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In order to gain deeper insight into the physics of the novel rotating solution of nonideal transverse
magnetohydrodynamics (MHD), presented in one of our recent works, we replace the previously
considered Maxwell theory with the CP violating Maxwell-Chern-Simons (MCS) theory. In this way,
dissipationless chiral magnetic (CM) and anomalous Hall (AH) currents appear in the MCS equation of
motion, that, together with equations of relativistic hydrodynamics, builds the set of constitutive equations
of the nonideal transverse Chern-Simons magnetohydrodynamics (CSMHD). We are, in particular,
interested in the effect of these currents on the evolution of electromagnetic fields in a uniformly and
longitudinally expanding quark-gluon plasma with chirality imbalance. Combining the constitutive
equations of CSMHD under these assumptions, we arrive, as expected, at two distinct rotating and
nonrotating solutions for electromagnetic fields. The rotation occurs with increasing rapidity and a constant
angular velocity . Remarkably, the relative angle between the electric and magnetic fields, d, turns out to
be given by the coefficient of AH current xz and the electric conductivity of the medium o, as
6 = tan~! (/o). Whereas the nonrotating solution implies the AH coefficient to be vanishing, and thus
nonrotating electric and magnetic fields to be either parallel or antiparallel, the relative orientation of
rotating electric and magnetic fields and the evolution of the CM conductivity kxp are strongly affected by
nonvanishing k. We explore the effect of positive and negative @, on the evolution of the CM current, and
show, in particular, that a rotation of electromagnetic fields with negative w, implies a sign flip of the CM

current in a chiral fluid with nonvanishing AH current.
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I. INTRODUCTION

Because of the formation of a plasma of deconfined
quarks and gluons, modern heavy ion collision (HIC)
experiments open up a unique possibility to study the
topological sector of quantum chromodynamics (QCD).
One of the most striking effects in this sector is the quantum
chiral anomaly, arising, in particular, by an imbalance in the
number of right-handed and left-handed quarks. The latter
is produced through a transition between vacua of different
Chern-Simons (CS) numbers, and leads to a local P and CP
violation in chiral media. At high temperatures and energy
densities, these transitions are mediated by unstable,
spatially localized classical gauge field configurations of
finite energy, called sphalerons [1]. Sphaleron transitions
generate significant amount of axial charge by the mecha-
nism of axial anomaly [2]. The induced axial charge
asymmetry is then converted into an electric current along
strong U(1) magnetic fields, which are believed to be
created in off-central HICs [3]. This is known as the chiral
magnetic effect (CME) [3.,4]. Other effects associated with

fsadooghi @physics.sharif.ir
"m_shokri @physics.sharif.ir

2470-0010/2018,/98(7)/076011(26)

076011-1

the presence of chiral fermions in a hot and dense quark
matter include, among others, chiral vortical effect [5],
chiral separation effect [6] and chiral vortical separation
effect [7]. Over the past few years, a growing number of
theoretical studies have concentrated on various transport
phenomena arisen from these effects, not only in the quark-
gluon plasma (QGP) created in HICs (for a review, see
[7.8]), but also in relation to Weyl and Dirac semimetals
(for a review see [9]). Experimental evidences of CME are
reported in [10] from HIC experiments at the Relativistic
Heavy Ion Collider (RHIC) and Large Hadron collider
(LHC) as well as in [11] from condensed matter experiments.

Chiral kinetic theory [12] and anomalous (chiral) mag-
netohydrodynamics (MHD) [13-16] are two main tools to
describe the anomaly-induced transport phenomena in a
chiral medium. In the present paper, we focus on chiral
MHD, however, in a slightly different approach from
[14,15], where, in particular, the MHD constitutive equa-
tions consist of homogeneous and inhomogeneous
Maxwell equations, energy-momentum and vector current
conservation laws as well as the axial anomaly equation. In
the Chern-Simons MHD (CSMHD) setup, used in this
paper, we start, in contrast, with a Lagrangian density of
Maxwell-Chern-Simons (MCS) theory, also known as
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axion electrodynamics, which includes apart from the
Maxwell F,, F* term, a CP violating Chern-Simons
(CS) 9F WF”” term. Here, 9 is an axionlike field and
o= %e/‘”f"’F o+ In this way, the CM and another anoma-
lous currents, the AH current, appear automatically in the
MCS equation of motion. As it is shown in [17], in the non-
relativistic limit, while the CM current is proportional to the
magnetic field, and includes the time derivative of 9, the
AH current is perpendicular to the electric and magnetic
fields, and includes the spatial gradient of 9. The combi-
nation of relativistic MCS equations of motion with the
equation of relativistic hydrodynamics leads eventually to
relativistic CSMHD. We are, in particular, interested in the
effects of these currents on the evolution of the electric
and magnetic fields in a chiral fluid with finite electric
conductivity, that expands uniformly [18] in the direction
transverse to electromagnetic fields (hereafter nonideal
transverse CSMHD).

Same assumptions were also made in our previous work
[19], where we extended the method of self-similar
solutions of relativistic hydrodynamics [20] to the case
of nonconserved currents of a nonideal fluid, and presented
two novel sets of solution to the transverse MHD [21,22].
To do this, we used, as in the Bjorken solution to 1 + 1
dimensional relativistic hydrodynamics [18], the Milne
coordinates 7 and 7, with the proper time 7= /1> — 7>
and the rapidity n = %ln(f_“—i) We also parametrized the
corresponding differential equations with two parameters ¢
and ¢, that correspond to the angles of electric and
magnetic fields with respect to a certain x-axis in the local
rest frame (LRF) of the fluid. The solutions are shown to be
characterized by parallel or antiparallel electric and mag-
netic fields, whose magnitudes were assumed to be boost-
invariant. However, whereas electric and magnetic vectors
in the first set of solutions are shown to be fixed in a 7—
plane, they rotate in the second set of solutions. The

rotation occurs in the same 7—# plane with a constant
%
were referred to as nonrotating and rotating solutions of the
nonideal transverse MHD. We showed that for both
solutions, the relative angle between the electric and
magnetic fields does not evolve with 7, and is boost
invariant (y-independent). In both cases the evolution of
the magnitude of the magnetic field B is given by
B o 77! exp(M). For the nonrotating solution, M arises
from the solution of % =0, with u =1In(z/7,). For the
rotating solution, however, M satisfies a second order
nonlinear differential equation, that arises by combining the
constitutive equations of the transverse MHD. We set,
without loss of generality, M =0 for the nonrotating
solution, and concluded that the frozen flux theorem is
also valid in the nonideal transverse MHD, as in the ideal
case. Solving the aforementioned nonlinear differential
equation, we numerically determined the corresponding

angular velocity @y %. These two sets of solutions

M to the rotating solution. Once M was determined, the
evolution of the magnitude of the electric field £ and the
temperature 7" could also be separately determined in
nonrotating and rotating cases. We defined a parameter
Qg = fwg, where £ = +1 corresponds to parallel (Z = +1)
and antiparallel (£ = —1) electric and magnetic fields, and
explored, in particular, the effect of €2, on the evolution of
B, E and T. We showed that the lifetime of the magnetic
field increases with increasing negative values of €2,. In
[19], €, remained as a free parameter, among other free
parameters such as the finite electric conductivity of the
medium.

The main purpose of the present paper is to gain deeper
insight into the physics of nonrotating and rotating sol-
utions of the nonideal transverse MHD. To do this, we
replace, the previously considered Maxwell theory with the
CP violating MCS theory, and explore the effect of
aforementioned currents on the evolution of electromag-
netic and hydrodynamic fields. We essentially make the
same assumptions as in [19], and arrive at a number of
novel results concerning the solutions of nonideal trans-
verse CSMHD, where, in particular, anomalous CM and
AH currents are created by nonvanishing temporal and
spatial gradients of the axionlike 9 field.

One of the most remarkable results is that the relative
angle between E and B fields, 9, is given by the coefficient
of the AH current x5 and the electric conductivity of the
medium 6, as § = tan~'ag with agz = kg/o. For vanishing
ag, we arrive at parallel or antiparallel electric and magnetic
fields, as expected from [19]. For nonvanishing tan o, we
show that k; « 77!, and, in this way, 6 evolves with the
proper time 7. This is in contrast to our findings in [19],
where 6 was a constant in 7 and 7. We also determine the
(z, n)-dependence of the 9-field, and show that it depends
on the coefficients of CM and AH currents, xz and xz. We
also show that for nonvanishing a, in contrast to [19],
where the angular velocity w, was a free parameter, it is
possible to determine wj as a function of ay = az(7,) and a
number of other free parameters, among others, the electric
conductivity of the medium, ¢, and the ratio of the electric
and magnetic field magnitudes at a certain initial proper
time 7y, fy = Ey/By. As concerns the evolution of E and B
fields, it is shown, that for ag # 0, the function M in B
7~! exp(M) can be analytically determined as a function of
the same free parameters oy, ffy, @y and «. In the case of
vanishing ag, however, M is shown to arise, from the
solution of either % = 0 (nonrotating solution) or a second
order nonlinear differential equation (rotating solution), as
in [19]. Once M is determined, the evolution of E can also
be analytically determined in the ayp # 0 case. For non-
vanishing ag, the evolution of the CM conductivity x5 can
also be analytically determined in terms of the aforemen-
tioned set of free parameters. Being proportional to the
axial chemical potential us, the evolution of xp leads
automatically to the z-dependence of yus. The latter turns
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out to be important in relation to the production of axial
charge in a hot QGP [2].

All the above results show the significant role played by
nonvanishing AH current in the QGP produced at the RHIC
and LHC. Let us notice that the relation of this anomalous
and dissipationless current to nonlocal chiral condensates is
recently demonstrated in [23,24]. Here, it is shown that in
the presence of a magnetic field, the axion electrodynamics,
or equivalently the MCS theory, is realized within the dual
chiral density wave phase of dense quark matter, charac-
terized by nonlocal condensates, and that it exhibits an
anomalous Hall current perpendicular to the magnetic field
and an anomalous electric charge density. A large number
of papers discuss the effect of this dissipationless current on
the properties of Weyl and Dirac semimetals (see e.g., [25],
for one of the most recent ones).

The organization of this paper is as follows: In Sec. II,
we formulate the nonideal transverse CSMHD by present-
ing a number of definitions and useful relations as well as
important properties of the additional anomalous currents
induced by the CP violating CS term 9F,, F**. In Sec. III,
we present the constitutive equations of the transverse
CSMHD, and present formal results for the evolution of
electromagnetic and hydrodynamic fields. In Sec. IV, we
summarize the above mentioned analytical results, and
prove them. In Sec. V, we focus on nonrotating solution of
the electromagnetic fields, and show that for the electric
and CM conductivities, ¢ and kp, to be constant, the initial
value of af at 7 vanishes identically, and the evolution of
the electric and magnetic fields are explicitly determined
inter alia in terms of ¢ and k5. In Sec. VI, we first focus on
the relation between @, and ;. The latter is related to the
initial value of the angle between electric and magnetic fields,
0. Choosing a number of consistent @, and determining
their corresponding o, we then plot the z-dependence of the
electric, magnetic fields and the temperature as well as axial
chemical potential 5. The latter is known to be related to kg,
whose 7-dependence can be determined once afp is non-
vanishing. We show that for positive @y, us increases during
the evolution of the fluid and for negative @y, ;5 changes its
sign from positive to negative. The latter indicates a sign flip
in the current induced by the CME. We also explore the effect
of the initial electric conductivity of the medium on these
properties. A number of concluding remarks is then pre-
sented in Sec. VIL

II. MAXWELL-CHERN-SIMONS THEORY
AND RELATIVISTIC TRANSVERSE
MAGNETOHYDRODYNAMICS

A. Definitions and useful relations

Let us start with the Lagrangian density of the MCS
theory

1 c -
[,:—ZF”UF"”—A”J”—Z&FWF"”, (2.1)
with c =3¢ q?% and F* =1er°F,, [17]. Here, we
assume f = u, d quarks with (g,.d;) = (3.—1). In this
model, 9 = 9(z,x) plays the role of an axionlike field.
Homogeneous and inhomogeneous MCS equations of
motion are given by

9, =0, and 9,F" = 7" (2.2)
Here, the modified current J# is defined by
JH=Jt —cP,F*, with J* being the electric current
and P, = 0,8. The MCS energy-momentum tensor reads

1
TK/?CSZFWFZ‘FZFWF’MQ””, (2.3)
with 7, =F,, + c9F - It satisfies

[see Appendix A for the proof of (2.3) and (2.4)]. In what
follows, we study the effect of the additional CP violating
term §9F ;wF #¥ in (2.1) on the evolution of electromagnetic
and hydrodynamic fields in a 1 + 1-dimensional relativistic
fluid dynamical framework. This is characterized by a
translational symmetry in a transverse x—y plane. To do
this, we use, in particular, the Bjorken flow [18], charac-
terized by the fluid four-velocity u* = y(1,0,0,v.) with
v, = 2! We combine the MCS equations of motion (2.2)

1
with the corresponding conservation equations

0, =0, 9,J" =0, (2.5)
where TW = T};s + T is the total energy-momentum
tensor, including the fluid energy momentum tensor 7%
and the MCS tensor T from (2.3). The fluid tensor 7%,
expressed in terms of the energy density €, pressure p and

magnetization tensor M*¥ is given by

1
T% = (e + p)u'u* — pg" — 3 (MWFY + MY FY).  (2.6)
Here, ¢ = diag(1,—1,-1,—1) and
MW = —y ,(E*u* — E*u") — y,,B", (2.7)

with constant y, and y,, the electric and magnetic suscep-
tibilities, and B* = e/‘”“/’Bauﬂ. The electric and magnetic
fields are defined by E* = FWu, B*=Z1e"PF,uy.

"Here, uw* = a
T

a-b :aﬂb”.

satisfies u-u =1, where, in general,
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They satisfy E-E = —E? and B-B = —B?. In the local
rest frame (LRF) of the fluid, with u* = (1,0), we have
E* = (0,E) and B* = (0, B). In terms of E#, B* and u*, the
antisymmetric field strength tensor F** and its dual are
given by

F* = F*u’ — EYu — B™,

F* = B*u¥ — BYut + EM. (2.8)
Here, in analogy to B*, the antisymmetric tensor E* is
defined by EM = e””“ﬁEauﬁ. In a dissipative fluid with
electric charge density p, and electric conductivity o, we
have

JH=pu + cEF + 0,M. (2.9)
The modified current 7# appearing on the right-hand side
(rhs) of (2.2) is thus given by

JH = Jt —cP F*,
= pu* + oE* + y,0,(E*u’) — y,,0,B*
—c(P-B)u" + c(P - u)B" + ce"?*°P,E,u,. (2.10)

Here, the definitions of F** from (2.8) and M** from (2.7)
are used.

B. Properties of the transverse MHD

As aforementioned, the transverse MHD is mainly char-
acterized by a translational symmetry in the transverse x—y
plane. The evolution of the fluid occurs in the longitudinal
z-direction. Moreover, v - E = 0 and v - B = 0 are assumed.
Together with u - E = 0 and u - B = 0, that arise from the
above definitions of E* and B*, they lead to’

E* = (0,E,,E,,0), and B*=(0,B,,B,,0).

(2.11)

Because of the assumed translational invariance in the x—y
plane, the transverse components of E# and B* fields turn out
to be independent of x and y variables. Moreover, using the
homogeneous and inhomogeneous Maxwell equations, and
following the method also used in [19] (for details, see
Appendix B), it is easy to show that the longitudinal
components of E# and B* do not evolve with 7 and 7,

OE, OE;

- - 01 i - 07 Za
or O
OB, OB,
= =0, i=0,z 2.12
or on ( )
For a generic four-vector a*, the notation a* =

(a®,a',a*,a%) = (ag. ay. ay. a,) is used.

Here, 7 = (#* — z)"/? and 5 = }InX= are the proper time
and the rapidity in the 1 4 1-dimensional Milne parametri-
zation, where in particular, x* is given by x* = (£,0,0,z) =
(zcoshy, 0,0, zsinh 7). Choosing the Bjorken ansatz for u#,
we arrive at

u* = (coshn,0,0,sinh7). (2.13)

In terms of the above 7 and 5 parameters, the derivative
0, = (0,,0,0,0,) is defined by

0 0 1 0
—~ — cosh1— — —sinh 77—
5 coshy g Tsm n an’

o (2.14)

0 b g 1 b 0
— = — SIn I’[a—f-;COS l’]a—n
Using these relations, apart from 0 - E = 0and 0 - B = 0, we
have E-0=0and B-0 = 0.

In addition to the above properties, which are also
discussed in [19], the transverse CSMHD is characterized
by 0,8 = 9,8 = 0. This is because of the assumed trans-
lational invariance in the transverse plane. We thus have

P, = (8)9,0,0,8.9). (2.15)

C. Properties of anomalous terms in J#

Let us first consider the inhomogeneous MCS equation
of motion from (2.2). Multiplying it with u,, and using the
definitions of F* from (2.8), M* from (2.7) and J* from
(2.10), we arrive at

2B-w=p,—cP-B, (2.16)
where @ =1ePu,d,u; is the vorticity of the fluid.
Bearing in mind that in transverse MHD only the longi-
tudinal components of u* and 0, are nonvanishing, the
vorticity of the fluid vanishes identically. We thus arrive at

p. =cP-B. (2.17)
In transverse CSMHD, this result is also consistent with the
continuity equation 8”.7 # =0 from (2.5) with J# from
(2.10). Plugging B* and P, from (2.11) and (2.15) into
(2.17), it turns out that the electric charge density arising
from the gradient of the axionlike field § vanishes. As
described in [17], (2.17) is a manifestation of the Witten
effect, according to which, dyons are created in a system
with nonvanishing spatial gradient of & [17,26]. However,
the fact that in the transverse MHD, P - B and hence p,
vanish means that in a system with a translational invari-
ance in two spatial x and y directions, even for non-
vanishing 039, no dyons can be built.
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Let us now consider the second term proportional to ¢ in
(2.10), ¢(P - u)B*. In the LRF of the fluid, the correspond-
ing coefficient is given by

c(P- u)LiFKB,

(2.18)
where kg = c0y89 = cus is the coefficient of chiral mag-
netic effect (CME), and p5 is the axial chemical potential.
Plugging, at this stage, u* from (2.13) and P, from (2.15)
into (2.18), and bearing in mind that P - u is a Lorentz
scalar, we obtain
kg = cPycoshn + cPs sinh . (2.19)
The appearance of the CME current in J* from (2.10) was
previously indicated in [17].
Let us finally consider the third term ce"”°P E,u,
appearing on the rhs of J# from (2.10). Plugging u* from
(2.13) and P, from (2.15) into this expression, we obtain

ce"’’P,E u, = kpe " E,, (2.20)
where k(7. 7) is defined by’
kg = c¢Pysinhy 4 ¢P5 coshy. (2.21)

Let us notice that in [17], this term appears in the form
P x E in the modified inhomogeneous MCS equation

VxB—aa—lf:J—f—c(PoB—PxE),

where P, = (9¢9,V9) = (P, P) is introduced. This dis-
sipationless anomalous Hall (AH) current is also known
from [23,24], where its connection to topological insulators
and its implications to heavy ion physics as well as neutron
stars are outlined.

Parametrizing, as in [19], the electric and magnetic four
vectors from (2.11) in terms of the relative angles of E and
B with respect to the x-axis in the LRF of the fluid, { and ¢,
we arrive at

F' = (0,Ecos(, Esin,0),

B* = (0, Bcos ¢, Bsin¢,0). (2.22)
In Sec. IV, we show that x; from (2.21) is related to tan 6,
with = ¢ — {. Using the boost invariance (r-independ-
ence) of 9, which is explicitly shown in Sec. IV, k turns out
to be solely a function of z.

Combining the above results, the modified current (2.10)
thus reads

3Later, for the sake of simplicity, we introduce a function
ap = kg/o, where o is the electric conductivity of the medium.

J" = ol + y.0,(E'u’) =y, B + kpB"

+ kpe"3E,. (2.23)
Let us notice, at this stage, that, according to definitions
(2.19) and (2.21), kg and kf, turn out to be the Lorentz boost
transformed of cP, and cP; from the LRF of the fluid. In
Sec. IV, we use the inverse transformation

cPy = +xpcoshn — kg sinhy,

¢P3 = —kp sinhy + kg coshy, (2.24)
and determine the evolution of the axionlike field 9 as a
function of 7z and 7.

III. CONSTITUTIVE EQUATIONS
OF THE CSMHD IN 1+1 DIMENSIONS

The constitutive equations of CSMHD include the homo-
geneous and inhomogeneous Maxwell equations from (2.2),
the Euler equation arising from A,,0,7" = 0 with T the
total energy-momentum tensor, and the equation arising
from A, 0,T% = —A,, (J,F* + % P'F,,F’). Here, A=
g — utu”. These equations and a number of other useful
relations are presented in this section.

Plugging the definitions of F** from (2.8) into the
homogeneous Maxwell equation (2.2), and combining
the resulting expressions for v = 1 and v = 2 components
of 8MF”” = 0, we arrive after some algebra at

E o¢
a”(Buﬂ)_?COS58_;7:O’ (3.1)
and
op E . 00

Here, the derivatives defined in (2.14) and the parametri-
zation of E* and B* in terms of { and ¢ from (2.22) are
used. Following same steps, the equations arising from
the combination of v =1 and v = 2 components of the
inhomogeneous Maxwell equation 0, F* = J* with F**
from (2.8) and J* from (2.23) reads

¢ . B¢
(1 +X€)EE+ (1 =xm) Sln5;8_n+KEE
+kpBsind =0, (3.3)
(14 2)0,(Eu) + (1 = ) cos 5520 4 ok
T 0n
+xpBcosd =0, (3.4)

where kg and kg are defined in (2.19) and (2.21). Let us
notice that the additional terms including these two
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coefficients in (3.3) and (3.4), arise from additional terms of
the modified MCS current J# proportional to ¢, and are
absent in a fluid with no chirality imbalance.

In contrast to the above inhomogeneous MCS equations,
the Euler equation arising from A,,0,7"” = 0 does not
receive any additional term proportional to c. It reads

vyptot _ch

Du, = .
e+ p+ (1= x)B + (1 — . )E?

(3.5)

Here, D =u"0, and V,=A,0". Moreover, the total
pressure py, and C, are defined by

1
Pt =P —xnB> + 5 (E* + B?), (3.6)

and

C, = E'B,,0’u, + 0E'B;, + A, D(E;B*),  (3.7)

with @ = 9,u*. The coefficient y, appearing in (3.5), is
defined by y =3[(1+x.) + (1 —x,)]. For a uniformly
expanding fluid with Du,, = 0, (3.5) leads to V, pioy = xC,.
Bearing in mind that in the Milne coordinates, we have
0= %, D = %, vV, = —%(sinh 1,0,0, —coshn) 8%, the Euler
equation (3.5) is given by

1 0pior 0 2 .
St (= +Z)(EBsind).
T On X <8T * r) (EBsino)

(3.8)

Assuming, as in [19], p, E and B to be n-independent, we
arrive for y # 0 at C, = 0. This leads to

(2 + %) (EBsiné) = 0. (3.9)
ot
In contrast to [19], where the combination of constituent
equations of MHD led to sind = 0, for nonvanishing xp,
sind # 0 turns out to be also possible. In this case (3.9)
leads to an additional equation apart from (3.1)—(3.4) and
(3.10), that determines the evolution of electromagnetic and
thermodynamic fields as well as xz and «z [see Sec. IV].
Using Du, = 0 and C, = 0, and combining the expres-
sions arising from g =0 and u =3 components of
A, 0,TY = =D, (J;F* +$PYF, Fr°) with Ty given
in (2.6), we arrive at

0
[6E + y.0,(Eu*)] tan6 — Ey, 8—4’ = agoE. (3.10)
[
Here, cosd #0 is used.* For the evolution of the
temperature, we shall also evaluate u,0,T) =
—u,(J,F*" + { P'F ,,F*°), which, upon using (2.18), yields

“In the next section, we show that for oFE # 0, cosé is
nonvanishing.

1
De + y ,EDE + 6(e + p — x,,B*) + 5 e = 2tm)

EB a6 EB 0

X —c0s 86— = 6E* — y,, —cosé—¢

T on T on
+ kgEB cos d. (3.11)
Similar to the case of nonideal transverse MHD with no
chirality imbalance, previously discussed in [19], the dynam-
ics of nonideal CSMHD in 1 + 1 dimensions is governed by
a number of inhomogeneous differential equations

0,(T*u") = T"DL,  9,(Bu") = BDM,

0,(Eu*) = EDN/, (3.12)
whose formal solutions are given by
1

T=T, <@>”e%, B = B, (T—‘)) eM,

T T
— g [T\ .~

E—E()(—)e , (3.13)

T

respectively. The aim is to use the constitutive equations,
presented above, to determine the unknown functions £, M
and \V. Another useful relation, which plays an essential role
in determining the evolution of electromagnetic and thermo-
dynamical fields in the case of nonvanishing AH coefficient,
Kg, arises by combining (3.9) with the formal solutions for £
and B from (3.13),

06 dM dN .
Ecosé—k (W—I—E) sind = 0. (3.14)

For cos é # 0, (3.14) turns out to be

0 _ (dM + ﬂ) tan 6. (3.15)

o \de = dr

In the next section, we combine the constitutive equa-
tions (3.1)—(3.4), (3.10) and (3.15), and determine the
(z, n)-dependence of ¢ and {, as well as the z-dependence
of E, B and T. To do this, we assume, as in [19], the equation
of state ¢ = kp, where k is related to the sound velocity c; in
the fluid as k™! = ¢2 = 1/3. Moreover, we set p = nT,
where n is the baryon number density, whose evolution is
described by the conservation law

0

 (nut) = 0. (3.16)

This leads to a simple Bjorken scaling solution for n in
transverse MHD

n(t) = ny <T—°) (3.17)
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These kinds of assumptions are also made originally by
Bjorken in order to present the most simple analytical
solution for transverse hydrodynamics [18]. Taking the
equation of state of an ultrarelativistic ideal gas ¢ = xp with
k =3 is motivated by the fact that at high temperature
T > T, the trace anomaly € — 3 p approximately vanishes
(see e.g., the results arising from lattice QCD in [27]).5 In the
present work, we neglect, for simplicity, the effect of electric
and magnetic susceptibilities on the pressure p and energy
density ¢, and use the same ideal gas equation of state ¢ = 3 p
as in [19,20], where extensions of Bjorken’s solutions are
presented. To make an analytical treatment possible, it is
enough to have x = constant [19].

Assuming, apart from € = 3p, the following empirical
z-dependence for the electric conductivity o,

7 1/k
oc=oy|— ,
T

and combining the definitions of kp and k from (2.19) and
(2.21), we also determine the evolution of the axionlike
field 9. For the case of nonvanishing sin , we also arrive at
the z-dependence of k and k. Let us notice that in order to
write (3.18), we were inspired by the temperature depend-
ence of the electric conductivity o, which is computed in
lattice QCD [28] (see also [29]),°

(3.18)

with 6, =584+29 MeVe,  (3.19)

T
G:GCT—,
c

where T is the critical temperature of the QCD phase
transition. Plugging the evolution of the temperature T

from (3.13) into (3.19), and neglecting ef, we arrive at
(3.18), with ¢ defined by

Ty
6y=0,—.

; (3.20)

c

Here, Ty = T(zy) is the initial temperature at ¢ = z,,. Here,
as in the assumption concerning k, we neglect, in the first
approximation, the effect of electric and magnetic suscep-
tibilities on the electric conductivity o.

IV. THE EVOLUTION IN A UNIFORMLY
EXPANDING MAGNETIZED FLUID
WITH CHIRALITY IMBALANCE

Before presenting the (z, i) dependence of {, ¢, E, B and
T as well as 9, kg and kp, let us emphasize that in the

*Equivalently, ¢? =% ~1/3 is found in lattice QCD for
T > T. (see e.g., Table 1 in [27]).

The determination of the 7 dependence of the electric
conductivity ¢ is beyond the scope of the present paper. The
most recent results for ¢(7T) is presented in [30].

present paper, as in our previous work [19], our arguments
are based on three main assumptions:

(1) The system is translational invariant in the transverse
x—y plane, i.e., no quantity depends on x and y
coordinates.

(2) The system evolves uniformly, i.e., Du, =0, V.

(3) The pressure p and the magnitude of the electric and
magnetic fields £ = |E| and B = |B| are boost

op

invariant, i.e., i 0, o = 0 and oy = 0.

A. Summary of results

(i) Relative angle between E and B

(i.a) Using the aforementioned constitutive equations,
we show that in nonideal transverse MHD with nonvanish-
ing oFE, the electric and magnetic fields cannot be
perpendicular to each other, i.e., cosd # 0.

(i.b) The combination of constitutive equations leads to

tand = ag, (4.1)

where ap = kp/o. According to (2.21), k is given as a
linear combination of temporal and spatial gradients of the
d-vacuum, P, and P;, and vanishes in a fluid with no
chirality imbalance. Hence, in a chiral fluid, within the
aforementioned Bjorkenian framework, the relative angle
between the electric and magnetic fields, §, is solely
determined by ap, and is thus related to the AH coefficient
kg and the electric conductivity of the chiral fluid 6. This
generalizes the results from our previous work [19], where it
was shown that in a nonchiral magnetized fluid, the electric
and magnetic fields are either parallel or antiparallel.

(i.c) It turns out that the relative angle between E and B
fields is boost invariant, i.e., 3—‘; = 0. This leads immediately

to the boost invariance of ag through (4.1). We show that in
a chiral fluid, the case of ary = 0 is not generally excluded.

In what follows, two cases of ay # 0 and ay = 0 are
separately considered.

(ii) Evolution of xr and o

(ii.a) In the case of tand # 0, we use (2.24) and the
definitions of c¢P, and cP5 in terms of the temporal and
spatial derivatives of J in the Milne parametrization (2.14),
and arrive at the evolution of xp,

_ (0%
kg(7) = kg (7)
(0)

where k;’ = kg(7y). Using (3.18), the evolution of ap =
kg/o is thus given by

(4.2)

(4.3)

This fixes the evolution of the relative angle between the
electric and magnetic fields as
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1-1
8(r) = tan™! (ao (%0) ) (4.4)
(ii.b) For tan § = 0, the electric and magnetic fields turn
out to be either parallel or antiparallel.
(iii) Evolution of the 8-vacuum
(iii.a) For tan 6 # 0, the evolution of the axionlike field 9
is given by

O
r]+—/ kp(t)dd +9,.  (4.5)
¢ Je

Here, Kg)) = 0o and 9y = I(79).

(iii.b) For tand =0, the axionlike field 9 is #-
independent. For kp = const, its evolution is simply
given by

Kp
I(r) = ~ (z = 170) + o, (4.6)
with 9, = const.

(iv) Evolution of the angles { and ¢

(iv.a) The evolution of the angles { and ¢, appearing in
(2.22) is given by

1-L [ dr dM
{(z.n) = won + o — oty / Ty

—tan~! (ag(7)),

-4 / 7' dM

d(t.n) = won + ¢y — a7y : I (4.7)

Here, for z-dependent o, af is given in (4.3), and M,
appearing in (3.12) and (3.13), describes the deviation from
the frozen flux theorem in a nonideal fluid.

(iv.b) For tan 6 = 0, the evolution of the angles { and ¢ is
given by

{(z. 1) = won + o.

$(z,n) = won + ¢o. (4.8)

Same relations arise also in [19], where in the absence of
any chirality imbalance tané = 0.

(v) Determination of ay

(v.a) Evaluating (3.4) at u =0, and using (3.15), we
show that for tan 6 # 0, ay from (4.3) is given by

o = j:(—l n 4(cl +.,/C —402)_2)1/2, (4.9)

where

[(1 = ) +z<§?>ro1}< x

o= e - (6

), (4.10)

and

(4.11)

_ o070 K
CZ B (1 +)(e> (K_ 1>

(v.b) In the case of tand = 0, a vanishes identically.

(vi) Evolution of M, N and kg

(vi.a) For tan § # 0, it is possible to determine M and N
analytically. They are given by

~(1)
M:%In{l—M{l—(@> H (4.12)

k—1 T

and

1 201}
N =-In {005250 [tan250 X <r_0) } }
2 T
_lln 1 _M 1— 7 —-(1-h ’
2 c—1 -

(4.13)

with B, = g—z and cos &y = £(1 + a3)~"/2. Here, ¢ = +1
and a is given in (4.9). Plugging M and N from (4.12)
and (4.13) into formal solutions for B and E from (3.13),
the evolution of these fields is completely determined in

0
terms of free parameters «, 7o, fy, 6, @9 and K1(3> as well as

Xe and y,,.
For tan § # 0, we also have the possibility to determine
the evolution of kz using (3.4). It is given by

2 ,N=M-u dN

(1 +)(e) 0€ D

Kkp(u) = du

B PoTocosd

amM
(. Lol RCREY

with u = ln(%). Plugging the corresponding expressions
for M and NV from (4.12) and (4.13) into (4.14) and using
the time dependence of ¢ from (3.18) as well as ag from
(4.3), the 7-dependence of xp is completely determined in
terms of the aforementioned free parameters.

(vi.b) For tan 6 = 0, we show that M either satisfies

dM
— =0, 4.15
m (4.15)
or a second order nonlinear differential equation
> M N dM [dM  orye” }
du>  du | du  (1+y)| (1+y.)
x <1—xm+m> =0. (4.16)
@o
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In contrast to the case of tan & # 0, here xp is assumed to be
constant and part of the initial condition. As described in
[19], (4.15) corresponds to w, = 0, which characterizes
nonrotating E and B vectors. Moreover, for g = 0, we
have M =0. This leads, according to (3.13), to
B = By(%), even in the nonideal fluid. For @, # 0, which
corresponds to rotating E and B vectors, the solution of
(4.16) leads to nonvanishing M, which describes a

deviation from the frozen flux theorem.
|

T

Once M is determined, A/ can also be given by

n_ et dM
 Pofwy du

(4.17)

(vii) Evolution of L

(vii.a) For tand # 0, using (3.11), e = kp as well as
p =nT, we show that e“/*, appearing in the formal
solution of 7'(z) from (3.13), reads

B [+ - E\B, [* 1=
e% -1 Jr_0 d’L'IG(T/) (T_(l)> N + ﬂ/ dar’ (T_(/)> e/\/JrMKB(T/) cos (5(7,'/)
70 T

€0 Jz

B} [ (1\** E}
+)(_m 0 / dr’ <1_(’)> M —l—)(—e 0
7o

To€o To€o

Here, o(7), M(z), N (z), and kp(7) are given in (4.13),
(4.12), (3.18) and (4.14), respectively.

(vii.b) For tand =0, £ is determined by choosing a
constant kg, and plugging M as well as AN from the
solution of master equations (4.16) and (4.17) into (4.18).
In this case coso = ¢ = £1.

B. Proofs

(i) Relative angle between E and B

(i.a) We prove by contradiction that in a fluid with
nonvanishing ¢FE, cosd does not vanish. Let us assume
that cos & = 0, and plug this into (3.14). Assuming, without
loss of generality, that M(0) =N (0) =0, we obtain
M(r) = =N(z). Then, plugging cosé =0 into (3.1),
and comparing the remaining 9,B* = 0 with the inhomo-
geneous differential equation 0,(Bu*) = BDM from
(3.12), we obtain M = N = 0, V 7. Plugging these results
into (3.4), we finally arrive at ¢E = 0, which is however
assumed to be nonvanishing. This shows that for ¢E # 0,
we have cosd # 0, i.e., in a nonideal fluid with finite
electric conductivity, £ and B cannot be perpendicular to
each other. As aforementioned, to derive (3.10) and (3.15),
we have used cosé # 0.

(i.b) To show tand = ag, let us consider (3.10). Using
0,(Eu') = E%/ from (3.13), we arrive first at

(o2
tand — —ag.
Xe

_+_

K (o dN
s dT) (4.19)

Plugging this expression into (3.3), and subtracting it from
(3.4) multiplied with tan o, we arrive at (4.1).

(i.c) To show the boost invariance of &, 2—2 =0, let us
consider (2.24). Bearing in mind that P; = 9,9, i =0, 3

4 70\ 2
dr’ (—?) eN
T

_)(mB% Td , 7_0 1= M dmM _)(eE(z) Td / @ I 2/\/%/-
—€ T i e —d n e T 7 e d ;-
0 7 T T 70 T T

(4.18)

and using the definitions of longitudinal components of 9,
from (2.14), we arrive first at

09(z,n) kg 09(z,n) kg
oo ¢’ oy ¢’ (4.20)

Then, using the x-independence of xz, we have 57}72 (1)91 =0

from the first relation in (4.20). Differentiating then the
second relation from (4.20) with respect to 7, we arrive at

TL‘FKE:O.

o (4.21)

Using at this stage (3.18), (4.21) is equivalently given by

1
acos‘zég + (1 - —)atané =0, (4.22)
K

u

with u = ln(i). Here, (4.1) is also used. Plugging % from

(3.15) into (4.22), we arrive at

1 1 [(dM dN
1——- —+— || tans = 0. 4.23
6[ K coszé(du +du>} o (4.23)

Since in a nonideal fluid ¢ is nonvanishing, we are faced
with two distinct equations

dmM dN
5= L (2N 4.24
co8 K—1<du+du>’ (4.24)
for nonvanishing ay, or
tans = 0, (4.25)
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for vanishing ap. Let us consider (4.24). Here, the
n-independence of M and N leads immediately to the
n-independence of 6. Moreover, using (4.1), we obtain
oz _
which leads also to g—‘; =0.

(ii) Evolution of xr and o

(ii.a) Fortan o # 0, (4.1) yields ag # 0. Bearing in mind
that kz = oay, in a nonideal fluid with finite electric
conductivity o, the AH current ke E, from (2.23), is
therefore nonvanishing. To determine the evolution of xp,
we simply solve (4.21), and arrive first at (4.2). Then,
plugging (4.2) and (3.18) into ay = k/0o, it turns out that
ag evolves as (4.3). Using at this stage § = tan"'ag from
(4.1), the evolution of the relative angle between the electric
and magnetic fields is thus given by (4.4).

(ii.b) For tan § = 0, the electric and magnetic fields are
either parallel or antiparallel, and remain so during the
evolution of the chiral fluid. Their relative angle is thus
given by

0. The same is also true for tand = 0 from (4.25),

d=nm, with n=0,1,2,.... (4.26)
Let us notice that according to (4.1), tand = 0 leads to
ap =0, and hence to a vanishing AH current once E
and B are parallel or antiparallel. This is also expected
from [23,24].

(iii) Evolution of the 8-vacuum

(iii.a) To determine the z- and x-dependence of the
axionlike field 9 for the tan 6 # O case, let us differentiate
the second equation in (4.20) with respect to 7. Using the

. . 2 .
boost invariance of kz, we have g—};zg = 0, which leads to the
ansatz

9(z,n) = Ag(7)n + 9y (7). (4.27)

Plugging (4.27) into (4.20), and using (4.2), we obtain

(4.28)

Here, K'g)) = oy. Differentiating (4.27) with constant Ay

with respect to 7, and using % =& from (4.20), 9y(7) is
given by

1 T
90(6) =+ [ ol + 8,
7o

4.29
’ (4.29)
with J; = const Plugging these results into (4.27), the
evolution of the axionlike field 9 is thus given by (4.5).
(iii.b) As concerns the z- and n-dependence of 9 for
tan 6 = 0, let us consider (4.20). In this case ay = 0 leads
to %‘Z = 0, and hence to 9(z,7) = 9y(z). Plugging this into

the first relation in (4.20), and assuming kz = const, we
arrive at (4.6).

(iv) Evolution of the angles { and ¢

(iv.a) Let us consider the case tand # 0. To derive the
evolution of the angles ¢ and ¢ in this case, we use (4.1)
and g—z = 0 to obtain

DR S g (4.30)
o 0

Plugging 8”(Bu”):B% from (3.12) into (3.1), we
arrive at

d(z.n) B dM (432)

On  Ecosd du’

where u = ln(%). Using the n-independence of E, B, §
and M, we have

9*¢(z.n)
=0, 4.33
o (433)
and, upon using (4.31),
P(z.n)
————=0. 4.34
87’12 ( )
The last two equations lead to
{(z.n) = w¢ () + o(2),
P(z.n) = wy (7)1 + Po(2). (4.35)
Plugging at this stage (4.32) into (3.2), we obtain
op(z,n) ~ dM
5~ % (4.36)

Here, (4.1) is used. Then, using (4.30), we arrive at

XH(z,n) dM 1 dag
o 1+a125$' (437)

Bearing in mind that the rhs of (4.36) and (4.37) are
independent of 5, we have

0 (90\ _ 0 (3 _,
(o) = (a:) =°

Plugging (4.35) into (4.38) leads immediately to

(4.38)
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Oy _
or

da;

= 4,
5 =0, (4.39)

and hence to @, = const and w; = const. Using at this
stage (4.31), we obtain

W, = 0 = . (4.40)
The relation (4.32) reduces therefore to
B d
M (4.41)

0= Ecoss du

Plugging  {(z.n) = won +{o(z) and (7. 5) = won +
¢o(7) into (4.37) and (4.36), we arrive at the differential
equations for {y(z) and ¢o(z). Then, plugging (4.2) into
these equations, and solving them lead to (4.7).

(iv.b) Following the same method as described above, we
arrive for the case tand = 0 at (4.8). Let us notice that in
this case, the results from (4.8) coincide with those
presented in [19].

(v) Determination of ay

(v.a) To prove (4.9), which is only valid for the case
tan S # 0, let us consider (3.4). Using 8M(Eu”) = E%/,
multiplying (3.4) with £, and evaluating the resulting
expression at u = 0, we arrive first at

aN [(1 = xm)wo + KpTo]

o7 -
du u=0 ﬁO(l +)(e)

=0,
1+,

cos &y +

(4.42)

where, according to (4.3), 8, = &(r = 73) = tan~'a. To
determine %[ l.—o» let us then evaluate (4.24) at u = 0. For

ag # 0, we obtain
-1
N = (K >005250 _aM
K

du

o (4.43)

u=0 u=0

Plugging

d
) Pow cos &,
du

u=0

(4.44)

from (4.41) into (4.43) and the resulting expression into
(4.42), we arrive at
cos?8y — Cy cos &y + C, = 0, (4.45)

where C; and C, are defined in (4.10) and (4.11), respec-
tively. The solution of the above equation reads

1 /
COS 50 = E(Cl + C% — 462)

Using at this stage cos & = (1 + a3)~!/2, we arrive at o
from (4.9). In this way, the initial value of the relative angle

(4.46)

between E and B fields, §, = tan"', is completely
determined in terms of free parameters k, 7(, By, 69, @y
and K'g)) as well as y, and y,,.

(vi) Evolution of M, N and kg

(vi.a) For tan § # 0, the quantities M, A and k5 can be
determined using (3.4), (3.9) and (4.41). In what follows,
we assume % # 0 (see below). To determine M, let us
first consider (3.9). Integrating this relation with respect to
7, and using the formal solution of E and B from (3.13), we
arrive first at

e Msin §,

eNcos s = (4.47)

g

Here, (4.1) is also used. Plugging then the formal solution
of £ and B into (4.41), and comparing the resulting

expression for eV cos s,

eM dM

N _
eN cosd = —_
Powy du

(4.48)

with (4.47), we arrive at the corresponding differential
equation to M,

2M dM _ Powo sin &

4.49
du ag ( )

with ag from (4.3). Integrating (4.49) with respect to u, we
arrive at M from (4.12). Bearing in mind that since a,
from (4.9) is solely a function of free parameters

{k, To,ﬂo,ao,a)o,lcgo),)(e,)(m}, M turns also out to be a
function of the same free parameters.

There are many equivalent possibilities to determine N
arising in the formal solution of E from (3.13). One of the
most simple ones is to solve the differential equation

dN k—1 . dM
—= 6———, 4.50
du ( K >COS du (4.50)
from (4.24) with cos?’6 = (1 + a2)~!. Inserting az from
(4.3) and M from (4.12) into (4.50), we arrive at N
from (4.13). Similar to M, N is also a function of free

parameters «, 7y, fo, 09, @y and Kg)) as well as y, and y,,.
Plugging M and N from (4.12) and (4.50) into the formal
solutions of B and E from (3.13), the magnitude of the
magnetic and electric fields are given in terms of these free
parameters.

To prove (4.14), let us finally consider (3.4). Using
9,(Ew") = E4L, and multiplying (3.4) with £, we arrive
first at
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EdN BdM
Baw T e

+ kg7pet cos o = 0.

(1 +xe)—%
(4.51)

This gives rise to kg, that in terms of M, AN and their
derivatives with respect to u is given by (4.14).

(vi.b) Let us now consider the case tan 6 = 0. In this case,
the constraint relation (3.9) is automatically satisfied, and
no explicit relation between df" and ﬂ arises. To determine
M and NV, we follow the same method as described in [19],
where in a nonchiral fluid, tan § vanished.

To derive the master equation (4.16) for M, let us
consider (4.51). Multiplying it with £, and using (4.41), we
arrive at

1 dM dM dN
P ) Y (1 wRcosS
w}cos?s du {( xe) du du (1= megeos
d
+ aroe“dﬂ + KBa)OTOe“coszé} =0. (4.52)
u

Two distinct differential equations for M, (4.15) or (4.16),
thus arise. The latter is derived using

A 4.
du du du? du (4.53)

dMdN  d*M n <dM)2
which arises from (4.41). Once M is determined either
analytically or numerically by solving (4.15) or (4.16), it is
possible to determine N via (4.48), with cos§ = £ = +1.
(vii) Evolution of L
(vii.a) To drive (4.18) in the case of tand # 0, let us
consider (3.11), that is equivalently given by

De +6(e+p)+ 0O =0. (4.54)
For nonvanishing ¢4, O is defined by
O = y,EDE + y,,BDB — 6E? — k3gEBcos§.  (4.55)

It arises from (3 11) with 22 =0 and 3£ = @, with w;
satisfying (4. 41).” Then, pluggmg the equatlon of state
€ = kp with constant « into (4.54) and using p = nT, we

arrive at

d,(T*u") = T*DL,  with DL:—%, (4.56)

and O given in (4.55). Finally, plugging the formal
solutions of E and B from (3.13) into (4.55), and using

"For 44 ¢4 =0, or equivalently 0, (Bu*) = 0, we have to replace
BDB in (4.55) by B?6.

I+,

P=po (%) e, (4.57)

which arises by combining the evolution of n(z) from
(3.17) and T(z) from (3.13), we arrive at (4.18).

(vii.b) In the case of vanishing tan 9, the coefficient e

is given by (4.18) with constant kg and cosd = £. In this

case, M and N arising from the master equations (4.16)
and (4.17), are to be used.

L/x

V. NONROTATING ELECTRIC AND MAGNETIC
FIELDS; ANALYTICAL RESULTS

Let us assume for simplicity that the electric and CM
conductivity, ¢ and kg, are constant. In this case, the
evolution of ay is given by plugging (4.2) into x; = oag,
and reads

ax(t) = ay <T—°> (5.1)

T

In what follows, we show that in the nonideal transverse
CSMHD with nonvanishing electric field, the case ¢ = 0
leads to ay = 0, and therefore to a vanishing AH current
The key point in this case is that, according to (4.41),
dd—/\r" = 0 corresponds to vanishing angular velocity @y. This
is dubbed “nonrotating electric and magnetic fields.” Using
these assumptions, (4.7) leads to

—tan™! (ag),
$(z.1) = o,

with ag given in (5.1). It is also possible to show that the
evolution of B and E fields is given by

(5.2)

B(0) = 50(2),
_ (% CKp ) dow  Ckp
E) = E“(r) Kl * ﬂ00> ﬂoo]’ 5-3)
with ff, = Eo

To do this, we start with the formal solution of B from
dM — 0, we have M = 0. Choosing, without
loss of generality, M, = 0, the evolution of B is given by
B = By(*) from (5.3). Hence, as in the case of the ideal
MHD, the magnetic fluxes are frozen.

To arrive at the evolution of the electric field from (5.3),
let us consider (3.4). Using 3 d‘/’ = wy, and bearing in mind
that for ‘”‘T/‘ = 0, we have w; = O we arrive at a differential
N

equation for Y = e

dut
oGl + A() = (5.4)
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where
_
T4y
Ay . kgt
Alt) =———, with Aj=—". 5.5
(z) (1+a2)'/? VNS 35)

The most general solution to (5.4) reads
eV = ¢=Col—n) _ o=Cor /T dr'e” A(7).  (5.6)
70

However, it turns out that in this nonrotating case ag = 0,
and ¢V is therefore given by

A A
N — 1 _0 —Cy(7-179) __0. 5'7
‘ ( * C0>e & O
To show this, let us consider (5.4), that leads to
A(z) )
N =1 < 5.8
) 5%)
Plugging
1

dr ag(l Jra%)ﬁ’

from (3.15) with % =0 and tand = oy from (4.1)
into (5.8), and differentiating both sides of the resulting
expression with respect to z, we arrive, after using (5.9)
once again, at the following differential equation for ag
agdy — Coapdp(ar — 1) =2a2 =0,  (5.10)
where the primes denote the derivation with respect to 7.
Plugging, at this stage, ag from (5.1) into (5.10), we obtain

Coagro @7y = 7°)

TS

= 0. (5.11)

This leads immediately to ap = 0, and thus to ap = 0. As
aforementioned, ¢ in this case is given by (5.7). Plugging
the definitions of .4, and C,, from (5.5) into (5.7), and using
the formal solution of E = EO(%O)eN , we arrive at E(7)
from (5.3). Let us notice that for parallel £ and B fields with
¢ = +1, E(7) is always positive. For antiparallel E and B
fields, the positiveness of E sets certain constraint on the

. K,
ratio £,
Poo

VI. ROTATING ELECTRIC AND MAGNETIC
FIELDS; NUMERICAL RESULTS

In this section, we focus on the evolution of electro-
magnetic and hydrodynamic fields in a fluid with finite

electric conductivity o. In particular, we separately study
two cases of nonvanishing and vanishing AH coefficients
kg [see Secs. VI A and VI B]. We are interested in the effect

of various free parameters {x, 7o, S, 60, @, Kg)) HerJm )} ON
the proper time dependence of E, B and T'. To be brief, we
only use

{k, 70, Po} = {3,0.5 fm/c, 0.1}. (6.1)
As concerns oy, arising in (3.18), and defined in (3.20), we
mainly work with two values, oy~ 8.6,17.1 MeVc, cor-
responding to 7y =250, 500 MeV. Here, 6. = 6 MeVc
and 7. = 175 MeV are chosen. In our numerical results
and corresponding plots, these two cases are referred to as
Ty =250 MeV and T, = 500 MeV cases. Since the effect
of electric and magnetic susceptibilities, y, and y,,, on the
evolution of £ and B for the case of tand = ap =0 is
already studied in [19], we set y, = y,, = 0, and focus only
on the interplay between the rest of these parameters,

{60, W, KE;O) }, and their effect on the z-dependence of E, B
and T.

In the case of tan 6 = a # 0, we first explain the method
from which a valid range for the constant angular velocity
@ is found by choosing a fixed initial value of k. Because
of the definition x = cus with ¢ = 3"y, 1 ¢} £, a fixed
initial value of kp corresponds to a fixed initial value of the
axial chemical potential us of the medium. In our plots
different values of xp are denoted by corresponding values
of 5. Bearing in mind that @, remains constant during the
evolution of the fluid, we choose fixed values of @, and
compute £, M and N from which the evolution of T, E
and B arises as a function of 7 [see (3.13)]. Apart from these
quantities, the z-dependence of y5 can also be determined
in the case of nonvanishing ag.

In the case of vanishing AH coefficient, i.e., for
tand = ay = 0, we have to work with fixed values of «p
(or equivalently ys) during the evolution of the fluid. For
the sake of comparison, we use the same values of @ as in
the case of nonvanishing az. Following the method,
originally introduced in our previous work [19], we
numerically solve the master equation (4.16) for M using
different sets of free parameters. Once M is determined N
and £ can also be determined, using (4.17) and (4.18). This
leads eventually to the proper time dependence of B, E
and T via (3.13).

A. Case 1: Nonvanishing AH coefficient

1. Determination of suitable values for w,

As indicated in the previous section, for tan o # 0, the
quantities M and A are determined analytically by making
use of (3.4), (3.9) and (4.41). The results for M and N are
given by (4.12) and (4.13), respectively. Plugging these
results in the formal solutions of B and E from (3.13), we
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FIG. 1. The angular velocity w, appearing in (4.7), is plotted as

a function of initial angle between the electric and magnetic field,
5y, for free parameters {k, 7y, Bo, ¥ esxm} = {3,0.5fm/c,0.1,0,0}
and oy = 17.1 MeVc, corresponding to Ty, = 500 MeV, as well
as the initial axial chemical potential //tg()) = 50 MeV (blue solid
curves) and /4(50) = 500 MeV (green dashed curves) in the interval
8o € (=%,+%) (panel a) and &, € (5.3F) (panel b) where, by
definition, # = +1 and £ = —1, respectively.

obtain the z-dependence of these fields in terms of afore-
mentioned free parameters. Moreover, plugging the results
for M and \V into (4.14), the z-dependence of k, and up to
a constant numerical factor, the z-dependence of 5 are also
determined. To choose appropriate values for @, for fixed

Kg)), let us consider (4.14). Setting u = 0, we obtain

0 _ 1
£zo(1 + ad)x

{— 1 + a3po(=1 + k + 19ka,
+roaikog) — £(1 + aj)kwy + £(1 + a%)ﬂ%xwo}.
(6.2)
Here, ay =tand,, with &, the initial angle between

the electric and magnetic fields. Using (6.2), it is possible
to determine @, in terms of free parameters {x, 7,/

00, K'g)), 80s Ye> Xm - In Fig. 1, @y is plotted as a function of
& for 6, € (—75.%) [Fig. 1(a)] and §, € (%,%”) [Fig. 1(b)].®
Free parameters are given by (6.1) and

{60. %) oo xm} = {17.1 MeVe,xY, 0,0},

with Kg)) = 50c MeV (blue solid curves) and ) —
500 MeV (green dashed curves).

Similar results arise for o, corresponding to
Ty =250 MeV. According to these results, the range of

@, does not vary too much by increasing ,ugo) from ,ugO) =

50 to MgO) = 500 MeV. Let us notice that, according to the
definition of cos &y = £(1 + a3)!/?, we have £ = +1 for
8 € (=%, +%) and £ = —1 for &, € (%,3F). Moreover, as it

turns out from Fig. 1, in the intervals §, € (=5, +5), @, is

negative, while for 5, € (%.3F), w, turns out to be positive.
Hence, the product Q, = @, remains negative V §;. In
[19], we worked with positive and negative values of €,
and showed that for Qg > 0, the electric field becomes
negative and thus unphysical. The above results confirm
this observation in the case of nonvanishing ay.

To study the effect of nonvanishing electric and magnetic
susceptibilities on @, we have plotted in Fig. 2 the angular
velocity wq as a function of §, for

CS-1: {yexmt = {0,0}, thick solid curve,
CS-2: {y..xm} = {0.01,+0.2}, thinsolid curve,
CS-3:  {yexmt = {0.01,-0.2}, dashed curve,

(6.3)
and o, corresponding to Ty = 500 MeV as well as ,ugo) =
500 MeV in two intervals &, € (=5, +35) [Fig. 2(a)] and
o € (% , 37”) [Fig. 2(b)]. In both intervals of &, the curves
for nonvanishing susceptibilities (CS-2 and CS-3) are
slightly shifted relative to the case of vanishing y, and
Xm (CS-1). Let us notice that two cases CS-2 and CS-3
correspond to para- and diamagnetic fluids with y,, > 0
and y,, < 0, respectively.

In what follows, we pick up a number of positive and
negative w, = 4-0.045, £0.1, and determine M, N and L
using the method described before. To see more directly
which J, corresponds to these @,, we use the information
arising in Fig. 1, together with the corresponding results
to Ty = 250 MeV, and present in Table I a list of initial

angles 0 corresponding to these ws for the case ﬂgo) =50

and 1" =500 MeV as well as {y,.yn} = {0,0} and
{Herxmt =10.1,+0.2}. We are, in particular, interested
in y,, > 0, because, according to lattice QCD results, the

*Here, parentheses denote open intervals, i.e., x € (a,b) is
equivalent with a < x < b.
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FIG. 2. The angular velocity @, is plotted as a function of
initial angle between the electric and magnetic field, &,
for free parameters {k, To,ﬁo,ﬂg())} ={3,0.5,0.1,500 MeV}
and oy = 17.1 MeVc, corresponding to 7y = 500 MeV. Three
different sets of y, and y,,, CS-i, i =1, 2, 3 from (6.3) are used.
Panels (a) and (b) correspond to &, € (=%, +%) and &, € (5.35),
respectively. In both intervals of d;, the curves for nonvanishing
susceptibilities [CS-2 (thin solid curve) and CS-3 (dashed curve)]
are slightly shifted relative to the case of vanishing y, and y,,
[CS-1 (thick solid curve)].

QGP created at the RHIC and LHC is paramagnetic [31].
Let us notice that for £ = +1 and £ = —1, we present only
angles in &, € (0,%) and & € (7,%) quadrants, respec-
tively. In the case of nonvanishing AH coefficient kg, d; is
determined by the initial value of a through tan d, = «.
According to the above scenario, affected by &y, By, 69, Y
and y,, of the fluid, w, is fixed. It has a crucial role, in
particular, on the evolution of the axial chemical potential
Us (or equivalently the CM conductivity kp).

2. Evolution of B, E and T

In Fig. 3, we have plotted B/B, as a function of 7 €
[0.5,10] fm/c for @y = +0.1 and zero susceptibilities, and
compared its evolution for two initial axial chemical poten-

tials 4u{”) = 50 MeV (red dots) and 4’ = 500 MeV (black
solid curve). To do this, we first consider (6.2). Then,
plugging Kg)) = 50c MeV and K%O) = 500c MeV, as well
as {x, 7g, B} from (6.1) and

{Lﬂ, 0)0,0'0} = {—1,0.1, 8.6 MCVC},

into (6.2), we determine the corresponding g to ,ugm =

50 MeV and p”) = 500 MeV. We arrive at ay = 45.66 and
ag = 47.03, respectively. Plugging these quantities into
(4.12), and bearing in mind that &, = tan™! a, we arrive
at M (r). This leads to B/ B once the formal ansatz (3.13) is
used. The results presented in Fig. 3 shows that the effect of
initial axial chemical potential on the proper time depend-
ence of the magnetic field is negligible. We also plotted B/ B,
for Ty = 500 MeV with 6, = 17.1, and arrived at the same
conclusion. This shows that the effect of different initial
electric conductivity on B/ B, is negligible.

Plugging the same ay = 45.66 and ay, = 47.03, corre-

sponding to ﬂgo) =50 MeV and Mgo) = 500 MeV, together
with free parameters (6.1) into (4.13), we arrive at N.
Using the formal ansatz (3.13), we then obtain E/E,.

TABLE 1. The angles &, corresponding to @, = £0.045, +0.01 are listed for T =250, 500 MeV, u{ =50, 500 MeV and
{Xesxm} = 10,0} and {y..x,} = {0.01,4+0.2}. The values of &, for each fixed value of negative and positive wj are in the &, € (0.5)
and §, € (=, %”) quadrants, respectively. The solutions for the other two quadrants are not presented here. It turns out that different

properties of the medium, such as T, fy, oy, ygo), x. and y,,, affect o, for each fixed value of w,.

Angles for Ty = 250 MeV

Angles for T, = 500 MeV

1 =50 MeV 1V = 500 MeV u = 50 MeV 1 =500 MeV
Xe=20 2. =0.01 Xe=20 x.=0.01 Xe=20 2. =0.01 Xe=20 2. =0.01
14 o Im =0 Xm = +0.2 Im =0 Xm = 10.2 Im =0 Xm = 10.2 Im =0 Xm = +0.2
+1 —0.045 52.7° 63.1° 58.7° 66.4° 57.3 70.7° 64.4°
86.9° 86.0° 86.5 85.4° 83.2 78.9° 81.5 o
+1 —-0.1 88.7° 88.5° 88.7° 88.3° 87.4 86.7° 87.3° 86.6°
-1 +0.1 268.7° 268.4° 268.8° 268.5 267.5 267.2° 267.6° 266.9°
-1 +0.045 231.3° 242.3° 224.8° 239.1° 235.8 249 .4° 228.9° 244.7
267.1° 266.5 267.4° 266.5 263.4 259.4° 264.4° 261.4°
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wp = 0.1, Ty = 250 MeV

o 1= 50Mev

08 — 9 =500Mev

T (fm/c)

FIG. 3. The z-dependence of B/B is demonstrated in the case

ag # 0 for wg = 0.1, Ty = 250 MeV and ”go) =50 MeV (red
dots) and ps = 500 MeV (black curve). Other parameters are
given in (6.1). As it turns out, the effect of different initial axial
chemical potential on the evolution of the magnetic field is
negligible.

In Fig. 4, E/E, is plotted as a function of 7€
[0.5,10] fm/c for wy = 0.1 and the same axial chemical

potentials ﬂgo) =50 MeV (red dots) as well as ﬂgo) =
500 MeV (black solid curve) as above. Similar to the
case of B/B,, the effect of different initial axial
chemical potential on E/E, turns out to be negligible.
The same is also true for the effect of initial electric
conductivity.

wp = 0.1, Ty = 250 MeV

1.0
o 1= 50MeVv
0.8 i =500 Mev
_06
Wy
1N}
0.4
0.2
0.0
0 2 4 6 8 10

T (fm/c)

FIG. 4. The z-dependence of E/E is demonstrated in the case

ag #0 for wy = 0.1, Ty = 250 MeV and 4" =50 MeV (red
dots) and ps = 500 MeV (black curve). Other parameters are
given in (6.1). It turns out that the effect of different initial axial
chemical potential on the evolution of the electric field is
negligible.

wp = 0.1, Ty = 250 MeV, %5 = 10

1.0
o K= 50MeV
0 _
0.8 — U5 =500 MeV
=
~ 0.6
0.4
0 2 4 6 8 10
7 (fm/c)
FIG. 5. The z-dependence of T /T, is demonstrated in the case

ag #0 for wy = 0.1, Ty = 250 MeV and 4" = 50 MeV (red
dots) and ps = 500 MeV (black dotted curve). Other parameters
are given in (6.1). Similar to B and E, the effect of different initial
axial chemical potential on the evolution of the temperature is
also negligible.

To determine 7/ T, from (3.13), let us consider “/* from

(4.18), and define a new parameter X, = f—f, Plugging also
o(r) from (3.18) into (4.18), and bearing in mind that
cosd = £(1 + a%)"/? with a; from (4.3), we arrive at a
more appropriate expression for /%, In the case of zero
susceptibilities only the first two terms in (4.18) contribute.
Using the same free parameters as in the case of B/B, and
E/E, from Figs. 3 and 4 together with X, = 10, we arrive
at the proper time dependence of 7/T. This is demon-
strated in Fig. 5. Similar to previous examples, the effect of
different initial axial chemical potential on the evolution of
the temperature is negligible. Moreover, as it turns out,
different values of initial electric conductivity does not
affect the temperature too much. We also checked the effect
of negative @y on B, E and T, and arrived at the same
conclusions. Choosing various X, does not change the
results presented in Fig. 5 as well.

3. Evolution of us

In contrastto E, B and T, the proper time dependence of yi5
is strongly affected by the initial axial chemical potential ,ugo) ,
the angular velocity w, and the initial electric conductivity
0y. Letus first consider the effect of various ,ug()) on the proper
time dependence of us for fixed {7, g, 60, YesXm}- TO

determine it, we compute the corresponding «, to
/téo) = 50, 150, 250, 350 MeV by plugging

{K’ TO’ﬂovl’pva)Ovdo’)(e’)(m}
={3,0.5 fm/c,0.1,—1,0.1,8.6 MeVc,0,0}
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FIG. 6. The z-dependence of us = ¢~ 'kp is demonstrated in the
case ag # 0 for Ty = 250 MeV and various initial axial chemical
potentials 41" = 50, 150, 250, 350 MeV, denoted by red thick
and blue thin solid curves as well as green thick and black
thin dashed curves. Depending on its initial value, y5 increases
or decreases in the first © = 2-4 fm/c, approaches asympto-
tically to ps~100-120 MeV, and remains almost constant
afterwards.

and ) = u¥¢ = 50¢, 150¢, 250¢, 350c MeV into (6.2).

We arrive at oy = 45.66, 45.96, 46.27, 46.57 for these K‘g)).
Using these a, and aforementioned free parameters, we then
determine M, N\ and their derivatives with respect to u from
(4.12) and (4.13). Plugging all these quantities in (4.14), the
proper time dependence of k; = psc is determined. In Fig. 6,

the effect of various initial axial chemical potential ,ugo) =50,
150, 250, 350 MeV on the evolution of ps is plotted for
Ty =250 MeV. Depending on its initial value, ys either

increases (small ygo)) ordecreases (large ﬂ§0>) with increasing
7. According to these and several other results with different
wq and T, ps approaches asymptotically to a certain value
Hs ~ 100-120 MeV at 7 = 2-4 fm/c, and remains almost
constant afterwards. This can be interpreted as the production
of an approximately constant CM current, independent of the
initial value of ps, at ¢ > 6 fm/c.

In a more realistic model, where the pressure p and
the axial chemical potential ys are related,” it is possible to
relate a finite change in us to a difference in the axial

number density ns, using ns = g_lfs' As we have demon-

strated in Fig. 6, at 7 ~ 2 fm/c, us increases from ﬂgo) =

50 MeV to pus ~ 100 MeV, and decreases from ﬂgo) =

350 MeV to us ~200 MeV, respectively. On the other
hand, according to Fig. 5, at the same 7 ~2 fm/c, the

°In our Bjorkenian setup, p/py = (zo/7)" /%, Together with
T/Ty = (7/7)"/* and x = 3, it thus leads to p o T*. In this setup
us does not appear in p.

wp = 0.1, p = 300 MeVv

— Ty =250 MeV
- Ty =500 MeV

T (fm/c)

FIG. 7. The z-dependence of s is plotted for {£ = —1,w =

0.1} and ,Ltgo) =300 MeV at two different temperatures Ty =
250 MeV (blue solid curve) and T, = 500 MeV (green dashed
curve), giving rise to oy = 8.6 MeVc and oy = 17.1 MeVc,
respectively. It turns out that the axial chemical potential ys,
or equivalently CM conductivity «p, decays slower for larger
values of Ty, or equivalently larger initial electric conductivity of
the medium.

temperature decreases nearly 40% from T, = 250 MeV to
T ~ 150 MeV. Using

NcNf 4

B QQGPﬂ'2
1222 15

N.N
p(T.ps) = T4 2

90 6 /5

from [32],'° with 9oGp = g T % g4 the number of degrees
of freedom with g,; = (N? — 1)N, and g, = 2N .N/N and
Ny=3, N. =3 as well Ny =2 the number of flavors,
colors as well as spin states of quarks and transverse

gluons, we arrive for ,ugo) =50 MeV and ﬂgo) = 350 MeV
to Ans~ (0.13 GeV)? and Ans ~ (0.29 GeV)?, respec-
tively. In general, defining ps = pur —p; as being the
difference of right- and left-handed chemical potential,
Aps > 0 and Aus < 0 are related to a chirality flip in favor
of right- and left-handed quarks, respectively.

The evolution of us is also affected by the initial value
of the electric conductivity, oy. Following the procedure
described above, we determine us for wg= 0.1 and
ﬂgo) =300 MeV at two different initial temperatures
Ty =250 MeV and T, = 500 MeV, giving rise to oy =
8.6 MeVc and oy = 17.1 MeVc, respectively. The
7-dependence of the corresponding us is plotted in
Fig. 7. Here, blue solid and green dashed curves correspond
to Ty = 250 MeV and T, = 500 MeV. According to this
result, the axial chemical potential us, or equivalently the
CM conductivity «p, decays slower for larger initial

""We neglect x4 in p from [32].
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FIG. 8. The 7-dependence of us is plotted for £ = —1 and

Mgo) =450 MeV and T, = 500 MeV for two different angular
velocity @y = 0.045 (blue solid curve) and wy = 0.1 (green
dashed curve). Other free parameters are given in (6.4). It turns
out that the axial chemical potential us decays slower for smaller
values of w.

temperatures, or equivalently larger initial electric con-
ductivities of the medium. We have repeated this compu-
tation for various positive @, as well as initial values of us,
and arrived at the same conclusion.

In Fig. 8, the 7-dependence of us is plotted for
two different values of @y = 0.045 (blue solid curve)
and wy = 0.1 (green dashed curve). The set of free
parameters corresponding to this plot are given by

{Kv TO?ﬁO’ f’ 607K530>’)(e’)(m}
={3,0.5 fm/c,0.1,-1,17.1 MeVc, 450 MeV, 0,0}.
(6.4)

According to these results, us decays faster for larger
values of positive w,. As aforementioned, positive @gs
correspond to initial angles &, in the second and third
quadrants, i.e., §, € (%,37”)

As concerns the effect of negative values of @, we have
repeated the above computations for negative @,, and
arrived partly at different results. In particular, the con-
clusions concerning the evolution of us; are different
from those corresponding to positive w,. In Fig. 9, we
have chosen negative @, and plotted the counterparts of

Figs. 6-8. Apart from the free parameters {wj, ,ugm, Ty},
which are indicated in the figures, following choice of
remaining parameters is made:

{k.70.Bo. . Xe-m} = {3,0.5 fm/c,0.1,+1,0,0}. (6.5)

Let us first compare the results from Fig. 9(a) with
corresponding results from Fig. 6. As it turns out, for
negative wy, p5 decreases for all values of ”go) =50, 150,
250, 350 MeV. This is in contrast to the evolution of us for
positive @y, demonstrated in Fig. 6. Moreover, for negative
@y, s decays faster for smaller values of the initial axial
chemical potential. Independent of its initial value, how-
ever, us becomes negative for 7> 2 fm/c. For smaller

(a) wy = -0.1, Ty = 250 MeV/

(b) wp = 0.1, 1 = 300 MeV () 1) = 450 MeV, T, = 500 MeV

400 0 400 - 400
| — 4= 50Mev — Jo= 2y — wp=-0.045
300 ) — W =1soMev | --- To=500Me 200 ) o wp=-0.1
©) _
% 200 l\\ —_— [J;_;O) =250 MeV N P\ S 0 “
= 100} \b — - M5 =350MeviS ol s ‘\
< W\ 2 o o~—__ S 200 Y
2 0 \ e N % \
- T —400}
_100 200 --------------- \\\
-200 _400 600 e _
0 2 4 6 8 10 0 2 3 6 8 10 0 2 4 6 8 10
7 (fmfc) 7 (fm/c) 1 (fm/c)

FIG. 9. Using the set of free parameters (6.5), we have plotted in panel (a) the z-dependence of us for fixed wg = —0.1,
Ty =250 MeV and /,tg()) =50, 150, 250, 350 MeV. The smaller the initial value of axial chemical potential is, the faster ys decays.

In panel (b), same free parameters are used, and the z-dependence of us is plotted for fixed wy = —0.1, Mg()) =300 MeV and
Ty = 250 MeV (blue solid curve) and Ty = 500 MeV (green dashed curve). As it turns out, us increases faster for larger values of

initial electric conductivity o,. In panel (c), the z-dependence of us is plotted for fixed ,ugm =450 MeV, Ty, =500 MeV and
@y = —0.045 (blue solid curve) and wy = —0.1 (green dashed curve), using the same set of free parameters. According to these
results, s decays much slower for larger values of negative w,. The results demonstrated in panels (a)—(c) for negative values of w,
are to be compared with the results from Figs. 68 for positive values of . In contrast to those results, for negative @, y5 changes
its sign as time evolves. The sign flip of ys can be interpreted as a change in the direction of the CM current which is proportional
to kg = Usc.

076011-18



ROTATING SOLUTIONS OF NONIDEAL TRANSVERSE ...

PHYS. REV. D 98, 076011 (2018)

wp = -0.045, Ty = 500 MeV

10 o Us= 0MeV
0.8 __ g =450 MeV
0.6
Q
m
0.4
0.2
0.0
0 2 4 6 8 10

7 (fm/c)

FIG. 10. The z-dependence of B/ B is demonstrated in the case
of ar =0 for the set of free parameters (6.6) and us =0,
450 MeV. As it turns out, the effect of axial chemical potential
on the evolution of the magnetic field is negligible.

values of ,ugo) , Ms’s sign flips earlier than 7 =2 fm/c.

Bearing in mind that us = kgc™!, a sign flip of s can be
interpreted as a change in the direction of the CM current.
In Fig. 9(b), the effect of T, or equivalently o, on the

evolution of us is explored for wy = —0.1 and /Ago) =
300 MeV at Ty = 250 MeV (blue solid curve) and T) =
500 MeV (green dashed curve). In contrast to the result
demonstrated in Fig. 7 for wy = +0.1, for wy = —0.1, s
increases faster for larger values of initial electric conduc-
tivity 6. This can be regarded as one of the differences
between effects associated with positive and negative @.

wp = -0.045, T, = 500 MeV

1.0
— Hs= 0MeV
08 i
— s =250 MeV
06 -—- U5 =450 MeV
W
“ 04
0.2
0.0
0
T (fm/c)
FIG. 11. The r-dependence of E/E is demonstrated in the case

of ap =0 for us =0 (red thick solid curve), us =250 MeV
(black thin solid curve) as well as us = 450 MeV (green dashed
curve). Here, the set of free parameters (6.6) is used. In the case of
wy < 0, E/E, decays faster for larger values of ys.

Apart from this, whereas the axial chemical potential for
@y > 0 remains positive during its evolution, its sign
flips for @y < 0. According to the results demonstrated
in Fig. 9(b), the (proper) time at which p5’s sign is flipped
becomes smaller the larger the initial value of electric
conductivity o is.

To study the effect of different negative @, on the
7-dependence of us, we have plotted u5(7) in Fig. 9(c) for

fixed value of ﬂgo) =450 MeV and T, = 500 MeV and for
two different values of wy = —0.045 (blue solid curve) and
@y = —0.1 (green dashed curve). In contrast to the results
demonstrated in Fig. 8 for positive wy, it turns out that apart
from the fact that for negative @, a sign flip of x5 occurs at an
early proper time, the axial chemical potential ys decays

(@) ps=250MeV, Ty =500 MeV

e Wy=-0.045
0.8 — wy=+0.045

7 (fmic)

(b) ps =450 MeV, T, = 500 MeV

—— U)oz —0045
0.8 — wo=+0.045

T (fm/c)

FIG. 12. The effect of positive and negative angular velocity on
the evolution of the electric field is demonstrated. To do this,
{¢,wy} is chosen to be {+1,—-0.045} (red dotted curve) and
{-1,40.045} (black curve). Panels (a) and (b) correspond to two
different axial chemical potential, x5 = 250 MeV (panel a) and
us =450 MeV (panel b). The rest of parameters are given in
(6.6). A comparison between these two panels shows that the
difference between the effect of positive and negative @, on the
decay rate of E increases with increasing ps.
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wy = ~0.045, Ty = 500 MeV, %, = 10

10 . Us= OMeV
s =450 MeV
0.8
=
" 06
0.4
0 2 4 6 8 10
7 (fm/c)
FIG. 13. The z-dependence of T /T, is demonstrated in the case

ap =0 for the set of free parameters (6.6), X, = 10 and
us =450 MeV. According to these results, the effect of axial
chemical potential on the evolution of the temperature is
negligible.

slower for larger values of negative w,. Moreover, 15 decay to
larger negative values is more emphasized than for smaller
values of wy.

We finally notice that the above conclusions, arising
from the plots demonstrated in Fig. 9, are independent of
the choice of ), Mgo) and T, (or oy). We have repeated the
above computations for the case of nonvanishing electric
and magnetic susceptibilities, and arrived at the same
qualitative results and conclusions. The interplay between
these susceptibilities and the angular velocity o, and their
effects on the evolution of electromagnetic and hydro-
dynamic fields are already studied in [19].

B. Case 2: Vanishing AH coefficient

As explained at the beginning of this section, in the case
of vanishing AH coefficient aE,“ we have to work with a
constant value of k. For simplicity, we consider only the
case of vanishing electric and magnetic susceptibilities (see
[19] for the results corresponding to nonvanishing suscep-
tibilities). We mainly focus on the evolution of B, E and T.
Two different aspects of the effect of y5 (or equivalently xp)
and @, on the z-dependence of B, E and T are scrutinized:

(1) The effect of different constant ys and a fixed .

(2) The effect of different constant @, and a fixed ps.
In both cases, we arrive at the conclusion that the effect of
@, and ps on the evolution of B and T can be neglected,
while the z-dependence of the electric field is affected by
different choices of @, and p5. To show this, let us start by
studying the effect of different constant y5 and a fixed w,

"This assumption is equivalent with the assumption of
vanishing «.

(@) ps5=350MeV, Ty =500 MeV

1.0
o Wwo=-0.035
0.8 — wy=-0.1
- 0.6
Q
m
0.4
0.2
0.0
2 4 6 8 10
7 (fm/c)
(b) ps =350 MeV, Ty =500 MeV, %, = 10
1.0 o wp=-0.035
— Wy = -0.1
0.8
=
T 06
04
0 2 4 6 8 10
T (fm/c)
FIG. 14. (a) The z-dependence of B/By is plotted for fixed

us = 350 MeV and different wy = —0.035 (red dots) and @y =
—0.1 (black curve). (b) The z-dependence of T /T, is plotted for
fixed us = 350 MeV and different w, = —0.035 (red dots) and
wy = —0.1 (black curve). It turns out that the evolution of B and
T is not significantly affected by different choices for wy.

on the evolution of B, E and T'. In Fig. 10, the z-dependence
of B/By is plotted for

{K»T()vﬁo,ﬁof,wo’)(es)(m}

={3,0.5fm/c,0.1,17.1 MeVc,+1,-0.045,0,0}, (6.6)
and ps = 0,450 MeV. The formal solution of B/ By is given
in (3.13) in term of M. To determine M, we numerically
solved the master equation (4.16) with ¢ from (3.18) and
the above set of free parameters (6.6) and y5 = 0, 450 MeV.
As it is shown in Fig. 10, the effect of y5 on the evolution
of the magnetic field is negligible. Same conclusion arises
if we replace {Z,w,}={+1,-0.045} with {7, 0y} =
{+1,-0.045}. Other choices of free parameters lead also
to the same qualitative behavior.

To determine the z-dependence of E/E, the formal
solution of E from (3.13) is used. Here, N is determined
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from (4.17), where, in particular, the previously determined
M for the set (6.6) is used to find the z-dependence of %.
This gives rise to the z-dependence of A/ and eventually to
the evolution of E/E|. The latter is demonstrated in Fig. 11
for ps = 0 (red thick solid curve), us = 250 MeV (black
thin solid curve) and us = 450 MeV (green dashed curve).
According to these results, for @, < 0, the larger the axial
chemical potential ps is, the faster £ decreases with .
Replacing {¢,wy}={+1,—0.045} in (6.6) with {¢,wy}=
{-1,40.045}, and following same steps as described
before, we arrive at the z-dependence of E for positive
. In contrast to the case of wy < 0, for wy > 0, E/E,
decays slower for larger values of ys.

The opposite effect of positive (negative) and negative
(positive) wq (£) on the evolution of the electric field is
demonstrated in Fig. 12. Here, red dotted and black curves
correspond to {7,w,} = {+1,-0.045} and {/,wy} =
{—1,40.045}, respectively. Other free parameters are
given in (6.6). A comparison between Figs. 12(a) with u5 =
250 MeV and 12(b) with us = 450 MeV shows that the
difference between the effect of positive and negative wy on
the decay rate of E increases with increasing us. Same
conclusions arise by using other sets of free parameters and
positive as well as negative wy.

In Fig. 13, the proper time dependence of T/T is
demonstrated for the set of parameters (6.6) and
Xy = B3/ey = 10. To do this, we used the formal solution
of T from (3.13) with exp(L/k) given in (4.18). For
vanishing electric and magnetic susceptibilities, only the
first three terms in (4.18) contribute to exp (L£/x). To
determine them, previous results for M and N with free
parameters (6.6) and u = 0, 450 MeV are used. One should

() s =350 MeV, T, = 500 MeV

bear in mind that in the case of ay = 0, the CM conduc-
tivity kp is constant and cos 6 = £ = £1. According to the
results demonstrated in Fig. 13, the effect of axial chemical
potential on the evolution of 7 is negligible. Same con-
clusion arises if one replaces {Z, wo} = {+1,—0.045} with
{¢,wy} = {+1,—0.045}. Other choices of free parameters
lead also to the same qualitative behavior.

Let us finally study the effect of different w, and a fixed
Us on the evolution of B, E and T. To do this, we used the
same method as described above, and determined the
7-dependence of B, E and T for various w, = —0.035,
—0.045,-0.06,—-0.1 and a fixed us =350 MeV. Other
free parameters are given in (6.6). In Figs. 14(a) and 14(b)
the proper time dependence of B/B, and T /T, are plotted
for wy = —0.035 and w, = —0.1. The results demonstrated
in these figures confirm our previous conclusion stating
that different choices of @, do not affect the evolution of B
and T significantly. The same conclusion arises for other
sets of free parameters.

As aforementioned, the evolution of the electric field is
strongly affected by @, for a fixed ys. In Fig. 15(a), the
z-dependence of E/E| is plotted for fixed ps = 350 MeV
and wy = —0.1 (red thick solid curve), vy = —0.06 (blue
thin solid curve), @y = —0.045 (green thick dashed curve),
@y = —0.035 (black thin dashed curve). Other free param-
eters are given in (6.6). According to these results, the
electric field decays faster for larger values of negative wy.
This is, however, in contrast to the effect of positive @,
on the decay rate of the electric field. This is demonstrated
in Fig. 15(b), where us =350 MeV is fixed, and
angular velocities are given by @y = +0.035 (red
thick solid curve), wy = +0.045 (blue thin solid curve),

(b) s =350 MeV, Ty =500 MeV

1.0 1.0
— Wy = -0.1 — Wp = +0.035
0.8 — wy=-0.06 0.8 — wp =+0.045
--- wp=-0.045 --- Wy =+0.06
06 06 — — wy=+0.1
4§ by
“ 04 “ 04
02 02 ===-___ T~ —
0.0 0.0
0 2 4 6 8 10 0 2 4 6 8 10
7 (fm/c) T (fm/c)
FIG. 15. (a) The z-dependence of E/E| is plotted for fixed u5s = 350 MeV and different w, = —0.1 (red thick solid curve), wy =

—0.06 (blue thin solid curve), w, = —0.045 (green thick dashed curve), w, = —0.035 (black thin dashed curve). For negative wy,
corresponding to parallel electric and magnetic fields, the electric field decays faster for larger values of w,. (b) The z-dependence of
E/E| is plotted for fixed us = 350 MeV and different @, = +0.035 (red thick solid curve), wy, = +0.045 (blue thin solid curve),
@y = +0.06 (green thick dashed curve), @, = +0.1 (black thin dashed curve). For positive o, corresponding to antiparallel electric and
magnetic fields, the electric field decays faster for smaller values of .
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wy = +0.06 (green thick dashed curve) and w, = +0.1
(black thin dashed curve). As it turns out, the electric field
decays faster for smaller values of positive wy.

VII. CONCLUDING REMARKS

Building on our prior results from [19], we explored, in
the present paper, the physical features of the nonrotating
and rotating solutions for the electric and magnetic fields E*
and B* by extending the previously considered Lagrangian
of the Maxwell theory with an additional CP violating
Chern-Simons term F*F s> Which is proportional to a
pseudo-scalar axionlike field 9(x). Using this MCS
Lagrangian, we arrived, in particular, at the corresponding
equation of motion and energy-momentum tensor to the
MCS theory. Combining the latter with the energy-
momentum tensor of a nonviscous hydrodynamics, using
the homogeneous and inhomogeneous MCS equations, and
making the same assumptions as in [19], we arrived at an
appropriate formulation for the nonideal transverse
CSMHD. We emphasized that the specific feature of the
current appearing in the inhomogeneous MCS equation is
the presence of two nondissipative currents, the chiral
magnetic and the anomalous Hall currents. Denoting the
CM and AH conductivities by kg and kg, respectively, we
showed that in a transverse CSMHD, these coefficients are
the Lorentz boost transformed of the time and space
derivatives of the 9 field, Py = 0y9 and P; = 0;9. We
were, in particular, interested in the effect of these anoma-
lous currents on the evolution of electromagnetic and
hydrodynamic fields.

Following the same steps as in [19], we arrived at the
constitutive equations of nonideal transverse CSMHD.
Comparing these equations with the constitutive equations
of transverse MHD, there appears additional terms propor-
tional to kg and kg [see, in particular, (3.3), (3.4), (3.10)
and (3.11)]. Same inhomogeneous continuity equations
as in [19] with the generic form J,(fu") = fDA and
f €{B,E, T"}12 as well as 1 € {M, N, L} characterize
the nonideal transverse CSMHD. The formal solutions to
these differential equations are presented in (3.13).

In Sec. IV, we presented a number of results arising from
the solution of the constitutive equations of CSMHD. One
of the most remarkable ones was that the relative angle
between E and B is given in terms of the AH coefficient
kg and the electric conductivity of the fluid o through
6 = tan™! a with ay = kg/o. This result is consistent with
our findings for transverse MHD from [19], as for vanish-
ing kg and nonvanishing o, tan§ vanishes, and E and B
fields become either parallel or antiparallel as in [19].
Similar results were also found in [33], using gauge/gravity
duality. The angle 6 was then shown to be boost-invariant
(n-independent). Its z-dependence, however, was given by

2

12 IR .
Here, k = ¢;* arises in the equation of state € = kp.

the z-dependence of kg from (4.2) and ¢ from (3.18). We
considered two cases of vanishing and nonvanishing AH
coefficient, and determined separately the z-dependence of
9, B, E and T for these cases. For the case of nonvanishing
Kg, we were able to determine analytical solutions for M
and N, which eventually led to the z-dependence of B =
|B| and E = |E|. For k; = 0, in contrast, M is determined
by two distinct differential equations (4.15) and (4.16),
corresponding to nonrotating and rotating solutions for B.
Once M is determined, A and £ could also be determined.
They eventually led to nonrotating and rotating solutions
for E and T in the nonideal CSMHD. We noticed that for
nonvanishing AH coefficient, (3.14) was the key relation,
that, once combined with other constitutive equations,
revealed analytical solutions for M. For vanishing AH
coefficient, this equation is trivially satisfied.

As concerns the angles { and ¢, for nonvanishing xp,
they are, as in [19], linear in #, and depend, in contrast to
the kp =0 case, explicitly on z. Hence, although the
relative angle of E and B fields is n-independent, the
angles ¢ and ¢ change uniformly with 5. The corresponding
angular velocity @, turned out to be constant. We showed
that in xz # 0 case, w, is given in terms of the initial
conditions for E, B, ¢ and the CM as well as AH coefficients
kg and kg at 7. This is in contrast to [19], where for kp; = 0
the angular velocity w, was part of initial conditions.

Using constitutive equations, we also showed that in the
kg # 0 case, the 7-dependence of the CM conductivity xp
can be completely determined in terms M, N and their
derivatives with respect to u = ln% as well as a number of

free parameters {E, By, 60, %, XesXm} [see (4.14)]. For
kg = 0, however, kp is constant and, similar to @, part of
initial conditions. Bearing in mind that k5 is proportional to
the axial chemical potential ys, the evolution of kxz in the
case of k; # 0 led automatically to the z-dependence of 5.
Starting with different initial values of us, we explored the
evolution of us in Sec. VI. We were, in particular, interested
in the effect of @y on this evolution. We considered two
different cases of positive and negative w, in Figs. 6-8 as
well as Fig. 9, and showed that for positive w,, under
certain circumstances, ys increases during the evolution of
the chiral fluid, whereas for negative @,, it always
decreases, and at some point even changes its sign from
positive to negative [compare Fig. 6 with Fig. 9(a)]. This
sign flip in 5 indicates a change in the direction of the CM
current, which is proportional to kg « us. In Sec. VI, we
quantified the relation between Aus with a change in the
axial number density ns in a more realistic model, where
the pressure p depends, apart from 7', on us. We notice that
the (proper) time dependence of Aus can also be brought
into relation to AH, where H = [ d®xA - B is the mag-
netic helicity. Here, B =V x A. For T > us the corre-
sponding relation is given by [34]

dﬂ5 - C dH

dr M T s
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where I'; is the rate of helicity-flipping, ¢ = 0 q}% is

defined before and y5; = % is the chiral susceptibility of the

5
medium. It would be interesting to further scrutinize the

results arisen in Sec. VI for the z-dependence of ps with
regard to the helicity flip in the QGP with a chirality
imbalance. The corresponding backreaction is supposed to
affect the lifetime of the magnetic field, because helical
magnetic fields are apparently more long lived [34,35].

As concerns the effect of different initial values of
electric conductivities o on ys, it turned out that for positive
(negative) w, larger (smaller) values of o inhibit the rapid
decay of kp as well as us [compare Figs. 7 with Fig. 9(b)].
For a fixed 6, however, larger (smaller) values of positive
(negative) @, enhance the decay rate of xp as well as ys
[compare Figs. 8 with Fig. 9(c)]. Let us remind that positive
and negative signs for wy is indirectly related to whether ¢ is
from (2,3F) or (—%,+%) intervals.

The results presented in this paper can be extended in
many ways. As aforementioned, the Bjorken flow is mainly
characterized by a uniform longitudinal expansion of an
ideal relativistic fluid. Although it is able to describe the
early time dynamics of the QGP created in HICs, various
experimental results, in particular, the transverse momen-
tum of final hadrons signals a significant radial expansion
apart from the longitudinal one. There are many attempts to
overcome this specific shortcoming of Bjorken flow,
among others, the Gubser [36] and 3 + 1 dimensional
self-similar flow [37]. In [38], we present a generalization
of these flows to relativistic ideal MHD. Extending the
derivations in [38] to nonideal MHD, the resulting
model can be used as a basis to a computation similar to
that which is carried out in the present paper. In particular,
the role of chiral vortical current can be explored in this
setup, as the vorticity vanishes in a 1+ 1 dimensional
setup. Another open question is the inclusion of dissipative
terms, both in the energy-momentum tensor and electro-
magnetic currents, as the evolution of magnetic fields, in
particular the primordial ones, is usually described by the
system of nonrelativistic Maxwell and Navier-Stokes
equations [39]. Hydrodynamic dissipations modify the
constitutive equations, and, in this way, the proper time
dependence of the electric and magnetic fields may also be
affected.

The above results, in particular, the rotation of electric
and magnetic fields, the evolution of the axionlike field 9,
and the 7 dependence of the CM and AH conductivities, kp
and xz may have important and not yet explored effects not
only on various observables in HIC experiments, like the
axial charge and photon production rates, but also on
various transport properties of electrons in Weyl semimet-
als. A consistent hydrodynamical description of Weyl
semimetals is recently presented in [40]. In [40,41], it is
shown that Chern-Simons contributions, including CME
and AHE, strongly modify the dispersion relation of the
collective modes in Weyl semimetals. The role played by

the Chern-Simons terms on the hydrodynamical flow of
chiral electrons in a Weyl semimetal slab is studied in [42].
It would be interesting to study the application of our
results, mainly resulted from the assumption of a uniform
and longitudinal expansion of the fluid, in the physics of
Weyl semimetals, and to compare the corresponding
findings with the results in [40—42].
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APPENDIX A: MAXWELL-CHERN-SIMONS
ENERGY-MOMENTUM TENSOR

To derive the MCS energy-momentum tensor F,, from
(2.3), let us start with

fu=FuJ", (A1)

with JY = J¥Y — CPMFW, as defined in Sec. II. Using Pﬂ =
0,9 and the homogeneous Maxwell equation 8”1?7"” =0,
we arrive first at

9, Fm = J, (A2)
with F,, = F,, + ¢9F,,. Then, plugging (A2) into (Al),
we obtain

fu=Fu0,F7. (A3)
Performing a number of straightforward algebraic manip-
ulations, where, in particular, the homogeneous Maxwell
equation in the form

d,F,, +0,F,, +0,F,, =0, (A4)
is used, we arrive at
1
Sfu= 8p(FW.7-""") + E(aﬂF,,p)]:F"’. (AS)

Plugging, at this stage, the definition of ¥, into the second
term on the rhs of (A5), we get

1 1
fu=0,(F,F"™) + Eaﬂ(prfP”) - EFW,(?”F/’”

rp iV g pw,

7wtk 5 Tvrtu (A6)
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Using (A4), the third and last terms on the rhs of (A6) are
given by

1
F,,0,F" = _EaM(vaFW)’

- 1 = c . =
cIF,,0,F" = —Eaﬂ(c&FaﬂFaﬂ) + 5P,,zt«“aﬂzt«“aﬁ. (A7)

Plugging these expressions into (A6), we arrive after some
algebraic manipulations at

1 c -
J'F,, =0, (F””FW —Zg/’ﬂFW}"“") +ZP,,FUpF”/’, (AB)
where (Al) is used. The expression arising in the total
derivative can be identified as the MCS energy-momentum
tensor T;cs. We therefore have

0, T = T, " + EP”FWFW’, (A9)

with

1
Thics = FYE,* + 79" FpoF"" (A10)

as claimed.

APPENDIX B: © AND  DEPENDENCE OF THE
LONGITUDINAL COMPONENTS OF THE
ELECTRIC AND MAGNETIC FIELDS

As it is explicitly stated in Sec. II, the longitudinal
components of E¥ and B* vanish because of symmetry
properties of the transverse MHD. Using, in particular, the
definition of B* and E* in terms of F*¥ in the paragraph
below (2.7), we have

BO = —Sinhl’]Flz,

B, = —coshnFy,, (B1)

and

E, = sinhyF*, E. = coshnF*. (B2)
For By = B, =0 and Ej, = E, = 0, we have, in particular,
F, = 0 and F3° = 0. In this Appendix, we first show that

Fy, and F*° do not evolve with 7 and 7, i.e.,

OB; OB:;

! p— ! p— ] p— B
5 o 0, i=0,z, (B3)
OE. OE;

d f— ! = | — B4
or  On 0. i=0z (B4)

as stated in (2.12). To prove (B3), let us start with
the homogeneous Maxwell equation in the form (A4).
For (u,v,p) = (0,1,2) and (u,v,p) = (3,1,2), we have

L Fo + 0,Fy + 0pF1, =0, (B5)

and

O F31 + 01Fy3 + 03F, = 0. (B6)

Because of the assumed translational invariance in the x—y
plane, all terms in (B5) and (B6) including 0; and 0,
vanish. As concerns the remaining terms, dyF |, in (B5) and
03F |, in (B6), they are given by

OF,, o 1. o\

7— (Coshna—;slnhﬂgn)Flz —0,
OF,
oz

. o 1 0
<— smhnaﬁL;coshna—”) Fi,=0. (B7)
Here, (2.14) is used. Combining there two relations, we

first obtain

5‘F12_0 (9F12_
or o

0. (BS)

Using, at this stage, (B1) and, in particular, F;, = 0, we
finally arrive at (B3).

As concerns the z- and 5-dependence of the longitudinal
components of E*, we start with the inhomogeneous MCS
equation of motion from (2.2), with J* from (2.23). For
v =0, 3, we have

8F30 ; 8F30 0
or -7 oz I

(B9)

Using (2.23) and B; = E; =0, i = 0, z, we arrive at

OE? OE°

Y= e, 0= yo—-. B10

j )(e aT \7 XE aT ( )

Plugging (B10) into (B9), and using (B2) as well as the
definitions of 0, and 0, from (2.14), we obtain

((1 + 1) coshn% —%sinh;y%)F30 =0,

o 1 0
(—(1 +;(e)sinhn£+;coshna—”>F30:O. (B11)
Combining these two relations, we first obtain
8F30 8F30
= O’ — 0. B12
or on (B12)

Using, at this stage, (B2) and, in particular, F3° = 0, we
finally arrive at (B4). A comparison with the proof of the
same claims (B3) and (B4) in [19], where no CP violating
term was considered in the Lagrangian density of the
Maxwell theory, we observe that the additional terms in J#
proportional to ¢ have no effects on the evolution of the
longitudinal components of B* and E*.

076011-24



ROTATING SOLUTIONS OF NONIDEAL TRANSVERSE ...

PHYS. REV. D 98, 076011 (2018)

[1] M. Mace, S. Schlichting, and R. Venugopalan, Off-
equilibrium sphaleron transitions in the Glasma, Phys.
Rev. D 93, 074036 (2016).

[2] N. Tanji, Nonequilibrium axial charge production in
expanding Glasma flux tubes, Phys. Rev. D 98, 014025
(2018).

[3] D.E. Kharzeev, L. D. McLerran, and H.J. Warringa, The
effects of topological charge change in heav-ion collisions:
Event by event P and CP violation, Nucl. Phys. A803, 277
(2008); V. Skokov, A. Y. Illarionov, and V. Toneev, Estimate
of the magnetic field strength in heavy-ion collisions, Int. J.
Mod. Phys. A 24, 5925 (2009); U. Giirsoy, D. Kharzeev, E.
Marcus, K. Rajagopal, and C. Shen, Charge-dependent flow
induced by magnetic and electric fields in heavy ion
collisions, arXiv:1806.05288.

[4] A. Vilenkin, Equilibrium parity violating current in a mag-
netic field, Phys. Rev. D 22, 3080 (1980); K. Fukushima,
D.E. Kharzeev, and H.J. Warringa, The chiral magnetic
effect, Phys. Rev. D 78, 074033 (2008).

[5] J. Erdmenger, M. Haack, M. Kaminski, and A. Yarom, Fluid
dynamics of R-charged black holes, J. High Energy Phys. 01
(2009) 055; N. Banerjee, J. Bhattacharya, S. Bhattacharyya,
S. Dutta, R. Loganayagam, and P. Surowka, Hydrodynamics
from charged black branes, J. High Energy Phys. 01 (2011)
094.

[6] D.T. Son and A. R. Zhitnitsky, Quantum anomalies in dense
matter, Phys. Rev. D 70, 074018 (2004); M. A. Metlitski and
A.R. Zhitnitsky, Anomalous axion interactions and topo-
logical currents in dense matter, Phys. Rev. D 72, 045011
(2005).

[7] D. E. Kharzeev, J. Liao, S. A. Voloshin, and G. Wang, Chiral
magnetic and vortical effects in high-energy nuclear colli-
sions: A status report, Prog. Part. Nucl. Phys. 88, 1 (2016).

[8] K. Hattori and X. G. Huang, Novel quantum phenomena
induced by strong magnetic fields in heavy-ion collisions,
Nucl. Sci. Technol. 28, 26 (2017).

[9] A. A. Burkov, Weyl metals, Annu. Rev. Condens. Matter
Phys. 9, 359 (2018).

[10] S. Acharya et al. (ALICE Collaboration), Constraining the
magnitude of the chiral magnetic effect with event shape
Engineering in Pb-Pb collisions at /sy = 2.76 TeV, Phys.
Lett. B 777, 151 (2018).

[11] Q. Li, D. E. Kharzeev, C. Zhang, Y. Huang, I. Pletikosi¢,
A. V. Fedorov, R.D. Zhong, J. A. Schneeloch, G.D. Gu,
and T. Valla, Observation of the chiral magnetic effect in
ZrTes, Nat. Phys. 12, 550 (2016).

[12] D.T. Son and N. Yamamoto, Kinetic theory with Berry
curvature from quantum field theories, Phys. Rev. D 87,
085016 (2013); M. A. Stephanov and Y. Yin, Chiral Kinetic
Theory, Phys. Rev. Lett. 109, 162001 (2012).

[13] D.T. Son and P. Surowka, Hydrodynamics with Triangle
Anomalies, Phys. Rev. Lett. 103, 191601 (2009).

[14] N. Sadooghi and S. M. A. Tabatabaee, The effect of mag-
netization and electric polarization on the anomalous trans-
port coefficients of a chiral fluid, New J. Phys. 19, 053014
(2017).

[15] K. Hattori, Y. Hirono, H. U. Yee, and Y. Yin, Magnetohy-
drodynamics with chiral anomaly: Phases of collective
excitations and instabilities, arXiv:1711.08450.

[16] A. Avdoshkin, V.P. Kirilin, A.V. Sadofyev, and V.1
Zakharov, On consistency of hydrodynamic approximation
for chiral media, Phys. Lett. B 755, 1 (2016).

[17] D.E. Kharzeev, Topologically induced local P and CP
violation in QCD x QED, Ann. Phys. (Amsterdam) 325,
205 (2010); F. Wilczek, Two Applications of Axion
Electrodynamics, Phys. Rev. Lett. 58, 1799 (1987); P.
Sikivie, On the interaction of magnetic monopoles with
axionic domain walls, Phys. Lett. 137B, 353 (1984); S. M.
Carroll, G. B. Field, and R. Jackiw, Limits on a Lorentz and
parity violating modification of electrodynamics, Phys. Rev.
D 41, 1231 (1990).

[18] R. C. Hwa, Statistical description of hadron constituents as a
basis for the fluid model of high-energy collisions, Phys.
Rev. D 10, 2260 (1974); J. D. Bjorken, Highly relativistic
nucleus-nucleus collisions: The central rapidity region,
Phys. Rev. D 27, 140 (1983).

[19] M. Shokri and N. Sadooghi, Novel self-similar rotating
solutions of nonideal transverse magnetohydrodynamics,
Phys. Rev. D 96, 116008 (2017).

[20] T. Csorgo, F. Grassi, Y. Hama, and T. Kodama, Simple
solutions of relativistic hydrodynamics for longitudinally
expanding systems, Acta Phys. Hung. A 21, 53 (2004);
[Heavy Ion Phys. A 21, 73 (2004)]; Simple solutions of
relativistic hydrodynamics for longitudinally and cylindri-
cally expanding systems, Phys. Lett. B 565, 107 (2003).

[21] V. Roy, S. Pu, L. Rezzolla, and D. Rischke, Analytic
Bjorken flow in one-dimensional relativistic magnetohy-
drodynamics, Phys. Lett. B 750, 45 (2015).

[22] S. Pu, V. Roy, L. Rezzolla, and D. H. Rischke, Bjorken flow
in one-dimensional relativistic magnetohydrodynamics with
magnetization, Phys. Rev. D 93, 074022 (2016).

[23] E.J. Ferrer and V. de la Incera, Novel topological effects in
dense QCD in a magnetic field, Nucl. Phys. B931, 192
(2018).

[24] E.J. Ferrer and V. de la Incera, Anomalous electromagnetic
transport in compact stars, Universe 4, 54 (2018); Dissipa-
tionless Hall current in dense quark matter in a magnetic
field, Phys. Lett. B 769, 208 (2017).

[25] E. V. Gorbar, V. A. Miransky, I. A. Shovkovy, and P.O.
Sukhachov, Nonlocal transport in Weyl semimetals in
hydrodynamic regime, Phys. Rev. B 98, 035121 (2018).

[26] E. Witten, Dyons of charge ef/2x, Phys. Lett. 86B, 283
(1979); F. Wilczek, Two Applications of Axion Electrody-
namics, Phys. Rev. Lett. 58, 1799 (1987).

[27] A. Bazavov et al. (HotQCD Collaboration), Equation of
state in (2 + 1)-flavor QCD, Phys. Rev. D 90, 094503
(2014).

[28] G. Aarts, C. Allton, J. Foley, S. Hands, and S. Kim, Spectral
Functions at Small Energies and the Electrical Conductivity
in Hot, Quenched Lattice QCD, Phys. Rev. Lett. 99, 022002
(2007); H.-T. Ding, A. Francis, O. Kaczmarek, F. Karsch, E.
Laermann, and W. Soeldner, Thermal dilepton rate and
electrical conductivity: An analysis of vector current corre-
lation functions in quenched lattice QCD, Phys. Rev. D 83,
034504 (2011).

[29] L. McLerran and V. Skokov, Comments about the electro-
magnetic field in heavy-ion collisions, Nucl. Phys. A929,
184 (2014).

076011-25


https://doi.org/10.1103/PhysRevD.93.074036
https://doi.org/10.1103/PhysRevD.93.074036
https://doi.org/10.1103/PhysRevD.98.014025
https://doi.org/10.1103/PhysRevD.98.014025
https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://doi.org/10.1142/S0217751X09047570
https://doi.org/10.1142/S0217751X09047570
http://arXiv.org/abs/1806.05288
https://doi.org/10.1103/PhysRevD.22.3080
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1088/1126-6708/2009/01/055
https://doi.org/10.1088/1126-6708/2009/01/055
https://doi.org/10.1007/JHEP01(2011)094
https://doi.org/10.1007/JHEP01(2011)094
https://doi.org/10.1103/PhysRevD.70.074018
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1016/j.ppnp.2016.01.001
https://doi.org/10.1007/s41365-016-0178-3
https://doi.org/10.1146/annurev-conmatphys-033117-054129
https://doi.org/10.1146/annurev-conmatphys-033117-054129
https://doi.org/10.1016/j.physletb.2017.12.021
https://doi.org/10.1016/j.physletb.2017.12.021
https://doi.org/10.1038/nphys3648
https://doi.org/10.1103/PhysRevD.87.085016
https://doi.org/10.1103/PhysRevD.87.085016
https://doi.org/10.1103/PhysRevLett.109.162001
https://doi.org/10.1103/PhysRevLett.103.191601
https://doi.org/10.1088/1367-2630/aa6729
https://doi.org/10.1088/1367-2630/aa6729
http://arXiv.org/abs/1711.08450
https://doi.org/10.1016/j.physletb.2016.01.048
https://doi.org/10.1016/j.aop.2009.11.002
https://doi.org/10.1016/j.aop.2009.11.002
https://doi.org/10.1103/PhysRevLett.58.1799
https://doi.org/10.1016/0370-2693(84)91731-3
https://doi.org/10.1103/PhysRevD.41.1231
https://doi.org/10.1103/PhysRevD.41.1231
https://doi.org/10.1103/PhysRevD.10.2260
https://doi.org/10.1103/PhysRevD.10.2260
https://doi.org/10.1103/PhysRevD.27.140
https://doi.org/10.1103/PhysRevD.96.116008
https://doi.org/10.1556/APH.21.2004.1.6
https://doi.org/10.1556/APH.21.2004.1.6
https://doi.org/10.1016/S0370-2693(03)00747-0
https://doi.org/10.1016/j.physletb.2015.08.046
https://doi.org/10.1103/PhysRevD.93.074022
https://doi.org/10.1016/j.nuclphysb.2018.04.009
https://doi.org/10.1016/j.nuclphysb.2018.04.009
https://doi.org/10.3390/universe4030054
https://doi.org/10.1016/j.physletb.2017.02.066
https://doi.org/10.1103/PhysRevB.98.035121
https://doi.org/10.1016/0370-2693(79)90838-4
https://doi.org/10.1016/0370-2693(79)90838-4
https://doi.org/10.1103/PhysRevLett.58.1799
https://doi.org/10.1103/PhysRevD.90.094503
https://doi.org/10.1103/PhysRevD.90.094503
https://doi.org/10.1103/PhysRevLett.99.022002
https://doi.org/10.1103/PhysRevLett.99.022002
https://doi.org/10.1103/PhysRevD.83.034504
https://doi.org/10.1103/PhysRevD.83.034504
https://doi.org/10.1016/j.nuclphysa.2014.05.008
https://doi.org/10.1016/j.nuclphysa.2014.05.008

N. SADOOGHI and M. SHOKRI

PHYS. REV. D 98, 076011 (2018)

[30] P. Sahoo, S. K. Tiwari, and R. Sahoo, Electrical conductivity
of hot and dense QCD matter created in heavy-ion colli-
sions: A color string percolation approach, Phys. Rev. D 98,
054005 (2018); G.P. Kadam, H. Mishra, and L. Thakur,
Electrical and thermal conductivities of hot and dense
hadron gas, arXiv:1712.03805.

[31] G.S. Bali, F. Bruckmann, G. Endrodi, and A. Schafer,
Paramagnetic Squeezing of QCD Matter, Phys. Rev. Lett.
112, 042301 (2014).

[32] Y. Hirono, T. Hirano, and D.E. Kharzeev, The chiral
magnetic effect in heavy-ion collisions from event-by-event
anomalous hydrodynamics, arXiv:1412.0311.

[33] W. Fischler and S. Kundu, Hall scrambling on black hole
horizons, Phys. Rev. D 92, 046008 (2015); W. Fischler and
S. Kundu, Membrane paradigm, gravitational ®-term and
gauge/gravity duality, J. High Energy Phys. 04 (2016) 112.

[34] C. Manuel and J. M. Torres-Rincon, Dynamical evolution of
the chiral magnetic effect: Applications to the quark-gluon
plasma, Phys. Rev. D 92, 074018 (2015).

[35] S. Candelaresi and A. Brandenburg, Decay of helical and
non-helical magnetic knots, Phys. Rev. E 84, 016406
(2011).

[36] S.S. Gubser, Symmetry constraints on generalizations of
Bjorken flow, Phys. Rev. D 82, 085027 (2010); S. S. Gubser
and A. Yarom, Conformal hydrodynamics in Minkowski
and de Sitter spacetimes, Nucl. Phys. B846, 469 (2011).

[37] T. Csorgo, F. Grassi, Y. Hama, and T. Kodama, Simple
solutions of relativistic hydrodynamics for cylindrically
symmetric systems, Acta Phys. Hung. A 21, 63 (2004);
T. Csorgd, L.P. Csernai, Y. Hama, and T. Kodama,
Simple solutions of relativistic hydrodynamics for systems
with ellipsoidal symmetry, Acta Phys. Hung. A 21, 73
(2004).

[38] M. Shokri and N. Sadooghi, Evolution of magnetic fields
from the 3 + 1 dimensional self-similar and Gubser flows in
ideal relativistic magnetohydrodynamics, arXiv:1807.09487.

[39] A. Boyarsky, J. Frohlich, and O. Ruchayskiy, Self-
consistent Evolution of Magnetic Fields and Chiral
Asymmetry in the Early Universe, Phys. Rev. Lett. 108,
031301 (2012).

[40] E. V. Gorbar, V. A. Miransky, I. A. Shovkovy, and P.O.
Sukhachov, Consistent hydrodynamic theory of chiral
electrons in Weyl semimetals, Phys. Rev. B 97, 121105
(2018).

[41] E. V. Gorbar, V. A. Miransky, I. A. Shovkovy, and P.O.
Sukhachov, Collective excitations in Weyl semimetals in the
hydrodynamic regime, J. Phys. Condens. Matter 30, 275601
(2018).

[42] E. V. Gorbar, V. A. Miransky, I. A. Shovkovy, and P.O.
Sukhachov, Hydrodynamic electron flow in a Weyl semi-
metal slab: Role of Chern-Simons terms, Phys. Rev. B 97,
205119 (2018).

076011-26


https://doi.org/10.1103/PhysRevD.98.054005
https://doi.org/10.1103/PhysRevD.98.054005
http://arXiv.org/abs/1712.03805
https://doi.org/10.1103/PhysRevLett.112.042301
https://doi.org/10.1103/PhysRevLett.112.042301
http://arXiv.org/abs/1412.0311
https://doi.org/10.1103/PhysRevD.92.046008
https://doi.org/10.1007/JHEP04(2016)112
https://doi.org/10.1103/PhysRevD.92.074018
https://doi.org/10.1103/PhysRevE.84.016406
https://doi.org/10.1103/PhysRevE.84.016406
https://doi.org/10.1103/PhysRevD.82.085027
https://doi.org/10.1016/j.nuclphysb.2011.01.012
https://doi.org/10.1556/APH.21.2004.1.7
https://doi.org/10.1556/APH.21.2004.1.8
https://doi.org/10.1556/APH.21.2004.1.8
http://arXiv.org/abs/1807.09487
https://doi.org/10.1103/PhysRevLett.108.031301
https://doi.org/10.1103/PhysRevLett.108.031301
https://doi.org/10.1103/PhysRevB.97.121105
https://doi.org/10.1103/PhysRevB.97.121105
https://doi.org/10.1088/1361-648X/aac500
https://doi.org/10.1088/1361-648X/aac500
https://doi.org/10.1103/PhysRevB.97.205119
https://doi.org/10.1103/PhysRevB.97.205119

