ�:

ð3:1Þ

Here the prime denotes a derivative with respect to the
parameter u. These functions are subject of the constraints

pþðuÞp−ðuÞ ¼ 1 ð3:2Þ

pþðuÞ½X2þ − xþðuÞ� ¼ p−ðuÞ½X2
− − x−ðuÞ�: ð3:3Þ

The first constraint reduces the number of independent
functions to three while the second one allows one to
determine the parameter u in terms of the variables X�.
For instance, the Maxwell theory can be reproduced by the
choice

xM� ðuÞ ¼ 0; pM
� ðuÞ ¼ −1: ð3:4Þ

Because the functions p�ðuÞ and x�ðuÞ appear in the above
expressions in very special combinations, the above formula
can be further simplified in such a way that there is only one
arbitrary function left. Using integration by parts we get

�4LðXþ; X−Þ ¼ p−ðuÞX2
− þ pþðuÞX2þ

−
Z

du½p0þðuÞxþðuÞ þ p0
−ðuÞx−ðuÞ�:

ð3:5Þ
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Writing the explicit solution of the first constraint (3.2) in
the form

p−ðuÞ ¼ pðuÞ; pþðuÞ ¼
1

pðuÞ ð3:6Þ

we have

�4LðXþ; X−Þ ¼ pðuÞX2
− þ 1

pðuÞX
2þ þ

Z
du

p0ðuÞ
pðuÞ FðuÞ;

ð3:7Þ

where u is the solution of the second constraint (3.3), which
can be written in the form

1

pðuÞX
2þ − pðuÞX2

− ¼ FðuÞ ð3:8Þ

and the function FðuÞ is defined as

FðuÞ≡ 1

pðuÞ xþðuÞ − pðuÞx−ðuÞ: ð3:9Þ

Introducing a new variable z ¼ pðuÞ and denoting fðzÞ ¼
FðuðzÞÞ we can rewrite the second constraint (3.3) as

1

z
X2þ − zX2

− ¼ fðzÞ ð3:10Þ

and finally we get the Lagrangian represented implicitly in
terms of one arbitrary function fðzÞ

�4LðXþ; X−Þ ¼ zX2
− þ 1

z
X2þ þ

Z
dz
z
fðzÞ; ð3:11Þ

where z is the solution of (3.10).
In what follows we will mainly restrict ourselves to the

case when LðXþ; X−Þ is analytic in ϕ2 and ϕ̄2. Because the
resulting Lagrangian (3.11) depends on X� only through4

X2
�, assuming analyticity in X2

� the necessary condition for
such an analyticity can be expressed as a symmetry
condition

LðXþ; X−Þ ¼ LðX−; XþÞ: ð3:12Þ

This can be achieved by the choice of function fðzÞ which
satisfies

fðzÞ ¼ −f
�
1

z

�
: ð3:13Þ

Indeed, in such a case the solution of (3.10) with Xþ and
X− interchanged is just 1=z where z is the original solution

of (3.10) and the sum of the first two terms on the right-
hand side of (3.11) is therefore invariant. For the second
term we get immediately, provided we fix the lower limit of
the integration appropriately,5

Z
1=z

1

du
u
fðuÞ¼−

Z
z

1

dw
w2

wf

�
1

w

�
¼
Z

z

1

dw
w
fðwÞ: ð3:14Þ

Let us now give some simple examples. Taking

fBIðzÞ ¼ 2Λ4

�
z −

1

z

�
ð3:15Þ

and arranging the integration constant we reproduce the BI
Lagrangian

LBI ¼ −Λ4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2Λ4
ðX2þ þ X2

−Þ þ
1

4Λ8
X2þX2

−

r
þ Λ4:

ð3:16Þ

The apparently simplest one parametric deformation of the
BI Lagrangian can be obtained in this representation using

fMBIðz; aÞ ¼ fBIðzÞ − 4aΛ4:

The resulting Lagrangian reads

LMBI ¼ −Λ4

�
rðX2þ; X2

−Þ − a ln

�
aþ rðX2þ; X2

−Þ
1þ 1

2Λ4 X2
−

�
− c

�

ð3:17Þ

where

rðX2þ; X2
−Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2 þ 1

2Λ4
ðX2þ þ X2

−Þ þ
1

4Λ8
X2þX2

−

r
;

ð3:18Þ

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p
− a ln

�
aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p �
: ð3:19Þ

Note, however, that because fMBIðz; aÞ does not satisfy
(3.13) the LagrangianLMBI is not analytic for ϕ2 ¼ ϕ̄2 ¼ 0.
Indeed, the weak field expansion reads now

LMBI ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p

8
ðϕ2 þ ϕ̄2Þ þ a

4

ffiffiffiffiffiffiffiffiffiffi
ϕ2ϕ̄2

q

−
a

32Λ4

ffiffiffiffiffiffiffiffiffiffi
ϕ2ϕ̄2

q
ðϕ2 þ ϕ̄2Þ þ a2

128Λ4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p

× ½ϕ4 þ ϕ̄4 þ 2ð3 − 2a−2Þϕ2ϕ̄2� þ…: ð3:20Þ

4Note also that X2
� ¼ 2ðF �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 2 þ G2

p
Þ.

5Here we tacitly assume that either fð1Þ ¼ 0 or fðzÞ has at
most integrable singularity for z ¼ 1.
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Note also the noncanonical normalization of the kinetic
term.
Let us now relate the above construction of the self-dual

Lagrangian to those known from the literature. The
representation (3.11), (3.10) can be compared with the
general solution found in [8] defining a new variable
w ¼ −fðzÞ=z. Expressing z in terms of w we get

�4LðXþ; X−Þ ¼ zðwÞX2
− þ 1

zðwÞX
2þ − wzðwÞ

þ
Z

dwzðwÞ ð3:21Þ

and w is a solution of

X2
− ¼ 1

zðwÞ2 X
2þ þ w: ð3:22Þ

Finally, using this equation in (3.21) we get

�4LðXþ; X−Þ ¼
2

zðwÞX
2þ þ

Z
dwzðwÞ ð3:23Þ

which is nothing else but the Gaillard-Zumino representa-
tion which expresses the solution in terms of arbitrary
function zðwÞ. The latter representation has the advantage
that it allows one to find the function zðwÞ once the
Lagrangian LðXþ; X−Þ is known: for Xþ ¼ 0 we get
w ¼ X2

− and thus

zðwÞ ¼ � d
dw

4Lð0; ffiffiffiffi
w

p Þ: ð3:24Þ

For instance, for the BI theory we get immediately

zBIðwÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2Λ4 w
q : ð3:25Þ

Let us now define in (3.10) and (3.11) the following
variable

u ¼ z2 − 1

z2 þ 1
ð3:26Þ

and define in terms of this variable the following new
function

GðuÞ ¼ 1

2

zfðzÞ
z2 þ 1

: ð3:27Þ

It is then an easy exercise to rewrite (3.10) into the form

1

4
ðX2þ − X2

−Þ −
1

4
ðX2þ þ X2

−Þu ¼ GðuÞ ð3:28Þ

and (3.11)

�LðXþ; X−Þ ¼
1

4
X2þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p
−
uð1 − uÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p
�

þ 1

4
X2
−

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p
þ uð1þ uÞffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − u2
p

�

þ
Z

du
GðuÞ

ð1 − u2Þ3=2 : ð3:29Þ

Using now (3.28) we get

�LðXþ; X−Þ ¼
1

4
ðX2þ þ X2

−Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p
−

uGðuÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p

þ
Z

du
GðuÞ

ð1 − u2Þ3=2 ð3:30Þ

and finally

�LðXþ; X−Þ ¼
1

4
ðX2þ þ X2

−Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p
−
Z

du
uG0ðuÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p :

ð3:31Þ

The latter formula together with the algebraic equa-
tion (3.28) corresponds to Hatsuda-Kamimura-Sekiya rep-
resentation of the self-dual Lagrangian developed in [9]
in terms of arbitrary function GðuÞ. Note that under the
transformation z → 1=z the variable u transforms as
u → −u. Thus we get for the function GðuÞ

Gð−uÞ ¼ 1

2

zfð1zÞ
z2 þ 1

ð3:32Þ

and the necessary condition for analyticity of the
Lagrangian reads now

Gð−uÞ ¼ −GðuÞ: ð3:33Þ

The BI Lagrangian is then reconstructed using

GBIðuÞ ¼ Λ4u

and in [9] four more explicit examples were given, Note
however, that only one of them [namely the example 4 with
GðuÞ ¼ uð1þ au2=3Þ=b] satisfied the condition (3.33) and
lead to the analytic Lagrangian.

IV. QUANTIZATION OF THE NONLINEAR QED

The usual formulation of the perturbation theory for the
nonlinear electrodynamics at the quantum level requires a
gauge fixing. This procedure sets the form of the propa-
gator which then corresponds to the internal lines of the
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Feynman graphs. In the Feynman gauge, which is mani-
festly Lorentz covariant, we get a simple propagator of
the form

h0jTAμðxÞAνðyÞj0i¼−i
Z

d4p
ð2πÞ4e

−ip·ðx−yÞ ημν

p2þ i0
ð4:1Þ

The Feynman rules for the vertices are read off from the
interaction Lagrangian LintðFμνÞ treated as a functional of
the field AμðxÞ and the polarization vectors εμhðpÞ and their
complex conjugates are attached to the incoming and
outgoing external on-shell lines respectively. However,
for practical purposes of amplitude calculation, the direct
manipulation with the field AμðxÞ is rather clumsy because
for the simple form of the propagator we have to pay with
relatively complicated (usually infinitely many) interaction
vertices which depend on the derivatives of AμðxÞ. For the
general interaction Lagrangian of the form LintðFμνÞ it is
therefore much more convenient to work directly with the
field FμνðxÞ. The covariant propagator of the field FμνðxÞ
can be derived from (4.1) by means of taking appropriate
derivatives with the result

h0jTFμνðxÞFαβðyÞj0i ¼ i
Z

d4p
ð2πÞ4 e

−ip·ðx−yÞ P
μναβðpÞ
p2 þ i0

;

ð4:2Þ

where PμναβðpÞ is given by the expression

PμναβðpÞ ¼ −pμpαηνβ þ pμpβηνα þ pνpαημβ − pνpβημα:

ð4:3Þ

Note, however, that the propagator of the field FμνðxÞ
cannot be derived from any local kinetic term for the field
FμνðxÞ. Indeed, the tensor PμναβðpÞ can be rewritten as

PμναβðpÞ ¼ p2

�
1

2
ðημαηνβ − ημβηναÞ − ΠT

μναβ

�
;

where

ΠT
μναβ ¼

1

2
ðPT

μαPT
νβ − PT

μβP
T
ναÞ; PT

μν ¼ ημν −
pμpν

p2
:

ð4:4Þ

Therefore ΠT
μναβ is the transverse projector in the space

of the antisymmetric tensors and PμναβðpÞ is proportional to
the longitudinal projector which has no inversion.
Working directly with the fields FμνðxÞ the interaction

vertices are considerably simpler—they correspond to
nonderivative couplings of the field FμνðxÞ, now for the
price of a slightly more complicated propagator. Also the
external legs are now equipped with more complicated
polarization tensors

εμνh ðpÞ ¼ −ipμενhðpÞ þ ipνεμhðpÞ: ð4:5Þ

Nevertheless the resulting Feynman rules for the S-matrix
are completely equivalent to those based on the propagator
(4.1) and we get manifest gauge invariance term by term for
each Feynman diagram separately.
An even more efficient treatment, which shares the latter

property, is to decompose the propagator of the field FμνðxÞ
into the spinor basis ϕABðxÞ and ϕ̄C

:
D
: ðxÞ [cf. (2.6)]. The

free operators ϕABðxÞ and ϕ̄C
:
D
: ðxÞ are directly connected

with helicity: ϕABðxÞ annihilates helicity plus and creates
helicity minus states while ϕ̄C

:
D
: ðxÞ annihilates helicity

minus and creates helicity plus states.6 Another advantage
of this decomposition is that the most general interaction
Lagrangian LintðFμνÞ can be rewritten in the form (2.12)
and therefore can be treated as a function of ϕ2 and ϕ̄2.
The contraction of the spinor indices is thus considerably
simpler than the contraction of the original Lorentz indices
and the structure of the interaction vertices is then much
more transparent within this formalism.
The decomposition of the propagator (4.2) in the spinor

basis reads (see also [20])

h0jTϕABðxÞϕ̄C
:
D
: ðyÞj0i

¼ i
Z

d4p
ð2πÞ4 e

−ip·ðx−yÞ ½pAC
: pBD

: þ pAD
: pBC

: �
p2 þ i0

ð4:6Þ

h0jTϕABðxÞϕCDðyÞj0i

¼ −i
Z

d4p
ð2πÞ4 e

−ip·ðx−yÞ½εACεBD þ εADεBC� ð4:7Þ

h0jTϕA
:
B
: ðxÞϕC

:
D
: ðyÞj0i

¼ −i
Z

d4p
ð2πÞ4 e

−ip·ðx−yÞ½εA: C: εB: D: þ εA
:
D
: εB

:
C
: �: ð4:8Þ

Here as usual

pAB
: ¼ σ̄μ

AB
: pμ ð4:9Þ

and pAB
: ¼ pApB

: on shell.
Note that only the “mixed” propagator hTϕϕ̄i possesses

one particle pole with residue

½pAC
: pBD

: þ pAD
: pBC

: �on-shell ¼ 2pApBpA
: pB

: : ð4:10Þ

6In fact, the fields ϕAB and ϕ̄C
:
D
: correspond to the self-dual

combinations F�μν ¼ 1
2
ðFμν � iF̃μνÞ. The relation of the latter

fields to the helicity states and coherent states has been studied in
detail in [28].
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The corresponding Feynman rules associate therefore the
combination

ffiffiffi
2

p
pApB to each outgoing helicity minus and

ingoing helicity plus external leg and
ffiffiffi
2

p
pA

: pB
: to each

outgoing helicity plus and ingoing helicity minus external
leg. The remaining two propagators (4.7) and (4.8) are pure
contact terms proportional to the delta function of its space-
time arguments.7 Their presence is a direct consequence of
the simple form of the original covariant propagators (4.1)
and (4.2) we have started with.

V. HELICITY CONSERVATION IN NONLINEAR
QED AT TREE LEVEL

Let us now assume the S-matrix of the general nonlinear
QED. For our purposes it is convenient to treat it as a
functional S½ϕ; ϕ̄� of the classical off-shell fields ϕABðxÞ
and ϕ̄C

:
D
: ðxÞ. The functional S½ϕ; ϕ̄� is sometimes called the

normal symbol of the S-matrix: once we know S½ϕ; ϕ̄�, the
operator S-matrix Ŝ can be obtained by means of replacing
the functional arguments with free fields operators ϕABðxÞI
and ϕ̄C

:
D
: ðxÞI in the interaction picture and then applying

the usual normal ordering

Ŝ ¼ ∶S½ϕI; ϕ̄I�∶: ð5:1Þ

The analogous normal symbol T ½ϕ; ϕ̄� of the connected
S-matrix is related to S½ϕ; ϕ̄� via the relation

S½ϕ; ϕ̄� ¼ exp ðiT ½ϕ; ϕ̄�Þ: ð5:2Þ

The scattering amplitudes can be obtained directly form
T ½ϕ; ϕ̄� applying appropriate differential operators (for
pedagogical treatment of this formalism see e.g. [29]).
In what follows we will concentrate on theories the

scattering amplitudes of which conserve helicity. This
means that, when we treat all the external particles as
outgoing, the amplitudes vanish provided the total number
of helicity plus particles does not match the total number of
helicity minus particles:

Að1þ; 2þ;…; nþ; ðnþ 1Þ−; ðnþ 2Þ−;…; ðnþmÞ−Þ ¼ 0

for n ≠ m: ð5:3Þ

Because the fields ϕABðxÞ and ϕ̄C
:
D
: ðxÞ are associated with

helicity minus and helicity plus outgoing particles respec-
tively, the requirement of helicity conservation necessitates
the functional T ½ϕ; ϕ̄� to be invariant with respect to the
global Uð1Þ transformation

ϕ0
AB ¼ eiαϕAB; ϕ̄0

A
:
B
: ¼ e−iαϕ̄A

:
B
: : ð5:4Þ

Infinitesimally this means

Z
d4x

�
ϕABðxÞ

δT ½ϕ; ϕ̄�
δϕABðxÞ

− ϕ̄A
:
B
: ðxÞ δT ½ϕ; ϕ̄�

δϕ̄A
:
B
: ðxÞ

�
¼ 0: ð5:5Þ

Let us now prove that duality invariance is a necessary and
sufficient condition for helicity conservation of tree-level
amplitudes, i.e. that the leading order term of the functional
T ½ϕ; ϕ̄� in the quasiclassical expansion

T ½ϕ; ϕ̄� ¼ T tree½ϕ; ϕ̄� þOðℏÞ ð5:6Þ

satisfies (5.5) if and only if the theory is self-dual.
Let us first note that the perturbative construction of

S½ϕ; ϕ̄� is encoded in the representation

S½ϕ; ϕ̄� ¼ expO

�
δ

δϕ
;
δ

δϕ̄

�
exp ðiSint½ϕ; ϕ̄�Þ ð5:7Þ

where the differential operator in the functional derivatives

O

�
δ

δϕ
;
δ

δϕ̄

�
¼ −i

δ

δϕ
·
δ

δϕ
− i

δ

δϕ̄
·
δ

δϕ̄
þ i

δ

δϕ
· Δ ·

δ

δϕ̄
;

ð5:8Þ

with

ΔABC
:
D
: ðx; yÞ ¼

Z
d4p
ð2πÞ4 e

−ip·ðx−yÞ ½pAC
: pBD

: þ pAD
: pBC

: �
p2 þ i0

ð5:9Þ

implements the Wick theorem with propagators (4.6), (4.7)
and (4.8). Here and in what follows we use condensed
notation, e.g.

Δ ·
δ

δϕ̄
≡

Z
d4yΔABC

:
D
: ðx; yÞ δ

δϕ̄C
:
D
: ðyÞ ; ð5:10Þ

δ

δϕ
· Δ ¼

Z
d4xd4y

δ

δϕABðyÞ
ΔABC

:
D
: ðy; xÞ; ð5:11Þ

δ

δϕ
· Δ ·

δ

δϕ̄
≡

Z
d4xd4y

δ

δϕABðxÞ
ΔABC

:
D
: ðx; yÞ δ

δϕ̄C
:
D
: ðyÞ ;

ð5:12Þ

δ

δϕ
·
δ

δϕ
≡

Z
d4x

δ

δϕABðxÞ
εACεBD

δ

δϕCDðxÞ
; ð5:13Þ

7In fact these helicity violating propagators are unnecessary
and can be discarded by means of the procedure of normal
ordering which we describe in the next section.
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etc.8 We also tacitly assume some implicit UV regulariza-
tion,9 typically the dimensional regularization.10 The details
of this regularization are not essential when we restrict
ourselves to the tree level. We get then using (5.2)

δT ½ϕ; ϕ̄�
δϕAB

¼ e−iT ½ϕ;ϕ̄�eO½ δδϕ; δδϕ̄� δSint½ϕ; ϕ̄�
δϕAB

eiSint½ϕ;ϕ̄�

¼ e−iT ½ϕ;ϕ̄�e½OϕþOχþOχϕ� δSint½ϕ; ϕ̄�
δϕAB

eiSint½χ;χ̄�jχ¼ϕ;χ̄¼ϕ̄

ð5:14Þ

where we have doubled the number of fields in order to

separate the action of the operator eO½ δδϕ; δδϕ̄� on both factors
and introduced commuting operators

Oϕ ¼ O

�
δ

δϕ
;
δ

δϕ̄

�
; Oχ ¼ O

�
δ

δχ
;
δ

δχ̄

�
ð5:15Þ

Oχϕ ¼ −2i
δ

δϕ
·
δ

δχ
− 2i

δ

δϕ̄
·
δ

δχ̄

þ i
δ

δϕ
· Δ ·

δ

δχ̄
þ i

δ

δχ
· Δ ·

δ

δϕ̄
: ð5:16Þ

Acting now with the diagonal operators eOϕ and eOχ on
δSint½ϕ; ϕ̄�=δϕAB and eiSint½χ;χ̄� respectively we get

δT ½ϕ; ϕ̄�
δϕAB

¼ e−iT ½ϕ;ϕ̄�eOχϕ
δSint½ϕ; ϕ̄�
δϕAB

eiT ½χ;χ̄�jχ¼ϕ;χ̄¼ϕ̄: ð5:17Þ

Note that within dimensional regularization

Oϕ
δSint½ϕ; ϕ̄�

δϕAB
¼ 0 ð5:18Þ

because δSint½ϕ; ϕ̄�=δϕAB is local and therefore Oϕ gen-
erates massless tadpoles. Equivalently we can set the
left-hand side of (5.18) effectively to zero when we are
interested in tree-level graphs only. The action of the
operator eOχϕ on δSint½ϕ; ϕ̄�=δϕAB shifts its functional
arguments according to

ϕ → ϕ − 2i
δ

δχ
þ iΔ ·

δ

δχ̄
; ϕ̄ → ϕ̄ − 2i

δ

δχ̄
þ i

δ

δχ
· Δ

ð5:19Þ

and commuting the functional eiT ½χ;χ̄� (treated as an oper-
ator) with functional derivatives δ=δχ and δ=δχ̄ shifts these
derivatives

δ

δχ
eiT ½χ;χ̄� ¼ eiT ½χ;χ̄�

�
δ

δχ
þ i

δT ½χ; χ̄�
δχ

�
: ð5:20Þ

As a result of this operation, we get δT =δϕAB in the form of
an action of the differential operation on trivial functional
F½χ; χ̄� ¼ 1

δT
δϕAB

¼ δSint
δϕAB

½J ; J̄ �1jχ¼ϕ;χ̄¼ϕ̄ ð5:21Þ

and similarly

δT
δϕ̄A

:
B
:
¼ δSint

δϕ̄A
:
B
:
½J ; J̄ �1jχ¼ϕ;χ̄¼ϕ̄ ð5:22Þ

where J and J̄ are differential operators in functional
derivatives given by

J ¼ ϕþ 2
δT ½χ; χ̄�

δχ
− Δ ·

δT ½χ; χ̄�
δχ̄

þ ℏ
δ

δχ
þ iℏΔ ·

δ

δχ̄

ð5:23Þ

J̄ ¼ ϕ̄þ 2
δT ½χ; χ̄�

δχ̄
−
δT ½χ; χ̄�

δχ
· Δþ ℏ

δ

δχ̄
þ iℏ

δ

δχ
· Δ:

ð5:24Þ

In these formulas we restored the dependence on the Planck
constant. At tree level therefore, writing

Sint½ϕ; ϕ̄� ¼
Z

d4xLintðϕðxÞ2; ϕ̄ðxÞ2Þ; ð5:25Þ

and taking the leading terms in the expansion in ℏ on both
sides of (5.21), (5.22) we get

δT tree

δϕAB
¼ δSint

δJAB
½J; J̄� ¼ 2JAB

∂LintðJ2; J̄2Þ
∂J2 ; ð5:26Þ

δT tree

δϕ̄A
:
B
:
¼ δSint

δJ̄A
:
B
:
½J; J̄� ¼ 2J̄A

:
B
: ∂LintðJ2; J̄2Þ

∂J̄2 : ð5:27Þ

Here we denoted (using our condensed notation)

J ¼ J jℏ→0;χ¼ϕ;χ̄¼ϕ̄ ¼ ϕþ 2
δT tree

δϕ
− Δ ·

δT tree

δϕ̄
ð5:28Þ

8The helicity consrevation condition (5.5) reads within this
notation

ϕ ·
δT tree

δϕ
− ϕ̄ ·

δT tree

δϕ̄
¼ 0:

9We also assume that Sint contains all the necessary counter-
terms. Note, however, that these are of the order OðℏÞ and higher
and can be effectively set to zero in what follows when we restrict
ourselves to the tree level.

10In this case, in order to preserve the four-dimensional spinor
algebra, we assume a dimensional reduction scheme.
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J̄ ¼ J̄ jℏ→0;χ¼ϕ;χ̄¼ϕ̄ ¼ ϕ̄þ 2
δT tree

δϕ̄
−
δT tree

δϕ
· Δ: ð5:29Þ

Note that the right-hand sides of (5.26) and (5.27) are local
when expressed in terms of the variables J and J̄. From
(5.26) and (5.27) it follows

ϕ ·
δT tree

δϕ
− ϕ̄ ·

δT tree

δϕ̄

¼
Z

d4x

�
2ϕABJAB

∂Lint

∂J2 − 2ϕ̄A
:
B
: J̄A

:
B
: ∂Lint

∂J̄2
�
: ð5:30Þ

Using (5.28) and (5.29) and with help of (5.26) and (5.27)
we can express ϕAB as a functional of JAB and J̄A

:
B
:

ϕ ¼ J − 2
δT tree

δϕ
þ Δ ·

δT tree

δϕ̄

¼ J − 4J
∂Lint

∂J2 þ 2Δ · J̄
∂Lint

∂J̄2 ð5:31Þ

and similarly

ϕ̄ ¼ J̄ − 4J
∂Lint

∂J̄2 þ 2
∂Lint

∂J2 J · Δ ð5:32Þ

and with the help of (5.30)

ϕ ·
δT tree

δϕ
− ϕ̄ ·

δT tree

δϕ̄

¼
Z

d4x

�
2J2

∂Lint

∂J2 − 2J̄2
∂Lint

∂J̄2 − 8J2
�∂Lint

∂J2
�

2

þ 8J̄2
�∂Lint

∂J̄2
�

2
�
: ð5:33Þ

Note that the right-hand side is local again when expressed
in terms of J and J̄: the nonlocal terms containing the
mixed propagator ΔA

:
B
:
AB completely canceled each other.

Inserting now [cf. (2.11)]

∂Lint

∂J2 ¼ 1

8
þ ∂L
∂J2 ;

∂Lint

∂J̄2 ¼ 1

8
þ ∂L
∂J̄2 ð5:34Þ

into (5.33) we get finally

ϕ ·
δT tree

δϕ
− ϕ̄ ·

δT tree

δϕ̄

¼
Z

d4x

�
−8J2

�∂L
∂J2

�
2

þ 8J̄2
�∂L
∂J̄2

�
2

þ 1

8
J2 −

1

8
J̄2
�
:

ð5:35Þ

But the on the right-hand side of this equation we recognize
the NGZ constraint (2.23) vanishing of which is the

necessary and sufficient condition for self-dual theories.
Therefore at tree level the helicity is conserved if and only if
the theory is self-dual.

VI. NORMAL ORDERING AND MODIFIED
FEYNMAN RULES

Writing in the formula (5.7) for the normal symbol of
the S-matrix11

expO

�
δ

δϕ
;
δ

δϕ̄

�
¼ exp

�
i
δ

δϕ
· Δ ·

δ

δϕ̄

�

× exp

�
−i

δ

δϕ
·
δ

δϕ
− i

δ

δϕ̄
·
δ

δϕ̄

�
; ð6:1Þ

we can rearrange the calculation of S½ϕ; ϕ̄� as

S½ϕ; ϕ̄� ¼ exp

�
i
δ

δϕ
· Δ ·

δ

δϕ̄

�
exp ðiSNOint ½ϕ; ϕ̄�Þ: ð6:2Þ

Here the normal ordered12 interaction action SNOint ½ϕ; ϕ̄� is
defined as

exp ðiSNOint ½ϕ; ϕ̄�Þ ¼ exp

�
−i

δ

δϕ
·
δ

δϕ
− i

δ

δϕ̄
·
δ

δϕ̄

�
× exp ðiSint½ϕ; ϕ̄�Þ: ð6:3Þ

Because the operator

Olocal ≡ −i
δ

δϕ
·
δ

δϕ
− i

δ

δϕ̄
·
δ

δϕ̄
ð6:4Þ

is local and does not generate space-time derivatives of ϕ,
ϕ̄, the functional SNOint ½ϕ; ϕ̄� is also local, i.e.

SNOint ½ϕ; ϕ̄� ¼
Z

d4xLNO
int ½ϕ; ϕ̄�; ð6:5Þ

and Lint½ϕ; ϕ̄� is a function of the invariants ϕ2 and ϕ̄2 only.
Provided the normal ordered interaction action SNOint ½ϕ; ϕ̄� is
known, we can calculate the S-matrix equivalently using
formula (6.2), i.e. using only the mixed propagator hTϕϕ̄i
for the internal lines. This approach is much more effective
and also more physical because only the mixed propagator
has the one-particle pole. The contributions of the contact
propagator terms are naturally accumulated in the normal
ordered interaction vertices derived from LNO

int ½ϕ; ϕ̄�.
Note that Eq. (6.3) has the same structure as for-

mula (5.7). Therefore, SNOint ½ϕ; ϕ̄� is represented with

11Note that the individual terms in (5.8) are all commuting
operators.

12The term “normal ordered” here should not be confused with
the usual operator normal ordering with respect to the creation
and annihilation operators.
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connected graphs generated by the Wick contractions
encoded in the operator expOlocal. Moreover, because
the operator Olocal generates local contractions, the loop
graphs are proportional to δð4Þð0Þ, which vanish in dimen-
sional regularization. So that within dimensional regulari-
zation, which we will implicitly assume in what follows,
only the tree graphs contribute. We can therefore start with
(6.3) and repeat all the manipulations which lead us from
(5.7) to Eqs. (5.26) and (5.27). The results is

δSNOint ½ϕ; ϕ̄�
δϕAB

¼ ∂LNO
int ½ϕ; ϕ̄�
∂ϕAB

¼ 2JAB
∂LintðJ2; J̄2Þ

∂J2 ; ð6:6Þ

δSNOint ½ϕ; ϕ̄�
δϕ̄A

:
B
:

¼ ∂LNO
int ½ϕ; ϕ̄�
∂ϕ̄A

:
B
:

¼ 2J̄A
:
B
: ∂LintðJ2; J̄2Þ

∂J̄2 ; ð6:7Þ

in this case with

J ¼ ϕþ 2
∂LNO

int ½ϕ; ϕ̄�
∂ϕ ; J̄ ¼ ϕ̄þ 2

∂LNO
int ½ϕ; ϕ̄�
∂ϕ̄ : ð6:8Þ

Expressing now ϕ and ϕ̄ in terms of J and J̄ we get
therefore an analog of (5.33) and finally an analog of
(5.35), again with the NGZ constraint on the right-hand
side:

ϕAB
∂LNO

int ½ϕ; ϕ̄�
∂ϕAB

− ϕ̄A
:
B
:
∂LNO

int ½ϕ; ϕ̄�
∂ϕ̄A

:
B
:

¼ −8J2
�∂L
∂J2

�
2

þ 8J̄2
�∂L
∂J̄2

�
2

þ 1

8
J2 −

1

8
J̄2:

We can thus conclude that the theory is self-dual if and
only if the corresponding normal ordered interaction
Lagrangian LNO

int ½ϕ; ϕ̄� is Uð1Þ invariant, i.e. provided its
dependence on ϕ and ϕ̄ is through the combination ϕ2ϕ̄2

only: LNO
int ½ϕ; ϕ̄� ¼ Lðϕ2ϕ̄2Þ.

A. Helicity conservation at higher loops

The latter statement allows us to enlarge the validity of
the conclusion of the previous section concerning tree-level
helicity conservation to all higher loop graphs with vertices
derived from self-dual Lagrangian of the type (2.11)
satisfying the NGZ condition. Indeed, note that in the
formula (6.2) the operator exp ði δ

δϕ · Δ · δ
δϕ̄
Þ preserves hel-

icity. Therefore provided the theory is self-dual, the
corresponding normal ordered interaction Lagrangian
LNO
int ½ϕ; ϕ̄� is Uð1Þ invariant, and therefore so must be

the S-matrix S½ϕ; ϕ̄�. This implies the helicity conservation.
Of course, here we assume that the implicit regularization
does not violate the Uð1Þ symmetry and therefore only
Uð1Þ symmetric counterterms are needed.
Remarkably, this can be formally understood also on

the Lagrangian level. Note that the mixed propagator
hTϕϕ̄i ¼ iΔ satisfies

Z
d4zΔABC

:
D
: ðx − zÞεC

:
G
:

εD
:
H
:

ΔEFG
:
H
: ðz − yÞ

¼ 2δð4Þðx − yÞ½εAEεBF þ εAFεBE� ð6:9Þ
Z

d4zΔABC
:
D
: ðx − zÞεAEεBFΔEFG

:
H
: ðz − yÞ:

¼ 2δð4Þðx − yÞ½εC: G: εD: H: þ εC
:
H
: εC

:
G
: �: ð6:10Þ

Therefore, introducing formal functional Gaussian
integration

exp

�
i
δ

δϕ
· Δ ·

δ

δϕ̄

�

¼
Z

DφDφ̄ exp

�
i
4
φ · Δ · φ̄þ φ ·

δ

δϕ
þ φ̄ ·

δ

δϕ̄

�
;

ð6:11Þ

we can represent the right-hand side of the formula (6.2) as

S½ϕ; ϕ̄� ¼
Z

DφDφ̄ exp

�
i
4
φ · Δ · φ̄þ φ ·

δ

δϕ
þ φ̄ ·

δ

δϕ̄

�
exp ðiSNOint ½ϕ; ϕ̄�Þ

¼
Z

DφDφ̄ exp

�
i
4
φ · Δ · φ̄

�
exp ðiSNOint ½ϕþ φ; ϕ̄þ φ̄�Þ

¼
Z

DφDφ̄ exp
�
i
4
ðφ − ϕÞ · Δ · ðφ̄ − ϕ̄Þ

�
exp ðiSNOint ½φ; φ̄�Þ: ð6:12Þ

The latter formula formally corresponds to the functional integral representation of the S-matrix in theory with “classical
normal ordered action” SNO½φ; φ̄� of the form

SNO½φ; φ̄� ¼ 1

4
φ · Δ · φ̄þ SNOint ½φ; φ̄�; ð6:13Þ
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which is formulated solely in terms of gauge invariant fields
φ and φ̄ without necessity to relate it to the potential Aμ.
This is in contrast to the original action S½φ; φ̄�

S½φ; φ̄� ¼ −
1

8
φ2 −

1

8
φ̄2 þ Sint½φ; φ̄�; ð6:14Þ

for which the path integral quantization needs φ and φ̄ to be
expressed in terms of Aμ and a gauge fixing term has to be
added.
For self-dual theories the action SNO½φ; φ̄� shows mani-

fest Uð1Þ symmetry and implies therefore also manifestly
the helicity conservation. Note, however, that the kinetic
term of this action is nonlocal; nevertheless, it generates
formally the right propagator hTϕϕ̄i ¼ iΔ. This is the price
we pay for working directly with the variables φ and φ̄.

B. Calculation of the normal ordered Lagrangian

According to the definition (6.3), the normal ordered
interaction Lagrangian LNO

int ½ϕ; ϕ̄� can be obtained as a sum
of connected graphs with vertices from Sint½ϕ; ϕ̄� and
internal lines corresponding only to the contact propagators
hTϕϕi and hTϕ̄ ϕ̄i [see (4.7) and (4.8)]. Because of the
locality, the loops are proportional to δð4Þð0Þ which van-
ishes in the dimensional regularization and thus only the
tree-level graphs are relevant. These can be summed up as
follows. Let us rewrite (6.3) in the form

expðiSNOint ½ϕ;ϕ̄�Þ

¼
Z

DφDφ̄eð−
i
4
φ·φ− i

4
φ̄·φ̄þφ· δδϕþφ̄· δ

δϕ̄
ÞeiSint½ϕ;ϕ̄�

¼
Z

DφDφ̄eð− i
4
φ·φ− i

4
φ̄·φ̄ÞeiSint½ϕþφ;ϕ̄þφ̄�

¼
Z

DφDφ̄eð− i
4
ðφ−ϕÞ·ðφ−ϕÞ− i

4
ðφ̄−ϕ̄Þ·ðφ̄−ϕ̄ÞþiSint½φ;φ̄�Þ: ð6:15Þ

The result of the tree-level calculation of the functional
integral then corresponds to

SNOint ½ϕ; ϕ̄� ¼ Sint½φ; φ̄� −
1

4
ðφ − ϕÞ · ðφ − ϕÞ

−
1

4
ðφ̄ − ϕ̄Þ · ðφ̄ − ϕ̄Þ; ð6:16Þ

where φ, φ̄ satisfy the classical equation of motion

−
1

2
ðφ − ϕÞAB þ ∂Lint

∂φAB ¼ 0;

−
1

2
ðφ̄ − ϕ̄Þ

A
·
B
· þ ∂Lint

∂φ̄A
·
B
· ¼ 0: ð6:17Þ

Therefore

LNO
int ½ϕ; ϕ̄� ¼ Lint½φ; φ̄� −

∂Lint

∂φAB

∂Lint

∂φAB
−

∂Lint

∂φ̄A
·
B
·

∂Lint

∂φ̄
A
·
B
·

ð6:18Þ

and φ, φ̄ are solutions of (6.17). Note that both Lint½φ; φ̄�
and LNO

int ½φ; φ̄� are functions of the invariants φ2 and φ̄2,
therefore,

∂Lint

∂φAB ¼ 2φAB
∂Lint

∂φ2
: ð6:19Þ

Finally we rewrite (6.18) as

LNO
int ðϕ2; ϕ̄2Þ ¼ Lintðφ2; φ̄2Þ − 4φ2

�∂Lintðφ2; φ̄2Þ
∂φ2

�
2

− 4φ̄2

�∂Lintðφ2; φ̄2Þ
∂φ̄2

�
2

; ð6:20Þ

and the equations (6.17) can be written in the form

ϕ2 ¼ φ2

�
1 − 4

∂Lintðφ2; φ̄2Þ
∂φ2

�
2

;

ϕ̄2 ¼ φ̄2

�
1 − 4

∂Lintðφ2; φ̄2Þ
∂φ̄2

�
2

: ð6:21Þ

The summation of the tree graphs with the contact
propagators hTϕϕi and hTϕ̄ ϕ̄i is therefore equivalent to
the solution of the algebraic equations (6.21) with respect to
φ2 and φ̄2 and inserting then the solution into (6.20).
Let us note that the relation (6.3) connecting the original

Lagrangian with the normal ordered one is invertible,
namely

exp ðiSint½ϕ; ϕ̄�Þ ¼ exp

�
i
δ

δϕ
·
δ

δϕ
þ i

δ

δϕ̄
·
δ

δϕ̄

�
× exp ðiSNOint ½ϕ; ϕ̄�Þ: ð6:22Þ

Repeating the above formal manipulation we can write the
result of the inversion as

Lintðϕ2; ϕ̄2Þ ¼ LNO
int ðφ2; φ̄2Þ þ 4φ2

�∂LNO
int ðφ2; φ̄2Þ
∂φ2

�
2

þ 4φ̄2

�∂LNO
int ðφ2; φ̄2Þ
∂φ̄2

�
2

; ð6:23Þ

where now φ2 and φ̄2 are solutions of algebraic equations

JIŘRÍ NOVOTNÝ PHYS. REV. D 98, 085015 (2018)

085015-12



ϕ2 ¼ φ2

�
1þ 4

∂LNO
int ðφ2; φ̄2Þ
∂φ2

�
2

;

ϕ̄2 ¼ φ̄2

�
1þ 4

∂LNO
int ðφ2; φ̄2Þ
∂φ̄2

�
2

: ð6:24Þ

Let us note that the starting point for derivation of
Eqs. (6.23) and (6.24) is the analog of (6.16) and (6.17),
namely

Sint½ϕ; ϕ̄� ¼ SNOint ½φ; φ̄� þ
1

4
ðφ − ϕÞ · ðφ − ϕÞ

þ 1

4
ðφ̄ − ϕ̄Þ · ðφ̄ − ϕ̄Þ; ð6:25Þ

where φ, φ̄ satisfy the classical equation of motion

1

2
ðφ − ϕÞAB þ ∂LNO

int

∂φAB ¼ 0;
1

2
ðφ̄ − ϕ̄Þ

A
·
B
· þ ∂LNO

int

∂φ̄A
·
B
· ¼ 0:

ð6:26Þ

This can be directly compared with the auxiliary field
construction of the self-dual actions of Ivanov and Zupnik
[12,13]. Up to a different normalization of the fields, the
normal ordered action can be identified with the Uð1Þ
invariant off-shell action from their construction where φ, φ̄
play the role of the auxiliary fields.
In the next two subsections we will illustrate the

application of the correspondence Lint ↔ LNO
int in two

special cases for which we can obtain the solution of both
problems in a closed form.

C. Normal ordered form of the Born-Infeld Lagrangian

As the first illustration, let us find the normal ordered
form of the BI Lagrangian. In the case of BI theory it is
convenient to use the following change of variables (first
introduced in [30]):

φAB¼
1ffiffiffi
2

p ψAB
1þ η̄

1−ηη̄
; φ̄

A
·
B
· ¼ 1ffiffiffi

2
p ψ̄

A
·
B
·
1þη

1−ηη̄
ð6:27Þ

where

η ¼ ψ2

16Λ4
; η̄ ¼ ψ̄2

16Λ4
; ð6:28Þ

and therefore

φ2¼8Λ4η

�
1þ η̄

1−ηη̄

�
2

; φ̄2¼8Λ4η̄

�
1þη

1−ηη̄

�
2

: ð6:29Þ

In [31] it was found that, when expressed in terms of these
new fields, the BI Lagrangian simplifies to a rational
function of η and η̄

LBI ¼ −Λ4
ηþ η̄þ 2ηη̄

1 − ηη̄
; ð6:30Þ

and the interaction part looks like

LBI;int ≡ LBI þ
1

8
ðφ2 þ φ̄2Þ ¼ −Λ4ηη̄

ð1þ ηÞð1þ η̄Þ
ð1 − ηη̄Þ2 :

ð6:31Þ

Inserting now the new parametrization into (6.20) we get

LNO
BI;intðϕ2; ϕ̄2Þ ¼ 2Λ4ηη̄

1þ ηη̄

ð1 − ηη̄Þ2 ð6:32Þ

and the algebraic equations (6.21) are transformed to

ϕ2 ¼ 8Λ4
η

ð1 − ηη̄Þ2 ; ϕ̄2 ¼ 8Λ4
η̄

ð1 − ηη̄Þ2 : ð6:33Þ

From the latter equation we get

ϕ2ϕ̄2 ¼ 64Λ8
ηη̄

ð1 − ηη̄Þ4 ; ð6:34Þ

or

4wð1 − zÞ4 − z ¼ 0; ð6:35Þ

where

z ¼ ηη̄; w ¼ ϕ2ϕ̄2

ð16Λ4Þ2 : ð6:36Þ

Therefore, the normal ordered BI Lagrangian reads

LNO
BI;intðϕ2; ϕ̄2Þ ¼ 8Λ4

ϕ2ϕ̄2

ð16Λ4Þ2 ð1þ ηη̄Þð1 − ηη̄Þ2

¼ 8Λ4wð1þ zÞð1 − zÞ2; ð6:37Þ

where z is a solution of (6.35). This quartic equation has
four solutions; however, only one of them is analytic for
w ¼ 0. The proper solution can be inserted into right-hand
side of (6.37) using the general formula (see also [24]
where this approach has been used in similar context)

fðz0Þ ¼
1

2πi

Z
C
dz

fðzÞ
FðzÞF

0ðzÞ ð6:38Þ

where fðzÞ is an analytic function at z0 while z0 is a simple
zero of FðzÞ, i.e.

Fðz0Þ ¼ 0; F0ðz0Þ ≠ 0

and there is no other zero of FðzÞ inside the closed curve C.
Choosing f ¼ LNO

BI;intðzÞ and FðzÞ ¼ z − 4wð1 − zÞ4 we get
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LNO
BI;intðϕ2; ϕ̄2Þ ¼ 8Λ4w

1

2πi

I
jzj¼ε

dz
ð1þ zÞð1 − zÞ2
z − 4wð1 − zÞ4

× ð1þ 16wð1 − zÞ3Þ: ð6:39Þ

The contour in the last formula picks up the solution of
(6.35) which vanishes for ϕ, ϕ̄ → 0 provided ε is small
enough. The integrand can be expanded in powers of w and
we get

LNO
BI;intðϕ2; ϕ̄2Þ

¼ 8Λ4w
1

2πi

I
jzj¼ε

dz
z
ð1þ zÞð1 − zÞ2ð1þ 16wð1 − zÞ3Þ

×
X∞
n¼0

4nz−nð1 − zÞ4nwn ð6:40Þ

and after some straightforward algebra

LNO
BI;intðϕ2; ϕ̄2Þ

¼ 8Λ4
X∞
n¼0

4nwnþ1
1

2πi

I
jzj¼ε

dz
z
ð1þ 4zþ 3z2Þ ð6:41Þ

×
X4nþ1

k¼0

�
4nþ 1

k

�
ð−1Þkz−nþk: ð6:42Þ

Calculating the residue at z ¼ 0 we get in the end

1

2πi

I
jzj¼ε

dz
z
ð1þ 4zþ 3z2Þ

X4nþ1

k¼0

�
4nþ 1

k

�
ð−1Þkz−nþk

¼ ð−1Þn
��

4nþ 1

n

�
− 4

�
4nþ 1

n − 1

�
þ 3

�
4nþ 1

n − 2

��

¼ ð−1Þn2 ð4nþ 1Þ!
ð3nþ 2Þ!ðnþ 1Þ!

and thus

LNO
BI;intðϕ2; ϕ̄2Þ ¼ 16Λ4w

X∞
n¼0

ð4nþ 1Þ!
ð3nþ 2Þ!ðnþ 1Þ! ð−4wÞ

n

ð6:43Þ

where

w ¼ ϕ2ϕ̄2

ð16Λ4Þ2 : ð6:44Þ

The power series (6.43) can be summed up and
LNO
BI;intðϕ2; ϕ̄2Þ is given in a closed form as

LNO
BI;intðϕ2; ϕ̄2Þ ¼ −

3

2
Λ4

	
3F2

��
−
1

2
;−

1

4
;
1

4

�
;

�
1

3
;
2

3

�
;

−
22

33
ϕ2ϕ̄2

Λ8

�
− 1



: ð6:45Þ

Remarkably the same function appears in the expression
for the hypergeometric form of the BI Lagrangian found in
[23,24]. Of course this is not an accidental coincidence, as
we have discussed above.
Explicitly we get for the weak field expansion

LNO
BI;intðϕ2; ϕ̄2Þ ¼ ϕ2ϕ̄2

32Λ4
−

½ϕ2ϕ̄2�2
2048Λ12

þ 3
½ϕ2ϕ̄2�3

131072Λ20
þ…:

ð6:46Þ

The simple form of (6.46) should be compared with the
expansion of the original Lagrangian (2.24)

LBI;intðϕ2; ϕ̄2Þ ¼ ϕ2ϕ̄2

32Λ4
−
ϕ2ϕ̄2½ϕ2 þ ϕ̄2�

256Λ8

þ ϕ2ϕ̄2½ðϕ2Þ2 þ 3ϕ2ϕ̄2 þ ðϕ̄2Þ2�
2048Λ12

−
ϕ2ϕ̄2ðϕ2 þ ϕ̄2Þ½ðϕ2Þ2 þ 5ϕ2ϕ̄2 þ ðϕ̄2Þ2�

16384Λ16

þ ϕ2ϕ̄2

131072Λ20
½ðϕ2Þ4 þ 10ðϕ2Þ3ϕ̄2

þ 20ðϕ2ϕ̄2Þ2 þ 10ϕ2ðϕ̄2Þ3 þ ðϕ̄2Þ4� þ…

for which the helicity conservation is a result of subtle
cancellations of direct and induced contact terms (i.e. those
stemming from gluing together the original vertices with
local parts of the propagators).

D. The simplest helicity conserving theory
and the Bossard-Nicolai model

Let us now illustrate the inverse problem: suppose that
the normal ordered Lagrangian is known and try to identify
the original one. Our example will be the apparently
simplest helicity conserving theory which corresponds to
normal ordered Lagrangian with only one quartic vertex
[such a theory was assumed in [32] as the simplest
interaction (SI) model]

LNO
int ðϕ2; ϕ̄2Þ ¼ λ

4
ϕ2ϕ̄2: ð6:47Þ

In this case we get the formula for the original Lagrangian
(6.23) in the form
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Lintðϕ2; ϕ̄2Þ ¼ λ

4
φ2φ̄2 þ 4φ2

�
λ

4
φ̄2

�
2

þ 4φ̄2

�
λ

4
φ2

�
2

¼ λ

4
φ2φ̄2½ð1þ λφ2Þð1þ λφ̄2Þ − λ2φ2φ̄2�

ð6:48Þ

while the algebraic equations determining φ2; φ̄2 as a
functions of ϕ2 and ϕ̄2 (6.24) simplifies to

φ2ð1þλφ̄2Þ2−ϕ2¼0; φ̄2ð1þλφ2Þ2− ϕ̄2¼0: ð6:49Þ

Let us denote for short z ¼ φ2 and z̄ ¼ φ̄2. The generali-
zation of (6.38) to the case of two variables reads in our
case

Lintðϕ2; ϕ̄2Þ ¼ 1

ð2πiÞ2
I
jzj;jz̄j¼ε

dzdz̄
hðz; z̄Þh̄ðz; z̄Þ

× det
∂ðh; h̄Þ
∂ðz; z̄Þ fðz; z̄Þ; ð6:50Þ

where we again choose the double contour in order to pick
up the right solution. In the above formula [see (6.48)]

fðz; z̄Þ ¼ λ

4
zz̄½ð1þ λz̄Þð1þ λzÞ − λ2zz̄�; ð6:51Þ

and [see (6.49)]

hðz; z̄Þ ¼ zð1þ λz̄Þ2 − ϕ2; h̄ðz; z̄Þ ¼ z̄ð1þ λzÞ2 − ϕ̄2:

ð6:52Þ

For the Jacobian we have then

det
∂ðh; h̄Þ
∂ðz; z̄Þ ¼ ð1þ λz̄Þð1þ λzÞ½ð1þ λz̄Þð1þ λzÞ − 4λ2zz̄�:

ð6:53Þ

Expanding Lintðϕ2; ϕ̄2Þ given by (6.50) in powers of ϕ2 and
ϕ̄2 we get

Lintðϕ2; ϕ̄2Þ ¼ 1

ð2πiÞ2
λ

4

X
n;m

ðϕ2Þnðϕ̄2Þm
I
jzj;jz̄j¼ε

dzdz̄
znð1þ λz̄Þ2nþ1z̄mð1þ λzÞ2mþ1

× ½ð1þ λz̄Þð1þ λzÞ − 4λ2zz̄�½ð1þ λz̄Þð1þ λzÞ − λ2zz̄� ð6:54Þ

and after some algebra the double integral can be rewritten a form of the linear combination of factorized single variable
integrals

Lintðϕ2; ϕ̄2Þ

¼ 1

ð2πiÞ2
λ

4

X
n;m

ðϕ2Þnðϕ̄2Þm
I
jzj;jz̄j¼ε

dzdz̄½fn;2m−1ðzÞfm;2n−1ðz̄Þ−5λ2fn−1;2mðzÞfm−1;2nðz̄Þ þ 4λ4fn−1;2mðzÞfm−1;2nðz̄Þ�

ð6:55Þ

where

fk;lðxÞ ¼
1

xkð1þ λxÞl : ð6:56Þ

The resulting single variable integrals can be evaluated
using residue theorem

1

2πi

I
jzj¼ε

dzfk;lðzÞ ¼
1

ðk − 1Þ! ð−λÞ
k−1lðlþ 1Þ…ðlþ k − 2Þ

¼ ð−λÞk−1
�
lþ k − 2

k − 1

�
: ð6:57Þ

As a result

Lintðϕ2; ϕ̄2Þ ¼
X
n;m≥1

cnmðϕ2Þnðϕ̄2Þm ð6:58Þ

where the coefficients are explicitly given as

cnm ¼ ð−1Þnþm λnþm−1

4

��
nþ 2m − 3

n − 1

��
mþ 2n − 3

m − 1

�

− 5

�
nþ 2m − 3

n − 2

��
mþ 2n − 3

m − 2

�

þ 4

�
nþ 2m − 3

n − 3

��
mþ 2n − 3

m − 3

��
: ð6:59Þ

After a simple rearrangement of the binomial coefficients
we get finally the original Lagrangian corresponding to the
normal ordered one (6.47) in the form
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Lint ¼ −
1

4

X
n;m≥1

ð−λÞnþm−1

nm

�
nþ 2m − 2

n − 1

��
mþ 2n − 2

m − 1

�
ðϕ2Þnðϕ̄2Þm: ð6:60Þ

For identification of this theory let us express back the variables ϕ2 and ϕ̄2 in terms of the invariants F and G
[see (2.10)]

ϕ2 ¼ 4ðF − iGÞ; ϕ̄2 ¼ 4ðF þ iGÞ: ð6:61Þ

Fixing now λ ¼ g2=8 we get from (6.60)

Lint ¼
1

2
g2ðF 2 þ G2Þ − 1

2
g4F ðF 2 þ G2Þ þ 1

4
g6ðF 2 þ G2Þð3F 2 þ G2Þ − 1

8
g8F ðF 2 þ G2Þð11F 2 þ 7G2Þ

þ 1

32
g10ðF 2 þ G2Þð91F 4 þ 86F 2G2 þ 11G4Þ − 1

8
g12F ðF 2 þ G2Þð51F 4 þ 64F 2G2 þ 17G4Þ

þ 1

64
g14ðF 2 þ G2Þð969F 6 þ 1517F 4G2 þ 623F 2G4 þ 43G6Þ þ… ð6:62Þ

which can be identified with the first seven terms of the
expansion of the interaction Lagrangian of the Bossard-
Nicolai model; these terms were calculated explicitly in
[11] using a different method. We can therefore conclude
that the Lagrangian (6.60) corresponds to the BN model.

E. From normal ordering to original Lagrangian:
The general case of self-dual theory

According to the previous subsections, in the general
case, the self-dual theory is obtained form the manifestly
Uð1Þ invariant interaction Lagrangian as

Lintðϕ2; ϕ̄2Þ ¼ LNO
int ðφ2; φ̄2Þ þ 4φ2

�∂LNO
int ðφ2; φ̄2Þ
∂φ2

�
2

þ 4φ̄2

�∂LNO
int ðφ2; φ̄2Þ
∂φ̄2

�
2

; ð6:63Þ

where φ2, φ̄2 are solutions of

ϕ2 ¼ φ2

�
1þ 4

∂LNO
int ðφ2; φ̄2Þ
∂φ2

�
2

;

ϕ̄2 ¼ φ̄2

�
1þ 4

∂LNO
int ðφ2; φ̄2Þ
∂φ̄2

�
2

: ð6:64Þ

Note that duality invariance and Lorentz invariance requires
that Lintðφ2; φ̄2Þ is a function of the invariant combination
φ2φ̄2

LNO
int ðφ2; φ̄2Þ≡ Lðφ2φ̄2Þ ð6:65Þ

and thus we can write

Lint ¼ Lþ 4φ2ðφ̄2L0Þ2 þ 4φ̄2φ2ðφ2L0Þ2
¼ Lþ 4φ2φ̄2ðφ̄2 þ φ2ÞL02 ð6:66Þ

where the prime means a derivative of L with respect to
φ2φ̄2. The algebraic equations defining φ2 and φ̄2 in terms
of ϕ2 and ϕ̄2 are then

ϕ2 ¼ φ2ð1þ 4φ̄2L0Þ2; ϕ̄2 ¼ φ̄2ð1þ 4φ2L0Þ2; ð6:67Þ

or taking the square root

ffiffiffiffiffi
ϕ2

q
¼

ffiffiffiffiffi
φ2

q
ð1þ 4φ̄2L0Þ;

ffiffiffiffiffi
ϕ̄2

q
¼

ffiffiffiffiffi
φ̄2

q
ð1þ 4φ2L0Þ:

ð6:68Þ

Let us introduce new variables

x� ¼ 1

2

� ffiffiffiffiffi
φ2

q
�

ffiffiffiffiffi
φ̄2

q �
; X� ¼ 1

2

� ffiffiffiffiffi
ϕ2

q
�

ffiffiffiffiffi
ϕ̄2

q �
;

ð6:69Þ

in terms of which we get

ffiffiffiffiffi
φ2

q ffiffiffiffiffi
φ̄2

q
¼ x2þ − x2−; φ2 þ φ̄2 ¼ 2ðx2þ þ x2−Þ; ð6:70Þ

X� ¼ x�ð1� 4

ffiffiffiffiffi
φ2

q ffiffiffiffiffi
φ̄2

q
L0ðφ2φ̄2ÞÞ: ð6:71Þ

Let us further abbreviate z ¼
ffiffiffiffiffi
φ2

p ffiffiffiffiffi
φ̄2

p
. The interaction

Lagrangian is then expressed in a compact form

Lint ¼ Lðz2Þ þ 8z2L0ðz2Þ2ðx2þ þ x2−Þ ð6:72Þ

where x� are solutions of

X� ¼ x�ð1� 4zL0ðz2ÞÞ: ð6:73Þ
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Note that we do not need to know x� individually but only
in the combinations x2þ þ x2− and z. The latter equations
imply for these

x2þ þ x2− ¼ X2þ
ð1þ 4zL0ðz2ÞÞ2 þ

X2
−

ð1 − 4zL0ðz2ÞÞ2 ; ð6:74Þ

z ¼ X2þ
ð1þ 4zL0ðz2ÞÞ2 −

X2
−

ð1 − 4zL0ðz2ÞÞ2 : ð6:75Þ

For the interaction Lagrangian we get therefore

Lint ¼ Lðz2Þ þ 8z2L0ðz2Þ2

×

�
X2þ

ð1þ 4zL0ðz2ÞÞ2 þ
X2
−

ð1 − 4zL0ðz2ÞÞ2
�
; ð6:76Þ

where z is solution of single equation (6.75). Using this
equation we can finally simplify Lint to the form

Lint ¼ Lðz2Þ þ 2zL0ðz2Þ

×

�
X2þ

1þ 4zL0ðz2Þ −
X2
−

1 − 4zL0ðz2Þ − z

�
: ð6:77Þ

Remarkably, we can immediately make sure that the
complete Lagrangian L ¼ − 1

4
X2þ − 1

4
X2
− þ Lint represents

the solution of the NGZ condition. Indeed, it is an easy
exercise to show that this Lagrangian can be reconstructed
according to the general representation (3.7), (3.8) with the
identification

pðuÞ ¼ 1þ 4uL0ðu2Þ
1 − 4uL0ðu2Þ ; FðuÞ ¼ u½1 − 16u2L0ðu2Þ2�;

ð6:78Þ

from which all the other representations discussed in
Sec. III can be in principle derived. For instance, the BN
model, for which we have LðzÞ ¼ λ

4
z, can be constructed

according to (3.10) and (3.11) using the function13

fBNðzÞ ¼ 4
z
λ

z − 1

ðzþ 1Þ3 : ð6:79Þ

Let us now return to the general case. In order to insert
the right solution of (6.75) into (6.77) we use the same trick
as in the previous subsections and write

Lint ¼
1

2πi

I
jzj¼ε

dz
hðzÞ h

0ðzÞLintðzÞ; ð6:80Þ

where now

hðzÞ ¼ z −
�

X2þ
ð1þ 4zL0ðz2ÞÞ2 −

X2
−

ð1 − 4zL0ðz2ÞÞ2
�

ð6:81Þ

and LintðzÞ is the right-hand side of (6.77). Expanding the
integrand in powers of X� we get

Lint ¼
1

2πi

I
jzj¼ε

dz
z

X∞
n¼0

1

zn

�
X2þ

ð1þ 4zL0ðz2ÞÞ2

−
X2
−

ð1 − 4zL0ðz2ÞÞ2
�
n
h0ðzÞLintðzÞ ð6:82Þ

and finally using the residue theorem

Lint ¼
X∞
n¼0

lim
z→0

1

n!
dn

dzn

�
X2þ

ð1þ 4zL0ðz2ÞÞ2

−
X2
−

ð1 − 4zL0ðz2ÞÞ2
�
n
h0ðzÞLintðzÞ: ð6:83Þ

The latter formula allows us to calculate Lint to any desired

order in X2
� ¼ 2ðF �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 2 þ G2

p
Þ or ϕ2 and ϕ̄2. Writing

LðzÞ ¼ Λ4
X∞
n¼1

1

n!
c4n
Λ8n z

n; ð6:84Þ

where Λ is dimensionful scale, we get explicitly

Lint ¼
c4
Λ4

ϕ2ϕ̄2 − 4
c24
Λ8

ϕ2ϕ̄2ðϕ2 þ ϕ̄2Þ

þ 1

2Λ12
ϕ2ϕ̄2f32c34½ðϕ2Þ2 þ 4ϕ2ϕ̄2 þ ðϕ̄2Þ2�

þ c8ϕ2ϕ̄2g − 8
c4
Λ16

ϕ2ϕ̄2ðϕ2 þ ϕ̄2Þ
× f8c34½ðϕ2Þ2 þ 9ϕ2ϕ̄2 þ ðϕ̄2Þ2� þ c8ϕ2ϕ̄2g
þ…: ð6:85Þ

As expected, the couplings at individual terms are related.
Notice e.g. the relation between the four-point and six-point
interaction. This relation implies that any two (analytic)
self-dual theories which have the same four-point inter-
action (once the coupling constants of the four-point terms
are adjusted appropriately) have also the same six-point
vertex. This explains e.g. the equivalence of the BI and BN
models up toOðF8

μνÞ, which might seem to be an accidental
coincidence. It also prevents any one-loop effective Euler-
Heisenberg Lagrangian to be self-dual beyond the four-
point interaction term due to the mismatch of the powers of13See Sec. III for passing form pðuÞ and FðuÞ to fðzÞ.
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the fine structure constants at the four-point and six-point
vertexes.14

F. Normal ordered form of implicitly
defined self-dual Lagrangians

In the previous subsection we mentioned that, once the
normal ordered interaction Lagrangian LNO

int ðϕ2; ϕ̄2Þ ¼
Lðϕ2ϕ̄2Þ for the self-dual theory is known, we can at least
in principle construct the original Lagrangian using the
formula for the general solution of the NGZ condition (3.7),
(3.8) with the identification

pðuÞ ¼ 1þ 4uL0ðu2Þ
1 − 4uL0ðu2Þ ; FðuÞ ¼ u½1 − 16u2L0ðu2Þ2�:

ð6:86Þ

Quite remarkably, this relation works also in the reversed
direction. Suppose e.g. that the solution of the NGZ identity
is given by Eqs. (3.10) and (3.11) with the known function
fðzÞ and let us derive the normal ordered Lagrangian
directly from this function. Let us rewrite the first equation
of (6.86) as

4uL0ðu2Þ ¼ p − 1

pþ 1
; ð6:87Þ

and suppose it can be solved in order to express u as a
function of p. Using now the identification FðuÞ ¼
fðpðuÞÞ [see (3.8) and (3.9)], the second relation of
(6.86) can be rewritten in terms of the variable p

fðpÞ ¼ uðpÞ
�
1 −

�
p − 1

pþ 1

�
2
�
: ð6:88Þ

The above solution uðpÞ has to be therefore given by

uðpÞ ¼ fðpÞ ðpþ 1Þ2
4p

: ð6:89Þ

Inserting this back into (6.87) and multiplying by u0ðpÞ
given explicitly by (6.89) we get

2u0ðpÞuðpÞL0ðuðpÞ2Þ ¼ 1

2
u0ðpÞ p − 1

pþ 1
ð6:90Þ

where the right-hand side is now known. Finally, up to an
inessential constant, we get

Lðϕ2ϕ̄2Þ ¼ 1

2

Z
dp

p − 1

pþ 1

d
dp

�
fðpÞ ðpþ 1Þ2

4p

�����
p¼pðϕ2ϕ̄2Þ

ð6:91Þ

where pðϕ2ϕ̄2Þ is a solution of (6.89) written in the form

ffiffiffiffiffiffiffiffiffiffi
ϕ2ϕ̄2

q
¼ fðpÞ ðpþ 1Þ2

4p
; ð6:92Þ

with respect to p. Of course, to get the normal ordered
interaction Lagrangian in a closed form we have to be able
to solve the latter equation explicitly.
Let us give a simple example of the application of this

general prescription. Take a solution of the NGZ condition
in the form (3.10) and (3.11) with

fðzÞ ¼ 4Λ4
ffiffiffi
z

p 1 − z
ð1þ zÞ2 ; ð6:93Þ

which satisfies the analyticity condition (3.13). Note,
however, that the closed form of this solution is not
accessible since Eq. (3.10) is the eight order polynomial
equation for z. Inserting this function into (6.91) we get

Lðϕ2ϕ̄2Þ ¼ −
Λ4

2

� ffiffiffiffi
p

p þ 1ffiffiffiffi
p

p
�
þ C; ð6:94Þ

where C is an integration constant and p is a solution of

ffiffiffiffiffiffiffiffiffiffi
ϕ2ϕ̄2

q
¼ Λ4

�
1ffiffiffiffi
p

p −
ffiffiffiffi
p

p �
ð6:95Þ

or explicitly

pðϕ2ϕ̄2Þ ¼ 1þ ϕ2ϕ̄2

2Λ8
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2ϕ̄2

Λ8
þ
�
ϕ2ϕ̄2

2Λ8

�
2

s

¼
"
1þ ϕ2ϕ̄2

2Λ8
∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2ϕ̄2

Λ8
þ
�
ϕ2ϕ̄2

2Λ8

�
2

s #−1

: ð6:96Þ

Finally we get for the normal ordered interaction
Lagrangian LNO

int ðϕ2; ϕ̄2Þ ¼ Lðϕ2ϕ̄2Þ

14A similar observation was made already in [33], where the
matching of the BI and various Euler Heisenberg Lagrangians
was discussed. Note also that in the case of supersymmetric QED,
it was shown in [34] that the corresponding Euler-Heisenberg
Lagrangian conserves helicity for the four-point amplitude
and, moreover, not only the Euler-Heisenberg Lagrangian itself
but also the complete one-loop effective action vanishes for the
self-dual configurations Fμν ¼ �iF̃μν as a consequence of
supersymmetry.
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LNO
int ðϕ2; ϕ̄2Þ ¼ Λ4 −

Λ4

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þϕ2ϕ̄2

2Λ8
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2ϕ̄2

Λ8
þ
�
ϕ2ϕ̄2

2Λ8

�
2

svuut

−
Λ4

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þϕ2ϕ̄2

2Λ8
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2ϕ̄2

Λ8
þ
�
ϕ2ϕ̄2

2Λ8

�
2

svuut
ð6:97Þ

where we adjusted the integration constant to get Lð0Þ ¼ 0.
Therefore, although the original Lagrangian is not known in a
closed form, we have enough information on the model e.g.
for calculation of the scattering amplitudes using the known
normal ordered Lagrangian and the modified Feynman rules.

VII. SUMMARY AND CONCLUSION

In this paper, we presented a general proof of the
equivalence of two apparently disconnected aspects of
the models of nonlinear quantum electrodynamics, namely
the classical duality invariance of the field equations, which
is expressed on the Lagrangian level by the NGZ condition,
and the helicity conservation of the tree-level amplitudes.
We have shown that the tree-level S-matrix is invariant with
respect to the Uð1Þ rotational symmetry, which expresses
the helicity conservation, if and only if the Lagrangian of
the theory satisfies the NGZ conditions. On the level of the
traditional Feynman rules, the helicity conservation is a
result of subtle cancellations between contributions of
different Feynman graphs and as such is far from being
manifest. Using a reorganization of the perturbative cal-
culation by means of generalized normal ordering of the
Lagrangian and introducing a corresponding modification
of the Feynman rules, we have shown that for the self-dual
models the helicity conservation can be made manifest on
the level of individual Feynman graphs. The general
arguments follow two steps: first we have proved that
the normal ordered Lagrangian is invariant with respect to
the Uð1Þ rotational symmetry if and only if the NGZ
identity for the original Lagrangian is satisfied and then we
have shown that the modified Feynman rules manifestly

respect this symmetry. This allows us to enlarge the above
statement on helicity conservation also to higher loops.
The transformation leading from the original Lagrangian to

the normal ordered one and vice versa can be reformulated as
a calculationof the tree-level functional integral over auxiliary
fields, i.e. as a substitution of solutions of the classical
equation of motions, which become algebraic (generally
transcendental), into a generating Lagrangian. This enables
us to identify the normal orderedLagrangianwith theoff-shell
Uð1Þ invariant interaction part of the auxiliary field
Lagrangian developed by Ivanov and Zupnik [12,13] (and
with its equivalent within the approach of Carrasco, Kallosh,
and Roiban in [11]). This gives the latter constructions of the
self-dual Lagrangians a clear physical interpretation.
We have also discussed several aspects of the generalized

normal ordering. Namely we gave a general formula for the
coefficients of the weak field expansion of the original
Lagrangian of the self-dual theory provided the normal
ordered Lagrangian is known and we also find the general
prescription for the normal ordered Lagrangian derived
form the implicit representation of the general solution of
the NGZ condition.
As an illustration of the above concepts we have calcu-

lated two explicit examples. Namely, as the first one we have
found the normal ordered form of the BI Lagrangian and
recovered in this way the hypergeometric form of this theory
presented in [23,24]. As the second example we gave two
new representations of the BN model. The first one
corresponds to the implicit construction of the general
solution of the GNZ condition for which we found the
generating function fBNðzÞ. As the second one we calculated
explicitly the Lagrangian of the BN model in a form of weak
field expansion with explicitly known coefficients.
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