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The Wess-Zumino consistency condition allows more exotic forms of anomalies than those we usually
encounter. For example, in two-dimensional conformal field theories in the curved background with
spacetime-dependent coupling constant λiðxÞ, a Uð1Þ current could possess anomalous divergence of the
form DμJμ ¼ c̃Rþ χij∂μλi∂μλj þ χ̃ijϵ

μν∂μλ
i∂νλ

j þ � � �. Another example is the CP odd Pontryagin
density in four-dimensional Weyl anomaly. We could, however, argue that they are impossible in
conformal field theories because they cannot correspond to any (unregularized) conformally invariant
correlation functions. We find that this no-go argument may be a red herring. We show that some of these
“impossible anomalies” avoid the no-go argument because they are not primary operators, and the others
circumvent it because they are realized as semilocal terms as is the case with the conformally invariant
Green-Schwartz mechanism and in the higher dimensional analogue of Liouville or linear dilaton theory.
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I. INTRODUCTION

Anomalies1 in quantum field theories are constrained
from their algebraic structures given by the Wess-Zumino
consistency condition [1], which demands that the sym-
metry transformation is integrable. One elegant solution
of the Wess-Zumino consistency condition is given by
solving the descent equation and relating it to the higher-
dimensional anomaly polynomial [2]. It has a beautiful
geometric realization as well as physical realization by the
so-called symmetry-protected-topological phases of matter.
In addition, the Wess-Zumino consistency condition for the
Weyl anomaly together with the local renormalization
group gives nontrivial constraint on the renormalization
group flow, and has attracted a lot of attentions over
years [3–5]. Moreover, the effective field theory realization
of the Weyl anomaly is a starting point of the proof of the a-
theorem [6] and discussions on the equivalence between
scale invariance and conformal invariance in four-dimen-
sions [7,8]. See e.g., [9] for a review.
We, however, note that the there are more solutions to the

Wess-Zumino consistency conditions than those obtained
from the anomaly polynomials. For instance, let us consider

four-dimensional field theories with the anomalous con-
servation of the Uð1Þ current under the presence of (the
other) background Uð1Þ gauge fields Aμ with the field
strength Fμν. In addition to the conventional Adler-Bell-
Jackiw anomaly [10,11]

∂μJμ ¼ t1ϵμνρσFμνFρσ ð1Þ

we could have the additional (nonconventional) structure of
the form

∂μJμ ¼ t2FμνFμν: ð2Þ

We can easily see that the both forms of anomaly are
allowed by the Wess-Zumino consistency conditions
although the usual descent formalism from the higher
dimensional anomaly polynomial does not give the second
term.2 Is there any theoretical principle that the second form
does not appear possibly in CP violating theories? Of
course, with a given Lagrangian theory, one may argue its
absence by perturbative discussions similarly to the Adler-
Bardeen theorem [12], and the usual argument goes as
follows. Suppose the theory under consideration is defined
as an asymptotic free theory. Then we may use t’Hooft
anomaly matching argument to evaluate the anomaly in the
ultraviolet theory, but it is just fixed by the one-loop
diagram. Beyond the perturbation theory or especially in
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1In this paper, we define the anomaly as a c-number violation
of the conservation law under the presence of the nontrivial
background field that cannot be removed by adding local
c-number counterterms.

2In contrast, in the case of the non-Abelian anomaly (i.e., the
violation of DμJaμ ¼ 0), the Wess-Zumino consistency condition
is strong enough to fix the form of the anomaly in the conven-
tional form up to an overall factor.
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the non-Lagrangian theories, we might wonder what would
be the fundamental obstructions.3

If there were such anomalies, we might achieve more
intrinsic classifications of (possibly CP violating) quantum
field theories. They might give further constraint on the
renormalization group from the analogue of the ’t Hooft
anomaly matching. For example, if such theories exist, they
cannot be gapped. They might have particle physics
applications as we had in the π0 → 2γ decay in the ordinary
chiral anomaly.
On the other hand, as we will discuss in the main part of

the paper, there is an argument that these anomalies cannot
be realized in conformal field theories. The main point of
the argument is that if there existed such terms in the
anomaly, there must exist a corresponding three-point
function hJμJνJρi which reduces to (2) after taking the
divergence. The analysis of the conformal symmetry,
however, tells that such a (unregularized) three-point
function supported at the noncoincident point does not
exist and hence it is impossible. The argument sounds
convincing but slightly mysterious. Certainly the anoma-
lous current conservation law itself is Weyl invariant and
there is no violation of the Wess-Zumino consistency
condition either for the Uð1Þ symmetry or the Weyl
transformation. Then what is the underlying conceptual
reason why these terms are not allowed? In other words,
how can we evade the totalitarian principle of Gell-Mann:
“Everything not forbidden is compulsory.”?
In this paper, we call these anomalies “impossible

anomalies” and study the properties and possible realiza-
tions. On one hand, the impossible anomalies look per-
fectly healthy and consistent but on the other hand, it seems
that they are not compatible with the conformal symmetry
in their actual realizations. Our goal it to try to resolve this
dilemma in two different ways. In both cases, we find that
the no-go argument above may be a red herring. In the first
case discussed in Sec. II, we show that the no-go argument
can be avoided by realizing the current operators may not
be primary operators. In the second case discussed in
Sec. III, we show that the no-go argument can be circum-
vented by realizing the anomalous correlation functions can
be only semilocal as is the case with the conformally
invariant Green-Schwartz mechanism. We conclude the
paper with discussions in Sec. IV.

II. REALIZING IMPOSSIBLE ANOMALIES
FROM DESCENDANTS

In this section, we study the first mechanism to avoid
the no-go argument for impossible anomalies. The main

idea is to relax the condition that the current operator is
a primary operator. In fact, the idea itself is ubiquitous
and quite commonly observed in two-dimensional con-
formal field theories, so we begin with our analysis in
two dimensions.
We study a two-dimensional conformal field theory

with conserved Uð1Þ currents JVμ and JAμ . Here, super-
script V stands for the vector current whose left-
mover is J and whose right-mover is J̄, and A stands
for the axial current whose left-mover is J and
whose right-mover is −J̄. Let us put the theory in
the curved spacetime with the Ricci scalar given by R.
The Uð1Þ current may be anomalous in the curved
background, and we consider the possible anomaly of
the form

DμJVμ ¼ aRþ � � � ; ð3Þ

where � � � means the other anomaly terms that we will
not discuss for now.
This anomaly term is allowed in the sense of the Wess-

Zumino consistency condition. Indeed, the Wess-Zumino
consistency condition does not say much about the possible
form of the Uð1Þ current anomaly. The commutative nature
of the Uð1Þ anomaly

½δλ1ðxÞ; δλ2ðyÞ� ¼ 0 ð4Þ

implies that if the partition function Z½AμðxÞ� shows the
anomalous variation A½λðxÞ; AμðxÞ� ¼ δλðxÞ logZ½AμðxÞ�
under the gauge transformation δAμðxÞ ¼ ∂μλðxÞ for the
background gauge field AμðxÞ that couples with JVμ , it must
satisfy the algebraic constraint

δλ1ðxÞA½λ2ðxÞ� ¼ δλ2ðxÞA½λ1ðxÞ�: ð5Þ

This condition, however, is trivially true when the anoma-
lous variation is gauge invariant as in (3)

A½λðxÞ� ¼
Z

d2x
ffiffiffi
g

p
λðxÞaR: ð6Þ

Therefore the anomaly of the form (3) is integrable and
perfectly healthy in this sense.
However, a closer inspection might indicate that such an

anomaly cannot exist in conformal field theories from the
following argument. Suppose the anomaly is realized as in
(3). Then it must be visible from the study of the two-point
functions of the energy-momentum tensor Tμν and the
current Jμ. More precisely, it should be related to the two-
point function

3In this particular case, one may resort to the quantization of
the Uð1Þ charge and the compactness of the Uð1Þ gauge
symmetry to discard the possibility (2), but we do not always
have such and argument and the necessity of the quantization
could be questioned.
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hTðzÞJð0Þi ¼ 4a
z3

; ð7Þ

where we have introduced the complex coordinate
z¼x1þix2 and holomorphic tensors T ¼ Tzz and J ¼ Jz
as usual in two-dimensional conformal field theory. Indeed
the divergence gives the anomalous conservation

∂̄hT̃ðzÞJð0Þi ¼ 4πa∂2
zδ

ð2Þðz; z̄Þ ð8Þ

from the formula ∂̄ 1
z ¼ 2πδð2Þðz; z̄Þ, which is equivalent

to (3).
On the other hand, if we assume that T and J are (quasi-)

primary operators, we immediately realize that the con-
formal invariance demands that the two-point functions
between primary operators of different twists Δ� J vanish.
Since T and J have different twists, we conclude α ¼ 0 in
conformal field theories. As a matter of fact, the anomaly
equation (3) itself may not look Weyl invariant from the
beginning because the Ricci scalar has the nontrivial Weyl
transformation R → e−2σðR − 2□σÞ, and does not seem to
make sense in conformal field theories. We will come back
to this point later after showing how to circumvent this no-
go argument.
Nevertheless, we actually know that such anomalies

do exist. For example, if we study the string world-
sheet theory, the ghost number conservation is anoma-
lous and indeed it has the same form as in (3) (see e.g.,
[13]]). The above no-go argument is avoided because
the ghost number current is not a primary operator. In
unitary conformal field theories, conserved current
operators are necessarily primary operators, but it is
not the case here.
Actually, the situation is more generic. Let us consider

any two-dimensional conformal field theories with Uð1Þ
current algebra with the standard operator product expan-
sion (OPE):

hJðzÞJð0Þi ¼ k
2z2

hTðzÞTð0Þi ¼ c
2z4

hTðzÞJð0Þi ¼ 0 ð9Þ

For simplicity, we assume that the theory is left-right
symmetric so that the right-mover with (T̄, J̄) has the
same OPE with z replaced by z̄.
Let us now define the twisted energy-momentum

operator by

T̃ ¼ T þ α∂J
˜̄T ¼ T̄ þ α∂̄ J̄; ð10Þ

or equivalently, we modify the coupling to the back-
ground metric by

R
d2x

ffiffiffi
g

p
αðJw̄þ J̄wÞ, where w is the spin

connection.4

Then one can immediately see that the two-point
functions have the form

hJðzÞJð0Þi ¼ k
2z2

hT̃ðzÞT̃ð0Þi ¼ c − 6kα2

2z4

hT̃ðzÞJð0Þi ¼ −
kα
z3

: ð11Þ

This means that the Uð1Þ current under consideration
realizes the impossible anomaly once we couple the theory
to the background curvature through the twisted energy-
momentum tensor T̃ rather than T. We note that a priori
there is no preferred choices of α for the energy-momentum
tensor in two-dimensions: they are all traceless and con-
served (unlike in the other dimensions where the trace
becomes nonzero by the twist). For example, in the ghost
number current, the particular α is chosen from the other
principle of the physics (e.g., world-sheet BRST sym-
metry). The same is true in the case of topological twist in
ĉ ¼ 3 superconformal field theories. Whether we prefer the
topologically twisted energy-momentum tensor to the
untwisted energy-momentum tensor simply depends on
the problem we would like to study.
At the same time, from the same two-point function,

we see that the energy-momentum tensor has the Weyl
anomaly

T̃μ
μ ¼ −

ðc − 6kα2Þ
12

R −
kα
2
ϵμνFA

μν ð12Þ

under the presence of the background axial Uð1Þ curvature
FA
μν. This gives the reciprocal relation between the impos-

sible Uð1Þ current anomaly and the impossible Weyl
anomaly. This Weyl anomaly has a tantalizing physical
interpretation. Suppose we want to gauge the axial current
in two-dimensional conformal field theories. The gauging
would introduce the nontrivial beta functions for the gauge
field strength. The Weyl anomaly (12) indeed suggests that
the Uð1Þ theta angle acquires the “one-loop” beta function,
but the point is that the coefficient is unfixed unless we
specify how the theory couples to the background metric.

4At this point, we might be tempted to say that these are not
really anomalies because we can change them by adding local
operator–dependent counterterms, and indeed this is the case. We,
however, defined our anomalies as those which we cannot remove
by introducing the local c-number counterterms.We could take the
former viewpoint and then the ghost number anomaly is not an
anomaly (contrary to the common use of the terminology). Of
course, if we removed the ghost number anomaly in this way, then
the world-sheet BRST symmetry is lost.
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In other words, the beta function for the Uð1Þ theta angle is
completely arbitrary from the viewpoint of the flat space
theory unless other principles of physics are introduced.
One caveat of this construction is that the resulting

theory has the nonunitary interpretation. To see this, the
twisted OPE is equivalent to the commutation relation

½L̃1; Jð0Þ� ¼ kα; ð13Þ

which is the manifestation of the fact that J is not a
conformal primary, but at the same time, the vacuum
expectation values of the right hand side does not seem
vanish while the left hand side does if we assume that
vacuum is annihilated by L̃1. Therefore, we do not have the
unitary field theory interpretation of the i“mpossible
anomalies” in this construction. At the same time this
commutation relation makes it manifest that Jμ is not a
primary operator,5 and this is how the anomalous con-
servation law (3) is actually conformally covariant. Indeed,
if we naively apply theWess-Zumino consistency condition
for the mixed Uð1Þ transformation and the Weyl trans-
formation, it appears to fail if we assume that Weyl
transformation and the Uð1Þ transformation commute.
Naively, the Uð1Þ transformation of the Weyl anomaly is
zero while the Weyl transformation of the Uð1Þ anomaly is
nonzero. However, the commutation relation (13) actually
states that they do no commute and the anomaly is
consistent, which is obviously the case since we can
construct examples.
Let us study three examples. The first example is the

(twisted) free fermion also known as the bc ghost system.
As we already mentioned, the world-sheet ghost number
current is an example of impossible anomalies. Let us
consider the free Dirac fermion

S ¼
Z

d2x
ffiffiffi
g

p ðψ̄Lγ
μDμψL þ ψ̄Rγ

μDμψRÞ: ð14Þ

The standard choice of the spin connection in Dμ ¼∂μ þ ωμ � Aμ defines the spin 1=2 free fermion, but one
can twist the fermion to have different spin connection. The
twisted energy momentum tensor and Uð1Þ current are
given by

T ¼ 1

2
∂ψ̄LψL −

1

2
ψ̄L∂ψL − α∂ðψ̄LψLÞ

J ¼ −ψ̄LψL: ð15Þ

The world-sheet ghost system is realized at α ¼ 3
2
. The

fermion number is anomalous:

DμJμ ¼
α

2
R: ð16Þ

The second example is the twisted free boson (also
known as linear dilaton or Liouville theory):

S ¼
Z

d2x
ffiffiffi
g

p �
1

2
gμν∂μϕ∂νϕþ α

ffiffiffi
k

p
Rϕ −

ffiffiffi
k

p
ϕFμν

A ϵμν

þ
ffiffiffi
k

p ∂μϕA
μ
V þOðA2Þ

�
: ð17Þ

One may regard it as the bosonized version of the first
example. Here J ¼ ffiffiffi

k
p ∂ϕ and J̄ ¼ ffiffiffi

k
p ∂̄ϕ, and note that the

two-point function of the current is normalized with an
extra negative sign.
The advantage of this model is that we can reproduce the

anomaly from the classical analysis,

Tμ
μ ¼ −

1

2
α

ffiffiffi
k

p
□ϕ ¼ −

1

2
α2kRþ 1

2
αkϵμνFA

μν

DμJVμ ¼ 1

4

ffiffiffi
k

p
□ϕ ¼ 1

4
αkR −

1

4
kϵμνFA

μν ð18Þ

when AV
μ ¼ 0 (up to Oð1Þ quantum correction). In this

sense, the twisted boson gives the Wess-Zumino effective
action for the (impossible) anomalies. However, note that
this action not only reproduces the anomalous correlation
functions, but also the nonanomalous correlation functions
supported on noncoincident point, so one may regard it as a
bona fide quantum field theory with impossible anomalies.
This is a generalization of that the Liouville action or
nonlocal Polyakov action gives the effective action for the
local as well as nonlocal Weyl anomaly in two-dimensions.
As we will see, the discussions are more subtle in higher
dimensions because local terms and nonlocal terms may
have different origins.
Our third example is the holographic realization of the

impossible anomaly. We can realize the impossible
anomaly in the holographic bulk gravity in 1þ 2 dimen-
sion with the holographic topological twist. The minimal
setup is to realize the three-dimensional gravity as the
SLð2; RÞ × SLð2; RÞ Chern-Simons theory [14] and realize
the Uð1Þ current sector by the SUð1Þ ×Uð1Þ Chern-
Simons theory with the action

S ¼ k
4π

Z
Tr

�
A ∧ dAþ 2

3
A ∧ A ∧ A

�
þ ðB ∧ dBÞ

þ Tr

�
Ā ∧ dĀþ 2

3
Ā ∧ Ā ∧ Ā

�
þ ðB̄ ∧ dB̄Þ: ð19Þ

To realize the topological twist, we simply replace A3 →
A3 þ αB in A ¼ A1σ1 þ A2σ2 þ A3σ3. The impossible
anomaly is manifest in the boundary term in the bulk
gauge transformation B → dΛ. We also see that there is a

5This commutation relation further implies that Jμ is not a
descendant either. Again this is only allowed in nonunitary
conformal field theories.
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off-diagonal two-point function of T and J through the
kinetic term

R
A3dB.

III. REALIZING IMPOSSIBLE ANOMALIES
FROM THE SEMILOCAL TERM

Another way to realize impossible anomalies is based on
the semilocal terms in the correlation functions, which
should be distinguished from the one in the previous
section in which we had the direct implication of the
impossible anomalies in nonlocal correlation functions
supported at noncoincident points.6 To illustrate the idea,
we again begin with the two-dimensions.
Let us consider a two-dimensional conformal field

theory with marginal coupling constants λi, which couples
with the operator Oi, and the Uð1Þ current Jμ. Let us then
consider the possibility to realize the current anomaly of the
following form

∂μJμ ¼ χij∂μλi∂μλj þ χ̃ijϵ
μν∂μλ

i∂νλ
j þ � � � : ð20Þ

Here, we have promoted the coupling constants λi to be a
spacetime-dependent background scalar field. We can
easily see that they satisfy the Wess-Zumino consistency
condition by assuming λi are not charged under the Uð1Þ
symmetry associated with the current Jμ. Since they are
consistent, how can we realize them?
As in the previous section, we can again propose the

following no-go argument. Suppose that χij and χ̃ij are
nonzero. Then, we must be able to see it from the three-
point functions of hJðxÞOiðyÞOjðzÞi. However, we know
that the conformal invariance completely fixes the (unregu-
larized) three-point functions at noncoincident points in
two-dimensional conformal field theory [20] as

hJðxÞOiðyÞOjðzÞi¼
cij

ðx−yÞðy− zÞðz−xÞðȳ− z̄Þ2 : ð21Þ

Taking the derivative with respect to x̄, we see that it
satisfies the nonanomalous Ward-Takahashi identities;

∂̄xhJðxÞOiðyÞOjðzÞi
¼ 2πδ2ðx−yÞ cij

jy− zj4−2πδ2ðx− zÞ cij
jy− zj4

¼ δ2ðx−yÞqihOiðyÞOjðzÞiþδ2ðx− zÞqjhOiðyÞOjðzÞi
ð22Þ

indicating cij are charges of operator Oi and Oj (denoted
by qi and qj in the Ward-Takahashi identity). At this point,

one might conclude that the anomaly of (20) is impossible.
The semilocal term appearing in (22) is the nonanomalous
contribution, and it has nothing to dowith the anomaly (20).
In particular, whenOi andOj are not charged, then the three-
point functions at noncoincident point vanish due to the
conformal invariance. How can we get anything from zero?
On the other hand, it seems that we may realize such

anomalies by mimicking the free boson construction in the
previous section. Let us consider the free bosonic action

S¼
Z

d2x

�
1

2
∂μϕ∂μϕþϕðχij∂μλi∂μλ

jþ χ̃ijϵ
μν∂μλ

i∂νλ
jÞ
�
;

ð23Þ

and we study the anomalous divergence of the vector current
Jμ ¼ ∂μϕ, which is conservedwhen λ ¼ const.As is the case
with the previous section, onemay easily see that it shows the
anomaly through the classical equations of motion,

∂μJμ ¼ ∂μ∂μϕ ¼ χij∂μλi∂μλ
j þ χ̃ijϵ

μν∂μλ
i∂νλ

j; ð24Þ

realizing the impossible anomaly. This construction shows
explicitly that the Wess-Zumino consistency condition is
indeed satisfied because otherwise there should be no
effective field theory realization at all. This also shows that
not only the anomaly equation but also the equation before
computing the divergence is compatible with conformal
invariance because the construction here is perfectly con-
formally invariant.
To see what is happening and the actual origin of the

dilemma, let us compute the three-point function
hJðxÞOiðyÞOjðzÞi from this free boson action. In addition
to the terms coming from the explicit insertion of OiðyÞ,
which vanishes when OiðyÞ are not charged (i.e., non-
anomalous contributions), we have

hJðxÞOiðyÞOjðzÞi ¼
δ

δλiðyÞ
δ

λjðzÞ h∂ϕðxÞi
����
λ¼0

¼ −
Z

d2wh∂ϕðxÞϕðwÞi
× ðχij∂μδ2ðy − wÞ∂μδ

2ðz − wÞ
þ χ̃ijϵ

μν∂μδ
2ðy − wÞ∂νδ

2ðz − wÞÞ
ð25Þ

with hϕðxÞϕðwÞi ¼ logðx − wÞ2.
In this expression, it is not difficult to check that the

three-point function is indeed conformal invariant but
semilocal, where the support is localized at z ¼ y with
arbitrary x.7 We also note that the structure is intrinsically

6There has been some interest in understanding the role of
semilocal terms in correlation functions in momentum space [15–
18]. They may be in particular important in its application to
holographic cosmology (see e.g., [19] and reference therein).

7Under the infinitesimal special conformal transformation
xμ → xμ þ vμx2 − 2ðvρxρÞxμ, the delta function δ2ðx − yÞ is
invariant.
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different from (21), and the anomalous term should have
different origins than the regularization ambiguities in (21).
In momentum space (where we are not careful about the

overall factors), we have

hJðkÞOiðpÞOjðqÞi

¼ δðkþ pþ qÞ k
jkj2 ðχijp

μqμ þ χ̃ijϵ
μνpμqνÞ; ð26Þ

and it reproduces the anomalous divergence that we have
anticipated:

h∂̄JðkÞOiðpÞOjðqÞi¼ δðkþpþqÞðχijpμqμþ χ̃ijϵ
μνpμqνÞ:

ð27Þ

Note again this is different from the nonanomalous diver-
gence in the momentum space

h∂̄JðkÞOiðpÞOjðqÞi
¼ δðkþ pþ qÞðq1p2 log jpj2 þ q2q2 log jqj2Þ; ð28Þ

which gives the nonanomalous Ward-Takahashi identity.
Note that the anomalous divergence in (27) is completely
local while the nonanomalous divergence in (28) is still
semilocal. Therefore, we may be able to construct the
model of an impossible anomaly but only in the semilocal
terms. The existence of the anomaly is not explained by the
nonanomalous part of the correlation function but is fixed
by some other means.
The similar construction is available for the four-

dimensional impossible anomaly of the form that we
began with:

∂μJμ ¼ t2FμνFμν: ð29Þ

Assuming that the current Jμ is a conserved primary
operator, one may again argue that there is no conformally
invariant three-point function at noncoincident point that
shows the structure of the impossible anomaly. This is in
accord with the observation that the CP even three-point
function hJaμJbνJcρi vanishes in conformal field theories
unless there is a totally antisymmetric structure constant
fabc [21].
To be more precise, the conformal invariance and the

current conservation at the noncoincident point demands
that the CP even part of the three-point function of the
current operators at the noncoincident point must be given
by a combination of the two independent terms [22,23],

hJaμðxÞJbνðyÞJcρðzÞi ¼ kabc1 Dsym
μνρ ðx; y; zÞ þ kabc2 Csym

μνρ ðx; y; zÞ;
ð30Þ

where Dsym
μνρ ðx; y; zÞ and Csym

μνρ ðx; y; zÞ are permutation odd
tensor functions constructed out of

Dμνρðx; y; zÞ ¼
1

ðx − yÞ2ðz − yÞ2ðx − zÞ2
∂
∂xμ

∂
∂yν

× logðx − yÞ2 ∂
∂zρ log

�ðx − zÞ2
ðy − zÞ2

�

Cμνρðx; y; zÞ ¼
1

ðx − yÞ4
∂
∂xμ

∂
∂zα logðx − zÞ2 ∂

∂yν
∂
∂zα

× logðy − zÞ2 ∂
∂zρ log

�ðx − zÞ2
ðy − zÞ2

�
ð31Þ

by symmetrization

Dsym
μνρ ðx;y;zÞ¼Dμνρðx;y;zÞþDνρμðy;z;xÞþDρμνðz;x;yÞ

Csym
μνρ ðx;y;zÞ¼Cμνρðx;y;zÞþCνρμðy;z;xÞþCρμνðz;x;yÞ:

ð32Þ

Since the three-point function is permutation invariant,
the coefficient kabc1 and kabc2 must be permutation-odd.
To fix these coefficients, we note that when we compute
the divergence of (30), we find contact terms from
Dsym

μνρ ðx; y; zÞ. These contact terms at the coincident point
has the interpretation that Jb is charged under Ja and the
symmetry group is actually non-Abelian. Then the coef-
ficient kabc1 must be related to the structure constant fabc of
the non-Abelian group through the Ward-Takahashi iden-
tity. Due to the absence of the coincident singularities in
Csym
μνρ ðx; y; zÞ, however, kabc2 is not fixed by the group

structure. Therefore if we have more than three Uð1Þs
one may have such a term in Abelian global symmetries.8

This is an interesting point, but since kabc2 is permutation
odd anyway, it does not directly give rise to our anomaly
because our anomaly is permutation even in b and c. In this
way, we may conclude that the conformal symmetry does
not allow the impossible anomalies of the form (29).
However, one may still realize the anomaly in the

semilocal terms. Indeed, one may consider the free boson
with the higher derivative conformal action

S ¼
Z

d4x
�
1

2
ϕ□2ϕþ Bμ□∂μϕ − ϕFμνFμν

�
; ð33Þ

which may be regarded as a four-dimensional dilaton
theory. In order to study the anomalous divergence of
the current JBμ ¼ ∂μ□ϕ, we can compute the conformally
invariant semilocal three-point function

8One way to introduce such a term is to consider the holo-
graphic bulk theory with the three Uð1Þ gauge fields with the
cubic interaction

R
d5x

ffiffiffi
g

p
F1 ν
μ F2 ρ

ν F3 μ
ρ .
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hJBμJνJρi ¼
Z

d4wh□∂μϕðxÞϕðwÞi

× ðδνρ∂αδ4ðw − yÞ∂αδ
4ðw − zÞ

− ∂νδ
4ðw − yÞ∂ρδ

4ðw − zÞÞ: ð34Þ

with the desired (impossible) anomalous divergence,

h∂μJBμJνJρi ¼ δνρ∂αδ4ðx − yÞ∂αδ
4ðx − zÞ

− ∂νδ
4ðx − yÞ∂ρδ

4ðx − zÞ: ð35Þ

Alternatively, in the momentum space, we have

h∂μJBμJνJρi ¼ δðkþ pþ qÞðpνqρ − ðpqÞδνρÞ; ð36Þ

which is equivalent to the anomalous conservation (29).
The structure is very similar to the two-dimensional one
discussed in this section but quite different from the one
discussed in the previous section. The free boson con-
struction only gives rise to the semilocal terms and they are
not directly connected to the nonlocal three-point functions
allowed in the conformal field theories.
It is instructive to compare the results here with the one

with the more conventional anomaly realized in the con-
formally invariant Green-Schwartz mechanism. Instead of
(33), we consider the higher derivative action

S ¼
Z

d4x
1

2
ðϕ□2ϕþ Bμ

□∂μϕ − ϕϵμνρσFμνFρσÞ: ð37Þ

One may regard it as the conformal invariant version of the
Wess-Zumino action for the chiral anomaly. Alternatively,
one may regard it as the conformal invariant Green-
Schwartz action for the Uð1Þ current anomaly.
As before, one can compute the current three-point

function as

hJBμJνJρi ¼
Z

d4wh□∂μϕðxÞϕðwÞi

× ðϵνραβ∂αδðw − yÞ∂βδðw − zÞÞ: ð38Þ

In the momentum space, it is given by

hJBμJνJρi ¼ δðkþ pþ qÞ kμ
k2

ðϵμνρσpρqσÞ ð39Þ

or its divergence

h∂μJBμJνJρi ¼ δðkþ pþ qÞðϵμνρσpρqσÞ; ð40Þ

Note that the semilocal term (39) does not correspond to
the local three-point functions that we usually obtain in the
(unregularized) triangle diagram

hJaμðxÞJbνðyÞJcρðzÞi

¼ dabc
Tr½γ5γμðxα−yαÞγαγνðyβ− zβÞγβγρðzδ−xδÞγδÞ�

ðx−yÞ4ðy− zÞ4ðz−xÞ4 ;

ð41Þ

which is known as the only conformally invariant CP-odd
three-point functions of conserved current with nonzero
support at noncoincident point. Also they are different from
the completely local contact term ambiguities in regular-
izing (41)

hJaμðxÞJbνðyÞJcρðzÞiamb ¼ d̃abcϵμνρσ∂σδðx − yÞδðy − zÞ;
ð42Þ

that appears in the shifting momentum in the linearly
divergent integral.
Nevertheless its anomalous divergence is the same as

that we observe in conformal field theories. We, therefore,
can use the semilocal terms to cancel the current anomaly
as we do in the Green-Schwartz mechanism. In other
words, not accepting the realization of the impossible
anomalies by semilocal terms is equivalent to not allowing
Green-Schwartz mechanism to cancel anomalies.

IV. DISCUSSIONS ON IMPOSSIBLE
WEYL ANOMALIES

In this paper, we have discussed two mechanisms to
realize impossible anomalies. Impossible anomalies are
defined such that while they satisfy the Wess-Zumino
consistency conditions, they do not seem to possess the
corresponding flat space conformal correlation functions.
One way to circumvent the difficulty is to make the current
not primary operators, and the other way to circumvent is to
use the semilocal terms in the correlation functions.
There are more impossible anomalies reported in the

literature, some of which will be discussed here briefly for
future investigations. Consider the two-dimensional Weyl
anomaly. With spacetime-dependent coupling constants λi,
we may have

Tμ
μ ¼ cRþ ηij∂μλi∂μλ

j þ η̃ijϵ
μν∂μλ

i∂νλ
j þ � � � : ð43Þ

The manifestation of the Weyl anomaly in the correlation
functions is slightly more nontrivial than the one for the
current anomaly. In [24], they argued that η̃ij is an example
of impossible anomalies. Suppose we have nonzero η̃ij,
then we should be able to see it from the scale anomaly in
the two-point functions hOiOji, but there is no such terms
simply because ϵμνpμpν ¼ 0, and there is no CP violating
two-point functions. In contrast ηij can be directly mea-
sured in the two-point functions of hOiðpÞOjðqÞi ¼
ηijδðpþ qÞp2 logp2.
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On the other hand, the semilocal terms that correspond to
theWeyl anomalywith ηij do exist. Themost convenientway
to realize it to use the bosonic Liouville-like construction

Z
d2x

ffiffiffi
g

p �
1

2
∂μϕ∂μϕþ Rϕþ ϕðη̃ijϵμν∂μλ

i∂νλ
jÞ
�
: ð44Þ

It is more nontrivial to see how the induced Weyl anomaly
affects the correlation functions than the case in the Uð1Þ
current anomaly. Instead of computing the insertion of the
trace of the energy-momentum tensor directly, let us compute
the three-point functions of hTðkÞOiðpÞOjðqÞi from (44). In
the momentum space it is given by the semilocal term

hTðkÞOiðpÞOjðqÞi ¼ δðkþ qþ pÞ k
k̄
ϵμνpμqν; ð45Þ

so its divergence gives the contact term

h∂̄TðkÞOiðpÞOjðqÞi ¼ δðkþ qþ pÞkϵμνpμqν: ð46Þ

This term does not come from the semilocal terms in the
ordinary Ward-Takahashi identity of the energy-momentum
tensor conservation, so itmust be cancelled from the insertion
of ∂Tμ

μ to avoid the gravitational anomaly, which in turn
means that the trace of the energy-momentum tensor has the
(semi)local terms in the flat spacetime limit.

hTμ
μðkÞOiðpÞOjðqÞi ¼ δðkþ qþ pÞϵμνpμqν: ð47Þ

This is not inconsistent with the dilatation Ward-Takahashi
identity because

δdilataionhOiðpÞOjðqÞi ¼ lim
kμ→0

hTμ
μðkÞOiðpÞOjðqÞi

¼ δðqþ pÞϵμνpμqν ¼ 0; ð48Þ

andaswe saw, there is noCPodd term in two-point functions,
and the CP odd term in the left hand side is zero from the
beginning. Thus, theWeyl anomaly here does not correspond
to the dilatation anomaly in the two-point function.
The similar construction is possible for the four-

dimensional Weyl anomaly. There has been some debates
over whether the CP-odd Pontryagin term can appear in
the four-dimensional Weyl anomaly [25–30]. It satisfies
the Wess-Zumino consistency condition, but there is no
conformally invariant CP-odd three-point functions of
hTμνTρσTαβi supported at noncoincident points. Therefore,
it is an example of impossible anomalies in our terminology.
Our construction, however, suggests that at least

the semilocal correlation functions including the
Pontryagin Weyl anomaly exist. To see this, we consider
the Riegert-type effective action for the four-dimensional
Pontryagin Weyl anomaly given by

S ¼
Z

d4x
ffiffiffi
g

p �
1

2
ϕΔ4ϕ −QQϕ − ϕϵαβγδRαβμνRμν

γδ

�
;

ð49Þ

where Δ4 ¼ □
2 þ 2GμνDμDν þ 1

3
ðDμRÞDμ þ 1

3
R□ is the

Fradkin-Tseytlin-Riegert-Paneitz operator [31–34] andQ ¼
− 1

6
□R − 1

2
RμνRμν þ 1

6
R2 is the so-called Q-curvature [35].

The classical equations of motion gives the Weyl anomaly

Tμ
μ ¼ QΔ4ϕ ¼ Q2QþQϵαβγδRαβμνRμν

γδ ð50Þ
due to the nice conformal properties of Q-curvature:

Q → e−4σðQþ Δ4σÞ: ð51Þ
This effective action does reproduce

hTμ
μðxÞTσρðyÞTαβðzÞi

¼Qϵσαϵκ½ð∂β∂ρ−∂2δβρÞð∂ϵδðx−yÞ∂κδðx− zÞÞ�þ sym

ð52Þ
reported in [25,26] in its CP odd part.
The realization of the Weyl anomalies from semilocal

terms need further comments. There has been another
debate if the CP even part of the Weyl anomaly can
reproduce the flat space conformal three-point functions in
this Riegert-type action [36,37]. Since we do not have the
noncoincident three-point functions with CP violation
anyway (see e.g., [38,39]), we are not concerned about
this point, but further studies would clarify the role of our
effective action in relation to the one-loop computations in
[26]. By the same token, the two-point functions of the
energy-momentum tensor at the noncoincident point do not
depend on Q as observed in [40] while the Weyl anomaly
does. This is not a contradiction because the Weyl anomaly
is realized by semilocal terms in this model, but we may
miss the connection between the energy-momentum tensor
central charge CT and the Weyl anomaly.9

The existence of the conformally invariant semilocal terms
to realize the mpossible Weyl anomaly means that such an
anomaly is indeed consistent, which should be contrasted
with the inconsistent Weyl anomaly such as R2, but we
should realize that the above effective realization requires the
nonunitary field theories in four-dimensions because of the
higher derivative kinetic term. Thus, even if such amplitudes
can be found in actual conformal field theories in a certain
regularization, we might have to worry about the unitarity of
such theories. In this regard, it would be more satisfactory to
see if there are more intrinsic problems in these impossible
anomalies from the direct studies of correlation functions
rather than from a particular realization.

9In particular, in the Riegert-type action, we can further change
the Weyl anomaly coefficient c by adding

R
d4x

ffiffiffi
g

p
ϕWeyl2 as we

like while keeping CT fixed.
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