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Tale of two anomalies
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A recent improved determination of the fine structure constant, @ = 1/137.035999046(27), leads to a
~2.40 negative discrepancy between the measured electron anomalous magnetic moment and the standard
model prediction. That situation is to be compared with the muon anomalous magnetic moment where a
positive ~3.7¢ discrepancy has existed for some time. A single scalar solution to both anomalies is shown
to be possible if the two-loop electron Barr-Zee diagrams dominate the scalar one-loop electron anomaly
effect and the scalar couplings to the electron and two photons are relatively large. We also briefly discuss

the implications of that scenario.
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So far, neither the LHC experiments nor direct searches
for dark matter have uncovered any signs of a “natural”
Higgs sector nor weak scale dark matter (DM) states.
However, there have been mild deviations from the
standard model (SM) predictions over the years. Of these,
a long-standing one is the ~3.7¢ discrepancy between
experiment [1,2] and theory (see, e.g., Refs. [3,4]) for the
muon anomalous magnetic moment a, = (g, —2)/2,

Aa,=a® —ah = (274 +£73) x 10711, (1)

which has withstood various theoretical refinements and
is being currently remeasured at Fermilab with higher
precision. While the final word on g, —2 remains to be
decided by the new measurements and ongoing theoretical
improvements of the SM prediction, the deviation has been
a subject of intense phenomenological interest. As new
physics at the TeV scale gets more constrained, the
parameter space for weak scale models that could explain
gy — 2 starts to close.

Meanwhile, the search for new “dark’ or “hidden” states
at low mass scales <1 GeV has ben receiving increasing
attention [5,6], partially spurred by astrophysical consid-
erations related to DM models [7] and perhaps also by the
dearth of indications for new high-energy phenomena. In
fact, g, —2 has emerged as an interesting target for dark
sector searches, since light states with feeble couplings to

.*_hooman @bnl.gov
"marciano@bnl. gov

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2018,/98(7)/075011(5)

075011-1

the SM can, in principle, explain the anomaly. An early and
motivated possibility was offered by the “dark photon”
hypothesis, where a new vector boson that kinetically
mixes with the photon [8] could have provided a solution
[9]. This idea and its simple extensions have now been
essentially ruled out. However, other light states from a
dark sector, e.g., a light scalar that very weakly couples to
muons, could still furnish a potential solution [10].

A recent precise determination of the fine structure
constant, a, has introduced a new twist to this story. An
improvement in the measured /M, of atomic cesium,
where 7 is Planck’s constant, used in conjunction with
other precisely known mass ratios and the Rydberg con-
stant leads to the new best value [11],

a~1(Cs) = 137.035999046(27). (2)

(For a detailed explanation of that prescription and its use in
determining the SM prediction for the electron anomalous
magnetic moment, a, = (g, —2)/2, see the articles by
G. Gabrielse in Ref. [12].) As a result, comparison of the
theoretical prediction of a3M [13] with the existing exper-
imental measurement of at* [14,15] now leads to a
discrepancy,

Aa,=a;® —aM

= [—87 £ 28(exp) +23(a) £ 2(theory)] x 10714, (3)

or, when the uncertainties are added in quadrature,
Aa, = (—87 £36) x 10714, (4)
The above result represents a 2.4¢ discrepancy that is

opposite in sign from the long-standing muon discrepancy
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previously mentioned and larger in magnitude than lepton-
mass-scaling m?2/m might suggest.

Note that the discrepancy in Egs. (3) and (4) results from
an improvement in a~! from 137.035998995(85) which
previously [13] gave Aa, = —130(77) x 10~!* and repre-
sented a 1.7¢ effect. The central value has decreased in
magnitude, but its significance has increased. The errors
from the experimental determinations of a, and a are now
the dominant sources of uncertainty and they are expected
to further improve in the near future. An alternative
perspective is that a!(a,) = 137.035999149(33), derived
from a comparison of a, theory [13] and experiment
[14,15], differs by 2.40 from Eq. (2), and follow-up
experimental improvements may resolve the current dis-
crepancy or significantly diminish its magnitude.

Interestingly, dark photon models [9] and their simple
extensions predict a one-loop positive deviation for both
gy — 2 and g, — 2. Therefore, the negative ~2.4¢ deviation
in g, — 2 cannot be simultaneously explained together with
the ~3.76 anomaly in g, —2 in the simplest versions of
those models, even if one could circumvent existing
experimental constraints.

In this paper, we would like to point out that a minimal
model based on a single light real scalar ¢, can in principle
explain the deviations of both g, —2 and g, —2, in a
relatively economical fashion. We will show that a two-
loop Barr-Zee diagram [16,17] might explain Aa, while
a one-loop contribution could be the primary origin of
Aa, [10,18], with both corrections mediated by the same
scalar ¢. For more detailed discussions of these loop
processes and their contributions to the electron and muon
anomalous magnetic moments, see Refs. [19,20], where
the authors discuss the relative contributions of one- and
two-loop diagrams, but focus primarily on the case of a
pseudoscalar boson.

Before going further, we note that somewhat less
minimal solutions, e.g., with a scalar coupled to the muon
and a pseudo-scalar coupled to the electron, can potentially
yield the right size and sign for the deviations in g, — 2 and
g, — 2, respectively, and satisfy experimental constraints.
However, here, we focus on the effect of a single light
scalar where inclusion of the Barr-Zee contribution repre-
sents an extension of earlier work in Ref. [10]. Studies of
the contribution of Barr-Zee type diagrams to g, — 2 in the
context of two Higgs doublet models and supersymmetry
can also be found in Ref. [21].

Let us consider the following effective Lagrangian for
the real scalar ¢ of mass m,

1

E(/J,:—E

M =S AhTf = LIFL P, (5)
f

where we only include explicit couplings with strengths 1,
to a set of fermions f and have omitted various kinetic

FIG. 1. One-loop ¢ contribution to g, — 2.

terms and fermion masses. In this work, we allow f to
correspond to SM fermions, as well as other potential more
massive charged fermions. The A, are constrained by
phenomenology, as will be discussed later. We assume
that the ¢ coupling to photons, through the field strength
tensor F,,, is governed by the constant x, which has mass
dimension —1. The sum over ¢yy triangle diagrams
mediated by f will induce a contribution to «,, but we
do not specify the properties of all charged states that
couple to ¢.

We will start with the g, — 2 discrepancy, assumed to be
dominated by the one-loop diagram in Fig. 1, which is
given by [10,22,23]

oo !
Aaf:@x /) dZ

for a lepton # of mass m, and x = m,/m,.

Current experimental constraints, as illustrated in
Ref. [24]—under the assumption that ¢ only couples to
muons—allow 2m, <m,; <100GeV and 4, ~5x1074-0.1,
roughly corresponding to a range of parameters that can
explain the 3.7¢ deviation in g, — 2, given by Eq. (1), which
we will approximate as Aa, ~ 3 X 107°. The above lower
bound on my corresponds to demanding that ¢ decay
promptly into muon pairs. In our scenario, couplings to
the electron lead to prompt decays ¢ — e*e™ below the
muon pair threshold, allowing m, < 200 MeV. However,
for such values of m, the one-loop positive contribution
to g, — 2 starts to become significant and cancel out the
desired two-loop effect that we will discuss below. For m,,
well above the GeV scale, we also find it difficult to
accommodate the suggested g, —2 anomaly in Eq. (4)
with reasonable values of 4, and K. In addition, for
my > 1 GeV, typical low energy probes of ¢ at intense
beam facilities become less efficient, adversely affecting
experimental prospects for testing the scenario. For the
above reasons, we mostly focus on the ¢ mass range
ZmM < my < few GeV, in what follows.

~

(1+2)(1-2)7?

¥ (1-2)%+z (6)
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FIG. 2. Effective two-loop Barr-Zee diagram contribution to
g, — 2, with fermion loops integrated out. The dot represents light
and heavy fermion loops that contribute to x,.

Let us choose, for concreteness,
my =250 MeV and 4, =107, (7)

which according to Eq. (6) yields Aa, ~ 3 x 107°.

We now address the deviation in Eq. (4). Here, we will
concentrate on the “Barr-Zee” diagram contribution to a,
in Fig. 2, for a heavy fermion f loop that is represented by
the dot in the figure, given by [16,19]

a my A
—— =L OANLI (), (8)

AdB(f) = = g e

where

1-2z(1-2), z(1-2)
RPN

3, (1
1(y) =3V dz
0

withy = m; / my; Qf and N{ are the electric charge and the

number of colors of f, respectively, with N/ = 1(3) for
ordinary leptons (quarks). For multiple heavy fermions, one
simply sums over f.

For y* > 1, the above expression for AaB? will reduce
to [19,25]

Agsk,m
BZ cRytte
Aay N

(13/12 +1ny), (10)
after integrating out heavy charged fermions of mass m in

the two-loop Barr-Zee diagram. Here, k, is given by (see,
e.g., Ref. [26])

2a AfQ%'Njcf
N —— _ 11
Ky 3 Z mf ( )

!

where it is assumed that the sum is over fermions with
similar values of In(m;/my). Otherwise, the terms in
Eq. (11) should be weighted by the different values of
I(m;/m). The above formula for k, is obtained in the limit
that y? > 1. For heavy fermions to contribute significantly
to k, they need to couple to ¢ with sizable strength.

It is instructive to consider various potential contribu-
tions to AaB? provided by «, values and their associated
I(ms/my) for my =250 MeV. We consider the relative
muon, tau and generic TeV particle BZ contributions,
assuming A, = 4 x 107*, roughly the maximum value
allowed by ‘“dark photon” searches [27]. In terms of their
possible 4, values, one finds the following relative BZ
contributions in units of 107"#: —=51,/1073, —144,/1072,
and —7.5tey. The muon value 4, = 1073 is fixed by Aa,
and is only capable of accounting for a small, ~6%, of the
central discrepancy in Eq. (4). The tau has more A, freedom.
A rather large, but not ruled out, value of 4, = 0.06 could
accommodate the entire Aa, discrepancy. Of course, such a
large 1, would have many other phenomenological conse-
quences for tau physics. In the case of new TeV charged
states, about ten new states with O(1) Yukawa couplings
are required to account for the discrepancy. The TeV
scenario would seem most viable in a theory with dynami-
cal symmetry breaking. Some combination of the above
contributions with smaller couplings could also achieve the
desired value of Aa,. For larger m, values, in the O(GeV)
regime, similar conclusions can be reached.

Let us focus on the contributions of the tau' or TeV scale
fermions, and for concreteness take

de =3x 1074, (12)

which is somewhat below the aforementioned experimental
upper bound. To account for the g, —2 discrepancy in
Eq. (4), we then require ¢-photon coupling to be
k,=—7(2)x 1079 GeV~" form;=m, (~TeV). (13)
Here, we have assumed that the sign of the «, is negative,
which is a choice corresponding to positive fermion
Yukawa couplings to ¢b. Assuming a coupling strength 1, ~
8 x 1072 of ¢ to 7, Eq. (11) would yield k, ~ —7 x 1075.
We note that a more careful phenomenological study is
perhaps required to determine whether a coupling of
O(8 x 1072) between ¢ and 7 is consistent with experi-
mental constraints. Thus, we generally expect that contri-
butions from electrically charged states of mass
Zfew x 100 GeV (the new charged states cannot be much
lighter given the fair agreement of the TeV scale LHC data
with the SM predictions) are needed to generate the requisite
strength of «,. As noted before, to account for the entire
g, — 2 discrepancy would require constructive contribution
of O(10) fermions at the TeV scale with Ay~ 1. This

'We will not consider couplings of ¢ to quarks, in order to avoid
potentially severe constraints from flavor-changing neutral currents.
Given the current mild B physics anomalies pointing to lepton flavor
universality violations such an extension may be worth further
examination. However, that analysis is outside the scope of this
paper whose focus is on the leptonic interactions of the scalar ¢.
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requirement can be moderated if the tau contribution is
significant, say with A, ~ few x 1072, assuming construc-
tive interference from same sign Yukawa couplings.

Note that the chosen value of 4, in Eq. (12) does not
follow naive scaling with the lepton mass, i.e.,
Ae/A, = m,/m,, in reference to that of 4, in Eq. (7).
However, since ¢ is not assumed to control the masses of
the leptons, this is not an inconsistent choice and can be
easily obtained from a simple effective theory that does not
have hierarchic charged lepton interactions. We would also
like to mention that for values of In(nm/m,) larger than
those assumed in the preceding discussion, one could
choose smaller values of [4,,| due to the enhanced
contributions of the Barr-Zee diagrams to both a, and
a,, for i,x, <0 and 4,k, > 0, respectively. This would
presumably originate from the coupling of ¢ to the
aforementioned charged heavy states. We will see later
that such new particles may be motivated in some ultra-
violet completions of the effective theory in Eq. (5).

For the above reference values, the one-loop contribution
from Eq. (6) to Aa, is ~5 x 1074, which is small compared
to that required by the apparent anomaly in Eq. (4).
Similarly, the Barr-Zee diagram contribution to a, from
Eq. (10)is ~—5 x 10710 afactor of ~5 too small and of the
wrong sign to account for the anomaly in a,, from Eq. (1). To
compensate for this ~20% effect we could change our
reference parameters in Eq. (7) slightly, but the values
chosen here suffice to illustrate that, in principle, a simulta-
neous resolution of both current discrepancies in a, and a,
can be obtained in our framework. We also note that at larger
my alternative possibilities arise. For example, for
my = 3.0 GeV, using a value of k, that gives a Barr-Zee
two-loop solution for Aa, with 1, = 3.0 x 107, we find
that there are two values of 4, ~ =3 x 107 and ~1 x 1072
that yield the g, — 2 discrepancy, from the sum of one- and
two-loop diagrams. Here, the two-loop contribution for the
negative 4, is dominant over that of the one-loop diagram,
and vice versa for the positive 4,.

Aspects of phenomenology related to the coupling of ¢
to muons, including extensions to CP violating couplings,
have been discussed before [10,18]. The coupling of light ¢
to leptons could lead to signals for “bump hunt” searches in
decay or scattering processes, if kinematically allowed.

Assuming significant ¢ coupling to 7 of 1, > few x 1072,
leptonic (I = e, u) resonances in 7 decay, e.g., 7 —
evbgp(— IT17), or in scattering ete™ — tF (= [T17),
as suggested in Ref. [18], could provide potentially
promising signals.

Regardless of the production process for ¢, its dominant
decay modes play an important role in its phenomenology
and experimental implications. Let us first consider the
decay of ¢ into an on-shell fermion pair ff that interact
with it through the Yukawa coupling in Eq. (5). The partial
width for this decay is given by

_ 2 4m3\ 32
F(¢—’ff):§m¢< —m—5> . (14)

The decay of ¢ into photons, assuming the coupling x, in
Eq. (5), is given by

K
D¢ = 11) = m, (15)
(See, e.g., Ref. [24].) The coupling «, is generated by the
interactions of ¢ with charged fermions as previously
discussed. Here, rather than specify all such charged states,
we parametrize the ¢yy overall interaction in terms
of the effective coupling «,. We find that for the above
chosen reference values (7), (12), and (13) we get
Tp—-ptpu)=1.5eV,I(p—ete”)~09eV,T(¢p - yy)~
(3-40) x 1073 eV, hence ¢ decays into muons and elec-
trons with branching fractions of ~60% and ~40%,
respectively. However, as my gets larger than 250 MeV,
the phase space suppression for the utu~ final state
becomes less important and the ratio of those branching
fractions approaches ~11, for our chosen values of 4,, 4,,
and my; <1 GeV.

Let us briefly discuss potential models that could give
rise to the types of interactions we have assumed. The
couplings of ¢ to u and e can be obtained from an effective
operator of the form

GHLC
Ce M (16)
where M is the typical scale of new physics leading to
the effective interaction above, L is a lepton doublet of the
SM, and 7% is a right-handed charged lepton. To avoid
constraints from flavor-changing neutral current data, we
generally assume that the structure of these interactions are
flavor-diagonal. Also, for typical parameters similar to our
reference values assumed before, the underlying inter-
actions generating the above operators are roughly flavor
universal, that is ¢, ~ c,. We then have 1, = c,(H)/M.
Assuming M ~ 1 TeV, we find that ¢, < 1072

The scale M in Eq. (16) could be identified with the mass
of a vectorlike fermion F, with quantum numbers of £. In
Ref. [10] a similar setup was assumed, where lepton flavor
violation constraints and model building issues were
discussed in more detail. Here, we simply take ¢ to be a
singlet and not responsible for “dark” gauge symmetry
breaking as was done in Ref. [10]. Thus, couplings of the
form yyHLFy and y,¢F; £ can generate the operator in
Eq. (16), with ¢, = yyy,. We note that this choice of
ultraviolet theory is also consistent with the assumption
of charged TeV scale particle contributions to the ¢yy
coupling «,, discussed earlier.

In summary, we have shown that a simple model,
comprising a singlet scalar ¢ of mass 2250 MeV and
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couplings ~1073, and few x 10™* to the muon and the
electron, respectively, can potentially account for a ~3.7¢
discrepancy in the muon g — 2 and the ~2.4¢ discrepancy
(or a significant part thereof), in the electron g—2 of
opposite sign. For mj ~ 250 MeV, the former anomaly is
mediated through a one-loop digram, whereas the latter
originates mostly from a two-loop Barr-Zee diagram,
using a phenomenologically allowed coupling of the scalar
to photons as small as few x 107> GeV~!. Variations on
this scenario, where two-loop contributions to the muon
g—72 are important or dominant, can arise for
my 2 1 GeV. The model could give rise to lepton pair

signals in rare meson or tau decays, as well as those in
electron and muon scattering processes. A simple effective
theory that does not lead to naive scaling of the scalar-
lepton couplings with the lepton mass can realize our
scenario. The effective theory, in turn, could arise from
TeV-scale charged vectorlike fermions coupled to the SM
Higgs and ¢. In that case, the LHC could potentially
discover those fermions, which would shed further light
on the underlying physics manifested in the possible
deviations of the electron and muon g — 2.
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