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For gauge groups SOðnþ 1Þ, SUðmþ 1Þ, and Spðlþ 1Þ, we construct equivariant Yang-Mills solutions
on de Sitter space in nþ 1, 2ðmþ 1Þ, and 4ðlþ 1Þ spacetime dimensions. The latter is conformally
mapped to a finite cylinder over a coset space realizing an appropriate unit sphere. The equivariance
condition reduces the Yang-Mills system to an analog Newtonian particle in one or two dimensions subject
to a time-dependent friction and a particular potential. We analyze some properties of the solutions such as
their action and energy and display all analytic ones. Beyond dS4, all such configurations have finite energy
but infinite action.
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I. INTRODUCTION AND SUMMARY

Analytic solutions of the Yang-Mills equations are not
easy to come by in any spacetime manifold of dimension
larger than two. Yet, they play a central role in the analysis of
semiclassical behavior, vacuum structure, and admissible
string backgrounds, to name a few. Imposing a sufficient
amount of symmetry on Yang-Mills solutions, however,
reduces the coupled system of nonlinear partial differential
equations to ordinary (albeit cubic) matrix differential
equations, which is amenable to solving explicitly. The
simplest situation is that ofmaximally symmetric spacetimes
and the gauge group being equal to its maximal com-
pact symmetry subgroup G. Restricting our attention to
G-equivariant Yang-Mills configurations then further sim-
plifies the matrix equations of motion to scalar equations,
which can be interpreted asNewtonian dynamics of a particle
in some Euclidean space with a particular quartic potential.
The latter system sometimes allows for consistent one-
dimensional double-well subsystems, yielding special
explicit solutions.
Much is known about analytic Yang-Mills solutions in

Minkowski space R1;n [1]. Typically, however, these are
singular or have infinite energy, unless a Higgs field is
added. The situation is better on de Sitter space in various
spacetime dimensions nþ 1 because equal time slices may
be chosen to be compact and the metric regulates the action
integral at early and late times. The closed slicing of dSnþ1

describes it as a cosh-cylinder over the n-sphere Sn, with a

G-action on Sn. Representing the unit sphere as a coset
space G/H via

Sn ¼ SOðnþ 1Þ
SOðnÞ or S2mþ1 ¼ SUðmþ 1Þ

SUðmÞ

or S4lþ3 ¼ Spðlþ 1Þ
SpðlÞ ð1:1Þ

suggests looking for Yang-Mills solutions with gauge
groups SOðnþ 1Þ, SUðmþ 1Þ, or Spðlþ 1Þ on the spaces
dSnþ1, dS2mþ2, or dS4lþ4, respectively. Indeed, classical
finite-energy and finite-action SU(2) pure Yang-Mills fields
have been found on dS4 [2,3], employing the isomorphy of
S3 to SU(2) and a conformal map from dS4 to I × S3,
where I is a finite time interval of length π.
It is thus natural to extend this analysis to higher-

dimensional de Sitter spaces in the orthogonal, unitary,
and symplectic incarnation based on (1.1). This is the
subject of the present paper. After a geometric description
of de Sitter space and the various spherical cosets in the
following section, we perform the equivariant reduction of
the Yang-Mills equations on the orthogonal, unitary, and
symplectic cosets, arriving at a one- or two-dimensional
Newtonian system with a particular quartic potential and a
peculiar friction term. The latter arises away from four
spacetime dimensions due to the noninvariance of the
Yang-Mills equations under the conformal map

dSnþ1 → I × Sn with I ¼
�
−
π

2
;
π

2

�
: ð1:2Þ

For all three cases, we compute the equations of
motion, Newtonian potential, action, and energy of the
analog-particle system and write down the Yang-Mills
fields in terms of the particle trajectory. The final section
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discusses properties of generic and special solutions. As
expected, above four spacetime dimensions, all solutions
have infinite action but finite energy. The friction is
detrimental below four dimensions as it renders the field
strengths singular at the temporal boundary. However, purely
color-magnetic solutions avoid the friction, and there exists
an analytic one in every dimension. Corresponding to the
unique local maximum of the Newtonian potential, it is
unstable and given by the canonical H-connection.
In critical spacetime dimension four, one may use either

SU(2) or SOð4Þ
SOð3Þ to describe the three-sphere. The absence of

the friction term leads to a family of Abelian and of non-
Abelian solutions, where the latter are given in terms of
elliptic functions which solve the mechanical double-well
problem. We reproduce the known SU(2) results [where the
color-magnetic solution is half the canonical SU(2) con-
nection] [4–6] and complement them with corresponding
SO(4) solutions, which, however, turn out to be equivalent.
We have thus constructed new explicit finite-energy (but

infinite-action) Yang-Mills configurations on de Sitter
space of any dimension. The story may be repeated for
other coset representations, such as S6 ¼ G2

SUð3Þ. Finally, our
spacetime background is nondynamical; we do not consider
its gravitational backreaction. The result of this effect is
known for the four-dimensional Yang-Mills solutions (see,
e.g., Sec. VIII of [7] and references therein) and may be
generalized to higher dimensions.

II. DESCRIPTION OF DE SITTER SPACE

A. de Sitter space dSn+ 1 as a cylinder over Sn

It is well known that (nþ 1)-dimensional de Sitter
space dSnþ1 can be embedded into (nþ 2)-dimensional
Minkowski space Rnþ1;1 as

δαβyαyβ− ðynþ2Þ2 ¼R2 where α;β¼ 1;…;nþ1; ð2:1Þ

with the metric

ds2 ¼ dyαdyβ − dynþ2dynþ2: ð2:2Þ

Topologically, de Sitter space dSnþ1 is a cylinder over Sn,
which is easily seen from the parametrization fτ;ωαg,

yα ¼ Rωα cosh τ and ynþ2 ¼ R sinh τ

with ωαωα ¼ 1; ð2:3Þ

where −∞ < τ < ∞ and ωα embed the unit n-sphere into
Rnþ1. An explicit form of the ωα can be found in terms of
the global coordinates fφ; θ1;…; θn−1g as

ω1 ¼ ρn−1 sinφ; ω2 ¼ ρn−1 cosφ;

ωk ¼ ρn−kþ1 cos θk−2 for 3 ≤ k ≤ nþ 1 ð2:4Þ

where

ρl ¼
Yl
m¼1

sin θn−m; ρ0 ¼ 1;

0 ≤ φ ≤ 2π; 0 ≤ θ1;…; θn−1 < π: ð2:5Þ

With the help of this parametrization, the flat metric (2.2)
induces, on de Sitter space, the metric

ds2 ¼ R2ð−dτ2 þ cosh2τdΩ2
nÞ ð2:6Þ

where dΩ2
n is the metric on the unit n-sphere. From the

coordinates fτ;φ; θ1;…; θn−1g, we pass to conformal
coordinates ft;φ; θag by the time reparametrization [8]

t ¼ arctanðsinh τÞ ¼ 2 arctan

�
tanh

τ

2

�

with
dτ
dt

¼ cosh τ ¼ 1

cos t
; ð2:7Þ

so that

t ∈
�
−
π

2
;
π

2

�
¼ I ð2:8Þ

ranges over the finite interval I , and the metric becomes

ds2 ¼ R2

cos2t
ð−dt2 þ dΩ2

nÞ: ð2:9Þ

We see that de Sitter space dSnþ1 is conformally equivalent
to a cylinder I × Sn over the n-sphere, with a conformal
factor of R2

cos2 t.

B. Sn as coset SO(n+ 1)/SO(n)

In this subsection, we briefly summarize the well-known
geometric properties of Sn realized as the coset space
SOðnþ1Þ
SOðnÞ . We denote by fIAg, with A ¼ 1;…; nðnþ1Þ

2
, the

SOðnþ 1Þ generators satisfying

½IA; IB� ¼ fABCIC: ð2:10Þ

The structure constants fABC give rise to the Cartan-Killing
metric g on the Lie algebra soðnþ 1Þ,

gAB ¼ fADCfCBD ¼ −tradjðIAIBÞ ¼ ϰnδAB; ð2:11Þ

where the generators are taken in the adjoint representation
and ϰn is some constant depending on their normalization.
Let us decompose

soðnþ 1Þ ¼ soðnÞ ⊕ m ð2:12Þ
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so that m is the orthogonal complement of the Lie
subalgebra soðnÞ inside soðnþ 1Þ. Then, the set of
SOðnþ 1Þ generators splits into two subsets,

fIAg ¼ fIag ∪ fIig where Ia ∈ m and Ii ∈ soðnÞ
ð2:13Þ

with the index ranges a ¼ 1;…; n and i ¼ nþ 1;…;
nðnþ1Þ

2
. Since this coset is a symmetric space, fabc ¼ 0,

and the commutation relations (2.10) decompose as

½Ii; Ij� ¼ fijkIk; ½Ii; Ia� ¼ fiabIb; ½Ia;Ib� ¼ fabiIi:

ð2:14Þ

The components of the Cartan-Killing metric (2.11) read

gij ¼ fiklfljk þ fiabfbja ¼ ϰnδij;

gab ¼ 2fadifibd ¼ ϰnδab; gia ¼ 0: ð2:15Þ

We note that S1 ¼ SOð2Þ is special since the index i takes
no values; hence, most terms are absent.

C. S2m+ 1 as coset SU(m+ 1)/SU(m)

Odd-dimensional spheres S2mþ1 can also be realized as

(nonsymmetric) coset spaces SUðmþ1Þ
SUðmÞ . Let fĨAg with A ¼

1;…; mðmþ 2Þ be the generators of SUðmþ 1Þ subject to

½ĨA; ĨB� ¼ f̃AB
CĨC: ð2:16Þ

Analogous to the previous subsection, we decompose

suðmþ 1Þ ¼ suðmÞ ⊕ m̃ ð2:17Þ

and divide

fĨAg ¼ fĨag ∪ fĨig where Ĩa ∈ m̃ and Ĩi ∈ suðmÞ
ð2:18Þ

with a ¼ 1;…; 2mþ 1 and i ¼ 2mþ 2;…; mðmþ 2Þ. In
this case, the commutation relations (2.16) read

½Ĩi; Ĩj� ¼ f̃ij
kĨk; ½Ĩi; Ĩa� ¼ f̃ia

bĨb;

½Ĩa; Ĩb� ¼ f̃ab
iĨi þ f̃ab

cĨc: ð2:19Þ

The normalization of the Cartan-Killing metric

g̃AB ¼ f̃AD
Cf̃CB

D ¼ −tradjðĨAĨBÞ ¼ ϰ̃mδAB ð2:20Þ

implies that

g̃ij ¼ f̃ik
lf̃lj

k þ f̃ia
bf̃bj

a ¼ ϰ̃mδij;

g̃ab ¼ 2f̃ad
if̃ib

d þ f̃ad
cf̃cb

d ¼ ϰ̃mδab; g̃ia ¼ 0: ð2:21Þ

We remark that S3 ¼ SUð2Þ is particular since the index i
takes no values, so many terms are vanishing.

D. S4l+ 3 as coset Sp(l+ 1)/Sp(l)

Finally, there exists a symplectic coset realization of

S4lþ3 as Spðlþ1Þ
SpðlÞ . The Spðlþ 1Þ generators ÎA with

A ¼ 1;…; ðlþ 1Þð2lþ 3Þ obey

½ÎA; ÎB� ¼ f̂AB
CÎC: ð2:22Þ

Splitting

spðlþ 1Þ ¼ spðlÞ⊕ m̂ and

fÎag ¼ fÎag ∪ fÎig where Îa ∈ m̂ and Îi ∈ spðlÞ
ð2:23Þ

with a¼1;…;4lþ3 and i¼4lþ4;…;ðlþ1Þð2lþ3Þ,
the commutation relations (2.22) decompose as in (2.19).
Analogously, relations (2.20) and (2.21) hold, with tildes
replaced by hats and a normalization constant ϰ̂l.

E. Connections on spheres

To define a connection on Sn, we introduce orthonormal
frames as follows: Let f∇̌Ag be the left-invariant vector
fields on SOðnþ 1Þ satisfying the same commutation
relations as the generators IA, and let fěAg be the left-
invariant one-forms on SOðnþ 1Þ dual to the vector fields
∇̌A. The SOðnþ 1Þ group multiplication induces a natural
map

α∶ SOðnþ 1Þ→ Sn ≡ SOðnþ 1Þ
SOðnÞ with g↦ g · SOðnÞ:

ð2:24Þ

On any open subset U ⊂ Sn, one can invert this map by
β∶ U → SOðnþ 1Þ with α ∘ β ¼ id. In other words, β is a
local section of a principal bundle SOðnþ 1Þ → Sn. This
allows us to pull back the one-forms ěA to left-invariant
one-forms eA ¼ β�ěA on Sn. Splitting feAg ¼ feag ∪ feig,
the set feag forms a basis on Sn, and the remaining one-
forms ei are dependent, i.e., ei ¼ eiaea with real functions
eia. Using the group action, we can extend ea from U to
everywhere on Sn.
The normalization of the eA is related to that of the

structure constants via the Maurer-Cartan equations

deA þ 1

2
fBCAeB ∧ eC ¼ 0; ð2:25Þ
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and we choose it in such a way that

δabeaeb ¼ dΩ2
n ð2:26Þ

is the metric on the unit sphere, i.e., on Sn with radius one.
This fixes the proportionality constant ϰn in (2.11), as is
derived in the Appendix. The metric (2.9) on the cylinder
then takes the conformally flat form

ds2 ¼ R2

cos2t
ð−dt2 þ δabeaebÞ: ð2:27Þ

The connection one-forms ωa
b on Sn may be found from

Cartan’s structure equations

dea þ ωa
b ∧ eb ¼ 0 ð2:28Þ

by comparing with the Maurer-Cartan equations:

0 ¼ dea þ fbiaeb ∧ ei ¼ dea þ fbiaeiceb ∧ ec

⇒ ωa
b ¼ ωa

cbec ¼ fibaeicec: ð2:29Þ

The connection on the nonsymmetric coset for the odd-
dimensional sphere S2mþ1 can be obtained analogously.
Left-invariant one-forms ˇ̃eA on SUðmþ 1Þ give rise to left-
invariant one-forms ẽa on S2mþ1, which we normalize
(fixing ϰ̃m) in such a way that the metric on the unit sphere
reads

dΩ2
2mþ1 ¼ δabẽaẽb ⇒ ds2 ¼ R2

cos2t
ð−dt2 þ δabẽaẽbÞ:

ð2:30Þ

From the Maurer-Cartan equations and ẽi ¼ ẽiaẽa, we read
off the connection one-forms ω̃a

b on S2mþ1:

0 ¼ dẽa þ f̃bi
aẽb ∧ ẽi þ 1

2
f̃bc

aẽb ∧ ẽc

⇒ ω̃a
b ¼ ω̃a

cbẽc ¼
�
f̃ib

aẽic þ
1

2
f̃cb

a

�
ẽc: ð2:31Þ

The connection on the symplectic coset for S4lþ3 takes
the same form, with left-invariant one-forms ˇ̂eA on
Spðlþ 1Þ descending to êa on S4lþ3. Again we normalize
by fixing ϰ̂l so that

dΩ2
4lþ3 ¼ δabêaêb ⇒ ds2 ¼ R2

cos2t
ð−dt2 þ δabêaêbÞ:

ð2:32Þ

The connection one-forms ω̂a
b on S4lþ3 are obtained as

in (2.29).

III. EQUIVARIANT REDUCTION OF THE
YANG-MILLS EQUATIONS

A. Yang-Mills equations on dSn+ 1

Since the Yang-Mills equations transform in a simple
fashion under a conformal rescaling of the metric, solutions
on de Sitter space may be obtained from transformed Yang-
Mills equations on the cylinder I × Sn with the flat metric

ds̄2 ¼ −dt2 þ δabēaēb ¼ −e0e0 þ δabēaēb with

e0 ¼ dt and ēa ¼
8<
:

ea

ẽa

êa
; ð3:1Þ

depending on the case (2.27), (2.30), or (2.32), respectively.
Therefore, we may raise and lower spacetime indices μ ∈
f0; agwith the Minkowski metric ðημνÞ¼diagð−1;1;…;1Þ.
Structure constants with all indices down are completely
antisymmetric. In this subsection, we treat the three cases in
parallel, denoting the connection coefficients by ω̄·

··.
We expand the gauge potential A and gauge field F in

terms of the one-form basis fē0; ēag,

A¼A0ē0þAaēa and F ¼F 0aē0 ∧ ēaþ 1

2
F abēa ∧ ēb;

ð3:2Þ

and take the temporal gaugeA0 ¼ At ¼ 0. Then, the Yang-
Mills equations on I × Sn read

∇aF a0þ ω̄a
acF c0þ ω̄0

a0F
a0þ ω̄0

abF
abþ½Aa;F a0�¼0 and

∇0F 0bþ∇aF abþ ω̄0
00F

0bþ ω̄a
a0F

0bþ ω̄0
0aF

ab

þ ω̄c
caF abþ ω̄b

caF caþ½Aa;F ab�¼0; ð3:3Þ

where ∇0 ¼ d
dt and ∇a are the vector fields satisfying

ēað∇bÞ ¼ δab. We employ the flat metric ds̄2 on the
cylinder, so Latin indices may be raised and lowered freely.
The only effect of passing from ds̄2 to ds2 is the occurrence
of additional connection coefficients

ω̄0
00 ¼ tan t; ω̄0

aa ¼ ω̄a
0a ¼ n tan t ðsum over aÞ;

ω̄0
0b ¼ ω̄a

0b ¼ ω̄0
ab ¼ 0 ð3:4Þ

due to the conformal factor R2

cos2t. Inserting these into (3.3),
the Yang-Mills equations take the form

∇aF a0 þ ω̄a
acF c0 þ ½Aa;F a0� ¼ 0;

∇0F 0b þ∇aF ab þ ðnþ 1Þ tan tF 0b þ ω̄c
caF ab þ ω̄b

caF ca

þ ½Aa;F ab� ¼ 0: ð3:5Þ
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Our aim is to find SOðnþ 1Þ, SUðmþ 1Þ, or Spðlþ 1Þ
equivariant solutions to these equations.

B. Equivariant reduction on SO(n+ 1)
SO(n)

At this point we restrict ourselves to the canonical choice
of SOðnþ 1Þ for the gauge group, so the gauge potentialA
and the field strength F live in the adjoint representation of
soðnþ 1Þ. Expanding in the generators fIa; Iig and the
one-forms febg,

A ¼ IiXi
beb þ IaXa

beb; ð3:6Þ

introduces a set fXi
b; Xa

bg of functions on I × Sn. In
order to find explicit solutions to Eqs. (3.5), we impose
SOðnþ 1Þ equivariance on the gauge potential A, which
enforces

Xi
b ¼ eib and Xa

b ¼ Xa
bðtÞ with fiacXa

b ¼ fibaXc
a:

ð3:7Þ
The first equation turns the first term in (3.6) into the
canonical SOðnÞ connection Iiei, while the last equation is
more succinctly written in terms of n matrix functions
XaðtÞ ∈ m,

½Ii; Xa� ¼ fiabXb for Xb ≔ IaXa
b: ð3:8Þ

Hence, the equivariant gauge potential takes the
form [9–12]

A ¼ Iiei þ XaðtÞea ⇔ Aa ¼ Iieia þ XaðtÞ: ð3:9Þ

The curvature of this connection is readily computed with
the help of (3.8), and the equivariant gauge field reads

F ¼ dAþA∧A¼ _Xbe0 ∧ eb−
1

2
ðfbciIi− ½Xb;Xc�Þeb ∧ ec

ð3:10Þ
with the components

F 0b ¼ _Xb and F ab ¼ −fabiIi þ ½Xa; Xb�: ð3:11Þ
Here, the overdot denotes a derivative with respect to t,
i.e., _Xa ≔

dXa
dt .

Making use of (3.9) and (2.29), the first Yang-Mills
equation in (3.5) reduces to

½Xa; _X
a� ¼ 0; ð3:12Þ

while the second equation becomes

−Ẍa − ðn − 3Þ tan t _Xa þ
1

2
ϰnXa þ ½Xb; ½Xb; Xa�� ¼ 0;

ð3:13Þ

where we have exploited the Jacobi identity and the
normalization fbajfjbc ¼ 1

2
ϰnδa

c of the Killing metric
(2.15). We still have to solve the equivariance condition
(3.8). Due to the decomposition

adjðsoðnþ 1ÞÞ → adjðsoðnÞÞ ⊕ n; ð3:14Þ

with n denoting the soðnÞ vector representation, there is
only one free parameter in the general solution

XaðtÞ ¼ ϕðtÞIa; ð3:15Þ

where ϕðtÞ is a real function of t. With this result, Eq. (3.12)
is automatically satisfied, and the ordinary matrix differ-
ential equation (3.13) reduces to

ϕ̈þ ðn − 3Þ tan t _ϕ −
1

2
ϰnð1 − ϕ2Þϕ ¼ 0: ð3:16Þ

Any solution ϕðtÞ gives rise to a Yang-Mills field

F 0b ¼ _ϕIb and F ab ¼ ðϕ2 − 1ÞfabiIi: ð3:17Þ

Alternatively, one may evaluate the action functional
on dSnþ1,

S ¼ 1

4

Z
dSnþ1

trðF ∧ �F Þ

¼ 1

8

Z
I×Sn

trðF μνF μνÞ
�

R
cos t

�
nþ1

e0 ∧ e1 ∧ � � � ∧ en;

ð3:18Þ

where the factor ð R
cos tÞnþ1 arises from the square root of the

determinant of the metric (2.27). The trace is taken in the
adjoint representation. Substituting the components (3.11)
of the equivariant gauge field with F μν ¼ ð R2

cos2tÞ−2F μν, we
obtain (tr ¼ tradj)

S ¼ 1

8

Z �
R

cos t

�
n−3

trð−2F 0aF 0a þ F abF abÞ

× e0 ∧ e1 ∧ � � � ∧ en

¼ 1

8

Z
dtdnΩn

�
R

cos t

�
n−3

ð−2 _ϕ2trðIaIaÞ

þ ðϕ2 − 1Þ2fbcifbcjtrðIiIjÞÞ

¼ 1

8
ϰnvolðSnÞ

Z
π/2

−π/2
dt

�
R

cos t

�
n−3

× ð2n _ϕ2 − ðϕ2 − 1Þ2fbcifbciÞ

¼ 1

2
nϰnvolðSnÞ

Z
π/2

−π/2
dt

�
R

cos t

�
n−3

×

�
1

2
_ϕ2 −

1

8
ϰnðϕ2 − 1Þ2

�
; ð3:19Þ
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where we have used fbcifbci ¼ 1
2
ϰnδbb ¼ 1

2
ϰnn from

(2.15). It is straightforward to see that the variation with
respect to ϕ reproduces the equation of motion (3.16). To
summarize, SOðnþ 1Þ equivariance turns the Yang-Mills
equations to the Newtonian dynamics of a particle on R
with time-dependent friction ∼ðn − 3Þ tan t and subject to
the double-well potential

VðϕÞ ¼ 1

8
ϰnðϕ2 − 1Þ2: ð3:20Þ

Finally, we compute the energy E of our classical Yang-
Mills configurations on dSnþ1, dual to de Sitter time τ.
Mapping again to I × Sn and fixing tðτÞ, the result is

E¼−
1

4

�
R

cost

�
n−4Z

Sn
dnΩntr

�
F 0aF 0aþ

1

2
F abF ab

�

¼1

2
nϰnvolðSnÞðRcoshτÞn−4

�
1

2
_ϕ2þ1

8
ϰnð1−ϕ2Þ2

�����
t¼tðτÞ

:

ð3:21Þ

For the Abelian case of n ¼ 1, the potential vanishes
because ϰ1 ¼ 0. The general solution to (3.16) is

ϕðtÞ ¼ c tan tþ d ⇒ F 01 ¼
c

cos2t
I1; ð3:22Þ

which yields a singular action integral except for the trivial
constant solution.

C. Equivariant reduction on SU(m + 1)
SU(m)

In this subsection, we turn our attention to SUðmþ 1Þ-
equivariant gauge fields on odd-dimensional spheres and
fix the gauge group to be SUðmþ 1Þ. We pass from the
orthogonal to the unitary coset by putting tildes over most
symbols. The SUðmþ 1Þ equivariant connection takes
the form

A ¼ Ĩiẽi þ X̃aðtÞẽa ⇔ Aa ¼ Ĩiẽia þ X̃aðtÞ; ð3:23Þ

where the 2mþ 1 matrix functions X̃aðtÞ are subject to the
equivariance constraint

½Ĩi; X̃a� ¼ f̃ia
bX̃b: ð3:24Þ

The connection (3.23) gives rise to the curvature

F ¼ _̃Xbẽ0 ∧ ẽb −
1

2
ðf̃bciĨi þ f̃bc

aX̃a − ½X̃b; X̃c�Þẽb ∧ ẽc

ð3:25Þ

with the components

F 0b ¼ _̃Xb and F ab ¼ −f̃abiĨi − f̃ab
cX̃c þ ½X̃a; X̃b�:

ð3:26Þ

While the first Yang-Mills equation in (3.5) yields

½X̃a;
_̃X
a� ¼ 0 ð3:27Þ

the second equation descends to

− ̈X̃a − 2ðm − 1Þ tan t _̃Xa þ
�
f̃da

if̃id
b −

1

2
f̃dc

af̃dc
b

�
X̃b

þ 3

2
f̃bc

a½X̃b; X̃c� þ ½X̃b; ½X̃b; X̃a�� ¼ 0; ð3:28Þ

again with the help of the Jacobi identity on the structure
constants. In contrast to the previous subsection, our coset
is no longer symmetric, which is manifested by f̃ab

c ≠ 0.
So to evaluate the coefficient of X̃b in (3.28), we need more
information on the SUðmþ 1Þ structure constants. Since

the coset SUðmþ1Þ
SUðmÞ is an α-Sasakian manifold (with α ¼

− 1
2
ϰ̃m in our normalization), the contact one-form defines a

preferred direction, which we associate with a ¼ 1, and we
may single out the corresponding m̃ generator as special,
thus subdividing

fĨag ¼ fĨ1g ∪ fĨa0 g with a0 ¼ 2;…; 2mþ 1: ð3:29Þ

The structure constants can be chosen such that

f̃a0b0
i ≠ 0 and f̃a0b0

1 ≠ 0 but f̃ib0
1 ¼ f̃a0b0

c0 ¼ 0:

ð3:30Þ

The middle equation in (2.21) then splits into three parts,

f̃c0d0
1f̃c0d0

1 ¼ ϰ̃m ⇒ f̃c01
a0 f̃c01

b0 ¼ 1

2m
ϰ̃mδ

a0b0 and

f̃c0i
a0 f̃c0i

b0 ¼ m − 1

2m
ϰ̃mδ

a0b0 : ð3:31Þ

As a consequence, Eq. (3.28) simplifies to two different
forms,

− ̈X̃a0 − 2ðm− 1Þ tan t _̃Xa0 þ
m− 2

2m
ϰ̃mX̃a0 þ 3f̃1b0

a0 ½X̃1; X̃b0 �
þ ½X̃b0 ; ½X̃b0 ; X̃a0 �� þ ½X̃1; ½X̃1; X̃a0 �� ¼ 0;

− ̈X̃1 − 2ðm− 1Þ tan t _̃X1 −
1

2
ϰ̃mX̃1 þ

3

2
f̃b0c0

1½X̃b0 ; X̃c0 �
þ ½X̃b0 ; ½X̃b0 ; X̃1�� ¼ 0: ð3:32Þ

This is consistent with the decomposition

adjðsuðmþ 1ÞÞ → adjðsuðmÞÞ ⊕ m ⊕ m̄ ⊕ 1; ð3:33Þ
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which implies that the general solution to the equivariance
constraint (3.24) contains two free parameters: one for the
fundamental su(m) representation m and its complex
conjugate m̄ (A is anti-Hermitian), indexed by a0, and
one for the singlet 1, indexed by 1. Hence, the matrix
functions XaðtÞ take the form1

X̃a0 ðtÞ ¼ φðtÞĨa0 and X̃1ðtÞ ¼
ffiffiffiffiffiffiffi
2m

p
ψðtÞĨ1 ð3:34Þ

where φðtÞ and ψðtÞ are real functions of t. This form
automatically fulfills (3.12), and the two ordinary matrix
differential equations (3.32) become

−φ̈ − 2ðm − 1Þ tan t _φþm − 2

2m
ϰ̃mφþ 3ffiffiffiffiffiffiffi

2m
p ϰ̃mφψ −

1

2
ϰ̃mφ

3 − ϰ̃mφψ
2 ¼ 0;

−ψ̈ − 2ðm − 1Þ tan t _ψ −
1

2
ϰ̃mψ þ 3/2ffiffiffiffiffiffiffi

2m
p ϰ̃mφ

2 − ϰ̃mψφ
2 ¼ 0: ð3:35Þ

For any solution (φðtÞ, ψðtÞ), we gain a Yang-Mills configuration

F 0b0 ¼ _φĨb0 and F a0b0 ¼ ðφ2 − 1Þf̃a0b0 iĨi þ ðφ2 −
ffiffiffiffiffiffiffi
2m

p
ψÞf̃a0b01Ĩ1;

F 01 ¼
ffiffiffiffiffiffiffi
2m

p
_ψ Ĩ1 and F a01 ¼ φð

ffiffiffiffiffiffiffi
2m

p
ψ − 1Þf̃a01b0 Ĩb0 : ð3:36Þ

Alternatively, the Yang-Mills action on dS2mþ2 with the input (3.34) can be computed as (tr ¼ tradj)

S ¼ 1

4

Z
I×S2mþ1

trðF ∧ �FÞ

¼ 1

8

Z
dtd2mþ1Ω2mþ1

�
R

cos t

�
2m−2

fð−2 _φ2trðĨa0 Ĩa0 Þ − 4m _ψ2trðĨ1Ĩ1Þ þ ð1 − φ2Þ2f̃b0c0 if̃b0c0 jtrðĨiĨjÞ

þ ð
ffiffiffiffiffiffiffi
2m

p
ψ − φ2Þ2f̃b0c01f̃b0c01trðĨ1Ĩ1Þ þ 2φ2ð1 −

ffiffiffiffiffiffiffi
2m

p
ψÞ2f̃1c0a0 f̃1c0d0 trðĨa0 Ĩd0 Þg

∝
Z

dt

�
R

cos t

�
2m−2

f4m _φ2 þ 4m _ψ2 − ðm − 1Þϰ̃mð1 − φ2Þ2 − ϰ̃mð
ffiffiffiffiffiffiffi
2m

p
ψ − φ2Þ2 − 2ϰ̃mφ

2ð1 −
ffiffiffiffiffiffiffi
2m

p
ψÞ2g: ð3:37Þ

Variation with respect to φ and ψ properly yields the equations of motion (3.35). This time, we find a two-dimensional
Newtonian dynamics with time-dependent friction. Dividing by 8m, the external potential is extracted as

ϰ̃−1m Vðφ;ψÞ ¼ m − 1

8m
ð1 − φ2Þ2 þ 1

4m
φ2ð1 −

ffiffiffiffiffiffiffi
2m

p
ψÞ2 þ 1

8m
ð

ffiffiffiffiffiffiffi
2m

p
ψ − φ2Þ2

¼ m − 1

8m
−
m − 2

4m
φ2 þ 1

4
ψ2 −

3/2ffiffiffiffiffiffiffi
2m

p φ2ψ þ 1

8
φ4 þ 1

2
φ2ψ2: ð3:38Þ

Contour plots for m ¼ 1 and m ¼ 2 are displayed in Fig. 1. Finally, the de Sitter energy reads

E ¼ mϰ̃mvolðS2mþ1ÞðR cosh τÞ2m−3
�
1

2
_φ2 þ 1

2
_ψ2 þ Vðφ;ψÞ

�����
t¼tðτÞ

: ð3:39Þ

D. Equivariant reduction on Sp(l+ 1)
Sp(l)

Finally, we look at equivariant solutions for the symplectic gauge group Spðlþ 1Þ. Equations (3.23)–(3.27) of the
previous subsection carry over with tildes exchanged for hats, and the matrix differential equations read

− ̈X̂a − 4l tan t _̂Xa þ
�
f̂da

if̂id
b −

1

2
f̂dc

af̂dc
b

�
X̂b þ

3

2
f̂bc

a½X̂b; X̂c� þ ½X̂b; ½X̂b; X̂a�� ¼ 0: ð3:40Þ

1The prefactor
ffiffiffiffiffiffiffi
2m

p
is chosen for later convenience.
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At this stage, we exploit the fact that Spðlþ1Þ
SpðlÞ is α-tri-Sasakian, which defines a special subalgebra in m̂ that we span with the

generators Î1, Î2, and Î3, thus splitting

fÎag ¼ fÎa00g ∪ fÎa0g with a00 ¼ 1; 2; 3 and a0 ¼ 4;…; 4lþ 3: ð3:41Þ

The structure constants can be arranged such that

f̂a0b0
i ≠ 0 and f̂a0b0

c00 ≠ 0 and f̂12
3 ≠ 0 but f̂ib0

c00 ¼ f̂ib00
c00 ¼ f̂a0b00

c00 ¼ f̂a0b0
c0 ¼ 0: ð3:42Þ

We normalize to unit radius the S3 ≃ Spð1Þ generated by fÎa00g by taking

dΩ2
3 ¼ δa00b00 êa

00
êb

00
⇔ f̂a00d00

c00 f̂c00b00
d00 ¼ ϰ̂0δa00b00 with ϰ̂0 ¼ 8 ⇔ f̂a00b00

c00 ¼ 2ϵa00b00
c00 : ð3:43Þ

The middle equation in (2.21) with hats instead of tildes then determines the following partial sums:

f̂c00d00
a00 f̂c00d00

b00 ¼ 2ϰ̂l
ðlþ 2Þ δ

a00b00 ; f̂c0d0
a00 f̂c0d0

b00 ¼ lϰ̂l
ðlþ 2Þ δ

a00b00 ;

f̂c0d00
a0 f̂c0d00

b0 ¼ 3ϰ̂l
4ðlþ 2Þ δ

a0b0 ; f̂c0i
a0 f̂c0i

b0 ¼ ð2lþ 1Þϰ̂l
4ðlþ 2Þ δa

0b0 : ð3:44Þ

After this splitting, the matrix differential equations (3.40) read

− ̈X̂a0 − 4l tan t _̂Xa0 þ
ðl − 1Þ
2ðlþ 2Þ ϰ̂lX̂a0 þ 3f̂b0c00

a0 ½X̂b0 ; X̂c00 � þ ½X̂b0 ; ½X̂b0 ; X̂a0 �� þ ½X̂b00 ; ½X̂b00 ; X̂a0 �� ¼ 0;

− ̈X̂a00 − 4l tan t _̂Xa00 −
1

2
ϰ̂lX̂a00 þ

3

2
f̂bc

a00 ½X̂b; X̂c� þ ½X̂b; ½X̂b; X̂a00 �� ¼ 0; ð3:45Þ

where in the last two terms fb; cg ¼ fb0; c0g ∪ fb00; c00g, of course. When we consider the decomposition

adjðspðlþ 1ÞÞ → ðadjðspðlÞÞ; 1Þ ⊕ ð2l; 2Þ ⊕ ð1; adjðspð1ÞÞÞ; ð3:46Þ

of spðlþ 1Þ irreps into spðlÞ ⊗ spð1Þ ones, we see that again there are two free parameters in the equivariance condition
(3.24): one for the 4l-dimensional fundamental representation indexed by a0, and one for the three-dimensional adjoint
representation of spð1Þ, indexed by a00. Bearing this in mind, the equivariant form of X̂aðtÞ is2

X̂a0 ðtÞ ¼
ffiffiffi
3

p
φðtÞÎa0 and X̂a00 ðtÞ ¼

ffiffiffiffiffiffi
4l

p
ψðtÞÎa00 : ð3:47Þ

It automatically satisfies the condition (3.27) and reduces the matrix differential equations (3.45) to two coupled differential
equations,

−φ̈ − 4l tan t _φþ l − 1

2ðlþ 2Þ ϰ̂lφþ 9
ffiffiffi
l

p

2ðlþ 2Þ ϰ̂lφψ −
3

2
ϰ̂lφ

3 −
3l

lþ 2
ϰ̂lφψ

2 ¼ 0;

−ψ̈ − 4l tan t _ψ −
1

2
ϰ̂lψ þ 6

ffiffiffi
l

p

lþ 2
ϰ̂lψ

2 þ 9
ffiffiffi
l

p

4ðlþ 2Þ ϰ̂lφ
2 −

8l
lþ 2

ϰ̂lψ
3 −

3l
lþ 2

ϰ̂lψφ
2 ¼ 0: ð3:48Þ

For any solution (φ, ψ ) to these equations, we obtain a Yang-Mills configuration

F 0b0 ¼
ffiffiffi
3

p
_φÎb0 and F a0b0 ¼ ð3φ2 − 1Þf̂a0b0 iÎi þ ð3φ2 −

ffiffiffiffiffiffi
4l

p
ψÞf̂a0b0a00 Îa00 ;

F 0a00 ¼
ffiffiffiffiffiffi
4l

p
_ψ Îa00 ; F a0b00 ¼

ffiffiffi
3

p
φð

ffiffiffiffiffiffi
4l

p
ψ − 1Þf̂a0b00c0 Îc0 ; F a00b00 ¼

ffiffiffiffiffiffi
4l

p
ψð

ffiffiffiffiffiffi
4l

p
ψ − 1Þf̂a00b00c00 Îc00 : ð3:49Þ

2The functions φðtÞ and ψðtÞ in this subsection are different from those in the previous one. We choose the prefactors for later
convenience.
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The action functional on de Sitter space dS4lþ4 with the ansatz (3.47) can be computed as

S ¼ 1

4

Z
I×S4lþ3

trðF ∧ �FÞ

¼ 1

8

Z
dtd4lþ3Ω4lþ3

�
R

cos t

�
4l
fð−6 _φ2trðÎa0 Îa0 Þ − 8l _ψ2trðÎa00 Îa00 Þ þ ð1 − 3φ2Þ2f̂b0c0 if̂b0c0 jtrðÎiÎjÞ

þ ð
ffiffiffiffiffiffi
4l

p
ψ − 3φ2Þ2f̂b0c0a00 f̂b0c0b00 trðÎa00 Îb00 Þ þ 6φ2ð1 −

ffiffiffiffiffiffi
4l

p
ψÞ2f̂b00c0a0 f̂b00c0d0 trðÎa0 Îd0 Þ

þ 4lψ2ð1 −
ffiffiffiffiffiffi
4l

p
ψÞ2f̂b00c00a00 f̂b00c00d00 trðÎa00 Îd00 Þg

∝
Z

dt

�
R

cos t

�
4l
�
24l _φ2 þ 24l _ψ2 −

lð2lþ 1Þ
lþ 2

ϰ̂lð1 − 3φ2Þ2 − 3l
lþ 2

ϰ̂lð
ffiffiffiffiffiffi
4l

p
ψ − 3φ2Þ2

−
6l

lþ 2
ϰ̂lð3φ2 þ 4ψ2Þð1 −

ffiffiffiffiffiffi
4l

p
ψÞ2

�
ð3:50Þ

where again tr ¼ tradj. It is possible to verify the equations
of motions (3.48) by varying this action with respect to φ
and ψ . Dividing by 48l, the corresponding external
potential is read off as

1

ϰ̂l
Vðφ;ψÞ ¼ 2lþ 1

48ðlþ 2Þ ð1 − 3φ2Þ2

þ 1

16ðlþ 2Þ ð
ffiffiffiffiffiffi
4l

p
ψ − 3φ2Þ2

þ 1

8ðlþ 2Þ ð3φ
2 þ 4ψ2Þð1 −

ffiffiffiffiffiffi
4l

p
ψÞ2

¼ 2lþ 1

48ðlþ 2Þ −
l − 1

4ðlþ 2Þφ
2 þ 1

4
ψ2

−
9

ffiffiffi
l

p

4ðlþ 2Þφ
2ψ −

2
ffiffiffi
l

p

lþ 2
ψ3 þ 3

8
φ4

þ 3l
2ðlþ 2Þφ

2ψ2 þ 2l
lþ 2

ψ4: ð3:51Þ

Figure 2 shows contour plots for l ¼ 1 and l ¼ 2. The
energy of these Yang-Mills configurations on de Sitter
space dS4lþ4 is computed as

E ¼ 6lϰ̂lvolðS4lþ3ÞðR cosh τÞ4l−1

×

�
1

2
_φ2 þ 1

2
_ψ2 þ Vðφ;ψÞ

�����
t¼tðτÞ

: ð3:52Þ

IV. FINITE-ACTION YANG-MILLS
SOLUTIONS ON dSn+ 1

A. Conformal factor and friction

In the previous section, we have shown that equivariance
with respect to the isometry group of the coset reduces the
Yang-Mills equations on dSnþ1 to Newtonian mechanics of
a particle in a particular potential in one or two space
dimensions with an additional friction term ∼ tan t _ϕ or
∼ tan tð _φ; _ψÞ, respectively. Away from n ¼ 3, the general

FIG. 1. Newtonian potential contours for SU(2) (top) and SUð3Þ
SUð2Þ

(bottom).
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solution to the nonlinear differential equations (3.16),
(3.35), or (3.48) is not known, and the only analytic
solutions are the constant ones, with the analog particle
sitting at a local extremum of the potential. For nonconstant
solutions, it is possible to figure out the behavior of ϕ [or
ðφ;ψÞ] and of the action numerically and asymptotically
near the boundary t ¼ � π

2
. One finds that

ϕ

�
π

2
− ϵ

�
∼ϵ→0

8<
:

ϵ−1 for n ¼ 1

log ϵ for n ¼ 2

constantþ ϵn−2 for n ≥ 3

; ð4:1Þ

and likewise for (φ, ψ). Hence, the friction term leads to a
blowing-up for n < 3 (negative friction) and to a freezing
for n > 3 (positive friction). For n > 3, the friction is
harmless, but the action (3.19) is infinite due to the
conformal factor ð R

cos tÞn−3, unless we deal with just the
vacuum solution. For n < 3 the conformal factor is benign
but the blowing-up at the boundary t ¼ � π

2
renders the

action (3.19) divergent, unless ϕ or (φ, ψ) is constant. The
n ¼ 3 case is very special because the friction term always
vanishes, and the particle solutions in a double-well
potential are known explicitly in terms of elliptic functions.
Here, both the action and energy are finite.

B. Vacuum and purely magnetic solutions

As is exemplified in Figs. 1 and 2, the vacuum solutions
(V ¼ 0) in the three cases are given by

ϕvac ¼ �1 or ðφ;ψÞvac ¼
�
�1;

1ffiffiffiffiffiffiffi
2m

p
�

or

ðφ;ψÞvac ¼
�
� 1ffiffiffi

3
p ;

1ffiffiffiffiffiffi
4l

p
�
; ð4:2Þ

and we do not consider them further because they corre-
spond to the pure-gauge configuration

A ¼ ĪAēA ⇒ F ≡ 0: ð4:3Þ

The only nontrivial analytic solution to (3.16), (3.35), or
(3.48) in any dimension is the constant solution

ϕmag ¼ 0 or ðφ;ψÞmag ¼ ð0; 0Þ; ð4:4Þ

respectively. It corresponds to the analog particle sitting on
a local maximum or on a saddle point (for m ≥ 2) of the
potential, respectively (see Figs. 1 and 2). Since F 0b ¼ 0,
the ensuing gauge field is purely magnetic, with

Aa ¼ Iieia ⇒ F ab ¼ −fabiIi;

Aa ¼ Ĩiẽia ⇒ F a0b0 ¼ −f̃a0b0 iĨi and F a001 ¼ 0;

Aa ¼ Îiêia ⇒ F a0b0 ¼ −f̂a0b0 iÎi and F a00b0 ¼ 0¼ F a00b00 :

ð4:5Þ

Note that F is valued in the stabilizer subgroup. Its action
(3.19), (3.37), or (3.50) becomes

S ¼ −
1

8

n
2
ϰ2nvolðSnÞ

Z
π/2

−π/2
dt

�
R

cos t

�
n−3

;

S ¼ −
1

8
ðm − 1Þϰ̃2mvolðS2mþ1Þ

Z
π/2

−π/2
dt

�
R

cos t

�
2m−2

;

S ¼ −
1

8

lð2lþ 1Þ
lþ 2

ϰ̂2lvolðS4lþ3Þ
Z

π/2

−π/2
dt

�
R

cos t

�
4l
; ð4:6Þ

FIG. 2. Newtonian potential contours for Spð2Þ
Spð1Þ (top) and

Spð3Þ
Spð2Þ

(bottom).
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respectively, which is finite only for n ≤ 3 or m ≤ 1.
Finally, the de Sitter energy is given by

E ¼ 1

8

n
2
ϰ2nvolðSnÞðR cosh τÞn−4;

E ¼ 1

8
ðm − 1Þϰ̃2mvolðS2mþ1ÞðR cosh τÞ2m−3;

E ¼ 1

8

lð2lþ 1Þ
lþ 2

ϰ̂2lvolðS4lþ3ÞðR cosh τÞ4l−1: ð4:7Þ

The exception is S3 ¼ SUð2Þ (the case m ¼ 1), where
ðφ;ψÞ ¼ ð0; 0Þ is again a vacuum solution. Since for
m ¼ 1 the index i takes no values, the field strength com-
pletely vanishes, as do the action and energy. However, as
can be seen in the top half of Fig. 1, in this case, the
potential admits two saddle points half-way between the
vacuum solutions,

ðφ;ψÞm¼1
mag ¼

�
� 1

2
;

1

2
ffiffiffi
2

p
�
; ð4:8Þ

which yield the configurations

Aa0 ¼ � 1

2
Ĩa0 and A1 ¼

1

2
Ĩ1 ⇒ A ¼ 1

2
Ĩaẽa

⇒ F ¼ −
1

8
f̃ab

cĨcẽa ∧ ẽb; ð4:9Þ

i.e., just one-half of the canonical SU(2) connection. For
comparison, the orthogonal coset representation of the
same space (the case n ¼ 3) yields precisely the canonical
SO(3) connection inside SO(4) as in (4.5).
With the values

ϰ2 ¼ 2 ⇔ fab3 ¼ ϵab; ϰ3 ¼ 4 ⇔ fabi ¼ ϵab
i−3;

ϰ̃1 ¼ 8 ⇔ fabc ¼ 2ϵab
c; ð4:10Þ

the values for the action and the energy of the magnetic
Yang-Mills solutions on dS3 and dS4 (the orthogonal and
the unitary coset) are displayed in the table below.

Space Value of the action S Value of the energy E

dS3 − 2·22
16

volðS2Þ 2
R ¼ −4π/R 2πðR cosh τÞ−2

dSorth4 − 3·42
16

volðS3Þπ ¼ −6π3 6π2ðR cosh τÞ−1
dSunit4 − 3·82

128
volðS3Þπ ¼ −3π3 3π2ðR cosh τÞ−1

C. General equivariant dS4 solutions

As already mentioned, for dS4 all equivariant Yang-Mills
solutions enjoy finite action and energy, for gauge group
SO(4) (case n ¼ 3) as well as for gauge group SU(2)
(case m ¼ 1). We have the SO(4)- and SU(2)-equivariant
connections

A ¼ Iiei þ ϕIaea and A ¼ φĨa0 ẽa
0 þ

ffiffiffi
2

p
ψ Ĩ1ẽ1

ð4:11Þ

which with (4.10) produce the fields

F ¼ _ϕIae0 ∧ ea þ 1

2
ðϕ2 − 1Þϵabi−3Iiea ∧ eb and

F ¼ _φĨa0e0 ∧ ẽa
0 þ

ffiffiffi
2

p
_ψ Ĩ1e0 ∧ ẽ1

þ ðφ2 −
ffiffiffi
2

p
ψÞϵa0b01Ĩ1ẽa0 ∧ ẽb

0

þ 2φð1 −
ffiffiffi
2

p
ψÞϵ1a0b0 Ĩb0 ẽa0 ∧ ẽ1; ð4:12Þ

respectively. The Yang-Mills equations boil down to

ϕ̈ ¼ 2ϕ − 2ϕ3 ¼ −
∂V
∂ϕ with V ¼ 1

2
ðϕ2 − 1Þ and

(
φ̈ ¼ −4φþ 12

ffiffiffi
2

p
φψ − 4φ3 − 8φψ2 ¼ − ∂V

∂φ
ψ̈ ¼ −4ψ þ 6

ffiffiffi
2

p
φ2 − 8ψφ2 ¼ − ∂V

∂ψ

)
with

V ¼ 2φ2ð
ffiffiffi
2

p
ψ − 1Þ2 þ ð

ffiffiffi
2

p
ψ − φ2Þ2; ð4:13Þ

respectively.
Let us first look at the unitary case. Besides the constant

solutions discussed above, one finds two types of non-
constant analytic solutions easily visible in the top contour
plot of Fig. 1,

Abelian : ðφ;ψÞ ¼ ð0; c cos2ðt− t0ÞÞ with c; t0 ∈ R;

Non-Abelian : ðφ;ψÞ ¼
�
1

2
ð1þ ϕÞ; 1

2
ffiffiffi
2

p ð1þ ϕÞ
�

with ϕ̈ ¼ 2ϕ− 2ϕ3: ð4:14Þ

Both types of solutions and the related Yang-Mills fields
have been discussed in [2,3]. Interestingly, the “Newton
equation” for ϕðtÞ above is the same as in the orthogonal
case, presented in the first line of (4.13). Its general solution
is given in terms of elliptic functions, except for the bounce
solution

ϕðtÞ ¼
ffiffiffi
2

p
sechð

ffiffiffi
2

p
ðt − t0ÞÞ; ð4:15Þ

which approaches the purely magnetic solution ϕ ¼ 0 for
t → �∞. For any solution ϕðtÞ, the su(2) Yang-Mills
potential and field take the form

A ¼ 1

2
ð1þ ϕÞĨaẽa and

F ¼ 1

2
_ϕĨae0 ∧ ẽa þ 1

4
ðϕ2 − 1ÞϵabcĨcẽa ∧ ẽb: ð4:16Þ

Let us compare this to the orthogonal case. The so(4)-
valued configurations

A ¼ ðIieia þ ϕIaÞea and

F ¼ _ϕIae0 ∧ ea þ 1

2
ðϕ2 − 1Þϵabi−3Iiea ∧ eb ð4:17Þ
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merely embed the su(2) Yang-Mills solution into so(4) and
represent nothing new.
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APPENDIX: STRUCTURE CONSTANT
NORMALIZATION FOR UNIT SPHERES

How are the structure constants to be normalized so that
the corresponding coset manifold is a sphere of radius one?
To answer this question, we embed the unit spheres as

Sn ↪ Rnþ1; S2mþ1 ↪ Cmþ1; S4lþ3 ↪ Hlþ1 ðA1Þ

where H denotes the quaternionic number field. The three
spaces Rnþ1, Cmþ1, and Hlþ1 carry the defining unitary
representation of SOðnþ 1Þ, SUðmþ 1Þ, and Spðlþ 1Þ,
respectively, With elementary matrices Eαβ defined by
matrix elements

ðEαβÞγδ ¼ δαγδβδ with α; β; γ; δ ¼ 1; 2;…; nþ 1

or mþ 1 or lþ 1; ðA2Þ

some of the one-parameter subgroups in all three cases have
the form

UαβðtÞ ¼ ðEαα þ EββÞ cos tþ ðEαβ − EβαÞ sin t
¼ expftðEαβ − EβαÞg with t ∈ ½0; 2πÞ: ðA3Þ

For a suitable choice of the subgroup SOðnÞ, SUðmÞ, or
SpðlÞ, the circle UαβðtÞ realizes a great circle in the coset
space, i.e., the unit sphere, with an obvious circumference
of 2π. In other words, we may identify Eαβ − Eβα with a
generator Īa of m in the defining representation.
To connect this to the structure constants, we compute

the trace of the square of this generator in the defining as
well as in the adjoint representation of SOðnþ 1Þ,
SUðmþ 1Þ, or Spðlþ 1Þ:

trdefðĪ2aÞ ¼ trððEαβ − EβαÞ2Þ ¼ −2 and

tradjðĪaĪbÞ ¼ f̄aCDf̄bDC ¼ −ḡab ¼ −ϰ̄δab: ðA4Þ

On the other hand, the two traces are related by the dual
Coxeter number h∨,

tradjðXYÞ ¼
8<
:

h∨trdefðXYÞ for X; Y ∈ soðnþ 1Þ with h∨ ¼ n − 1

2h∨trdefðXYÞ for X; Y ∈ suðmþ 1Þ with h∨ ¼ mþ 1

h∨trdefðXY þ YXÞ for X; Y ∈ spðlþ 1Þ with h∨ ¼ lþ 2

; ðA5Þ

We conclude that (including even n ¼ 2)

ϰn ¼ 2ðn − 1Þ; ϰ̃m ¼ 4ðmþ 1Þ; ϰ̂l ¼ 4ðlþ 2Þ
ðA6Þ

for the orthogonal, unitary, and symplectic cases,
respectively.

A rescaling of the structure constants causes the
following changes,

f̄··· ↦
1

ρ
f̄···; Ī· ↦

1

ρ
Ī·; ē· ↦ ρē·;

dΩ2
· ↦ ρ2dΩ2

· ; ḡ·· ↦ ρ2ḡ··; ϰ ↦ ρ2ϰ; ðA7Þ
leading to a sphere of radius ρ.
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