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Primordial magnetic fields (PMFs) can source gravitational wave background (GWB). In this paper,
we investigate the possible constraints on small-scale PMF considering the ongoing and forthcoming
direct detection observations of GWB. In contrast to the conventional cosmological probes, e.g., cosmic
microwave background anisotropies, which are useful to investigate large-scale PMFs (>1 Mpc), the
direct detection experiments of GWB can explore small-scale PMFs whose scales correspond to the
observed frequencies of GWB. We show that future ground-based or space-based interferometric
gravitational wave detectors give a strong constraint of about 10> nG on much smaller scales of about
k~10'2 Mpc™'. We also demonstrate that pulsar timing arrays have a potential to strongly constrain
PMFs. The current limits on GWB from pulsar timing arrays can put the tight constraint on the amplitude
of the PMFs of about 30 nG whose coherent length is about k =~ 10° Mpc~!. The future experiments for
the direct detection of GWB by the Square Kilometre Array could give much tighter constraints on the
amplitude of PMFs of about 5 nG on k = 10® Mpc™', on which scales it is difficult to reach by using the

cosmological observations.

DOI: 10.1103/PhysRevD.98.083518

I. INTRODUCTION

Recent direct detections of gravitational waves (GWs)
from black hole binary mergers and colliding neutron stars
by LIGO/VIRGO collaboration announce the coming of a
new gravitational wave astronomy era [1-6]. Obviously,
GWs from such astrophysical objects give us valuable
information about gravity in the strong field regime. On the
other hand, GWs from weak and unresolved sources
constitute stochastic gravitational wave background
(GWB). Although GWB still has not been detected, various
experiments provide the upper limits on GWB in a wide
range of frequencies [7—12]. There are many possible GWB
source candidates proposed so far in both the standard
cosmology and beyond. Moreover, the evolution of GWB
is sensitive to the expansion history of the Universe.
Therefore, the constraint on GWB is useful to reveal the
physics of the early Universe, particularly inflation models
and the thermal history of the Universe (e.g., review by
Refs. [13,14]).

In the cosmological context, one of the important sources
of GWB is the anisotropic stress of an energy component of
the Universe. Based on the cosmological perturbation
theory in the linear regime, any perturbations of the metric
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and the stress-energy tensor can be decomposed into the
scalar, vector, and tensor modes. In the linear regime, they
are decoupled in the Friedmann-Lemaitre-Robertson-
Walker (FLRW) universe. Since the tensor mode of the
anisotropic stress does not arise in the standard cosmology,
there is no GWB source after inflation. However, in the
nonlinear regime, these modes are coupled with each other,
and hence the GWs (corresponding to the tensor modes)
can be sourced from the anisotropic stress by the second-
order terms of the scalar and vector modes [15-19].
Therefore, from the limit on the GWB, we can obtain
the constraint on the nature of the first-order scalar or vector
modes. For example, the current limits on the GWB by
pulsar timing arrays (PTAs) put a constraint on the
amplitude of the primordial density fluctuations at small
scales, and they impose a tight restriction on inflationary
scenarios which could produce a number of solar mass
primordial black holes [20-23].

If primordial magnetic fields (PMFs) exist in the expand-
ing Universe, PMFs have an anisotropic stress, in particu-
lar, the tensor mode of the anisotropic stress, which can
generate GWB. The GWB generated from PMFs can affect
the cosmic microwave background (CMB) temperature and
polarization anisotropies at large scales [24-28]. Therefore,
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recent CMB observations at large scales provide the upper
limit on PMFs, which is in the order of nano-Gauss at Mpc
scales. PMFs can also affect CMB anisotropies directly
through the magneto-hydro dynamics effects [29,30]. In
particular, the stringent upper limit has been recently
provided by Ref. [31]. Using the numerical MHD simu-
lations, they constrain pico-Gauss magnetic fields on Mpc
scales through the effect of PMFs on the recombination
process.

In addition, the energy density or anisotropic stress
of PMFs contribute to the primordial fluctuations as an
isocurvature mode called a compensated magnetic mode
[28,32,33]. The effect of the compensated mode on the
large-scale structure, i.e., matter power spectrum, appears at
small scales. From the observation of the large-scale
structure of the Universe, we can obtain the similar limit
on PMFs as the upper bound from CMB anisotropies.

Cosmological observations can constrain PMFs on
typically Mpc scales. Since observations of small-scale
PMFs can provide valuable information for exploring the
origin of cosmological magnetic fields, many authors have
conducted studies on the upper bound of PMFs at smaller
scales than Mpc with various types of observations. The
constraint on the spectral distortion of CMB photons can
give a limit on PMFs of several tens nano-Gauss at kpc
scales due to the energy injection of decaying PMFs during
the early stage of the Universe [34,35]. The success of the
big bang nucleosynthesis (BBN) can also provide the
constraint on the total energy of PMFs [36]. This constraint
does not depend on the scale of PMFs. The entropy
production due to the energy dissipation of PMFs in the
early Universe can also give the limit on the PMFs at small
scales, i.e., k= 10* Mpc‘1 [37]. Note that before the
recombination epoch, the nonlinear effect inevitably pro-
duces second-order magnetic fields as 107>* Gauss in the
standard cosmology, and therefore this value can be read as
a “theoretical” lower bound on PMFs [38-41].

In this paper, we investigate the limits on the PMFs
obtained from the direct observations of GWB, e.g., at
pulsar timing arrays (e.g., NANOGrav [7], European PTA
[8,9], and Parkes PTA [10]), at space-based GW observa-
tories (e.g., LISA [42]), and at ground-based GW observa-
tories (e.g., LIGO [11]). Although there is no report of the
direct detection of GWB, nondetection of GWB even in the
current status of the observations allows us to obtain a
stringent constraint on the PMFs. Since the direct mea-
surements of GWB are sensitive to very high frequency
GWB—in other words, very small scales—these observa-
tions also give constraints on the PMFs with smaller scales,
compared to the CMB measurement.

This paper is organized as follows. In the next section,
we briefly review the GWB sourced by the anisotropic
stress of the PMFs. In Sec. III, we present our main results
and discussion. First, we assume that the spectrum of PMFs
is a delta-function type power spectrum, whose amplitude

and characteristic scale are tightly constrained. Next, we
also explore the power-law type power spectrum, whose
origin is assumed to be a cosmological phase transition.
In both cases, the direct observation of GWB can tightly
constrain the amplitude of PMFs. Finally, in Sec. IV, we
summarize this paper.

II. GRAVITATIONAL WAVES SOURCED FROM
PRIMORDIAL MAGNETIC FIELDS

In this section, we give the power spectrum of GWB
sourced from PMFs, based on Refs. [28,43]. If the PMFs
are generated in the early Universe, they must induce an
anisotropic stress in the energy-momentum tensor, which
would be a source of the gravitational waves on both super-
and subhorizon scales. By following Ref. [28], the spatial
(i,j) components of the energy-momentum tensor for
PMFs can be written in terms of background pressure of
photons (p,), the density perturbation (Ag), and anisotropic

stress of PMFs (z}}) as

T'(n.x) = 47[;4(’7) <% B (x)5'; — Bi(x)Bj(x)>, (1)
=p, (n)(A%(x)&'; + 2% ;(x)), (2)

where 1 and a(n) are the conformal time and scale factor,
respectively. Moreover, B(x) is the comoving magnetic
fields, i.e., B(x) = B(n,x)/a*, where a factor 1/a* comes
from the adiabatic decay due to the cosmic expansion.

Here, we focus on the GWs, and the perturbed metric
around the FLRW universe can be taken as

ds? = a®(n)[=di? + (5;; + 2h;)dx'dw’],  (3)

where h;; is a transverse and traceless tensor perturbation.
From the Einstein equation with the energy momentum
tensor given by Eq. (2), the evolution equation for the
Fourier component of 4;; is given by

2 1
hi;(n. k) + Hhi-_,-(n,k) + K hij(n.k) = ?Ry”fj(k) (4)
in the radiation-dominated era. Here, a prime denotes
the derivative with respect to the conformal time and
R, =p,/p;, where p, and p, are respectively the energy
densities of the photons and total radiation components.
The solution of Eq. (4) can be written as

hij(n,k) = hr(n, k)R, 7 (k), (5)

where At is a transfer function of GWs given by
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he(. k) = —2—,;1 (eI (Ei(—ikn) — Ei(~ikg))

— e (Ei(iky) — Ei(ikng))). (6)
Here, Ei(x) is the exponential integral, and 7z denotes an
initial time which can be considered to be a generation time
of PMFs. For the inflationary magnetogenesis scenarios,
we assume #g to be the beginning of the radiation-
dominated era, that is, the reheating time.! As an initial

3

5 itan L EY T ""ln"l'
s L " Y
condition, we take h;;(ng) = 0 and &};(ng) = 0. We can Y, L "
find an approximate form of the above transfer function for 2 N = - v e - ]
the case with kng < 1 as [28] 10 10 10 10 10 10 10
niMg
log (1) +B-1 (kn<l1), FIG. 1. The transfer function hy(n, k) as a function of #/7g.
T AN )
—log(kng) 7'7 (kn>1).

2”)3 3 / 27
" 5k~ k) (5, ~ k) Pa (). (1)

* (
(Bi(k)Bj(K')) =
We show the temporal evolution of the transfer function in
Fig. 1. The amplitude of GWB has a peak at the horizon

crossing time, and after that, the amplitude decays as

ht(n, k) xn~! < a”!' as shown in Eq. (7).
The power spectrum of GWs is defined as

(g 1. 5, K)) = (278 (k =K )Py, K. (8)

The explicit form of the anisotropic stress of PMFs, 71'5,
is given by

S R LU DD

Therefore, by using Eq. (5), we can evaluate the power
spectrum of GWs sourced by PMFs as

3 &k,
P,(n, k) = h3(n, k)R? /
h( ) T( ) 14 647‘[2p§.0 (2”)3

3
(‘127';)23 (27)383 (k — ky — k)
x Pg(ky)Pp(ks) (1 + (k- k,)*) (1 + (k- ky)?).
(10)

where the hat means the unit vector and Pg(k) is a power
spectrum of the PMFs. Assuming that the PMFs are

Gaussian and nonhelical, the power spectrum of the
PMFs can be written as

'This assumption neglects the amplification during inflation,
which might be strongly model dependent. In that sense, our
result shows the conservative upper bounds on PMFs.

Finally, we can calculate the density parameter of GWB
from PMFs with the power spectrum in Eq. (10) by

1 k\2 K
QGW(’?’k):E Py, th(n’k)- (12)

III. RESULTS AND DISCUSSIONS

In this section, we discuss the upper bound of PMFs
through the measurement in the direct detection experi-
ments of GWB. For the simplicity of analysis, first

the power spectrum of PMFs is assumed to be the delta-
function type as

27
For this delta-function type of PMFs, the energy density of
GWRB at the present time (1 = #,) can be represented as

R /B2\2/ k\2 K\ 2
Qaw (10, k) = Tzﬁﬁ (ﬂ) (H_(,) azaht (k. 1eq) <k_p>
7.
) on(1-ar)
X 1+— ®H 1—— s
( 4K 2%,

where Oy(x) is the Heaviside step function and the sub-
script “eq” means the value at the epoch of matter-radiation
equality. Since we are interested in GWB whose wave-
lengths are much smaller than the horizon scale at 7., we
simply adopt the adiabatic evolution after the epoch of
matter-radiation equality in order to obtain Eq. (14). That
is, the amplitude of GWB at the present epoch 7, At (k, 1)
can be given by hr(k,no)ag = hr(k,neq)deq.

(14)
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Note that, in the above analysis, we assume that the
anisotropic stress of neutrinos can be neglected. This
assumption can be justified as follows. After the neutrino
decoupling era, neutrinos start to stream freely, and the
additional contribution appears in the rhs in Eq. (4) as the
anisotropic stress of neutrinos. The neutrino anisotropic
stress should be described as [44,45]

B} o Jalkn=m));
R,nY,(n. k) = —24R, / dy, 2K 1)),

Alrermm cRlUIULO )

where j,(x) is a spherical Bessel function and R, = p,/p,.
From the above expression, one can find that the effect of
the neutrino anisotropic stress on the evolution of GWs
would be negligible on subhorizon scales even after the
neutrino decoupling (k> 1, n > 5, ~ 7.6 x 107+ Mpc).
The observations of PTAs, which are the current lowest
frequency experiments for direct detection, can be sensitive
to GWB with kpra ~ 5 x 10 Mpc~!. Therefore, as long as
we consider the scales larger than direct GW observations,
e.g., PTAs and GW interferometers, we can safely neglect
the effect of neutrino anisotropic stress.

Now we evaluate Eq. (14) numerically. Before we move
on, it is helpful to remove the oscillation part from the
transfer function of Eq. (6) for numerical evaluation.
Therefore, we approximate Eq. (6) to

Ci(kney) —Ci(kng))? + (Si(kney) — Si(kng))?
h%('?emk)%( i) (n)()knjq;(”q) (kng))*

(16)

where Ci(x) and Si(x) are the cosine-integral and sine-
integral, respectively. This approximation is valid only for

10_]6 T T T T
- Scale-invariant ——
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FIG.2. The spectrum of GWB induced by the anisotropic stress
of PMFs at the present time for various k. In this figure, we set
B =1 nG. The amplitude of GWB is scaled proportional to B*.
We also show the scale-invariant case defined in Eq. (17) with the

solid black line.

N —
S

;' < k. In the case of the direct detection of GWB, the
condition, 77;! < k, is well satisfied as we have mentioned.

Plugging Eq. (16) into Eq. (14), we calculate the energy
density of GWB at the present time. Figure 2 represents
the results, Qgw, as a function of k. Here, we set B = 1 nG.
In Fig. 2, we also show the dependence on kg, taking
different kpnp from 0.001 to 100. In this figure, although

we set 7z/n, = 10712, we confirm that the spectra are
insensitive to the choice of 775. As can be seen in this figure,
the induced GWB has a peak at k =k, and the peak
amplitude of GWB is almost saturated for k,ng < 1. This is
because the amplitude of GWB at k = k;, depends on k,np
logarithmically for the case with kng < 1, as shown in
Eq. (7). On the other hand, the amplitude of generated
GWSB is strongly suppressed on k17 > 1. For this reason,
in the case of relatively higher frequency experiments such
as LIGO where the observed frequency, ks, can become
larger than 1/#, the constraints would strongly depend on
the generation time, 7. Note that a causal generation can
produce only magnetic fields whose scale is less than the
horizon scale at the generation epoch. However, causal
magnetic fields can have the power even on superhorizon
scales in the Fourier space because causal magnetic fields
have the tail of the blue power spectrum on scales larger
than the horizon scale (see Ref. [46]). Therefore, consid-
ering the above power spectrum (13) allow us to obtain the
constraint on the small-k tail part of causal magnetic fields.

Here, we consider three types of observations, i.e., PTAs,
space-based GW observatories, and ground-based GW
observatories. First, PTAs can be sensitive to GWB with
kpra &5 x 10° Mpc™!, e.g., [47,48]. We refer to the results
for the PTAs currently running—such as NANOGrav [7],
European PTA [8,9], and Parkes PTA [10]—and future
PTA projects such as Square Kilometre Array (SKA) [49].
Second, for a space-based GW observatory we consider
LISA, which is planned now. In the current design of LISA,
it is expected that GWB could be strongly constrained
[42]. Third, as the upper bound for a ground-based GW
observatory, we adopt the recent report by LIGO [11]. We
summarize these (expected) upper bounds in Table I
with the most sensitive wave numbers and corresponding
upper limits.

TABLE I. Summary of the observations we assumed. Current
PTA and LIGO bounds are obtained from the observed results but
SKA and LISA are expected upper bounds in the future.

Wave number k Upper limit

[Mpc™] on Qgwh?
Current PTAs [7-10] ~5 x 10° <107
LIGO [11] ~10Y7 <1077
SKA [49] ~5 % 10° <1013
LISA [42] ~10'2 <107°
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FIG. 3. Upper bounds on the amplitude of PMFs obtained

from direct detection measurements of GWB; current PTAs
(black shaded), SKA PTA (gray shaded), LISA (green shaded),
and LIGO (cyan shaded). We also show the previous studies:
magnetic reheating (red) [37], BBN (blue) [36], and CMB
distortion (magenta) [34]. Upper bounds from the direct
detection measurements of GWB are shown by the shaded
regions which come from the generation epoch of PMFs within
10717 < ng/n, <1072,

We summarize our constraints in Fig. 3. The upper
bounds estimated from the direct detection experiments
of GWB are expressed in solid lines. The thickness of
lines corresponds to the range of the PMF generation epoch
and we take it to be 1077 < #g/n, < 10712, The bottom
lines correspond to the upper bound for the case with
ng/n, = 10717, As we have mentioned, for the experiments
with relatively higher frequency bands such as LIGO, the
amplitude of generating GWB strongly depends on the
PMF generation epoch, 7, and hence the solid line for
LIGO seems to be thicker. As a result, current PTAs and
LIGO give B < 40 nG for k ~ 10° Mpc™' and B < 300 nG
for k=~ 10" Mpc™! (for ng/n, = 107'7), respectively.
LISA is expected to give B<50nG for k ~ 10'> Mpc~'.
The PTA by SKA will give a tight constraint on the
amplitude of PMFs as B <4 nG for k~ 10° Mpc~.

So far we have considered the delta-function type of
the PMF power spectrum to make it easy to understand the
correspondence between the scale of PMFs and the
frequency of induced GWB. Let us consider the PMFs
with the power-law spectrum as a more general case. First,
we consider the scale-invariant spectrum whose form is
assumed to be

2 1 o) n<k<
PB (k) — 21362 X { n (kmax/kmm) kmm _— k —_— kmax
k 0 otherwise ,
(17)

where we introduce IR and UV cutoffs with k,,;, = ;! and

kyaxi1s = 108, Note that we have confirmed that the result

does not depend on the choice of these cutoff scales. In
Fig. 2, we plot Qgw due to the scale-invariant spectrum as a
solid black line. As seen in the case of the delta-function
type, the scale dependence of the energy density of induced
GWB becomes weaker at larger scales than the horizon
scale at the generation epoch. For the scale-invariant case
where the power spectrum is assumed to be Eq. (17), the
current PTAs give an upper bound as B < 2.5 x 10 nG.

Finally, we briefly mention the case where the PMFs are
causally generated [46] and generated PMFs have a blue-
tilted power spectrum assumed to be [50]

Py(k)

_ 27°2(27)" B [k
k;

np+3
— T —> Oulk. — k). (18)
2

where we introduce the Heaviside step function Oy(x)
which means that the amplitude of PMFs is identical to zero
at smaller scales than the cutoff scale k.. Here B; is the
amplitude of PMFs by smoothing over comoving scale of 4
and k; = 2x/A. For such blue-tilted PMFs, the spectrum of
the energy density of GWB is given as

QGW(k’ 110) B R}% (2(2”)n3+3>2 <B_%>2

51277 \ (R Py0
k 2 k 2 oodk k ng+2
) K2k, - st N i}
) <H0> Tl ’70)<k1> /0 ki <k/1>

ki dky (k12
otk [ (1)
H( 1) |k_kl‘ k2 kﬂ

x Ok, — ko) (1 + (k- k,)*) (1 + (k - ky)?).
(19)

If we assume k/k; < 1 and 2nz + 3 > 0, we can perform
the integrations in terms of k, and k; and obtain an
approximate expression as

R}% (271)2”B+6 1 ke 215 t3
64z (") 215 +3 \ky

o) () (6 e

(for k < k), (20)

Qaw (k,ng) =

From the above approximate expression, one can find that
the scale dependence of Qg is independent of the spectral
index of PMFs ng, i.e., proportional to k?h2(k,n,), while
the amplitude of Qgw depends on it [24,43]. As an
example, let us assume the PMFs generated at the electro-
weak phase transition where 7 is taken to be equal to
ew ~ 107%7, and the spectral index of PMFs is expected to
be np = 2 [46]. For such a case, the cutoff scale is assigned
to the horizon scale of the electroweak transition, i.e.,
k. = ngw- Therefore, since the observed frequency band of
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LIGO is much larger than the cutoff scale in the spectrum of
PMFs, k., the PTA observations can put a strong constraint
on the amplitude of PMFs.

The current PTA observations put the constraint on
the amplitude of PMFs as Bj e < 1.9 x 107'% nG. This
constraint is comparable to that obtained from the nucleo-
synthesis bound on GWB [43]. The future PTA observation
by SKA is expected to constrain the amplitude of PMFs
about By e < 1.0 x 107! nG. The expected constraint by
the future LISA experiments has been investigated in
[43,51]. In the above analysis, we focus on PMFs generated
in the cosmological phase transition. However, Ref. [52]
discusses the upper bound of GWB due to turbulence in the
chiral plasma sourced by PMFs. Even in this specific
model, GWB induced from PMFs can be also strongly
constrained by the PTA. In particular, the future PTA
observation such as SKA should be a good probe to explore
various models of the PMF generation.

IV. SUMMARY

Under the presence of primordial magnetic fields
(PMFs), the tensor mode in the anisotropic stress of
PMFs can generate gravitational wave background
(GWB). Although the PMFs at large scales are well
constrained by the cosmological probes such as the
CMB anisotropies, small-scale PMFs are less done. In this
paper, we establish the upper limit on the PMFs through
various experiments on the direct detection of GWB. The
sensible scales for the direct detection of GWB are widely
broadened from k = 10° ~ 10'7 Mpc~!, and therefore the
limit on PMFs at similar scales can be obtained. In this
sense, the direct detection of GWB is one of the keys to
explore the signature at small scales.

The nature of PMFs can be described by the primordial
power spectrum of PMFs in which the generation mecha-
nism would be imprinted. First, we assume the delta-
function type power spectrum with two PMF parameters,
its amplitude and the scale of the peak position. We find
that the PTA can strongly constrain the amplitude of PMFs
on scales k= 10° ~10° Mpc~!. In particular, the future
observations of PTAs such as the Square Kilometre Array

has a potential to put a limit on PMFs at about 5 nG at
k ~ 10® Mpc~!, which we cannot access by using the
conventional cosmological observations. We should note
that, although the magnetic reheating or BBN can also
constrain similar scales, those upper bounds are weaker
than that from the PTAs. We also study the case of the
power-law type power spectrum, especially the scale-
invariant power spectrum. Even in this case, the direct
observations by PTAs such as SKA are also better probes
for putting an upper limit on the amplitude of PMFs. In
particular, the current PTAs give an upper bound as
2.5 x 10? nG. Finally, when the origin of the PMFs is
assigned to the cosmological phase transitions, the spec-
trum of PMFs can be described as a power-law type power
spectrum with a blue power tilt. Considering the causal
PMF generation, the tilt of the power spectrum of PMFs
can be set as ng = 2. In this case, the amplitude of PMFs
with smoothing over a comoving scale of A =1 Mpc is
bounded at about 10~'® nG from current PTA observations.
This upper limit will be comparable to the limit from future
experiments such as LISA, except for the constrained
scales. Moreover, future PTA observations such as SKA
can put a stronger constraint on the PMFs of 10~'° nG.

We can conclude that, in either case, the direct obser-
vations of GWB from PTAs work well in order to constrain
PMFs. In particular, SKA would be a promising probe for
accessing the small-scale PMFs that cosmological obser-
vations cannot reach. Note that throughout this paper, we
focus only on nonhelical PMFs. However, if we add the
helical components of PMFs, the helical GWB emerges,
and moreover, nonhelical GWB is also amplified by the
helical PMFs [24]. These objects will be presented in a
future work.
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