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Yang-Mills solutions on de Sitter space of any dimension
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For gauge groups SO(n + 1), SU(m + 1), and Sp(¢ + 1), we construct equivariant Yang-Mills solutions
on de Sitter space in n+ 1, 2(m+ 1), and 4(¢ + 1) spacetime dimensions. The latter is conformally
mapped to a finite cylinder over a coset space realizing an appropriate unit sphere. The equivariance
condition reduces the Yang-Mills system to an analog Newtonian particle in one or two dimensions subject
to a time-dependent friction and a particular potential. We analyze some properties of the solutions such as
their action and energy and display all analytic ones. Beyond dS,, all such configurations have finite energy

but infinite action.
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I. INTRODUCTION AND SUMMARY

Analytic solutions of the Yang-Mills equations are not
easy to come by in any spacetime manifold of dimension
larger than two. Yet, they play a central role in the analysis of
semiclassical behavior, vacuum structure, and admissible
string backgrounds, to name a few. Imposing a sufficient
amount of symmetry on Yang-Mills solutions, however,
reduces the coupled system of nonlinear partial differential
equations to ordinary (albeit cubic) matrix differential
equations, which is amenable to solving explicitly. The
simplest situation is that of maximally symmetric spacetimes
and the gauge group being equal to its maximal com-
pact symmetry subgroup G. Restricting our attention to
G-equivariant Yang-Mills configurations then further sim-
plifies the matrix equations of motion to scalar equations,
which can be interpreted as Newtonian dynamics of a particle
in some Euclidean space with a particular quartic potential.
The latter system sometimes allows for consistent one-
dimensional double-well subsystems, yielding special
explicit solutions.

Much is known about analytic Yang-Mills solutions in
Minkowski space R!" [1]. Typically, however, these are
singular or have infinite energy, unless a Higgs field is
added. The situation is better on de Sitter space in various
spacetime dimensions n + 1 because equal time slices may
be chosen to be compact and the metric regulates the action
integral at early and late times. The closed slicing of dS,, |
describes it as a cosh-cylinder over the n-sphere $”, with a
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G-action on S". Representing the unit sphere as a coset
space G/H via

. SO(n+1) w1 SU(m+1)
5= "50m) S = =50
st _Sp(f—l—l)
or Sf 3 _T(f) (11)

suggests looking for Yang-Mills solutions with gauge
groups SO(n + 1), SU(m + 1), or Sp(Z + 1) on the spaces
dS, 1, dSy,,40, or dS4..4, respectively. Indeed, classical
finite-energy and finite-action SU(2) pure Yang-Mills fields
have been found on dS, [2,3], employing the isomorphy of
$% to SU(2) and a conformal map from dS, to Z x $°,
where Z is a finite time interval of length 7.

It is thus natural to extend this analysis to higher-
dimensional de Sitter spaces in the orthogonal, unitary,
and symplectic incarnation based on (1.1). This is the
subject of the present paper. After a geometric description
of de Sitter space and the various spherical cosets in the
following section, we perform the equivariant reduction of
the Yang-Mills equations on the orthogonal, unitary, and
symplectic cosets, arriving at a one- or two-dimensional
Newtonian system with a particular quartic potential and a
peculiar friction term. The latter arises away from four
spacetime dimensions due to the noninvariance of the
Yang-Mills equations under the conformal map

dS,., - I xS with I:(—%,%). (1.2)

For all three cases, we compute the equations of
motion, Newtonian potential, action, and energy of the
analog-particle system and write down the Yang-Mills
fields in terms of the particle trajectory. The final section
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discusses properties of generic and special solutions. As
expected, above four spacetime dimensions, all solutions
have infinite action but finite energy. The friction is
detrimental below four dimensions as it renders the field
strengths singular at the temporal boundary. However, purely
color-magnetic solutions avoid the friction, and there exists
an analytic one in every dimension. Corresponding to the
unique local maximum of the Newtonian potential, it is
unstable and given by the canonical H-connection.

In critical spacetime dimension four, one may use either

SU(2) or %g; to describe the three-sphere. The absence of

the friction term leads to a family of Abelian and of non-
Abelian solutions, where the latter are given in terms of
elliptic functions which solve the mechanical double-well
problem. We reproduce the known SU(2) results [where the
color-magnetic solution is half the canonical SU(2) con-
nection] [4-6] and complement them with corresponding
SO(4) solutions, which, however, turn out to be equivalent.

We have thus constructed new explicit finite-energy (but
infinite-action) Yang-Mills configurations on de Sitter

space of any dimension. The story may be repeated for
G,
= SU03)"

spacetime background is nondynamical; we do not consider
its gravitational backreaction. The result of this effect is
known for the four-dimensional Yang-Mills solutions (see,
e.g., Sec. VIII of [7] and references therein) and may be
generalized to higher dimensions.

other coset representations, such as SO Finally, our

II. DESCRIPTION OF DE SITTER SPACE

A. de Sitter space dS, ,; as a cylinder over S”

It is well known that (n + 1)-dimensional de Sitter
space dS, ;| can be embedded into (n + 2)-dimensional
Minkowski space R"*!! as

Sapy™y’ — (y"?)?=R* wherea,fp=1,...n+1,  (2.1)
with the metric
ds? = dy*dy”? — dy"T2dy"*+2. (2.2)

Topologically, de Sitter space dS,,,; is a cylinder over S”,
which is easily seen from the parametrization {7, ®"},

y* = Rw*coshz and y"*? = Rsinht

with  @%0* =1, (2.3)
where —o00 < 7 < o0 and w* embed the unit n-sphere into
R™*!. An explicit form of the w* can be found in terms of
the global coordinates {¢,6,,...,0,_,} as

1 _ ; 2 _
O = Py SMP, " = Py COS P,

@ =py_ji1c080;_, for3<k<n+1 (2.4)

where

14
Pr = H sind,_,,, po=1
m=1

OS(/)S27T, 0391,...,(9”_] < TT. (25)
With the help of this parametrization, the flat metric (2.2)
induces, on de Sitter space, the metric

ds? = R?(—dz? + cosh?tdQ32) (2.6)
where dQ?2 is the metric on the unit n-sphere. From the
coordinates {z,¢,0,,...,0,_;}, we pass to conformal
coordinates {f, ¢,0,} by the time reparametrization [8]

t = arctan(sinh 7) = 2 arctan <tanh %)

dz 1
ith — = ht = ——, 2.7
wi ” cosht o7 (2.7)
so that
T T
te|l—-—=,=| =7 2.8
(-53) (3)

ranges over the finite interval Z, and the metric becomes

RZ
ds? = — - (~dr? +dQ3).

(2.9)

We see that de Sitter space dS,, | is conformally equivalent
to a cylinder Z x S" over the n-sphere, with a conformal
factor of %.

B. S" as coset SO(n+1)/SO(n)

In this subsection, we briefly summarize the well-known
geometric properties of S" realized as the coset space

Sgg’(:)l). We denote by {I,}, with A =1, ---,—n(n;l)a the

SO(n + 1) generators satisfying

[Ia 18] = fasCIc (2.10)
The structure constants f,z¢ give rise to the Cartan-Killing
metric g on the Lie algebra so(n + 1),

9ag = fapSfcs” = —trygi(Ialp) = %,045, (2.11)

where the generators are taken in the adjoint representation

and x,, is some constant depending on their normalization.
Let us decompose

so(n+1)=so0(n) ®@m (2.12)
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so that m is the orthogonal complement of the Lie
subalgebra so(n) inside so(n+ 1). Then, the set of
SO(n + 1) generators splits into two subsets,

{I,} ={1,} u{l;} where [,em and I, € so(n)

(2.13)

with the index ranges a=1,...,n and i=n+1,...,
@. Since this coset is a symmetric space, f,, =0,

and the commutation relations (2.10) decompose as

[leb] :fahili-
(2.14)

[Il-,Ij]:fijka, [Iiala]:fiahlh

The components of the Cartan-Killing metric (2.11) read

9ij = fiklfljk + fiabfbja = %,0jj,

Yab = 2fadifibd = }{néabv Gia = 0. (215)

We note that S' = SO(2) is special since the index i takes
no values; hence, most terms are absent.

C. §?m+1 as coset SU(m +1)/SU(m)
Odd-dimensional spheres S?"*! can also be realized as
S[SJEJ"Z;)I). Let {I,} with A =
1, ...,m(m + 2) be the generators of SU(m + 1) subject to

(nonsymmetric) coset spaces

[iAviB] :fABCic- (2.16)
Analogous to the previous subsection, we decompose
su(m+1) = su(m) ® m (2.17)

and divide

{I,} ={I,} u{l;} where I, e and I; € su(m)
(2.18)

witha=1,....2m+1and i =2m+2,....,m(m+2). In
this case, the commutation relations (2.16) read

[ii’jf]:fijkik’ [iivia]:fiabibv
[iuvib] :fabiii+fahcic" (219)
The normalization of the Cartan-Killing metric
Gas = Fap“fes® = —trgi (141 p) = %68 (2.20)

implies that

gij = fiklfljk =+ fiabfbja = %m0ij,

Gab = 2fadifibd + fadcfchd = %uOap>  Gia = 0. (221)
We remark that S* = SU(2) is particular since the index i
takes no values, so many terms are vanishing.

D. $¥+3 as coset Sp(¢ +1)/Sp(?)
Finally, there exists a symplectic coset realization of
S¥+3 as SI;(p@)U_ The Sp(£+ 1) generators I, with
A=1,...,(£+1)(2¢ +3) obey

[jA’iB] :}ABCjC' (222)

Splitting

sp(€+1)=sp(f) ®m and
{I,} ={I,yu{l;} wherel, e and I, €sp(?)
(2.23)

with a=1,...,4¢+3 and i=4¢+4,....(¢+1)(2¢+3),
the commutation relations (2.22) decompose as in (2.19).
Analogously, relations (2.20) and (2.21) hold, with tildes
replaced by hats and a normalization constant .

E. Connections on spheres

To define a connection on S”, we introduce orthonormal
frames as follows: Let {V,} be the left-invariant vector
fields on SO(n + 1) satisfying the same commutation
relations as the generators 4, and let {&} be the left-
invariant one-forms on SO(n + 1) dual to the vector fields
%A. The SO(n + 1) group multiplication induces a natural
map

_ SO(n+1)

: SO 1 S
a (n+1)—> SO(n)

with g+ g-SO(n).
(2.24)

On any open subset U C §”, one can invert this map by
p: U — SO(n+ 1) with ao = id. In other words, /3 is a
local section of a principal bundle SO(n + 1) — S". This
allows us to pull back the one-forms ¢4 to left-invariant
one-forms e# = f*&* on S". Splitting {e*} = {e“} U {e'},
the set {e?} forms a basis on S”, and the remaining one-
forms e’ are dependent, i.e., ¢! = e’ e with real functions
e',. Using the group action, we can extend e“ from U to
everywhere on S".

The normalization of the e# is related to that of the
structure constants via the Maurer-Cartan equations

1
deA + EfBCAeB VAN eC = 0, (225)
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and we choose it in such a way that

Sypeel = dQ2 (2.26)
is the metric on the unit sphere, i.e., on S” with radius one.
This fixes the proportionality constant x, in (2.11), as is
derived in the Appendix. The metric (2.9) on the cylinder
then takes the conformally flat form

2
ds? =

(=df? + S e e?). (2.27)

cos?t

The connection one-forms w?;, on $” may be found from
Cartan’s structure equations

de’ + % A e? =0 (2.28)
by comparing with the Maurer-Cartan equations:
0 =de* + f,%e’ A el =de® + f,;%e'.e” A €€
= oy = e’ = fpel et (2.29)

The connection on the nonsymmetric coset for the odd-
dimensional sphere S*”*! can be obtained analogously.
Left-invariant one-forms ¢4 on SU(m + 1) give rise to left-
invariant one-forms é on S$*"*!, which we normalize
(fixing %,,) in such a way that the metric on the unit sphere
reads

R2
t( —dr? + §,,e°8%).

dQ3, | =68,09¢" = ds* =

(2.30)

From the Maurer-Cartan equations and &' = &’ ,é%, we read
off the connection one-forms @“, on S2"*1:

0 =dé* + fp%e" A&+~ bee A éc

= @ = @, = (f,-b“éic + Ef‘f”a) e, (2.31)

The connection on the symplectic coset for $**3 takes
the same form, with Ileft-invariant one-forms & on
Sp(Z + 1) descending to & on $**3, Again we normalize

by fixing i, so that

RZ
(42 4 5,,0°2").

dQ2,,, = 5,098 = ds® =

(2.32)

The connection one-forms &%, on S**3 are obtained as
in (2.29).

III. EQUIVARIANT REDUCTION OF THE
YANG-MILLS EQUATIONS

A. Yang-Mills equations on dS,, .

Since the Yang-Mills equations transform in a simple
fashion under a conformal rescaling of the metric, solutions
on de Sitter space may be obtained from transformed Yang-
Mills equations on the cylinder Z x S" with the flat metric
ds? = —dr* + 5,,e%" = —e%" + 5,,6%¢"  with

ea

and é&“ = é&*, (3.1)

a

e =dr

é

depending on the case (2.27), (2.30), or (2.32), respectively.
Therefore, we may raise and lower spacetime indices u €
{0, a} with the Minkowski metric (1, ) =diag(—1,1,...,1).
Structure constants with all indices down are completely
antisymmetric. In this subsection, we treat the three cases in
parallel, denoting the connection coefficients by @..

We expand the gauge potential .4 and gauge field F in
terms of the one-form basis {&°, &%},

1
A= Aye® + A,e” and f:fanOAé“+§.7:abé”Aéb,
(3.2)

and take the temporal gauge Ay = A, = 0. Then, the Yang-

Mills equations on Z x S" read

V FO 4+ @3 FO+ @0 F® +@2, F +[A,, F®] =0 and
VOFOb + Va]:'ab + d)gofob + a—)zof'Oh + d)gaj:ab
+ @ T+ DT+ Al F) =0 (33)

where Vo =4 and V, are the vector fields satisfying

& (V,) =59, We employ the flat metric d§s* on the
cylinder, SO Latin indices may be raised and lowered freely.
The only effect of passing from d3? to ds is the occurrence
of additional connection coefficients

@Y, = tant, @5, = @§, =ntant (sum overa),

“_’819 = @, = a_)gb =0 (34)

the Yang-Mills equations take the form

Vo FO + @4 FO+ [A, F =0,

VoF% +V,F% + (n+ 1) tan tF + ¢, Fb + b, Fee
+ [A,. Feb] = 0. (3.5)
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Our aim is to find SO(n + 1), SU(m + 1), or Sp(¢ + 1)
equivariant solutions to these equations.

SO(n +1)
SO(n)

At this point we restrict ourselves to the canonical choice
of SO(n + 1) for the gauge group, so the gauge potential .4
and the field strength F live in the adjoint representation of
so(n+ 1). Expanding in the generators {I,,/;} and the
one-forms {e”},

B. Equivariant reduction on

A=1X,e"+1,X%¢e", (3.6)
introduces a set {X’,, X%} of functions on Z x S". In
order to find explicit solutions to Egs. (3.5), we impose
SO(n + 1) equivariance on the gauge potential A, which
enforces

Xib = eib and Xab :Xab(t) with fl_aCX(lb :fibthCa.

(3.7)
The first equation turns the first term in (3.6) into the
canonical SO(n) connection /;¢’, while the last equation is

more succinctly written in terms of n matrix functions
X, (1) € m,

[Ii’Xa] = fiabXb for Xb = IaXab' (38)

Hence, the equivariant gauge potential takes the
form [9-12]

A:Iiei—l-Xa(t)ea@Aa :Iieia+Xa(t). (39)

The curvature of this connection is readily computed with
the help of (3.8), and the equivariant gauge field reads

. 1, .
F=dA+AANA=X,e" ne® —E(f,,c’l,» —[X,. X ])eb Ae€
(3.10)

with the components

Fop = Xb and F,, = _fabili + [Xava]' (3'11)

Here, the overdot denotes a derivative with respect to f,
e X, = 0
Making use of (3.9) and (2.29), the first Yang-Mills

equation in (3.5) reduces to

[X,. X =0, (3.12)

while the second equation becomes

.. . 1
-X,— (n=3)tantX, + EK”X“ + [Xp, [Xp, X,]] =0,

where we have exploited the Jacobi identity and the
normalization f,,/f e = %}(ﬂéac of the Killing metric
(2.15). We still have to solve the equivariance condition
(3.8). Due to the decomposition

adj(so(n+ 1)) - adj(so(n)) ® n, (3.14)

with n denoting the so(n) vector representation, there is
only one free parameter in the general solution

Xa(1) = p()1,

where ¢ (1) is a real function of ¢. With this result, Eq. (3.12)
is automatically satisfied, and the ordinary matrix differ-
ential equation (3.13) reduces to

(3.15)

. . 1
¢+(n—3)tant¢—§}{n(1 —¢*)p = 0. (3.16)
Any solution ¢(¢) gives rise to a Yang-Mills field
Fop = leb and  Fop = (¢* = 1)f 'l (3.17)

Alternatively, one may evaluate the action functional
on dS, |,

(3.18)

where the factor (-2-)"*! arises from the square root of the
determinant of the metric (2.27). The trace is taken in the
adjoint representation. Substituting the components (3.11)
of the equivariant gauge field with F* = (C§; )72 F s We
obtain (tr = tryg;)

1 R n=3
S=1 / R (2F 00 Fou + FarF o)

CoS

xeOAel A Aet

1 R n-3 .
=3 / drd"Q, <@> (=24t (1,1,)
+ (¢ = 12 foc foltr(1:1}))

1 ) R \n-3
— xvol(sm) |7 de( ——
g Ve (s )/_,,/2 (cos t)

X (2n¢2 - (¢2 - 1)2fbcifbci)
1 2 R \"3
) nx,vol(5") /—7!/2 & (E>

(3 = gmld - 7). (3.19)
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where we have used f./f,." =3x8, =1x,n from
(2.15). It is straightforward to see that the variation with
respect to ¢ reproduces the equation of motion (3.16). To
summarize, SO(n + 1) equivariance turns the Yang-Mills
equations to the Newtonian dynamics of a particle on R
with time-dependent friction ~(n — 3)tan ¢ and subject to
the double-well potential

V() = Lo (? — 1)2.

: (3.20)

Finally, we compute the energy &£ of our classical Yang-
Mills configurations on dS,;, dual to de Sitter time 7.
Mapping again to Z x §" and fixing #(7), the result is

1 R n—4 1
E=—_— / d"Qtr( FouFoa+=F apnF ap
4 \ cost s 2

_! " a(Lgp 1o
_En}fnvol(S )(Rcoshr) 4<2¢ +8){n(1 (/)2)2>

t=t(r)

(3.21)

For the Abelian case of n = 1, the potential vanishes
because x; = 0. The general solution to (3.16) is

C
t)=ctant+d = Fy = —5
¢() 01 COSZZ‘

I, (3.22)
which yields a singular action integral except for the trivial
constant solution.

SU@m +1)
SU(m)

In this subsection, we turn our attention to SU(m + 1)-
equivariant gauge fields on odd-dimensional spheres and
fix the gauge group to be SU(m + 1). We pass from the
orthogonal to the unitary coset by putting tildes over most
symbols. The SU(m + 1) equivariant connection takes
the form

C. Equivariant reduction on

A=Té+X, ()" & A, =T;¢,+ X, (1), (3.23)

where the 2m + 1 matrix functions X ,(¢) are subject to the
equivariance constraint

[iiv Xu] = fiabXb' (324)
The connection (3.23) gives rise to the curvature
- 1 ~ .- ~ - -~
F=X,"né _E(fbclli + Foc Ko = [Xp, Xc])E A &€
(3.25)

with the components

Fop = )?b and F, = —fabiii _J?abcxc + [Xav}zb]'
(3.26)

While the first Yang-Mills equation in (3.5) yields

X,.X']=0 (3.27)

the second equation descends to

3 ~ i~ 1~ - -
- X, —2(m—1)tantX, + (fdalfidh - Efdcafdch>xb

3. ~ o~ ~ ~ o~
+§fhca[Xh’Xc] + (X, [Xp, Xa]] = 0, (3.28)
again with the help of the Jacobi identity on the structure
constants. In contrast to the previous subsection, our coset
is no longer symmetric, which is manifested by f,,“ # 0.
So to evaluate the coefficient of X, in (3.28), we need more

information on the SU(m + 1) structure constants. Since
SU(m+1)
SU(m)

- %;?m in our normalization), the contact one-form defines a
preferred direction, which we associate with a = 1, and we
may single out the corresponding 1t generator as special,

thus subdividing

the coset

is an a-Sasakian manifold (with a =

(I} ={L}u{l,} with & =2,..2m+1. (3.29)

The structure constants can be chosen such that

foy'#0 and  fuy' #0 but fi' = fuy =0.
(3.30)

The middle equation in (2.21) then splits into three parts,

o~ i 1

17 1 2 b = sdl
Foa'Foa' =5n = for"for? = 5 #Z,0?"  and
m —

1.
P 2,090

J'Z‘ .a’]? b
ci i —

(3.31)

As a consequence, Eq. (3.28) simplifies to two different
forms,

I 2 —2 ~ ~ /o~ ~
— X, —2(m—1)tantX, + m2 2Ry +3F 17 %1%y
m
+ [va/, [Xb/?Xa/H + [Xl, [XI,XH/H — O,

[u——

: 3 - 3. -~ o~
-X, —2(m—1)tantX, - 5%,X, +§fb’c’l (X, Xo1]

[\

+[X~vbr,[Xb/,X1“ :O (332)
This is consistent with the decomposition
adj(su(m+ 1)) - adj(su(m)) ®@m dm d 1, (3.33)
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which implies that the general solution to the equivariance X ()=o), and X,(t) = V2my()I, (3.34)
constraint (3.24) contains two free parameters: one for the
fundamental su(m) representation m and its complex
conjugate m (A is anti-Hermitian), indexed by «/, and  where ¢(¢) and w(r) are real functions of ¢. This form
one for the singlet 1, indexed by 1. Hence, the matrix  automatically fulfills (3.12), and the two ordinary matrix

functions X, (f) take the form' differential equations (3.32) become
|
-2 3 1
_(p — 2(m - 1) tan I(.p +n12—m}{~m(p +\/T_m}?m(pl// — E}?"’(p3 — }?m(pwz — O,
j—2(m—1)tan nj Ly + 2 i — Fo? 0 (3.35)
-y —2(m — — A+ ——=H o — Ay =0. .
v U R P v
For any solution (¢(7), w(t)), we gain a Yang-Mills configuration
Foy = ¢ly and  Fay = (¢* = 1)fa'T; + (97 = V2my) f o' Ty,
‘FOI =V Zml/./il and ‘Fa’l = (p(\/ 2ml// - l)fa/lb/ibl. (336)

Alternatively, the Yang-Mills action on dS,,,,, with the input (3.34) can be computed as (tr = tr,g;)

S= —/ tr(F A *F)
4 IXSZWHr]

1 R 2m—2 . oo . . SRy L
— g [ a1 () 2L = i) + (= P ()

+ ( \ zml// - wz)sz’c’lf‘b’c’ltr(ilil) + 2§02(1 Y 2ml//)2]?1c’a,flc’d,tr(ia’id’)}

x /dt <i> 2m_z{4mip2 +4m? = (m — Dip(1 = ) — %2, (V2my — ¢*)? = 272,,0*(1 = V2my)?}.  (3.37)

Ccost

Variation with respect to ¢ and y properly yields the equations of motion (3.35). This time, we find a two-dimensional
Newtonian dynamics with time-dependent friction. Dividing by 8m, the external potential is extracted as

- m—1 1 1
V(g w) = S—m(l —¢?)? -I—mqoz(l —V2my)? +8—m(v2ml// — ¢?)?
m-1 m=2 , 1, 32 , 1., 1,,
e e R R ol ot + =yl 3.38
sm am ¢ T2V TtV TR T (3.38)

Contour plots for m = 1 and m = 2 are displayed in Fig. 1. Finally, the de Sitter energy reads

1 1
& = m#,,vol(S?"+1)(R cosh 7)?"—3 <— @+ =y + Ve, l//)) (3.39)

2 2

t=t(r)

Sp(¢+1)
Sp(#)
Finally, we look at equivariant solutions for the symplectic gauge group Sp(Z + 1). Equations (3.23)—(3.27) of the
previous subsection carry over with tildes exchanged for hats, and the matrix differential equations read

D. Equivariant reduction on

N A A i 1 A a’y 2 3 ~, ars 2 N A A
-X, —4ftantX, + (fda fid" - Efdc fdch>Xb + Efbc [Xp, Xe] + [Xps [Xp, Xo]] = 0. (3.40)

"The prefactor v/2m is chosen for later convenience.
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At this stage, we exploit the fact that Sg(pi;)l) is a-tri-Sasakian, which defines a special subalgebra in i that we span with the

generators 1, I,, and I5, thus splitting
() ={I,yu{l,} with a"=1,2,3 and o =4,...4¢+3. (3.41)

The structure constants can be arranged such that

/

For'#0 and Fuy” #0 and f1,° #0 but fiy< = Fip< = Far = Faw =0. (3.42)

We normalize to unit radius the $° ~ Sp(1) generated by {I,} by taking

"

dQ% == 5aﬂb//éa”éb” =4 ‘}‘arrd//CH‘}‘C//bud” = }%O(Saub/r Wlth }’:{0 = 8 =3 }‘a”b”d/ = 2€a”b”c . (343)
The middle equation in (2.21) with hats instead of tildes then determines the following partial sums:
A, " A, /" 2},\{ A, A, ! fﬁ
a b I3 a”b” a b 14 a//b//
C// u C// 1" = 5 N CI 4 CI U = N
o 3% o aan oy REFDRe
a b _ 4 a'b a b ¢ sd'b
/g 7 = 76 N i i = 75 344
After this splitting, the matrix differential equations (3.40) read
x A (f_ 1) TS A ar A A A N A A A
Xy —ACtantXy + 228Xy + 3f e Xy X o]+ Xy, [ Xy, Xg]] + [Xpr, [ X, Xg]] = 0,
2(¢+2)
N A 1 A 3 A AN A A A A
—Xa// —_ 4z,ﬂtan [Xa// —_ Ef{fXau + Efbcu [Xh’XC] —|— {Xb’ [Xb,Xa//H = 0, (345)
where in the last two terms {b,c} = {b', ¢’} U {b", "}, of course. When we consider the decomposition
adj(sp(¢ +1)) = (adj(sp(£)).1) @ (2¢,2) & (1,adj(sp(1))), (3.46)

of sp(¢ + 1) irreps into sp(£) ® sp(1) ones, we see that again there are two free parameters in the equivariance condition
(3.24): one for the 47-dimensional fundamental representation indexed by «’, and one for the three-dimensional adjoint

representation of sp(1), indexed by a”. Bearing this in mind, the equivariant form of X, (1) is®
Xa/(l) = \/gw(t)ia’ and Xarr(l‘) = V4fl//([)ia//. (347)

It automatically satisfies the condition (3.27) and reduces the matrix differential equations (3.45) to two coupled differential
equations,

£—1 N2 3 3¢
—p— A1) + ———— R + =Ry — =R — =y =0,
@ an (P+2<K+2)”f¢+2(1/ﬂ+2)}fﬂpw S %P f+2}fff/)l//
1 6V¢ 9V¢ 87 3¢
—j — 47 tan tjy — ~ R Rt — —— R — ——— Ry = 0. 3.48
/s an fy 2}{fl//+f+2}{fl// +4(5+2)%ﬂﬂ f+2%fl// f+2}ff‘//¢ ( )

For any solution (¢, y) to these equations, we obtain a Yang-Mills configuration

For =V3¢ply and  Fuy = (3¢> = 1)fuy'Ti + Bp* = Vacy) fuy“ 1o,
Foa = Vatily,  Fay =V3o(NVaty =)y lo,  Fo = Valy(Valy = )f o 1. (3.49)

*The functions ¢(t) and w(f) in this subsection are different from those in the previous one. We choose the prefactors for later
convenience.
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The action functional on de Sitter space dS4,,4 with the ansatz (3.47) can be computed as

1
S = —/ tr(F A *F)
4 Ixs4f+3

! / drd*+3Q R M{(—é(;ﬂtr(i dy) -
8 4643 COS[ atd

84y (I lyr) + (1 =307 fyo' Fyo (1)

+ (Vaty =302 Fye Fro” t(Tudy) + 69*(1 = VA& )2 fye Fyro w(lola)

+ 4052 (1 = Valy Py P (Lo}

R \ 4 i i
dr| — 24¢¢~ 4 240y~ —
= / (cos t> { (il

67 £ 2 2 2
f+2}f,,«»(3rp +4y?)(1 = Vaty) }

‘42

-0.2 0.0 0.2 04

(R sy

0.6 0.8 1.0 1.2
¢
FIG. 1. Newtonian potential contours for SU(2) (top) and %8;
(bottom).

¢
- 2}?f(v4fw—3¢2)2

(3.50)

where again tr = tr,g;. It is possible to verify the equations
of motions (3.48) by varying this action with respect to ¢
and w. Dividing by 487, the corresponding external
potential is read off as

1 20 +1

= Vip.y) = m(l = 3¢%)?
16(f +2) (Vady =3¢7)?
+ m (3¢? + 4y?) (1 — Vasy)?
N 45 (L;ttlz) - 4(?112) vt %"’2
4(;\122) v - ;:ﬁ"’s * %¢4
+% 'y +f2—f2 4 (3.51)

Figure 2 shows contour plots for £ =1 and ¢ = 2. The
energy of these Yang-Mills configurations on de Sitter
space dS,, 4 is computed as

E = 65,vol(S*+3)(R cosh7)*~!

(3.52)

R I
Z Z Vi,
x <2rp +oy + (@ l/f))

t=t(r)

IV. FINITE-ACTION YANG-MILLS
SOLUTIONS ON dS, .

A. Conformal factor and friction

In the previous section, we have shown that equivariance
with respect to the isometry group of the coset reduces the
Yang-Mills equations on dS,, ;| to Newtonian mechanics of
a particle in a particular potential in one or two space
dimensions with an additional friction term ~ tan tqb or
~tan #(¢, yr), respectively. Away from n = 3, the general
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L L L L L L 1 L L I L L L L L L L : L L
-0.2 0.0 0.2 0.4 0.6 0.8
4

FIG. 2. Newtonian potential contours for gg—g; (top) and Sp—@)

2
(bottom). ’

solution to the nonlinear differential equations (3.16),
(3.35), or (3.48) is not known, and the only analytic
solutions are the constant ones, with the analog particle
sitting at a local extremum of the potential. For nonconstant
solutions, it is possible to figure out the behavior of ¢ [or
(p,w)] and of the action numerically and asymptotically
near the boundary ¢ = +7. One finds that

el for n=1

¢<g_€>e:o loge for n=2,
constant + ¢"2 for n>3

(4.1)

and likewise for (¢, y). Hence, the friction term leads to a
blowing-up for n < 3 (negative friction) and to a freezing
for n > 3 (positive friction). For n > 3, the friction is
harmless, but the action (3.19) is infinite due to the
conformal factor (2-)"=3, unless we deal with just the
vacuum solution. For n < 3 the conformal factor is benign
but the blowing-up at the boundary 7 = +7 renders the
action (3.19) divergent, unless ¢ or (¢, ) is constant. The
n = 3 case is very special because the friction term always
vanishes, and the particle solutions in a double-well
potential are known explicitly in terms of elliptic functions.
Here, both the action and energy are finite.

B. Vacuum and purely magnetic solutions

As is exemplified in Figs. 1 and 2, the vacuum solutions
(V =0) in the three cases are given by

1
vac = X1 or W) yae = +1,—— or
Drac (@.v) ( m)

0= (5 ) 42)

and we do not consider them further because they corre-

spond to the pure-gauge configuration

A=Ie* = F=0. (4.3)

The only nontrivial analytic solution to (3.16), (3.35), or
(3.48) in any dimension is the constant solution

¢mag =0 or (§0v W)mag = (O’ 0)’ (44)

respectively. It corresponds to the analog particle sitting on

a local maximum or on a saddle point (for m > 2) of the

potential, respectively (see Figs. 1 and 2). Since F, = 0,

the ensuing gauge field is purely magnetic, with

Aa = Iieia = ]:ab = _fabili’

-Aa = Tiéia = ]:a’b’ = _fa’b’iii and ‘7:[1”1 =0,

Aa = iiéia = Fa/b/ = _.}‘a/b’iji and fa”b/ =0= ]:a//b//,
(4.5)

Note that F is valued in the stabilizer subgroup. Its action
(3.19), (3.37), or (3.50) becomes

1n w2 [ R \n-3
S=—evol(sty [ dr[ ) .
g2 n¥e (57) a2 <cos t)
S = =X (m = 1) vol(s2+) / "R
=——(m—=1)2%v —

8 " _zn \cost ’
1626 +1) R\
S=———"" 2 %%vol(§¥*3 / del]— ) , (4.6

8 ¢+2 #vol( ) _an \COSt (4.6)
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respectively, which is finite only for n <3 or m < 1.
Finally, the de Sitter energy is given by

In
&= 32 }{nvol(S")(R cosh )4,

1
5:§(m—1)

1220 +1)
8 42

The exception is S® = SU(2) (the case m = 1), where
(p,w) = (0,0) is again a vacuum solution. Since for
m = 1 the index i takes no values, the field strength com-
pletely vanishes, as do the action and energy. However, as
can be seen in the top half of Fig. 1, in this case, the
potential admits two saddle points half-way between the
vacuum solutions,

2, vol(§?" 1) (R cosh 7)?m=3,

22vol(S¥3)(Rcosh)*=1. (4.7)

(¥ = <i%ﬁ) (4.8)
which yield the configurations
Ay = ilia/ and A, = 171 = A= liué’“
2 2 2
= F = —% Far’l.e9 A e, (4.9)

i.e., just one-half of the canonical SU(2) connection. For
comparison, the orthogonal coset representation of the
same space (the case n = 3) yields precisely the canonical
SO(3) connection inside SO(4) as in (4.5).

With the values

A3 = 4 ©fahi = €ahi_3’

(4.10)

Ay = 2¢>fab3 = €ab>»
}?1 =38 Qfahc = Zeabcv
the values for the action and the energy of the magnetic

Yang-Mills solutions on dS; and dS, (the orthogonal and
the unitary coset) are displayed in the table below.

Space Value of the action S Value of the energy &
ds; —2Zv0l(8%) 2 = —47/R 27(R cosh 7)™
dsgh -3 42 £vol(8%) 7 = —62° 67%(R cosh 7)™
dsynit -38 82 vol($3)r = =373 37%(R cosh 7)~!

C. General equivariant dS, solutions

As already mentioned, for dS, all equivariant Yang-Mills
solutions enjoy finite action and energy, for gauge group
SO(4) (case n =3) as well as for gauge group SU(2)
(case m = 1). We have the SO(4)- and SU(2)-equivariant
connections

and A=l &% +V2yl,é'
(4.11)

A:Iiei+¢1a€a

which with (4.10) produce the fields

F=¢le® Aet += (¢>2—1) €' e AP and
F=¢lye® neé? + \/_y/lle A é!

+ (¢ = V2p)ey, ' T6% A &

+20(1 = V2y)e ' T8¢ A &', (4.12)

respectively. The Yang-Mills equations boil down to

b=2p-20° = %@2-1) and

§ = =4 + 12V 20y — 4’ — 8py* = =57 it
§r = —4y + 629" — 8yg? = -5
+ (V2y — 0?2,

with V =

V=20 (V2y — 1)

respectively.

Let us first look at the unitary case. Besides the constant
solutions discussed above, one finds two types of non-
constant analytic solutions easily visible in the top contour
plot of Fig. 1,

Abelian : (¢,y) = (0,ccos2(t — 1)) with ¢, 1) € R,

Non-Abelian : (¢, y) = (%(1 + ¢),2]%(1 + ¢)>

with ¢ = 2¢ —2¢°. (4.14)
Both types of solutions and the related Yang-Mills fields
have been discussed in [2,3]. Interestingly, the “Newton
equation” for ¢(¢) above is the same as in the orthogonal
case, presented in the first line of (4.13). Its general solution
is given in terms of elliptic functions, except for the bounce
solution

(1) = V2sech(V2(1 ~ 1)),
which approaches the purely magnetic solution ¢ = 0 for

t — +oo. For any solution ¢(¢), the su(2) Yang-Mills
potential and field take the form

(4.15)

and

A:%0+@Lw

.. 1 -
F= 5qzslaeo A &+ Z(¢2 — Dey,cl.é4 néb. (4.16)
Let us compare this to the orthogonal case. The so(4)-
valued configurations
and

A = (Iieia + ¢Ia)ea

F =l e’ A et +§(¢2 —Dey, e Aeb  (4.17)
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merely embed the su(2) Yang-Mills solution into so(4) and
represent nothing new.
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APPENDIX: STRUCTURE CONSTANT
NORMALIZATION FOR UNIT SPHERES

How are the structure constants to be normalized so that
the corresponding coset manifold is a sphere of radius one?
To answer this question, we embed the unit spheres as

KRN Rn+l’ §2m+1 oy Cer], S4+3 o HEH! (Al)
where H denotes the quaternionic number field. The three
spaces R"*!, C”*! and H’*' carry the defining unitary
representation of SO(n + 1), SU(m + 1), and Sp(Z + 1),
respectively, With elementary matrices E,; defined by
matrix elements

|

Y trger (XY) for
2hvtrdef (XY)

hvtrdef(XY + YX)

tryg(XY) = for

for

We conclude that (including even n = 2)

Ky =4(m+ 1), ke =4(¢+2)

(A6)

x, =2(n—-1),

for the orthogonal, and

respectively.

unitary, symplectic cases,

(Eaﬂ)y§ = 5ay5ﬂ5 with a,ﬁ, Y, o= 1, 2, o n+ 1

or m+1 or 41, (A2)
some of the one-parameter subgroups in all three cases have

the form

Ua/}(t) = (Eaa + E/)’/i) cost + (Ea/;v - Eﬂa) sin ¢

=exp{t(E, — Ep,)} with t€[0,27). (A3)
For a suitable choice of the subgroup SO(n), SU(m), or
Sp(?), the circle U,4(¢) realizes a great circle in the coset
space, i.e., the unit sphere, with an obvious circumference
of 2z. In other words, we may identify E,; — Ep, with a
generator I, of m in the defining representation.

To connect this to the structure constants, we compute
the trace of the square of this generator in the defining as
well as in the adjoint representation of SO(n + 1),
SU(m + 1), or Sp(£ + 1):

trdef(l_%l) = tr((Eaﬁ - Eﬂa)2) =-2 and

togi(Lalp) = fac®FopC = —Gup = =584 (A4)

On the other hand, the two traces are related by the dual
Coxeter number 7V,

with AV =n-1
with AV =m+1,
with WV =¢42

X, Yeson+1)
X, Y e su(m+1)
X, Yesp(£+1)

(AS)

A rescaling of the structure constants causes the
following changes,

1 - 1-
f.oe>=f I —-1, e — pe,
P P
dQ? — p?dQ?, g. v p23g.,

leading to a sphere of radius p.

[1] A. Actor, Classical solutions of SU(2) Yang-Mills theories,
Rev. Mod. Phys. 51, 461 (1979).

[2] T. A. Ivanova, O. Lechtenfeld, and A. D. Popov, Solutions
to Yang-Mills Equations on Four-Dimensional de Sitter
Space, Phys. Rev. Lett. 119, 061601 (2017).

[3] T. A. Ivanova, O. Lechtenfeld, and A.D. Popov, Finite-
action solutions of Yang-Mills equations on de Sitter dS,

and anti-de Sitter AdS, spaces, J. High Energy Phys. 11
(2017) 017.

[4] V. De Alfaro, S. Fubini, and G. Furlan, A new classical
solution of the Yang-Mills field equations, Phys. Lett. B 65,
163 (1976).

[5] M. Liischer, SO(4) symmetric solutions of Minkowskian
Yang-Mills field equations, Phys. Lett. B 70, 321 (1977).

085008-12


https://doi.org/10.1103/RevModPhys.51.461
https://doi.org/10.1103/PhysRevLett.119.061601
https://doi.org/10.1007/JHEP11(2017)017
https://doi.org/10.1007/JHEP11(2017)017
https://doi.org/10.1016/0370-2693(76)90022-8
https://doi.org/10.1016/0370-2693(76)90022-8
https://doi.org/10.1016/0370-2693(77)90668-2

YANG-MILLS SOLUTIONS ON DE SITTER SPACE OF ...

PHYS. REV. D 98, 085008 (2018)

[6] G. W. Gibbons and A. R. Steif, Sphalerons and conformally
compactified Minkowski spacetime, Phys. Lett. B 346, 255
(1995).

[71 M. S. Volkov and D. V. Gal’tsov, Gravitating non-Abelian
solitons and black holes with Yang-Mills fields, Phys. Rep.
319, 1 (1999).

[8] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure
of Space-Time (Cambridge University Press, Cambridge,
England, 1975).

[9] D. Kapetanakis and G. Zoupanos, Coset space dimensional

reduction of gauge theories, Phys. Rep. 219, 4 (1992).

[10] T. A. Ivanova and O. Lechtenfeld, Yang-Mills instantons and
dyons on group manifolds, Phys. Lett. B 670, 91 (2008).

[11] T. A. Ivanova, O. Lechtenfeld, A.D. Popov, and T. Rahn,
Instantons and Yang-Mills flows on coset spaces, Lett.
Math. Phys. 89, 231 (2009).

[12] I. Bauer, T. A. Ivanova, O. Lechtenfeld, and F. Lubbe, Yang-
Mills instantons and dyons on homogeneous G,-manifolds,
J. High Energy Phys. 10 (2010) 044.

085008-13


https://doi.org/10.1016/0370-2693(94)00005-R
https://doi.org/10.1016/0370-2693(94)00005-R
https://doi.org/10.1016/S0370-1573(99)00010-1
https://doi.org/10.1016/S0370-1573(99)00010-1
https://doi.org/10.1016/0370-1573(92)90101-5
https://doi.org/10.1016/j.physletb.2008.10.027
https://doi.org/10.1007/s11005-009-0336-1
https://doi.org/10.1007/s11005-009-0336-1
https://doi.org/10.1007/JHEP10(2010)044

