PHYSICAL REVIEW D 98, 074022 (2018)

Lorentz invariance and QCD equation of motion relations for
generalized parton distributions and the dynamical origin
of proton orbital angular momentum

Abha Rajan,l’* Michael Engelhardt,z’T and Simonetta Liuti>*
"University of Virginia, Physics Department, 382 McCormick Road, Charlottesville, Virginia 22904, USA
*New Mexico State University, Department of Physics, Box 30001 MSC 3D,
Las Cruces, New Mexico, 88003, USA
3University of Virginia, Physics Department, 382 McCormick Road, Charlottesville, Virginia 22904, USA
and Laboratori Nazionali di Frascati, INFN, 00044 Frascati RM, Italy

® (Received 25 September 2017; published 23 October 2018)

We derive new Lorentz invariance and equation of motion relations between twist-three generalized
parton distributions (GPDs) and moments in the parton transverse momentum, kr, of twist-two generalized
transverse momentum-dependent distributions (GTMDs), as a function of the parton longitudinal
momentum fraction x. Although GTMD:s in principle define the observables for partonic orbital motion,
experiments that can unambiguously detect them appear remote at present. The relations presented here
provide a solution to this impasse in that, e.g., the orbital angular momentum density is connected to
directly measurable twist-three GPDs. Out of 16 possible equation of motion relations that can be written in
the T-even sector, we focus on three helicity configurations that can be detected analyzing specific spin
asymmetries: two correspond to longitudinal proton polarization and are associated with quark orbital
angular momentum and spin-orbit correlations; the third, obtained for transverse proton polarization, is a
generalization of the relation obeyed by the g, structure function. We also exhibit an additional relation

connecting the off-forward extension of the Sivers function to an off-forward Qiu-Sterman term.
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I. INTRODUCTION

A fundamental way of characterizing the internal struc-
ture of the proton is through sum rules that express how
global properties of the proton are composed from corre-
sponding quark and gluon quantities. For example, one
may ask what portion of a proton’s momentum is carried by
either quarks or gluons, or one may ask how the spin of the
proton is composed from the spins and orbital angular
momenta of its quark and gluon constituents. Elucidating
this latter question, the so-called proton spin puzzle [1]
indeed counts among the prime endeavors of hadronic
physics in the last decades.

The proton’s total momentum and angular momentum
are encoded in matrix elements of the QCD energy momen-
tum tensor (EMT), expressed in terms of gravitomagnetic
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form factors which are functions of the four-momentum
transfer squared, t = (p’ — p)?, between the initial, p, and
final, p’, proton momenta (see [2] for a review). In
Refs. [3,4], Ji made the key observation that the gravito-
magnetic form factors can be accessed experimentally since
they coincide, through the operator product expansion
(OPE), with the expressions for the Mellin moments of
specific parton distributions parametrizing both the forward
(p = p’) and off-forward (p # p’) quark and gluon corre-
lation functions.

With €, , denoting the fractions of the proton momentum
carried by quarks and gluons, J, , their angular momenta,
and A, ;, B, , the EMT form factors, one obtains the sum
rules

q.9°

1= (;'q + 6!] = Aq(o) + Aq(o)
- /01 dxx(H,(x,0,0) + H,(x,0,0)), (1)

% =J,+J,= %(AQ(O) + B,4(0) +A,(0) + B,(0))

1 1
- A dxx(H,(x.0,0) + E, (x.0.0)

+ H,(x,0,0) + E,(x,0,0)). (2)
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Equation (2), the angular momentum sum rule, is also
known as the Ji sum rule [4]. H, ,(x,&, ) and E,, ,(x.¢&, 1)
are the generalized parton distribution (GPD) functions
which depend on the longitudinal momentum transfer
between the initial and final proton, represented through
the skewness parameter £, and the four-momentum transfer
squared, 7, x being the light cone momentum fraction carried
by the parton [5,6]. In particular, Hq(x,0,0) =q(x),
H,(x,0,0) = g(x), where g(x) and g(x) are the unpolarized
quark (antiquark) and gluon distributions, or the parton
distributions functions (PDFs). PDFs have been measured in
decades of deep inelastic scattering experiments, with
impressive accuracy and kinematical coverage, confirming
to high precision the momentum sum rule, Eq. (1). To verify
the angular momentum sum rule it is necessary to extract the
GPDs from experiment, in particular, E, . Sufficiently
accurate values for the GPDs have just fairly recently started
to become available from exclusive deeply virtual scattering
experiments, namely deeply virtual Compton scattering
(DVCS), deeply virtual Meson production (DVMP) and
related processes, conducted most recently at Jefferson Lab
and COMPASS (see [7] for a recent review).

DVCS experimental measurements are necessarily more
involved than the ones for inclusive scattering, since they
require the simultaneous detection of all products of
reaction. The extraction of observables, the GPDs, from
experiment is also more complex owing to the increased
number of kinematic variables they depend on. An addi-
tional hurdle is present for the analysis of angular momen-
tum in both identifying and giving a physical interpretation
to the components of the sum rule (2): while the momentum
sum rule has an immediate dynamical interpretation in
terms of the average longitudinal momentum carried by the
different parton components, to obtain a dynamically
transparent expression for the angular momentum sum
rule one has to break it down into its spin and orbital
angular momentum (OAM) components, while simulta-
neously preserving the gauge invariance of the theory. The
decomposition can be performed within two different
approaches, by Jaffe and Manohar (JM) [1],

1

1
2A2q+L{1M+AG+L§M:E (3)

and by Ji [4],

%Azq+Lqu+Jy:%. (4)
The JM longitudinal OAM distribution has been identified
with a parton Wigner distribution weighted by the cross
product of position and momentum in the transverse plane,
by x kg [8,9]. Parton Wigner distributions can be related,
through Fourier transformation, to specific generalized
transverse momentum-dependent parton distributions

(GTMDs), which are off-forward TMDs. The correlation

defining OAM corresponds to the GTMD Fy, (we follow
the naming scheme of Ref. [10]). In particular, the OAM
distribution is described by the x-dependent k% moment of
F14. In this context, it is worth contrasting JM and Ji OAM
in more detail. The difference between the two arises from
the way in which the gauge invariance of the theory
intervenes through the gauge link in the relevant parton
correlator from which F', is extracted [11]. Ji OAM results
from a straight gauge link, whereas JM OAM results from a
staple-shaped gauge link such as the one used in the
standard definition of TMDs. The difference has been
elucidated further in the quark sector in Refs. [12,13],
where it was shown that JIM OAM, LM, can be written as the
sum of Ji’s OAM, Lﬂ;, plus a matrix element including the
gluon field. The latter was interpreted in the semiclassical
picture of Ref. [13] as having the physical meaning of an
integrated torque stemming from the chromodynamic
force between the struck quark and the proton remnant
interacting in the final state. In the following, we will refer to
the x-dependent k%-moment of F, as giving the OAM
distribution regardless of the gauge link structure. It should
however be emphasized that, strictly speaking, only the
JM case admits a clear physical interpretation in terms
of a partonic OAM distribution. As discussed in detail in
[12,14], there is no unambiguous definition of the Ji OAM
distribution, and it would be no less or more justified to
identify other objects that integrate to Ji OAM as that
distribution.

To summarize, in both Ji’s and JM’s expressions, OAM
is defined through an imbalance in the distribution of
quarks in longitudinally polarized proton states, when the
quark’s displacement in the transverse plane is simulta-
neously orthogonal to its intrinsic transverse motion. JM’s
definition includes a quark reinteraction which could be, in
principle, process dependent. How can these two pictures
of the proton’s angular momentum coexist, and what are
experimental measurements really probing?

The work presented here was motivated by the question
of defining a way to test these ideas through observables
that would enable direct access to OAM in experimental
measurements. While J, , measurements through GPDs are
in progress, GTMDs, providing in principle the density
distributions for OAM, remain experimentally elusive
objects, since they require exclusive measurements of
particles in the two distinct hadronic planes disentangling
the kr and by (or Ay) directions [15-17]. GTMDs can,
however, be evaluated in ab initio calculations [18].

In a previous publication [19], we showed that the
x-dependent k3. moment of F, entering Eq. (4) can be
written in terms of a twist-three GPD, E,; [10]. In the
forward limit, the relation takes the form

k? I
/deTVTzF14 = —/ dy(E,y +H+E).  (5)
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Here, we present several extensions of this relation, and
describe the details of the derivation comprehensively. In
particular, we show that a more general relation holds,

K 1 -
/dszﬁTzFM = —/ dy(Eyr + H+E+ Ap,,) (6)

X

where A (x) is a term containing the gauge link depen-
dent, or quark-gluon-quark, components of the correlation
function. For a straight gauge link, A (x) =0, thus
recovering the result displayed in Eq. (5). These relations
are specific generalized Lorentz invariance relations (LIR)
connecting the x-dependent k% moments of GTMDs and
GPDs. Just as in the forward case [20-22], generalized LIR
are based upon the covariant decomposition of the fully
unintegrated quark-quark correlation function in off-
forward kinematics: the number of independent functions
parametrizing the correlator is less than the total number of
GTMDs and GPDs, thus inducing relations among the
latter. Several LIRs have been found between forward
twist-three PDFs and k; moments of TMDs. The most
remarkable example of an LIR is perhaps the relation
between the TMD g7 and the twist-three PDF g7, leading
to the Wandzura-Wilczek relation between the helicity
distribution ¢; and g7 = g; + ¢g» [23]. In the presence of
a gauge link other than the straight one (e.g., a staple link),
LIRs acquire an additional term that cannot be encoded in
the available GTMD and GPD structures. As we show in
the present paper, this term produces a correction to Eq. (5),
leading eventually to the Qiu-Sterman type term of
Ref. [13]. Furthermore, by combining Egs. (5) and (6)
with the quark field equations of motion (EoM), we can
ascribe the difference between the integrated quark total
angular momentum, J,, and the spin, S, = (1/2)AZ,1, in
Ji’s description to the integral of the Wandzura-Wilczek
component of the GPD combination E,; + H + E. We find
that, at the unintegrated level, a quark-gluon-quark term is
also present which integrates to zero consistently with Ji’s
sum rule. Our relation, therefore, allows one to connect the
partonic sum rule originating from the dynamical definition
of OAM—through the unintegrated correlation function—
and the gravitomagnetic form factors which define the
energy-momentum tensor. On the other hand, having
access to relations at the unintegrated level allows us to
extend the treatment to the JM case, where we obtain that
the quark-gluon-quark contribution does not vanish upon
integration. We show it to reproduce the Qiu-Sterman type
term in [13].

In principle, 32 individual EoM relations can be con-
structed, associated with the 8 twist-two GTMDs in the
vector and axial-vector sectors, which each feature
independent real and imaginary components; an additional
doubling of the number of relations is given by contract-
ing the EoMs in the transverse plane either with the
transverse momentum k; or with the transverse momentum

transfer A;. However, we place a special focus in the
present paper on just three further k2 moments of twist-two
GTMDs in addition to the one in Eq. (5) [19], that describe
spin correlations stemming from a similar operator struc-
ture as for OAM. The three GTMDs in question, described
in more detail below, are G, G1» and F,. In the cases of
G1; and Gy,, also a LIR analogous to Eq. (5) accompanies
the EoM relation. Equations (7)—(9) illustrate the types of
relations we obtain in this paper; this is not an exhaustive
listing, and for illustration purposes, only the forward limits
are quoted:

k2 1 . .
/dszMTzG”:/ dy(2HYyr + Ebp+H—Ag,), (7)

1

k3 1 .
2/d2kT LG ——/ dy(Hyy —H+ Ag,,),  (8)

M?

k3 1(1
/dszﬁTzF?z = _flT< )= _MF12|AT:0' ©)

Our full results are more generally valid and also off
forward [this applies analogously to the OAM relations (5)
and (6)]. The three GTMDs referenced in these relations are
Gy, which was observed to provide information on the
longitudinal part of the quark spin-orbit interaction, or the
projection of quark OAM along the quark spin [8]; Gy,,
which corresponds to a transverse proton spin configura-
tion and generalizes the TMD g;r leading to the original
Wandzura-Wilczek relation [23,24]; and, finally, the naive
T-odd part of F;, which corresponds to the off-forward
generalization of the Sivers function, fi; [25], which we
relate to a generalized Qiu-Sterman term represented by
Mep,, in Eq. (9). For Gy, in particular, by using the EoM
we find a relation whose integral in x is consistent with
the sum rule found in [26] and revisited in [27]. However,
our derivation, valid for arbitrary gauge link structure,
allows for a new term representing final state interactions.
Furthermore, we stress the importance of the term propor-
tional to the quark mass which appears in this relation as
being generated from quark transverse spin contributions.

This paper is organized as follows. In Sec. II we define
the general framework: the correlation functions, the gauge
link structure, the parametrization of the correlation func-
tions which ensues, and the helicity amplitudes. In Sec. III
we give a detailed derivation of the EoM relations,
including explicit quark-gluon-quark terms. In Sec. IV
we derive the LIRs for both OAM and spin-orbit correla-
tions. We discuss their Mellin moments to order n = 3. In
Sec. V we discuss the relations for transverse proton spin
configurations and their connection to the forward limit,
and, finally, in Sec. VI we give our conclusions and
outlook.
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II. FORMAL FRAMEWORK AND DEFINITIONS

We base our treatment on the complete parametrization
of the quark-quark correlation functions in the proton up to
twist four given in Ref. [10]. By applying time reversal
invariance, charge conjugation, parity, and Hermiticity one
finds that, at twist two, there are three independent PDFs:
f1> g1, in the chiral even sector, and the chiral odd &;; 8
GPDs (4 chiral even and 4 chiral odd); 8 TMDs, and 16
GTMDs. At twist three, one has many more functions due
to both the presence of additional couplings (scalar and
pseudoscalar), and to the larger number of kinematical
terms in the correlation function parametrizations for the
vector, axial vector, and pseudoscalar couplings. Each one
of the PDFs, TMDs, and GPDs corresponds to specific
quark-proton helicity amplitude combinations that can be
extracted from various hard inclusive, semi-inclusive, and
deeply virtual exclusive processes, respectively, and that
represent specific polarization configurations, or spin
correlations, of partons inside the proton.

It is important to distinguish the different types of
twist-three objects that will be dealt with in this paper.
On one side, within OPE, twist is defined as 7 = (canonical)
dimension —(Lorentz) spin, for the local operators in terms
of which the k; integrated correlation functions are
expanded. Operators corresponding to composites of quark
and gluon fields appear, therefore, as higher twist terms and
they are suppressed by inverse powers of the deeply virtual
process’s large scale, Q. On the other hand, considering
directly the O(1/Q) (or equivalently, 1/P*) suppressed
terms in the correlation functions, these can be decomposed
using the equations of motion into a twist-two term [23] and
a twist-three term which is a composite of the quark and
gluon fields [28]. Thus, technically, the O(1/Q) suppressed
quark-quark correlation functions, denominated as twist
three, include both 7 =2 and 7 = 3 contributions. The
Wandzura-Wilczek [23] relations between matrix elements
of operators of different twist exemplify this situation,
as first expressed for the polarized distribution functions
g1 and g,.

These distinctions are useful to keep in mind as we extend
both the Lorentz invariance relations and the equation of
motion relations to off-forward kinematics involving
GTMDs and their kinematic twist-three constructs, given
by twist-three GPDs. LIRs connecting twist-two TMDs and
twist-three PDFs were presented and discussed for various
correlation functions in Refs. [20,22]. These relations are
based upon the Lorentz invariant decomposition of the fully
unintegrated correlation function with the two quark fields
located at different space-time positions, and they neces-
sarily involve parton transverse momentum and off-
shellness both through the kr-moments of twist-two TMDs
(where k7 denotes the quark transverse momentum) and the
twist-three PDFs.

Already the construction of the aforementioned relations
between TMDs and PDFs, once taken beyond a purely

formal level, encounters obstacles rooted in divergences
of the ky-integrations connecting TMDs to collinear
objects such as the PDFs. These divergences must be
separated off to ultimately contribute to the scale evolution
of the collinear quantities. Our treatment similarly relates
GTMDs to GPDs through k7-integrations, and thus inherits
these issues in complete analogy. In the present paper, we
do not present any further developments on this topic
beyond what is given in the literature on the connection
between ordinary TMDs and PDFs. In general, the precise
connection of GTMDs to GPDs still requires further
specification. The relations we derive can also be read
purely at the GTMD level, before identifying kr-integrals
of GTMDs with GPDs. In that form, all components of our
relations can be regularized on an identical footing, before
identifying their collinear limits. To the extent that our
relations derive from symmetries (such as Lorentz invari-
ance), any regularization that respects these symmetries can
be expected to leave the relations we derive intact. At
appropriate places in our treatment, we will indicate points
at which modifications of our results must be countenanced
owing to issues of regularization; an example is the
standard deformation of TMD gauge links off the light
cone, associated with the introduction of a Collins-Soper
evolution parameter. This procedure applies likewise to a
proper definition of GTMDs. We will also refrain from
writing explicitly the soft factors that are required [29] to
regulate divergences associated with the gauge connections
contained in the bilocal operators defining TMDs and
GTMDs.

A. Kinematics and correlators

The completely unintegrated off-forward quark-quark
correlation function is defined as the matrix element
between proton states with momenta and helicities p, A
and p’, A/,

WL (P kAU

(o o

where the gauge link structure U/ connecting the
quark operators at positions —z/2 and z/2 is discussed
in detail in the next section, I' is a Dirac structure,
=17y vy, ic,, and the choice of four-momenta
is defined with P = (p + p’)/2 along the z axis, A =

p' — p as in Ref. [10],

p_ (pr AT AN
B 8(1-&)pt’

=0 AZ 402
0) = <P+,T8T,o . (11)

§(AT +4M?)

a= (2 e

AT> 20,04, (12)
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FIG. 1. Staple-shaped gauge link path connecting quark oper-
ators located at —z/2 and z/2. The legs of the staple are described
by the four-vector v. GTMDs are defined at separation z* = 0;
the vector z thus deviates from the x~ axis by a transverse
component z7, i.e., z=(0,z7,z7). On the other hand, v in
general is taken to deviate from the x~ axis by a plus component
v in order to regulate rapidity divergences occurring if v is taken
to point purely in the minus direction; i.e., v = (v, v~,0). Note
that, in the two-dimensional projection displayed, the x* and the
x7 axes fall on top of one another; they are nevertheless of course
distinct axes. The separation z is Fourier conjugate to the quark
momentum k. Integrating over transverse momentum kr sets
zr = 0, i.e., the quark operator positions then fall on the x~ axis.
Nevertheless, for v+ # 0, the path then still retains its staple
shape. Only in the ™ = 0 limit (staple legs become horizontal in
figure) does the staple path collapse onto the x~ axis upon ky
integration, leading to a bona fide GPD limit in which all parts of
the staple link cancel, except for a residual straight link directly
connecting —z/2 to z/2. One can alternatively define GTMDs
with a straight gauge link from the outset; in terms of the vectors
defined in the figure, this simply corresponds to the limit » = 0.

k= (xP*, k™, ky), (13)

where the initial and final quark momenta are k — A/2 and
k + A/2, respectively, i.e., k is the average of the initial and
final quark momenta. Four-vectors w* are represented in
terms of light-cone components, w* = (wt, w™,wy), & =
—A*/2PT is the skewness parameter, A; = (A!, A?),
kr = (k', k?), and the four-momentum transfer squared is
A? = t; we displayed the kinematics also specifically for the
& = 0 case, which is the case on which we will focus in
this study.

B. Gauge link structures

To ensure gauge invariance, the quark bilocal operator
(10) requires a gauge link ¢/ along a path connecting the
quark operator positions —z/2 and z/2. Two important
choices of path are a direct straight line and a staple-shaped
connection characterized by an additional vector v; cf.
Fig. 1. These different choices will give rise to different
genuine twist-three contributions to the correlators.

The appropriate choice of gauge link path depends on the
physical context. In the TMD limit, the staple-shaped gauge
link is most relevant, since it encodes final/initial state
interactions in semi-inclusive deep inelastic scattering/
Drell-Yan (SIDIS/DY) processes. On the other hand,
GPDs are defined with a straight gauge link; as discussed
in more detail below and displayed in Fig. 1, only under

certain circumstances do GTMDs with a staple-shaped
gauge link have a proper GPD limit, with the staple link
collapsing into a straight gauge link. In general, GTMDs
defined from the outset with a straight gauge link play a
separate role, and both the straight and staple-shaped gauge
link choices will be treated in this work. Two specific
motivations for doing so are the following:

(1) In the context of quark orbital angular momentum,
as accessed via the GTMD F 4 discussed in detail
further below, both the straight and the staple-shaped
gauge connections have a definite, distinct physical
meaning [13]. A straight gauge link enters the
definition of Ji quark orbital angular momentum [30],
whereas a staple-shaped gauge link generates Jaffe-
Manohar quark orbital angular momentum [11].
Note that F, is a genuine GTMD quantity, i.e., a
quantity which does not have a TMD or GPD limit.

(i1) A central aspect of the following treatment are Lorentz
invariance relations. In the staple link case, these
contain twist-three contributions (frequently referred
to as “LIR violating terms,” though their role is to
maintain Lorentz invariance) which do not reduce to
GTMDs. To ascertain their concrete physical content
in terms of quark-gluon-quark correlations, it is useful
to combine the staple-link LIR with the straight-link
LIR (in which these contributions are absent) as well
as the straight and staple-link equations of motion.
The resulting information is not directly available
considering the staple link case alone.

In the most basic definition of GTMDs, a staple-shaped
gauge link with a staple direction vector v on the light cone
is chosen [10], such that » has only a minus component,
v =(0,v7,0,0). On the other hand, the quark operator
separation z is of the form z = (0,77, z7), with a two-
dimensional transverse vector z7. Note that z is Fourier
conjugate to the quark momentum k, and GTMDs are
defined in terms of k™ -integrated correlators, setting
zT = 0. Thus, when one forms the GPD limit of GTMDs
by integration over the transverse momentum kr, one sets
z7 = 0, and v and 7 then lie along one common axis. In that
case, the staple legs collapse onto that one common axis, the
parts of the staple legs extending beyond the region in
between the quark operators cancel, and one is left with a
straight gauge link connecting those operators, as is appro-
priate for GPDs.

However, such a light-cone choice of the staple direction
v meets with rapidity divergences, which, in the application
to TMDs, are commonly regulated by taking v off the light
cone into the spacelike region [31]. Then, v is of the form
v=(v",0v7,0,0), and the GPD limit ceases to be straight-
forward; even after integration over kr, i.e., setting z; = 0,
v and z do not lie on a common axis and the staple-shaped
gauge link does not collapse onto a simple straight link
connecting the quark operators. The kz-integrated quan-
tities formed in this way are not directly GPDs, but differ
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from GPDs by contributions which formally vanish in the
vt — 0 light-cone limit. An alternative possibility of
treating this issue arising with staple links is to modify
the GTMD definition such that correlators are not rigidly
defined with z* = 0, but instead such that the longitudinal
part of z is parallel to v for any chosen v, i.e., z; = (z",27)
is parallel to v = (v, v7). In that case, integration over k;
does indeed lead to collapse of the staple link into a straight
gauge link, but this straight gauge link now does not lie on
the light cone anymore. In effect, in this way one generates
quasi-GPDs in the sense discussed by Ji [32].

In the present treatment, both GTMDs defined from the
beginning with straight gauge links, as well as GTMDs
defined with staple-shaped gauge links will be discussed.
For the latter case, the discussion will be confined to the
vT =0 limit; v" # 0 corrections will not be worked out
explicitly. However, it should be kept in mind that these
corrections may be important in future applications, and
places where they arise will be pointed out as appropri-
ate below.

C. Parametrization of unintegrated correlation function

We consider the parametrization of the completely
unintegrated off-forward correlator, WR A above, in terms
of generalized parton correlation functions (GPCFs) for the
vector, y#, and axial vector, y#y°, operators. As motivated
above, we are also interested in the case of a straight gauge
link; the parametrization given in [10], by contrast, is
constructed for a staple-shaped gauge link, and its form was
chosen such that it is not straightforwardly related to the
straight-link case.

In this respect, it should be noted that there is consid-
erable freedom in constructing GPCF parametrizations.
This is due to the fact that not all Lorentz structures one can
write down are independent of one another; they are related
by Gordon identities and other relations, as laid out in detail
in [10]. After exhausting these relations, 16 GPCFs Af
remain to parametrize the staple-link vector correlator, and
also 16 GPCFs A¢ remain to parametrize the staple-link
axial vector correlator. In the straight-link case, to be
discussed in more detail below, 8 GPCFs remain in each
case. The staple-link parametrizations given in [10] in
neither case contain 8 GPCFs relevant for the straight-link
case; some of these were instead chosen to be eliminated in
favor of terms intrinsically related to a staple-link structure.
The vector correlator parametrization of [10] contains only
7 GPCFs relevant for the straight-link case; one additional
one therefore has to be reinstated. The axial vector
correlator parametrization of [10] contains only 3 GPCFs
relevant for the straight-link case, and therefore 5 have to be
reinstated. Thus, one cannot simply delete the Lorentz
structures containing the staple direction vector » (denoted
N in [10], up to a rescaling) from the parametrizations
given in [10] and already arrive at a valid straight-link
parametrization. Additional terms are needed, as given

below. It would be possible to construct staple-link para-
metrizations differing from the ones in [10], each contain-
ing a full set of 8 structures relevant for the straight-link
case, and each an additional 8 structures containing the
staple direction w», such that deletion of the latter 8
immediately leads to a valid straight-link parametrization.
We do not pursue this here to the full extent, but only give
the straight-link parametrizations.

In the case of the vector correlator, this is rather simple.
The construction of the staple-link parametrization in [10]
can be followed verbatim even in the straight-link case,
merely omitting all structures containing the staple direc-
tion vector v, except for the very last step. In that very last
step, the single missing straight-link structure, namely,
ic*® A¥, is eliminated in favor of a staple-link related
structure. In the straight-link case, the staple-link related
structure is not available, and therefore the aforementioned
straight-link structure must be kept instead. Thus, one has
the straight-link vector correlator parametrization1

KA s
Af -+ Af+ AL +m—AF

P P
wr, =0(p'.A) {—
ot Pk A
o < Af o Af + AL )}U(p,/\)

(14)

where the first 7 terms are identical to the ones given in
[10], and the last one, containing the additional invariant
amplitude AT, is associated with the aforementioned
missing Lorentz structure.

The case of the axial vector correlator is more involved,
and the complete construction of the straight-link para-
metrization is given in Appendix D. We arrive at the form

s _ ieﬂPkA iGP”J/S i()'Pk)/S
Wit = 008 | + D
Pl K A
X (MA?S + _A% + ﬁA2G0>
ict2y> [P k* AH
+ o (MA% + 3G + S AG )}U(p,m

(15)

which in fact has only one term in common with
the staple-link parametrization given in [10], namely,
the one associated with the invariant amplitude A¥;
we make choices differing from the ones in [10]
even within the straight-link sector.” All GPCFs in
these straight-link parametrizations are functions of k2,

We use the notation ¢#¢ = ¢**a, and ¢’ = o** a,b,.
*A consideration in these choices is the ease of matchmg to the
GTMD parametrizations introduced in the following.
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k-Pk-AA2P-A. In staple-link parametrizations,
such as the ones given in [10], the GPCFs additionally
depend on all scalar products involving the additional
vector v characterizing the staple link.

structure functions, the GPCFs, are fewer in number, we
expect the GTMDs to be connected to one another. These
relations between the GTMDs are known as the Lorentz
invariance relations and we discuss them in Sec. IV.

It is interesting to note that, for both the vector and axial
vector operators, 8 GPCFs enter the parametrization for the
straight gauge link case. This is the same as the total
number of GPDs (including twist two, twist three, and twist
four). This is expected because the GPDs are defined with
quarks separated only along the light cone. The number of
GTMDs on the other hand is 16. Because the underlying

|

D. Generalized transverse momentum-dependent
parton distributions

The unintegrated correlator definining the generalized
transverse momentum-dependent parton distributions is
given by

W, (P, x, kp, & AgsU) = / dikWE, (P, k, AsU)

1 [ded’zr ;pe i ( z z
— _ 1X. —LlKp-Z7 / A/ = l" i
2/ P ¢ (P Nl (=3 |TUy (5

Its parametrization in terms of GTMDs, as defined in Ref. [10], reads as follows™: ForT" = y©. vy, ic™ty’, one has, where
Latin indices denote transverse components, restricted to the values 1,2,

pA) (16)

7 =0

+ 1 - ict ki ic' T A icki A
Wi, = M U(p'.N) [Fu + pr Fip + pr Fi3+ e F14} U(p.A) (17)
iNeTKIAT AA! +iA? Ak + ik?
= [Fn +TF14:|5A’A {T@Fn - Fun) +TF12 O_nAs (18)
s 1 i€k A ic Tk ic'ty Al o
40 :ﬁU(P/vA/) {_Mz 1+ pr G+ pr Gi3+ict Y G4|U(p.A) (19)
i(k'A2 = kA Al +iAA? iNK'A? = K2A! k' +iAk?
= {_(Tz)Gn +AG14] oynt+ [ i <G13+ ( e )Gn) TG12:| S_na (20)
it 1 - e A Mic'™*y’ klic*ty Kk
Wf’/\y :wU(p/,A/) |:l€’/<MH11—|—MH12)+ pr H13—|— MP" H14
Aii6k+y5kk AiinerS AK kiia+_y5 Aii0+—y5
—ypr At pr Hc+ " 17+TH18] U(p.A) (21)
s K A ki Al . l..AAl +iA? (K AJ
= |ieY MHII +ﬁH12 +A MH17+MH18 Ona + —16'77 MHII +MH12
, K iAR2 (K A Al + iAA2)A
+ (8 +iASp)H 5 + v <MH14 + MH15> %Hm] O_pA- (22)

For each correlator listed, the second equality follows once P is taken to be much larger than all other mass scales. On the
other hand, for ', 'y, one has

; 1 ki A Mic'* k'ic*t ik Alight ik
WT\/A:FU(P/,A/) {Mle‘FMFzz‘F P Fy + ypr [ut—pr fos
Alickt Ak ic/k/ ic/ A
t—ypr fst Fy o Fy|U(p,A) (23)

*Note that the form of this GTMD parametrization, as well as the GPD parametrization exhibited further below, is independent of the
choice of gauge link, contrary to the GPCF parametrization discussed above. Thus, the relations between GTMDs and GPDs given for
staple-shaped gauge links in [10] remain true for straight gauge links.
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i

K A K/ A/
F21+P+F22—1A€ P+F27+ Fag ) |0an

P+ Pt
1 [ iA2+AA! . ,
TopT [_ " (k'Fa1 + A'Fy) + 2M(Adyy + i6;2) Fa
2 U 2\ (pi i 2 1| AA2VA
+M(Ak +lk )(k F24+AF25)+M(AA +lA )A F26 5_/\//\, (24)
e iel'k/ el A Mic'ty? klic* Ty kK
Wia = 2P+ U(p',N) [— Oy O + pr Go; + WGM
Ali0k+}/5kk Aii0k+]/5Ak kii6+_}/5 Aii6+_}/5
ypr ot pr w6t — Ot —0p st} U(p,A) (25)

e K Al 1 _IATHAAY ,
= |:l€lj< G21 +— G22> < G27 +— ng):|(sA/A + 2P+ |:—l€lj M (k/Gzl + Aszz)
2 2 .
+2M (5 + iA62) Gz + - (K 4 IAR?) (K Goy + A'Gos) + - (A1 + iAAZ)A’G%} S_pA- (26)

The GTMDs considered here are complex functions of the set of kinematical variables x, & k%, k- Ay, t; in the case of a
staple-shaped gauge link, they furthermore depend on the vector v characterizing the staple,

(X 5 kTﬂkT AT,[ U) Xe(x é kTﬂkT AT,[ U) +lX0()C g kT’kT AT,I U) (27)
with X = Fy;, Gy, Hyj, at twist two, and X = F,;, G,;, at twist three. X¢ is symmetric under v — —v (T even), while X°
reverses its sign for v — —v (T odd). Due to Hermiticity and time reversal invariance, we have that the following GTMD
components are odd for & - =&, ky - Ay — —ky - Ag:

Fiy, Fy, Fy, Fy, Py Fyo G Gy, Gy Gy HYy,, His, Hig (28a)
Fio. Fiy Fio Fy. Fs Fi Gh. Gho Gl Gh G,
GSy G G Hfy Hiy, HYy, Hig HY. (28b)

This influences which kz-moments of these GTMDs can appear in the £ = 0 case.

E. Generalized parton distributions

The generalized parton distributions are obtained by formally integrating Eq. (16) over the transverse parton momentum,
kr, provided that the gauge link has the appropriate form, cf. the discussion in Sec. 1I B,

1 [dz”
Prnein) = [ S et (=5 )ruaw (5 . (29)
T 77=0,z27=0
For y*,yy>,ic'"y one has

+ ot AA! + (A2

Flon = 5 00 M) [+ T E| 0o ) = o + B2 s (30)
+5 1 Aty? _ (A +iAA?) .

Fll = 7pT U(p',A’)[ rH+ 5 }U(p,/\) = AHS, n t EES_p ns (31)

ity ieij _ . . ]/JrA/ — A+y1 P+AJ - P+},J -
FA’AY _2P+ U(p/,[\/) |:lO'+JHT+ M ET+ M2 HT_ M ET U(p’/\) (32)
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el A AAT ) i€ AV (AAY + iA?
= [ M (Er +2H7) + M (Er — fET)] Oan + {(51'1 + iNSp)Hy — <2M2 )HT O_AN (33)
whereas for y/, y'y>,
i M _ _ 7/JrAi — A+},i PHAT P+
FZ\/A = 2P ) Up'.N') [10+ Hyr + M Err + e Hyp — " Eyr|U(p,A) (34)
Al Al INETAT
= {2P+ Eyr + FH2T + Spr (Exr — §E2T):| IV (35)
N —M(AS;; +i5;) (AAT + 1A2)A 5
pt 2T — TMPF ZT A—-N">
iS5 lele — +Aj - A+}/j P+Aj ~ PJr
P = 5p 00 ) iy + T8 By - E B | uo (36)
i€l AJ i€l AJ AAP M(5,1 +iAS;) iell(AA' +iA2)AT
- |:2P+ E/2T+ pt HIZT opt <E/2T fE ):| San + |: Pt 2T~ 2MP+ HIZT OpA-A' (37)
I
The gauge connection for GPDs is a straight link, implying 1 _( z
that all GPDs are naive T-even. We use the GPD para- O.s(2) ¥\ 72)7 1y 2 \/_gbi(ﬁi’ (39)

metrization from Ref. [10]. As in the first parametrization
introduced by Ji [4], the letter H signifies that in the
forward limit these GPDs correspond to a PDF, while the
ones denoted by E are completely new functions; H, E, H,
E parametrize the chiral-even quark operators. In the chiral-
odd sector, Hy, Er, HT, ET describe the tensor quark
operators, the subscript 7' signifying that the quarks flip
helicity or are transversely polarized [33]. The matrix
structures that enter the twist-three vector (y') and axial
vector (y'y?) cases are identical to the ones occurring at the
twist-two level in the chiral-odd tensor sector. Hence, the
GPDs have similar names: the corresponding twist-three
GPD, occurring with the same matrix coefficient, is named
F,y if parametrizing the vector case y' and Fl, if para-
metrizing the axial vector case y'y>, with F = H  E, H. E.

F. Helicity structure

To elucidate the helicity structure, which is needed to
connect to phenomenological applications and which also
serves as a heuristic tool in the construction of LIR and
EoM relations below, we introduce the quark-proton
helicity amplitudes [6]

-2

(2z)
x (p', N|Oy,(z) Mz —o- (38)

At twist two one has the bilocal quark field operators

where d)i denotes the = helicity components of
d=3 Ly~y*y, the independent degrees of freedom obtained
from the QCD equations of motion [34, 35].% These oper-
ators generate nonflip transitions between quark =+, 4+
helicity states. Note that, in this section only, for the purpose
of discussing helicity structure, we drop the gauge link in the
bilocal operators to simplify notation.

The various LIRs and EoM relations that we derive in
subsequent sections correspond to different helicity combi-
nations obtained varying the initial and final proton helicity
states. We obtain 8 distinct relations from the following
combinations, (+,+)+ (—,—), and (+,—) £ (-, +), in
the vector and axial vector sector, respectively. In what
follows we derive all four spin correlations.

The correlation functions in Egs. (18) and (20) can be
written in terms of the quark-proton helicity amplitudes as

+

Wi\’/\ =Anyar TAN- A (40)
.5
WiK = Axsar —An-a- (41)

One finds the following expressions for the proton nonflip
terms:

“We use the conventions of [35] in writing the right-hand side
of Eq. (39), as well as Egs. (47) below.
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1 T ; 1
Fyy = 5 (Wi, + WL ) = 5 (A iy + Ao
+A__ +A___), (42a)
(kT X AT) 1 + +
T3F14 —§(W7++ - Wy——)
1
:§<A++,++ FA A A ),
(42b)
L, s +
Gis =5 (Wil —wrr)
1
=5 (App iy —A - —A +A__ ), (420)
ky x A
( T;I 7)3 Gy,
1 5
E(Wy rwry )
1
) Ay r —Ap o +A_ —A___ ). (42d)
where, because of the constraints in Eqgs. (28), the

combinations on the right-hand side of Eqgs. (42a) and
(42c) and Eqgs. (42b) and (42d) are purely real and

imaginary, respectively.
The distributions in both transverse coordinate and
momentum space corresponding to these GTMDs were
|

analyzed in detail in Refs. [8,9]. F;; describes an unpolar-
ized quark and proton state, and it reduces to the PDF f in
the forward, k7 integrated, limit; G4 describes the quark
helicity distribution, or g; in the forward, k; integrated,
limit. F4, and G;; do not have GPD or TMD limits.
However, in the forward limit, their average over kr
weighted by k2 gives [9]

1 0
(Lq)3:/dx/d2kr—< TXlaA

> (W, —wr')

/dx/d kT—F14, (43)
1 . 0
Sq)3 = /dX/d2kT2 <kTX ZMI->3
x (W + wr'r)
/dX/dsz T Gl]a (44)

where Eq. (43) represents the quark OAM along the z axis in
a longitudinally polarized proton, while Eq. (44) gives the
quark OAM along the z axis for a longitudinally polarized
quark, or a spin-orbit term.

The proton spin flip terms read

——i(kT;AT)3 Fp, :%((A IA)WT, + (Al + iAW)
= (A" A2 (A o A+ (A IAY(A o+ A ), (45)
kp - Ag 1
i F12+2M(2F13 Fiy) 5((A IAZ)W - (a! ‘HAZ)WY )
= (AT~ (ALy e+ A i)~ (A4 IAY (A i+ Ay ) (45b)
and
ﬁ(}lg + kTMAT G, = % (AV = iA)W’'7 4 (A 4 iAW"
= (AT =B (Aype ~ A )+ (A YAy~ A ) (460
l(kT;AT)3 (S} Gy G12> —%((AI — iAW — (A iAW)
= AT+ i)(AL p ~ A )~ (A4 iAY) (A~ A ). (46b)

At twist three, the bilocal operators can be written as the overlap of a dynamically independent quark field, ¢ (good
component), and a dynamically dependent quark-gluon composite field, y (bad component) [34,35]
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0-.0) =gw(=3) 0 = i1+ (5) = 3L, (472)
0, =gw(=3) 0 + i1+ 2w () = 3oL (470)
00 =—g(-5) 0 + a0 -7 (2) = 310 (470
0--0) ==gw(=3) 0 =)0 = (3) = 3t (470

Notice that the * on the left-hand side symbolizes that the helicity of the quark within the quark-gluon composite field, y (on
the right-hand side), is always opposite so that the operators in Eqgs. (47) represent chiral-even (quark nonflip) transitions
[34,36]. As a result, one can form twice as many helicity amplitudes as compared to the twist-two case [34]

A3 _ dZ_dZZT ixP*z7—ikyozp " AO A 48
N = | T © (p', N0y a(2)|p. N+ =0, (48a)
. dz=d’zr . pi

AN ne _/ (2n)3Te”"’+z s (p!, N Oy (2)|p, Al o- (48b)

Therefore,

Atw3 — WJ’] + WJ’I}’S _ iWyz _ l'W}’z}’S (493)
A= A+ NA N NA NA?

M = Wi+ WIS+ W W (a9)

Atw3 — _WJ’] + W}’IJ’5 _ 'u/}’2 + 'W}’Z}’S (49C)
A+ A- AA ANA T EW AN T EW AN

A3 = W WL W — Wl (49d)
A= A+ AA A'A ‘A AA

At the twist-three level, we have the following expressions for the proton helicity nonflip terms:

i€k i€ A 1 i ;
~Tpr T T py Frg = ) (Wi, —wr), (50a)
ki Al 1 i p
FFZ] +FF22 IE(W?HJFWY——% (50b)
ki Al 1 i :
FG27 + FG% =5 (WQ: - WL, (50c)
i€l i€l AJ 1

i,,5 i
—pr O + TGzz = E(Wﬂr + W), (50d)
As we show in subsequent sections, Egs. (50a) and (50d) allow us to identify the twist-three GTMDs that enter the EoM
relations for 4 and G,;, respectively.
Writing the GTMDs that enter the proton helicity flip case one has

il MA (kp x A7)y, ; 1 , ; , ;
— i Fyy = i TR (K Fay o AN Fas) = 2 (A= b)) W2 (AT iAW) (51a)
AZ . . MA! kr-Ar . , AZA 1 i i
—2M;+(le2l+AlF22)+ P+ F23+ ]TWP+T(le24+A1F25)+#F26:E((Al—iAZ)W}L+—(A1+l.A2)Wi_) (Slb)
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and,
MA kp-Ap . AiA2
5 Gn + &Pf (kiGoy + AlGas) + MT
IGUA% . . ICUA] l(kT X AT)3
— Gy — A G — —
2MP+( 21 2) pr 02 MP"

The helicity amplitude structure is preserved when going
to either the GPD or the TMD limit. It plays an important
role in defining the observables for the various quantities.
The GTMDs defined so far are related to GPDs by
integrating them over k;y and to TMDs by taking the
forward limit (A — 0).

III. EQUATION OF MOTION RELATIONS

| ,- :
Gag = = (Al = iA2)W'T 4 (A + in)W"")

3 (52a)

. . 1 is i
(KGay+AGos) = (A =is) WL — (A +id))WLT).  (52b)

initially a somewhat more general correlator in which the
quark creation and annihilation operators are located at more
freely variable positions z,, and z;,, respectively Fig. 2.
Central to the construction is the observation that, taken
between physical particle states, matrix elements of oper-
ators that vanish according to the classical field equations of
motion vanish in the quantum theory5 [37]. Thus, in view of
the classical quark field equations of motion

A. Construction of equation of motion relations (iD —m)y = (i) + gA — m)y = 0, (53a)
Equation of motion relations connect different GTMD _ _

correlators of the type defined in Eq. (16), in which the quark w(ip+m)=y(ip—gh+m)=0 (53b)

creation and annihilation operators are located at positions

—z/2 and z/2. To construct them, it is useful to consider  one has the vanishing correlation function
|
0 g / dZ;]dZZin'T / dzgmfzom’T eik(zin_zou!)_iA(Zin+Zou!)/2
(2z)? (2m)?

AP N7 (zou) [(iP + m)TU £ TUGEP = m)y (zin) P2 M)~ ~0 (54)

where, specifically, I' = io""y> = 1 (y"y'y> — y'y"y") with a transverse vector index i = 1, 2; cf. Sec. II D. Note that the )

and ) operators act on the z;, and z,,, arguments, respectively. Furthermore, no derivatives with respect to z; or z&, appear
in the square bracket; these derivatives are accompanied in the Dirac operator by a factor y*, implying that the terms in
question vanish once multiplied by the structure I', which contains an additional factor y*. Thus, introducing the equations

of motion as in (54) is consistent with an a priori specification z;, = z&, = 0.
Performing an integration by parts with respect to both z;, and z,, yields

- -
0— /dZinJlZin,T/dZ()u[d Zout.T eik(zin—zom)—iA(ZmJ,-ZOm)/Z{

(22)° (2’

<pl’ A/|l/_/<z0ut) [_iaoutur + lramu - gA(Zout)ur + FUQA (Zin)]w<zin)

A

0 N e (=5 Y 5 10 (0 8) 05 Ul |

Two types of contributions are generated. The second
line of (55) contains the terms in which the derivatives
act on the gauge links; these terms will ultimately result in
quark-gluon-quark correlators. The gauge links 4 depend
parametrically on the positions of the endpoints z;, and z,
and the derivatives act on those parameters, as laid out in

*Note that the argument given in [37] is formulated for local
operators; its extension to nonlocal operators such as that
considered here calls for further justification, as noted in [31].

p.A)

A (55)

+_+
Zin_zout_o

|
detail in Appendix A. Note that, in Egs. (57), (59a), and
(59b), z;, and z,, are set to z/2 and —z/2, respectively,
after the corresponding derivatives are taken. In those
equations, the argument of I/ that the derivative is acting
upon is indicated both by the side from which it acts, as
well as by the position that is explicitly set afterwards. The
third line of (55) contains the standard terms in which the
derivatives act on the exponential in the Fourier trans-
formation; these terms result in quark-quark correlators.
Proceeding by changing integration variables,
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~ Zin + Zout

b
2 9

Z = Zin ~ Zouts (56)

and translating the matrix elements by —b, one obtains,

db=d*b . L, dz=d? .
0= </(27)3Te—tbAe—szesz> / E2ﬂ>§T ezkz{
(P NN (=2/2)[(=i) — gAWUT|__ o = TU(=i + gA)|. oy (2/2) [ p. A)

+(p" N (-2/2) K—k - é)MF FIU <—k + é) + (m ¥ m)FZ/l] w(z/2)

(57)

pJ\)}

having taken into account the phases generated in the proton states by the translation. Thus, a é-function which
enforces momentum conservation as expected, 5 (p' = p —A), is factored out; it follows that the rest of the expression
by itself must already vanish. Proceeding to simplify the Dirac structures (employing, e.g., the identity
Yy = ¢yt 4 ¢y — ¢"y? — i€y, y°), one can finally identify from the third line of (57) the GTMD correlators
defined in Eq. (16), and one thus arrives at the equation of motion relations

ZT=bT=0

_ A_+ we'r ﬁi

5 WA kW S WL — ieTRIWY -+ MG, = 0, (58a)
oA A ot .
—kWI 4 lTe’J Win + KWL = il Wi+ mWT + M, =0, (58b)

which relate the correlation functions for different Dirac structures, y'y>,y’,y7y>, 7", ic'"y>, and in which the genuine/

dynamic [22] twist-three terms, copied from the second line of (57), are given by6

i.s i dz_dZZT ixP" " —ikrzr ) A 2
D= iXPT 77 —ikypezp ’A -z
MA/\ 4/ (277)3 e <p |ll/ 2

)@= igAarl s+ 1+ ish)laho (£ Ip. M) (590

iA (A2 d2r p ity a2\ 15 94 <
MA/A__Z/We et (p! Ny 3 (@ = ighUT|_, ), = TU(D + igh)|. plw 5 P, A) g (59D)

with T = ic'"y>. In the following, only the case of
vanishing skewness, A" = 0, will be considered further.

Relations (58a) and (58b) are generalizations to the off-
forward case of the EoM relations involving the kr-
unintegrated correlator first introduced in [20,38,39]. In
particular, Eq. (58b) leads to the relation between the
polarized structure functions g; and g, first obtained in the
forward limit using the same method in Refs. [38,39].
However, notice that, at variance with [38,39], because of
the symmetrization introduced in Eqs. (54)—(57), the
imaginary parts in Eq. (58b) appear only for the non-
forward terms (terms multiplied by A). As will be discussed
further below, these relations represent a first step towards
deriving a connection between twist-two GTMDs and
twist-three GPDs using a procedure alternative to OPE
that highlights the sensitivity to the quark intrinsic trans-
verse momentum. In our case, they attain additional
significance in that they provide a framework for describing

®Note that the expression for ./\/lj\,SA

an overall factor —i.

quoted in [19] is missing

|

partonic OAM in the proton in terms of specific distribu-
tions, thus helping to clarify possible mechanisms that
generate it. A prerequisite for understanding what produces
OAM in the proton is that one examines the dynamics
encoded in the correlator components at the uninte-
grated level.

B. Gauge link structure and intrinsic twist-three term

The form of the intrinsic twist-three terms given in
Sec. Il A is valid for an arbitrary choice of gauge link U.
The gauge link depends parametrically on the locations of
its endpoints; the derivative operators quantify those
dependences. More concrete forms are obtained by con-
sidering particular gauge link paths. An important choice is
the staple-shaped gauge link path, the geometry of which
was already discussed in detail in Sec. II B, with the legs of
the staple described by a four-vector v; this contains also
the straight gauge link path in the limit v = 0. Given this
concrete choice, a more explicit form of the intrinsic twist-
three contributions can be derived.

074022-13



RAJAN, ENGELHARDT, and LIUTI PHYS. REV. D 98, 074022 (2018)

To establish notation, consider a staple-shaped gauge link ¢/ connecting the space-time points y and y’ via three straight
segments,

y+v Vo Y
U ="Pexp <—ig/ dx”Aﬂ(x)>Pexp <—ig/ dx"Aﬂ(x))Pexp <—ig/ dx”A”(x)> (60)
y y+v y+v

=U,(0,1)U,(0,1)U;(0, 1), (61)

which each can be parametrized in terms of a real parameter ¢ as

Ui(a,b) = Pexp <—ig Lb drvtA,(y + tv)), (62)
Us(a,b) = Pexp (—ig lb di(y' =y Ay + v +1(y = y))) , (63)
Us(a,b) = Pexp (—ig Lb dt(=v*)A, (Y + v = tv)). (64)

As noted above, the four-vector v describes the legs of the staple-shaped path. The parametrization includes the special case
v = 0, in which the staple degenerates to a straight link between y and y’ given by U, (0, 1), whereas U; = Uz = 1. In the
following, U; given without an argument means U; = U,;(0, 1).

As shown in Appendix A, with this parametrization, one arrives at the explicit expression

o . : ! / /
(ayy—lgAu(y)>U= lgUl/) dsUs(0,5)(y' =)' Fu(y + v+ 50y =) (1 = 5)Us(s, 1)U
1
+ig/ dsU, (0, s)v"F,,(y + sv)U, (s, 1)U, U (65)
0

in which only field strength terms remain. In complete analogy, one also obtains for the adjoint term

b} 1
u( o iAy<y/>) = igty [N asU0.0)0 =3P Fls + 0507 = 0)sUs(s 1)U
1
- U1U2ig/ dsU3(0,5)0'F,, (¥ + v —sv)Us(s, 1), (66)
0

where in each integral, s parametrizes the position of the color field strength insertion along the gauge link connecting the
quark positions. These forms are still completely general. In the following, in particular the k;-integral of the genuine twist-
three terms will be of interest, in which case, cf. (59a) and (59b), the transverse separation zy is set to zero and z has only a
minus component, z = (0,z7,0,0). Specializing furthermore to the case where also v has only a minus component,
v=(0,27,0,0), cf. the discussion in Sec. II B, the staple legs collapse onto a common axis. In this case we define U (x, x’)
to denote a straight Wilson line connecting the locations x and x’, and obtain, upon identifying the endpoints y = —z/2 and

Yy =2z/2,
(é —igMU|_,)p = igz” /l ds(1=s5)U(=z2/2,-z/2 + v+ s2)y, F*(=z/2 + v+ s2)U(=z/2 + v + 52,2/2)
0

+igv~ Al dsU(=2/2,=2/2 4 sv)y, F#(=z/2 + sv)U(=2/2 + sv,2/2), (67)

- 1
UP+igh)|, = igz / dssU(=z/2,—=z/2 + v+ s2)y,F 7 (=2/2 + v + s2)U(-z/2 + v + 52,2/2)
0

—igv~ /01 dsU(=z/2,2/2 + sv)y, F(z/2 + sv)U(z/2 + sv,2/2). (68)
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FIG. 2. Kinematical variables for the correlation function
describing a GTMD. The matrix element in the correlator is a
function of z = z;, — Zou Where z;, = z/2 (Zou = —2z/2) is the
argument of yw (W); b = (2, + Zou)/2 is the Fourier conjugate of
A=p —p.

In both expressions, the first line stems from the variation of
the Wilson line which connects the ends of the staple legs,
|

whereas the second line stems from the variation of the
staple leg attached to the endpoint with respect to which the
derivative is taken. The straight gauge link case is obtained
by setting v = 0, i.e., only the first lines in (67) and (68)
remain. This limit was already given in [19].

Particularly compact expressions are obtained if one
further integrates over the longitudinal momentum frac-
tion x, in which case z =0 altogether, cf. (59a) and
(59b). For z =0, the first lines in (67) and (68) vanish,
i.e., the genuine twist-three terms integrate to zero for a
straight gauge link. On the other hand, in the general
staple link case, the second lines remain, and give
identical contributions up to a relative minus sign.
Combining with the Dirac structure I' and assembling
the complete genuine twist-three expressions, one has in
the completely integrated limit,

; . 1 1 .
[ax [ @remip, = —ieion sy [ st Mg U000 UGHOWOIP A, (69
0
. 1 1 .
/dx/JZkTMX‘f‘A = =gV 357 ds(p', Ny (0)y U0, sv) F(sv)U(sv,0)y(0)|p, A). (70)
0
Note that the ¢/ in (69) can be absorbed into the dual field strength F+/ = —¢'/F*/, useful for the analysis within instanton

models [26], in which F = +F. On the other hand, compact expressions also for the second Mellin moments result if one
specializes to the straight-link case. A weighting by a factor x can be generated by taking a derivative with respect to z~, cf.
(59a) and (59b); in the limit z = 0, only the contributions from the derivative acting on either of the z~ prefactors in the first

lines of (67) and (68) remain. Thus, one arrives at

is ig
/dxx/deT/\/lA,A BRETTEE

/ dxx / P M, = 1 Ii)zeff<pcA/|w<o>y+F+f<o>w<o>|p,A>

for straight gauge links. Note that one can obtain, e.g., the
right-hand side of (72) by evaluating the v~-derivative
of (69) at v~ =0, and multiplying by a factor i/(2P").
In other words, we uncover a connection between
straight-link quark-gluon-quark correlators such as (72)
and v~ -derivatives of Qiu-Sterman type terms such as (69),
where the latter can be accessed using Lattice QCD TMD
data [40], such as given in [41-43].

C. EoM relations involving orbital angular momentum

Altogether, Eqs. (58a) and (58b) generate 32 individual
relations between GTMDs, obtained by inserting the para-
metrizations (18), (20), (24), and (26): each of the two
relations is a two-component equation in the transverse
plane; furthermore, the resulting 4 individual component
relations are complex, i.e., each comprises a relation for the
real (T-even) and the imaginary (7-odd) parts of GTMDs.
The resulting 8 relations finally each contain 4 possible

(' N (0)y " F*(0)w(0)p. A).

(71)

(72)

I

helicity combinations, as discussed in Sec. II'F, for the
proton helicity conserving, Egs. (42), and the helicity flip,
Egs. (45) combinations, respectively. We refrain from
quoting all 32 of these relations. They can be specialized
to the A = 0 TMD limit and to the kp-integrated GPD limit.
In the TMD limit, a number of known TMD relations [44]
is reproduced, including explicit expressions for the genu-
ine twist-3 parts in terms of quark-gluon-quark correlators,
encoded in the ./\/lj’\,SA and M%\ terms. For the ko-
integrated case, we focus on purely transverse momentum
transfer, i.e., vanishing skewness, £ = 0. In this case, there
are potentially 8 relations: Of the original 32, 16 are £-odd,
and of course only the T-even relations are relevant for the
GPD limit. Among these 8 relations, we discuss in detail
three which involve exclusively k% moments of GTMDs
and GPDs. These three are moreover singled out by the fact
that they are also accompanied by three correspond-
ing LIRs.
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In this section, we present, in particular, the EoM
relations describing the quark OAM and spin-orbit con-
tributions. These involve F,, which is obtained for the
helicity configuration (42) describing an unpolarized quark
in a longitudinally polarized proton, and a relation for G,
obtained for the helicity configuration (42d), describing a
longitudinally polarized quark in an unpolarized proton.
These configurations are obtained by taking the helicity
combinations (A’A) = (++) = (——), in Egs. (58a) and
(58b), respectively. The relations we obtain constitute
x-dependent identities tying the definitions, respectively,
of partonic OAM, L., and the longitudinal contribution to
the spin-orbit coupling L - S, to directly observable twist-
three distributions. We present the third EoM relation,
which instead involves transverse polarization, in Sec. V.
As we show below, after taking A™ = 0 (without loss of
generality in the angular momentum sum rule), we obtain
the following EoM relations from Eqs. (58a) and (58b),
respectively,

xEyr(x) = ~H(x) + Fi)(x) = My, (73)
x{2 Y (x) + Eyy ()]
= —H(x) + - (2H7(x)+ E7(x)) = G} () = Mq,  (74)

where we defined

2 12 A2 . 2
xM _2/d2kT K krd 2<k§ Ar)
kTAT
X X(x,0, k3, ky - Ap, AZ). (75)

Note that, in the forward limit, this reduces to the standard
k3-moment,

M5, /JZkT L X(x,0,k%2,0,0).  (76)
The genuine twist three contributions are defined as’

Mg, (x) /JZkTAz (M = M), (77)

/aasze

where the expressions for Mj\f\(,A ) given in Egs. (59a)—(70),
can be interpreted as quantifying the quark-gluon-quark
interaction experienced by a quark of specific x, in the
given helicity configuration.

Mg, (x A LMY, (78)

"Note that in [19], the first of these relations was quoted with
an erroneous additional normalization factor 2M.

Equations (73) and (74) are the equation of motion
relations involving the OAM and the longitudinal part of
the spin-orbit L - S distributions, defined through F, and
G11,1n Egs. (43) and (44), respectively. They are particularly
important among the various GTMD EoM relations that we
can write because they allow us to define observables other
than the GTMDs to measure the OAM distribution in the
proton.

All of the distributions in the EoM relations are defined
according to the scheme of Ref. [10] (see Sec. III): H and A
are twist two GPDs, in the vector and axial vector sector
respectively; EZT is a twist three GPD in the vector sector,
H); and E); are axial vector twist three GPDs.

Equation (73) relates an intrinsic [22] twist three GPD,
E,7, on the left-hand side [19], to a twist two GPD, H, the
kr-moment of the GTMD, F 4, Eq. (75), and a genuine
twist-three term, Mp . It is obtained by contracting
Eq. (58a) with A'/A2  forming the (A'A) = (++)—
(——) combination of helicity components, and inserting
the GTMD parametrizations of the correlators, yielding

kp - A

0=—2x ( r TF27+F28> + Gy
AT

— (kr - A7)?

Zk%A%
M?*A2
T

LM, - MiS).

Frt 2 Az

(79)

Integrating over kr and identifying the resulting GPDs [10]
gives
0=xEyy+ H—F) + / d2kT (M _ M), (80)
i.e., one obtains Eq. (73). Recalling the discussion in
Sec. II B, in the case of a staple-shaped gauge link, this
requires that the legs of the staple properly collapse upon k-
integration such as to produce GPDs with straight gauge link.
Euation (74) was derived in a similar way. It relates the
twist-three GPD combination, 2H,(x) + Ej;(x), to the
GPD H, the ky-moment of the GTMD, G, which describes
the longitudinal part of the parton spin-orbit distribution, and
a genuine twist-three term. Notice the appearance of a quark
mass term proportional to the GPD 2H; + E; in the chiral
odd sector [45]. Contracting Eq. (58) with ie'/AJ/AZ,
forming the (A’A) = (4++) + (——) combination of helicity
components, cf. Eq. (42d), and inserting the GTMD para-
metrizations of the correlators yields

kr-A
0:2x< A TG21+G22)+F11

T
k2 AZ (kT AT)Z m kT . AT
+2 G]|—2—< H]]+H]2>
M2AZ M\ A2
Al ”
el G (ML + M), 81)
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Integrating over k7 and identifying the resulting GPDs gives

0 = x(2H);, + Eby) + H + G\ (2, + Er)

m
M
oy i A ia A
+ [ dkpieV e (ML + M) (82)
T
i.e., Eq. (74).

IV. GENERALIZED LORENTZ INVARIANCE
RELATIONS

The underlying Lorentz structure of the unintegrated
correlator, Eqs. (14) and (15) allows one to find relations
between the x-dependent ky-moments of GTMDs and
GPDs. As stated before, this is due to the fact that, for
the straight gauge link case, the total number of GPCFs is
less than the number of GTMDs. Similar relations connect-
ing the various TMDs, in the forward limit, were derived in
Refs. [21,38]. These equations are a consequence of the
covariant definition of the correlation function, and they are
therefore referred to as Lorentz invariance relations.

The following LIRs, which we derive further below,
involve the ky-moments of the GTMDs respectively
describing the OAM and longitudinal spin-orbit terms which
also enter the EoMs derived in Sec. III, Egs. (73) and (74),

darll) o
4~y + H+E= Fi) = —/ dy[Eyr + H + E),
(83)
(1)
dG L
d—; = —(ESy + 205, + H)
1 . "

=6l = [(olhy By B 69)

On the left-hand side, we have k%-moments of twist-two
GTMDs. These GTMDs are unique in that, in the limit = 0,
they represent the parton longitudinal OAM distribution,
F ﬂ), and longitudinal parton spin-orbit distribution, Ggll) .On
the right-hand side, the integral expressions for the intrinsic
twist-three GPDs E,p + H + E, and 2H) + Ebp + H,
allow us to access both OAM and the longitudinal spin-
orbit term directly from deeply virtual exclusive measure-
ments as these GPDs enter as coefficients of specific
azimuthal angular modulations of the cross section. Note
that these x-dependent relations are valid also for Ay # 0.

Note also that, at variance with previous work
[12,26,32,46], Eq. (83) allows us to obtain directly
information on the OAM distribution because its form is
not integrated in x (it occurs at the kp-integrated level).

Equation (84) is new: it allows us to connect the longitudinal

spin-orbit x-distribution, G(lll), to a specific twist-three GPD

combination, 2H%, + E, that uniquely appears in off-
forward processes.

If we were to work with a staple gauge link, the number of
GPCFs would increase to 16 for both the vector and the axial
vector case. In this scenario, since the number of GTMDs is
the same as the number of GPCFs, we do not expect there to
be any LIRs connecting exclusively GTMDs (or their GPD
limits). Indeed, if we do try to write these relations, we find
that extra terms appear that consist of GPCFs that cannot be
combined to form either GPDs or GTMDs. These extra
terms, which are required in order to properly encode
Lorentz invariance in the relations, have been termed LIR
breaking terms [24]. For example, (83) is modified to read

drt)
dx

=Ey+H+E+Ap,,. (85)

2P+)? kp-A
Amzv‘( MZ) / &Pk / dk‘[ TA% L(AF, +xAE)) + AT,
AZ Ik-v) “O(k-v)

where the 4-vector v = (0, v~, 0, 0) describes the direction
of the staple, which here is taken to extend along the light
cone. The amplitudes A! are the ones appearing in the
parametrization given in [10], appropriate for a staple link
structure, up to a rescaling stemming from the fact that the
staple vector v used here and the analogous vector N used in
[10] are related by arescaling. Note that, if one were to take v
off the light cone, v = (v, v7,0,0), cf. the discussion in
Sec. II B, additional terms would appear in (86) that formally
vanish as v+ — 0; examples of such terms in the case of
TMD LIRs have been given in [24]. Of course, the GPCFs
themselves then also depend on v™.

In what follows, we work with straight gauge links,
where terms such as (86) are absent; in Sec. IV C, we return
to the staple link case and obtain a concrete expression for
(86) in terms of quark-gluon-quark correlators, by combin-
ing the LIR with the corresponding EoM.

A. Construction of Lorentz invariance relations

The general structure of the unintegrated correlation
function was written in terms of all the independent
Lorentz structures multiplied by scalar functions, A7, AY
in Sec. I C. The correlation function integrated in &~ (and
k7 dependent) was parametrized in terms of GTMDs in
Ref. [10] (Sec. I D). GTMDs can, therefore, be expressed
through k™ integrals of the scalar functions A7, AY. These
expressions are given in Appendix C. As was shown in
Sec. I C, the total number of independent functions in the
unintegrated correlator is 8 for the vector and 8 for the axial
vector sectors. The total number of twist-two plus twist-
three GTMDs is 12 vector and 12 axial vector [10]. Since
this number exceeds the number of A, AY functions, the
GTMDs will be related to one another. This type of relation
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that is just originating from the parametrization in terms of
Lorentz covariant structures is called a LIR.

In the following, we describe the procedure used to
derive LIRs between the kp-moments of the twist-two
GTMDs listed in Sec. II D, cf. also Eqgs. (42b) and (42d),
and the twist-three GPDs listed in Sec. I E. It is based on
the following integral relation for amplitudes A depending
on the integration variable k via Lorentz invariants as
A=A(k-P,k*,k-A), where we take the momentum
transfer A to be purely transverse,

i/dzk /dk_k%A%—(kr-Ar)z
dx ! A2

X[A; x]

Here, X[A; x| is a linear combination of amplitudes A in
which the coefficients, aside from containing the invariants
k- P, k*and k - A, may have an explicit x-dependence. This
is an off-forward extension of relations used previously in
the analysis of TMD LIRs [24,38,39,47]; here, the presence
of the additional invariant k - A must be properly accounted
for. In view of this complication, it is worth laying out the
elements of the derivation of (87); this is presented in
Appendix B.

B. Relating k2 moments of GTMDs to GPDs

Since a generic GTMD X can be expressed in the form
X = [dk™X[A; x|, as given in Appendix C, one can use

= /dsz/dk‘(k-P—xPz)X[A;x] (87) to cast the x-derivative of its ky-moment, X, cf. (75),
o . in terms of A amplitudes. In particular,
ki A7 — (kp - Ap)* 0X
kg | dk r T Asx]. (87
+ [ | e il (s7)
|
d ) 4P* . ki A7 — (ky - Ar)?
- <14):W/d2kr/dk [(k-P—xPQ)(A§+xA§)—I— =1 Az ALl (88)
d (1)_4PJr » _ ) G A1G8+xA1G9 k%A2 (kg - AT)zA?9
= Mz/dkr (k- P xp?) (A7  FEIR0 ) BRI . (89)

To complete the LIRs, one constructs the appropriate combinations of GPDs which yield the right-hand sides. The relevant

combinations, cf. Appendix C, are

kr - A

H+E:2P+/d2kr/dk‘2( il
A

T

3 B kr - A

E2T:2P+ Jsz dk (—2> A

—2P+/d2k /dk(A?7 i

- P —k-P kr - A
E’2T+2H’2T:2P+/d2kT/dk‘ (ZXTAG—i—A | kA

To construct the appropriate combinations completing the
LIRs, we examine the expression for the proton helicity
combination associated with the GTMD appearing on the
left-hand side of (88), (89), and find the twist-three GPDs
corresponding to that same helicity structure. The GPCF
substructure of the twist-three GPDs need not, in general,

®Note that one could equally quote the left-hand sides of
(90)-(93) in terms of ky-integrals of GTMDs instead of quoting
directly their GPD limits; cf. Appendix C. This would facilitate
a consistent regularization of the obtained LIRs at the level of
kr-integrals of GTMDs.

P k- xP?
AL 4 AF 4 x(AF+xAF)> (90)
(kr - Ar)? = K303
LA + AL + M7AT LAl (91)
il S Y RNG )) (92)
— k3OS
AT A ) (93)

[
completely match the GPCF combination of the x-derivative
of the k% moment of the GTMD. One may need to add a
twist-two GPD with the appropriate GPCF substructure.
In particular, F'i4 describes an unpolarized quark in a
longitudinally polarized proton, Eq. (42) for I' = y*; the
twist-three GPD with a similar proton helicity combination
is E,7. Comparing their GPCF decompositions, we see that
if we add H + E, we arrive at the LIR,

drFth
d;‘ =Eyy+H+E.

(94)
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Similarly, G, describes a longitudinally polarized quark
in an unpolarized proton, Eq. (42d) with I' = y*y>. The
corresponding twist-three combination with the same proton
helicity combination is 2%, + E), with their GPCF sub-
structure given above. By adding the GPD H, this gives us

dx

As already noted further above, in the case of a staple
link, these Lorentz invariance relations acquire LIR violat-
ing terms that we introduce as, cf. (85),

= —(2f, + E5;) — H. (95)

an

=FEyy+H+E+ Ar,,. (96)
1
dGy)

dx

—Qfy + By~ + A, (97)
These relations are a central result of our paper: they give a
connection valid point by point in the kinematical variables
x and ¢ = —A% among the k; moments of GTMDs that
|

ky - AT

AFM( =7 dsz

iy

dF(14) dF14
dx dx

v=0

giving a concrete expression for A, in terms of the GTMD
F14. Note that, here, the discussion given in Sec. II B should
be kept in mind: Formulating the LIRs (as well as the EoMs
below) in terms of GPDs assumes that, in the staple-
link case, the legs of the staples have properly collapsed
upon kp-integration such as to produce GPDs with their
straight gauge link structures. This requires the staple link
vector v to lie on the light cone, » = (0, v, 0, 0). Correc-
tions to the above relation would arise from several sources if
one were to take the staple vector v off the light cone,
v=(v",v7,0,0). On the one hand, the cancellation be-
tween the straight and staple link GTMD precursors of the
GPDs in (83) and (85) would be incomplete; there would be
residual terms corresponding to the difference between the
two cases (unless one opts for the alternative quasi-GPD
scheme also mentioned in Sec. II B). On the other hand, as
already noted in connection with Eq. (86), additional
amplitudes would enter the GPCF expression.

Now, the difference of GTMD kp-moments in (98) can
also be extracted from the EoMs: subject again to the above
caveats, the GPD terms in the EoM (73) are identical for a
straight link and a staple link, and subtracting an instance of

|
- / dx(Fﬁ?—Fﬁ)

. 1
el gy ——
eV gu o pr ;

L:o) )AT:O N

(Ajp +xAp) + A +

define dynamically OAM and longitudinal spin-orbit cou-
pling, specific twist-three GPDs, and LIR violating terms
that can be expressed in terms of genuine twist-three
contributions; the latter connection will be elucidated using
the example of A[:l ,» ¢f. (96), in the next section.

C. Intrinsic twist-three contributions

Lorentz invariance relations derived in the presence of a
staple-shaped gauge link generally include additional terms
beyond those found for straight gauge links, as exemplified
by (85) and (86) in comparison to (83). Whereas the staple
LIR by itself does not yield the concrete physical content of
these terms, considering it in the context of the straight-link
LIR as well as staple and straight-link EoMs provides more
detailed insight into their meaning. To illustrate this, it is
useful to pursue the case of the LIRs (83) and (85), relevant
for the description of quark orbital angular momentum in
the nucleon, further. Subtracting the former LIR from the
latter yields

k7 A7

_A(IZ;T o (a(akA.gm i x@iA-QWH

(98)

(73) with a straight link from an instance with a staple link
yields

1 1
F(14) - F§4)|v=0 = MF|4 - MF|4|1/‘:0' (99)

Thus, the additional terms in the staple LIR (85) are
associated with quark-gluon-quark correlations,
d
A (3) = 5= (M, = My, |, ). (100)
Therefore, we see that, comparing the genuine twist-three
terms entering the staple link LIR and the staple link EoM,
these encode independent information: the EoM contains
Mep,, alone, whereas the LIR contains the difference of
MFM and MF]4|1}:0.

As was shown in Refs. [11,13], in the forward limit, and
integrated over momentum fraction x, the quantity —F 111
corresponds to Jaffe-Manohar quark orbital angular
momentum in the staple-link case, whereas it corresponds
to Ji quark orbital angular momentum in the v = 0 straight-
link case. Using (69), we obtain a concrete expression for
the difference between the two,

lds<p’,+|y7(0)y+ U(0.50)FH(sv)U(sv.0)w(0)[p.+)| .

Ap=0

(101)
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where it has been shown that 2(A’/A2) f1 = (0/0A") f' in
the limit Ay — O for a vector function f which vanishes at
least linearly in that limit (this is clear if one decomposes f
using A, f1 = A'fll + €/ AJ f1); note that the function on
which the Az-derivative acts in (101) satisfies this require-
ment since the left-hand side is regular at A =0. In
deriving (101), it has furthermore been shown that, once
one is considering A-derivatives, the (++) and (—-—)
helicity combinations contribute equally to quark orbital
angular momentum. Equation (101) can be interpreted in

Ap,,(x) entering the staple link LIR thus rather directly
encodes information about this torque, via repeated inte-
gration in x. Equation (101) reproduces9 the expression for
the torque given in [13].

Analogous considerations apply to the staple link version
of the other LIR derived in Sec. IV B. For the spin-orbit
sum rule, one has

d,
‘AGH = (G(ll)

d
1
dx - G(11)|1/=0) = _E(MG“ - MG]] |1;:())

terms of the accumulated torque experienced by the struck (102)
quark in a deep inelastic scattering process as a result of
final state interactions [13]. The genuine twist-three term  and in the completely integrated, forward limit,
|
de(GY — g\ ‘
/ x(Giy = Gy ly—0) Ap=0
9 . o ! I +,5 +j
=—5giegvT oo+ [ ds(p'.+[w(0)y "y’ U(0, sv) F/(sv)U(sv,0)y(0)|p. +) (103)
BA 2P 0 Ar=0

This term is analogous to Eq. (101), the only difference being in y© — —y*y>.

D. Eliminating GTMD moments from
LIR and EoM relations

We now merge the information from the LIR, Egs. (96) and (97), and EoM relations Egs. (73) and (74) such as to
eliminate the GTMD moments. By eliminating F 12) between Eqgs. (96) and (73), and G(lll) between Eqgs. (97) and (74),
respectively, we obtain relations involving only twist-two and twist-three GPDs including their corresponding genuine twist
terms. Considering again separately the vector and axial vector cases one has

. Idy H ldy - 1 L dy I dy
Eyr = —/ 7(H+E) - [;—/ _QH:| - |:;MF14 - ?MFM] - Af,,»

y
Ldy . H 1d
S fi
x Y X x Yy

£

These relations are valid for either a staple or a straight
gauge link structure (with staple vector » on the light cone
in the former case), keeping in mind that A;, =0 and
Ag,, = 0 in the straight-link case. Since the GPDs in these
relations by definition are identical in the staple and

°To see the correspondence, it is useful to reinstate into the
expression given in [13] a small momentum transfer, and to
translate the matrix element such that the quark operators are
located at the origin, as they are in (101). Taking into account
the resulting phases stemming from the proton states, one
can then identify [d3rriexp(—iA7)=—i(27)35*(A)3/AA! Tn
view of the standard normalization of states (p’+ |p+) =
2P*(27)*8*(p’ — p), the correspondence becomes evident.

ld
Mg, — y—iMc],} +

o 104
3 (104)
ml, _ . Ld .
+ {; (2H; + Eq) — / y—§ (2H; + ET)}
1d
%AG“. (105)

[
straight-link cases, subtracting a straight-link instance of
(104) from a staple-link instance again yields the relation
(100) between quark-gluon-quark terms (upon differentia-
tion with respect to x), and one likewise obtains the
analogous relation for Ag, . A converse way of stating
this is that the terms containing My, and Af  always
conspire such that only a straight-link quark-gluon-quark
contribution remains, even if (104) is formally written for
the staple-link case; the same is true for (105).

If one disregards the quark-gluon-quark contributions,
and the quark mass term in Eq. (105), one obtains
generalizations of the relation derived by Wandzura and
Wilczek (WW) in Ref. [23],
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E;VTW:—[(ldyy(HJrE)— [H—L'dfﬁ], (106)

X y
- tdy . |H Idy
earpy = [Ca- |2 [“Gn). o)
x Y X x Y
isolating the twist-two components of FE,; and

(2H,, + E5;). We can then reexpress Egs. (104) and
(105) as

Byp = EMV 4+ ES) 4 LR, (108)
By = BV + Eyp) + Eff* + B (109)

where we defined
Eyp =2} + Ejy.

Here, ELIR and E’5R are the LIR violating terms containing
Ap,, and Ag , respectively, EfT) and E;(;) are the genuine
twist-three terms containing My = and Mg, , and EZ} is

the quark mass dependent term.

E. x, x, and x> moments

We now consider the x moments for the twist-three
GPDs entering Egs. (104) and (105). Integral relations for
twist-three GPDs were first obtained in Refs. [26,46]
directly from the OPE while in this paper we derive them
by integrating the x-dependent expressions found from the
LIR and EoM." It is therefore important to check how the
two approaches correspond to one another. For the vector
case we have,

/deZT:—/dx(H+E):>/dx(E2T+H+E):O,

(110a)
|

/dx(E’zT +2H);) = —/de:I = /dx(E’ZT + 2l + H) =0,

~ 1 1 _
/dxxEZT = —E/dxx(H—i- E) _E/dXH’ (110Db)
)z 1 ) 2 .
dxx E2T = —g dxx (H + E) - 3 dXXH
2
——/dxx/\/lF14 ) (110¢c)
3 v=0

where one can see that the contributions from Ap , and
M, cancel in the first two expressions integrating by
parts; it is assumed that the integrands are sufficiently
well behaved at the boundaries for all such integrations.
Notice that Eq. (110a) is an extension of the
Burkhardt-Cottingham sum rule to the off-forward case.
Equation (110b), taken in the forward limit, is a sum rule
for Ji quark angular momentum,

i1 i
J;ZEAZq—}—Lf] (111)
as can be seen by identifying the terms
o1 _
Ji = 5/ dxx(H + E), AT, = /dxH,
L} :/dxx(E2T+H+E). (112)

Finally, Eq. (110c) is the only one containing a genuine
twist-three contribution. It should be noticed that this
contribution was surmised to be the same for all helicity
configurations in Ref. [26], while here we see that they are
distinct terms.

In order to gauge the size of the OAM component, one
can use data on the twist-two GPDs contributing to the WW
definition, and simultaneously extract the twist-three
GPDs. Detailed comparisons between the two sets of
measurements will allow us to constrain this quantity.

The axial vector moments are given by

(113a)
) 1 1 ]
/dxx(E;T 2, = —E/dxxH - 5/ dxH + %/ dx(Ey + 2H7), (113b)
(113¢)
v=0

_ 1 .2 2 ~ 2
/dxxz(E’zT +2H,;) = —g/dxsz - 5/ dxxH +£/ dxx(Er + 2H7) _5/ dxxMg,,

""Notice the notation difference between Refs. [12,26,46]
and the classification scheme followed in this paper [10]:
J dxxG, = — [dxx(Eyr + H + E).

|

Equations (113a)—(113c) are also consistent with those
found in Ref. [26] and revisited in Ref. [48]. In particular,
Eq. (113a) is an extension of the Burkhardt-Cottingham
sum rule to the off-forward case. Similarly to the vector
case, the various terms in Eq. (113b) can be rearranged so
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as to single out the second moment of a twist-three GPD,
namely the combination 2H%, + E5, + H, which in the
forward limit can be interpreted through the LIR in Eq. (84)
as the longitudinal contribution to the parton spin-orbit
interaction (L_S.),, cf. (44),

2(L.S.), = / dxx(Ebp +2HyY, + H).  (114)
One then has, in the forward limit,

1 - - 1
2/dxxH —|-ka = /dxx(2H/2T + E)y + H) t3e

(115)
corresponding to the sum rule

2(J.8)g = 2(L;S,) g + 2(5:52), (116)
where the transverse anomalous magnetic moment, K‘}, and

the quark number, e,

Kk = /dx(ET+2HT) e, = /dxH (117)

have been defined.

The quark mass-dependent term which appears in
Eq. (113b), technically through the equations of motion,
is due to transverse angular momentum components that
are present for nonzero quark mass. Note that this term is
chiral even, being given by the product of two chiral-odd
quantities. We thus find the following partitioning of the
terms representing total angular momentum,

2(JzSz)qEZ[(J.S)q—(JT.ST)q] l/dxxH—i—ﬁ K7

(118)

In the chiral limit, only the longitudinal polarization
component is available to the quarks, and the correlation
(J.S.) is then quantified correctly by helicity-weighting the
correlator yielding J_, cf. (112), which converts H + E into
H. No contribution from E appears due to time reversal
invariance. In the presence of a nonzero quark mass, this is
|

modified by the transverse anomalous magnetic moment
term, which accounts for the fact that also transverse
polarization components are available to massive quarks.
Note that one does not have to polarize the proton to
observe these correlations between quark spin and angular
momentum.

V. LIR AND EoM RELATIONS INVOLVING
TRANSVERSE SPIN CONFIGURATIONS

The main results of this paper are given by the EoM
relations in Egs. (73) and (74), the LIR relations in
Egs. (83) and (84), and the WW relations in Sec. IV, which
were obtained for longitudinal proton polarization at £ = 0.
Most of the LIRs [22], however, including the original ones
[38,39], were originally derived for the proton helicity flip
case, or for transversely polarized proton configurations. It
is therefore interesting to study the extension to the off-
forward case for these helicity configurations. We obtain
the following EoM result for the axial-vector GTMD:

Lo . A i
§G12 =X HZT_4M2E2T Py > (H+E)
m A%
~ [HT e ] Mg, (119)
where the genuine twist-three term
Al +iA?
MG]Z - /C{szlelj— |: +l M[_Q_A_
—A' +iA? A% i AR
ta MM Mt
(120)

has been defined.

Our derivation proceeds in analogy to the steps used in
the longitudinally polarized case, with a few important
differences, as follows. Multiplying the (A’A) = (+-)
component of (58) with (A! +iA?) and the (A'A) =
(—+) component of (58) with (A' —iA?), subtracting
these two component equations and contracting with
i€l AV /(2M A%) yields, upon inserting the parametrizations
in terms of GTMDs,

kr - Ar A7 ( Fyy k7A7 = (kr - Ar)? A%
0= Fio+—5(Fi3— Gin—577601 (121)
2M? 2M? 2 M?AZ 2M
kr- A A? k2AZ — (kr - Ap)?
—x( ZMZT G21 + 21‘;2 G22 + G23 + Ll MgAT% T) G24) (122)
m (kr- A A2 k2A% — (kp - Ap)?
—< Ve H11+2—A;2H12+H13+ L TMZA% Hyy (123)
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i€/ AJ

—vAZ (AT + iA2 )M 4 (Al +iAZ) M) (124)
T
and, upon integration with respect to k; and identifying the corresponding GPDs,
A2 1 A A2 m Az
0:4_MT2 3 §2>—4MTZG()—x(H'2T+2A;2H’ >+M<HT+2—A;2HT> (125)
el A ‘ .
—m/fkr(m‘ +IA )M (Al +iA) M), (126)
T
[
. o n . .

Finally, eliminating G,; using Eq. (74), we obtain I ¢ m ~

Eq <1y19). & M & ™ 0= 2917 (x) = xgr(x) + 7ol () +xgp(x). (127)

Equation (119) is a direct, off-forward GPD extension of
the well-known relation involving the polarized twist-three
PDF g, the ky-moment of the TMD g, and transversity,
hy [38], as can be seen by identifying, in the forward limit,
Hyp = gr, Hr — hy, and Gy = gir,

xgr(x

1
)= 10 / Pl (M2 4 iMEA + MU — i M2 = Mg,

Note that our definition of the k7-moment X(!) differs from
the one in Refs. [24,38] by a factor of 2. The intrinsic twist-
three contribution can be given explicitly in terms of quark-
gluon-quark correlators as

(128)

Ap=0 Ar=0

This simplified form for M, in the A7 = 0 limit is obtained from (120) by considering approaches to the A7 = 0 limit

along both the A!' and the A” axes.

The EoM relation (119) is accompanied by a corresponding LIR, which one obtains in complete analogy to the treatment
in Sec. IV B by considering the appropriate decompositions into amplitudes A®, cf. Appendix C. For straight gauge links,

one has
k3AZ — (kp - Ap)?
qu = / dky / dk™ — [(k P — xP?)(AG, + xAG) + =T A(zT r) A%} (129)
T
as well as
+ 2 G  *P k
H=2P" | &k; [ dk=( -AG + (A +xAG) ), (130)
A2 2 (kr - Ap)? — k32
Hyp ——L E :2P+/d2kT/dk——<—AG -~ T AG) (131)
2T 4M2 2T MZ 17 MZA% 19
leading to the LIR
1dGy AR AR -
- = H E, 1+ A 132
2 dx T AM? ( +4M2) * A (132)

where Ag , = 0 in the straight-link case, but in the presence of a staple link with staple direction v on the light cone, cf. the
analogous discussion in Sec. IV C, one has the genuine twist-three contribution

‘AGlz =~

d
o (Mg,

— Mgy, l,—0)- (133)

This LIR is likewise an off-forward generalization of a well-known structure function relation; setting Ay = 0 in (132)

directly yields
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1d

5 7o) = 0r(x) = 91(x) = dr(x) (134)

in which the genuine twist-three contribution is given in terms of quark-gluon-quark correlators as

R d
gT(x) = E(MGQ - MGlz|v:0)|AT:0' (135)

By using the same techniques as in Sec. IV, eliminating the term containing G,, we obtain the following relation:

H, A%E’ 1 A1 1dy151+ g, A g —/ldyH A5 g
VY VE e y Mix\"T a2 LU AT

A2 1 Ldy Mg, ldy Ldy
o lwen - [ s+ Mo B |- [ s

X

Notice that this relation reduces in the forward limit to the one for the polarized structure functions, g; and g [24], namely,
taking H, — gr = g1 + 9o, H — g,, and H; — hy, as well as taking into account (128), (133), and (135),

Ldy m (1 Idy B Idy . Idy
gr = —g1 T <—h1 —/ _zhl) + <9T —/ —9T> + | —9r. (137)
x Y M \x x Yy x Yy x Y

Taking moments of (136) in x, one obtains

dx| H AT E/ +A_2 dxHAT::O dx(H/ —I:I): dxg, =0 (1388‘)
T o = M2 21 - 2=
A2 1 A2 A2 m A7
Hyy - L )= (1421 B+ =L H+E)+— Hy———>E 1
/m( S AYVe > 2( M )/dxx +8M2/dx( * )+2M/dx< T an? T)’ (138b)
A} 1 A2 - AF
foe{n- ) (18 s s s (- )

2
—|—§/abcx/\/l(;12 )

(138c)

Equation (138a) is the off-forward generalization of the original Burkhardt-Cottingham sum rule; similarly, Eq. (138b) is
the generalization of the Efremov-Leader-Teryaev sum rule [49],

[ dxx|ort0) = 31 0] =0, (139)

which is valid in the chiral limit, m — 0, whereas Eq. (138c) in the forward and chiral limits reduces to,"!

/d)cx2 [gT(x) —%91 (x)} = %/ dxxMg,,

d,, which incorporates quark-gluon-quark correlations, is one of the few quantities where these effects can be obtained
unambiguously from inclusive polarized scattering experiments ([5S0] and references therein). One can write explicitly the
helicity structure of M, as

1
N (140)
v=0,A7=0

/dxx/koT M 4 iMEA - MU — i M) . (141)

v=0,A7=0

A relation involving the GTMD F,, the imaginary part of which in the forward limit is (minus) the Sivers function f{; [10],
is obtained by considering the combination (A! — iA?) times the (A’A) = (—+) helicity component added to (A! + iA?)
times the (A’A) = (+-) helicity component of Eq. (58a) and multiplying by A’/(2MA2),

"Note that definitions of d, in the literature vary by a factor of 2.
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k3 A% — (kp - Ap)?
M2AZ

k3 A% — (kp - Ap)?
M2AZ

—-X <F23 + 12
LA
2M A2

1
F24> + W(A%GB +kr - ArGyp) +

(A! = iA) M + (A +ia)MS) =0, (142)
In the forward limit, Eq. (142) is a relation between purely imaginary quantities. This follows from the fact that, for A = 0,
the real parts of all GTMDs entering Eq. (142) except for Gy, vanish [10]; on the other hand, G, is multiplied by A7. As a
consequence, also the real part of the genuine twist-three term vanishes for A = 0. Turning therefore to the imaginary part,
in the forward limit, one has the TMD identifications F$; = f7 and F5, = f7 [10]. Integrated over k7, the term in the first
parenthesis thus combines to [ d*kyfr = 0 [44]. One is therefore left with the following k,-integrated relation involving
the Sivers function f7; in the forward limit,

ff_T(‘l) = _F(Sl) = MFIZ (143)

Ar=0

where the quark-gluon-quark term

My, = =2i (144)

Ai / . .
Pl (AT — iA2)M™S + (A + iA2)M'S )
2MAZ N "
has been introduced. Equation (143) indicates a correspondence of M, to the well-known Qiu-Sterman term T, (x, x) in
the forward limit. Indeed, in analogy to the discussion surrounding Eq. (101), a compact expression for My, can be

obtained in the fully integrated case. Approaching the A; = 0 limit either along the A> = 0 axis or the A! = 0 axis, one has

.1 1
Milsyg = =i [ @he(MES £ M) = 0 [ @hr (MBS = 025 (145)

Considering, for example, the form given in terms of M LS

the Sivers shift

1 (1) 1
<k2> :ME/deIT = —gv F A

after having converted the states from the helicity basis to a
spin quantization axis in the 1 direction, and having used a
rotation by z in the transverse plane to combine terms
associated with spin in the +1 directions. The case of spin
in the 2 direction can be treated analogously. One thus
obtains the standard Qiu-Sterman form [13] in the forward
limit. For Ay #0, My, is an off-forward/generalized
analog of the Qiu-Sterman T',(x, x) term.

The EoM relations presented so far in either the
longitudinal or transverse proton polarization cases allow
us to decompose specific twist-three GPDs into a linear
combination of a twist-two GPD, a quark-gluon-quark
correlation, the k% moment of a twist-two GTMD and a
mass term in the axial-vector case. The k% moment of the
GTMD can be eliminated using the LIRs. The resulting
relations, when integrated over x, are analogous to the
relations provided by Kiptily and Polyakov in [26]. Note,
however, that not all EoM relations are of this form; in
general, also other GTMD moments besides k% moments
appear in the EoM relations that we have not discussed in
detail in this work. For instance, one finds a relation in

NN

l ds(P. $,|@(0)y*U(0. sv)F2(sv)U(sv, 0)y (0)|P. ;)

and integrating with respect to x, one can insert (69) and obtain

(146)

|

which the GTMD G5 contributes to the EoM weighted by
(kr - Az). Moreover, that EoM relation cannot have a LIR
counterpart within the twist-two and twist-three sectors,
since Gz is the only GTMD in those sectors which
contains the invariant amplitude AS}; cf. Appendix C.

VI. CONCLUSIONS AND OUTLOOK

We presented the derivation of a set of relations con-
necting k%-moments of GTMDs and twist-two as well as
twist-three GPDs, known as Lorentz invariance relations
and equation of motion relations. LIRs stem from the
Lorentz structure of the off-forward correlation function.
By examining their gauge link structure, we find that two
different types of relations exist: one obtained by consid-
ering a staple-shaped gauge link, where an explicit quark-
gluon-quark contribution appears, and one for the straight
gauge link, where this term is instead absent. On the other
hand, the QCD equations of motion yield complementary
relations containing explicit quark-gluon-quark contribu-
tions that have a different structure than the ones in the
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LIRs. By inserting the LIRs in the equations of motion we
can eliminate the k7-moments of GTMDs, and obtain
relations directly between twist-two and twist-three
GPDs. In the absence of genuine twist-three terms, these
relations represent off-forward generalizations of the origi-
nal Wandzura-Wilzcek relations connecting twist-two and
twist-three PDFs.

Within our general scheme of constructing LIRs, we
focus particularly on ones involving the k2-moments of
the GTMDs F4 and Gy;, which describe the x-density
distributions of the quark OAM, L., and longitudinal
spin-orbit interaction, L_S,. Our detailed study of the
kr-dependence of these OAM-related observables provides
physical insight that buttresses previous suggestions in the
literature, stemming from OPE-based integral relations,
that partonic OAM is described by twist-three GPDs.

Our results, therefore, represent a step forward in
comprehending parton OAM in the proton, on two
accounts. On the one hand, the obtained relations are
key to accessing information from experiment on the
missing piece in the proton’s angular momentum budget:
we obtain the x-dependent distribution of OAM through the
GPDs EzT, H, and E, which can be readily measured from
various azimuthal angular modulations in DVCS and
related processes. The new x-dependent expressions writ-
ten in terms of twist-three GPDs including the genuine
quark-gluon-quark terms bring, for the first time, partonic
OAM within experimental grasp. On the other hand, taking
integrals in x, and using the QCD equations of motion, one
recovers the sum rule relating the second Mellin-Barnes
moment of a specific twist-three GPD combination, here
called E,7 + H + E, to the moments of twist-two GPDs
yielding the combination J, — §,. Our result is therefore
not only consistent with previous findings hinting at a
twist-three nature of OAM [12,26,30,46]: it goes beyond
these predictions by providing a physical link, missing
from earlier work, which explains how OAM is described at
twist-three through its connection with the k%-moment of a
GTMD. The, perhaps, most distinguishing merit of these
new relations lies in that they provide a handle on the
dynamical underpinnings of the parton correlations through
which OAM is generated. OAM is present because of the
transverse motion of partons when they are displaced from
the origin. This is described in QCD by a twist-three parton
correlation; the correlation is generated by the Lorentz
invariant structure of the proton matrix elements appearing
in the QCD equations of motion.

The LIRs will allow us to directly connect, on the one
hand, twist-three GPD measurements of OAM and spin-
orbit correlations, and on the other hand, Lattice QCD
evaluations of GTMDs. The k%-moment of F |, has already
been accessed in a preliminary Lattice QCD calculation
[18]: GTMD kZ-moments can be obtained by generalizing
the proton matrix elements of quark bilocal operators used
to study TMDs, namely, by supplementing the transverse

momentum information with transverse position informa-
tion through the introduction of an additional nonzero
momentum transfer. The calculation in Ref. [18] also
includes the gauge connection between the quarks in the
quark bilocal operators, enabling the evaluation of both the
staple gauge link path used in TMD calculations, character-
izing Jaffe-Manohar (JM) OAM, and the straight path
yielding Ji OAM. Although this exploration was performed
at the pion mass m, = 518 MeV, its results suggest a
sizable difference between the two definitions.

Our findings provide a perspective for accessing exper-
imentally all terms appearing in both the JM and the Ji
definitions: Ji OAM is given by the Wandzura-Wilczek
component of E,7, which is described in terms of twist-two
GPDs, while JM OAM is given by the sum of these terms
and the genuine/intrinsic twist-three contribution, which we
identified as an integral over A , technically a Lorentz
invariance relation violating term. Such a term may be
obtained by a careful analysis of DVCS type experiments
(see e.g., an analogous term in the forward case for the axial
vector components g;(x) and g,(x), [24]).

Our findings extend to other GTMDs: here, we have
treated specifically Gy;, encoding spin-orbit correlations,
and Gy,, the off-forward extension of ¢, leading to a
direct measurement of the color force between quarks.

Understanding the role of GTMDs and twist-three GPDs
in quark OAM has initiated a fruitful interaction between
phenomenology, theory, and lattice QCD which we intend
to pursue further. In particular, the structure of the under-
lying QCD matrix element suggests the study of exper-
imental processes containing two hadronic reaction planes,
one associated with the hadron momentum transfer, and
one associated with the transverse momentum of the
hadronized ejected quark. We envisage developing the
description of such two-jet processes to underpin future
experimental efforts to access quark OAM directly from
GTMDs. Investigations of experimental hard scattering
processes/observables that measure OAM have started, and
the opportunity to measure OAM using deeply virtual
multiple coincidence exclusive processes will be soon
within reach at the new Jlab upgrade and, even more
promisingly, at an upcoming electron ion collider. Having
understood the mechanisms that regulate quark OAM in the
proton paves the way for future studies of the gluon sector
which will be crucial to understand the spin of hadrons.
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APPENDIX A: EXPLICIT FORM OF QUARK-GLUON-QUARK TERMS

Consider a staple-shaped gauge link &/ connecting the space-time points y and y’ via three straight segments,

y+v Y+ Y
U =Pexp (—ig/ dx”AAx))Pexp <—ig/ dx"AM(x)>Pexp (—ig/ dx”Aﬂ(x)> (Al)
y y+v Y+4v

=U,(0,1)U,(0,1)U;(0, 1), (A2)

which each can be parametrized in terms of a real parameter ¢ as

U(a,b) = Pexp <—ig /ab drtA,(y + tv)), (A3)
Us(an) = Pexp (=i [ anty =yya, -+ 0 1= 3))) (a%)
Us(a,b) = Pexp (—iglb di(=v")A, (Y + v — tv)>. (A5)

The four-vector v describes the legs of the staple-shaped path. The parametrization includes the special case v = 0, in which
the staple degenerates to a straight link between y and y’ given by U, (0, 1), whereas U; = U; = 1. In the following, U
given without an argument means U; = U;(0, 1).

The goal of the following treatment is to evaluate

o ~(ou, oU,
<8y” lgAu()’))“ = (8yy ngD(y)U,>U2U3 +U, oy Us (A6)

(note that Us is independent of y). Consider first OU,/0y". The derivative of the path-ordered exponential, cf. (A3), is

oU,
0y¥

_ A L dsUL (0. 5)[—igr#D,A, (y + s0)]U, (5. 1). (A7)

This can be recast by the following integration by parts. Noting that

d

75 U1(0.5) = U1 (0. 5)(=ig)v* A, (y + 5v). (A8)
d .
U5 1) = ign" A, (y + s0)Ui (5. 1). (A9)
it follows that
UyigA,(y +v) —igA,(y /Olds [U1(0,s)igA,(y + sv)U,(s, 1)]

I
—/ ds[U,(0,s)(—ig)v"A,(y + sv)igA,(y + sv)U;(s. 1)
0

+ U, (0,5)igA,(y + sv)igohA,(y + sv)U (s, 1)
+ U1(0,5)igr*9,A,(y + sv)U, (s, 1)]

— g /O L dsUL(0.5)[F (3 + 50) + ,A,(y + s0)|Uy (5. 1) (A10)

having introduced the field strength F,, = d,A, — 0,A, —ig|A,.A,]. Adding the left- and right-hand sides of (A7) to the
initial and final expressions in (A10), respectively, as well as subtracting U,igA,(y + v) from both sides, finally yields
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0 1
(= 9,00 )0 = i [ 50 0.90F 0+ 50001 (521) = Ui, 3+ o), (Al1)
0

The term OU,/0y* can be treated analogously; the resulting expressions are slightly more involved, since, in this case, also
the line element in U, depends explicitly on y, cf. (A4):

oU,

- = /1 dsU5(0,5)(=ig)[-A,(y + v + 50/ =) + O/ =)0, A,(y + v+ 50/ = y))(1 = 5)[Us(s. 1).  (Al2)
Y 0

Noting, in analogy to above,

LU2(0.5) = Us(0.5) (=ig) 0" = 5P A, (3 + 0+ 5 =) (A13)
L Us(s.1) = igl! = VPAL + v+ 507 =) Uils. 1), (A14)

one has

—ig, 0+ )0 = [ ds S [U5(0.9)igA, (3 + 0+ 500" = 9)(1 = 9)Us(s. 1)

- / L dsU(0,5)(—ig)(f = Y Au(y + v+ 5O — ))ighy (v + v+ 50— 3)(1 — )Us(s. 1)

+ U5(0, 5)igA,(y + v+ s(y = ¥))(1 = 5)ig(y' = y)!A,(y + v+ s(y = y))Us(s, 1)
+ U5 (0, 8)ig(y' = y)*0,A,(y + v+ 5(y = y))(1 = s)Us(s, 1)
= U5(0,5)igA,(y + v+ s(y = y))Us(s,1)]

= igAl dsU,(0,s)[(1 =s)(y =) (Fu(y + 0o+ s =y) + 04,y + v+ s(y = y)))
—A(y+ v+ s —y)|Us(s. 1). (A15)

Adding the left- and right-hand sides of (A12) to the initial and final expressions in (A15), respectively, as well as adding
igA,(y + v)U, to both sides, finally leaves

ou, [l .
W”Z = lgA dsU,(0,5)(1 = s)(y =)' Fu(y + v+ 50 =) Us(s, 1) + igA,(y + v)Us,. (Al6)

Inserting (A16) and (A11) on the right-hand side of (A6), one finally obtains an expression in which only field strength
terms remain,

g . : !
(ayy—lgAu(y)>U=lgU1[) dsUs(0.5)(Y = y)'Fu(y + v+ s(y = y))(1 = 5)Us(s. 1) Us
1
—|—ig/ dsU, (0, s)v"F,,(y + sv)U, (s, 1)U, Us. (A17)
0

In complete analogy, one obtains for the adjoint term,

) 1
(o + iA0)) =90y [ U000 = Pty 04505 = 3V U
0

1
-U, Uzig/ dsU3(0, s)v"F,, (Y 4 v — sv)Us(s, 1). (A18)
0
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APPENDIX B: INTEGRAL RELATION FOR THE
CONSTRUCTION OF LIRS

The construction of LIRs is based on the integral
relation (87) for amplitudes A depending on the integration
variable k via Lorentz invariants as A = A(k - P, K k- A),
where we take the momentum transfer A to be purely
transverse,

2A2 — (kA 2
%/dsz/dk_kT T A(ZT T) X[A;x}
T

:/dsz/dk‘(k-P—xP2)X[A;x]
(kr-Ap)2OX

k2 A2
kg | dk™
/ / A2 Ox

[A;x].  (B1)

/dzkr/dk (k- P—xP*)X[A(2k - P,k k- A); x]

Here, X[A; x| is a linear combination of amplitudes A in
which the coefficients, aside from containing the invariants
k- P, k* and k - A, may have an explicit x-dependence.
To see this relation, it is useful to handle the dependences
of the amplitudes A on the invariants k - P, k>, and k - A by
introducing new variables embodying these invariants,

1
6=2k-P=xP*+2k P" =k = 5p 5 (6—xP?),  (B2)
t=k*=x0—xX*P* — k%, (B3)
O'/Ek’A:—kT'AT:—lkT||AT|COS¢. (B4)

Note again that the present treatment is for vanishing
skewness, in which case P> = M? + A2 /4. Examining the
two terms on the right-hand side of (B1), they take the form

8P+ dodrdo’ / dk. / dpd(t — x6 + x*P* + k2)5(6’ + ky - Ap) (6 — 2xP?) X[A(0,7,6'); x|

— 2xP?
dodrdc'0(xo — t — x2P?)O(A%(x0 — 7 — x2P?) — o2 i X[A(o,7,06');x], (B35
=1pr ( )O(AZ( ) )\/A%(M_T_XZPZ)_G,2 [A( )ix]. (BS)
KA — (kg - Ap)? OX
L= | &k [ ak- =T =1 A(2k-P.K* k- A
o= [ | g A ):a]
X
= 1pF / dodrde’ / dic / d¢6T—xa+x2P2+k2)6(o"’+kT-AT)k%sinng%—[A(o,r,o’);x]
X
L[ dodedoo X2P2)0(A 2p2) _ g2y, [T EPT SO o, B6
=5pt | dodrdo (xo —7— )0(A%(x0 — 7 — x*P*) — 0'%) T_A_‘}a[ (6,7,06);x],  (B6)

where in each case,

in the first step, the integration variable kK~ has been substituted by o according to

(B2), and two representations of unity have been introduced enforcing the identifications (B3) and (B4); also
the kp-integration has been cast in polar coordinates. In the second step, the angular integrations have been carried

out using

0

2r
/ dp5( + ky - A) —
0

2n 2
/ dpd(c’ + kp - Ap)sin®gp = szz‘/szz o2O(kAL — 67),

(B7)

2

O(K2A2 — 672), (BS)

followed by the integration over k%. Consider now the left-hand side of (B1). It is of the same form as (B6), except
for containing A& instead of 0X/Jx, and for the overall derivative with respect to x. Thus, in view of the last line of

(B6), it reads

Cd
~ dx2P*

dodrde’0(xo — v — x*P?)0(A%(x6 — 7 — x*P?) — 0"2)\/

xo —7—x2P? ¢

—X[A; x]
AT A

(B9)
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1
= dodrde'5(xo — 7 — x* P?)0(A%.(xo —

7—x*P?) - 6”)(0 - 2xP2)\/x

7 2P2 ”
(o) T X (o2 X[A x]

2P* AL Al
1
2 +/d0'd1d6’9(xa—r—x2P2) (A% (xo — 7 — x*P?) — 6"*)(6 — 2xP? \/A2 (x6 — 17— x*P?) — 6" X[A; «]
1
+ 2P dodrde'0(xe — v — x*P?)0(A%(x6 — 7 — x*P?) — 67)
1 -2 P2 o 2P2 2 ox
- - X[Ax) 4+ [ T O Ay (B10)
2 /A}(x6 — 7 — x*P?) — 67 Az A7 Ox

The last term corresponds to I; 4 I,; to see (B1), it thus
remains to argue that the first two lines in (B10) yield no
contribution. In the first term, the &-function sets
xo — 7 —x*P? = 0, and therefore the rest of the integrand
is proportional to 8(—¢’>)V/ —6'?, which vanishes for any ¢'.
In the second line in (B10), the 5-function sets the quantity in
the square root to zero, A(xoc —17—x*P?) -6 =0. It
should be emphasized that these properties hinge on the
sin® ¢p weighting of the kp-integral; cf. (B6). Without this
weighting, it is not clear that the two terms do not contribute,
and the LIR could potentially be modified by boundary
terms. The possibility of corrections through boundary
terms in LIRs not weighted by sin? ¢ has also been noted
in [24]. Note furthermore that no pathology arises in the limit
Ar — 0; this limit merely generates §(¢’) distributions in the
integrands, as is clear from inspecting (B7) and (B8), which
are the source of the superficially singular dependences on
AZ. One can retrace the above derivation analogously in the
A7 = 0 limit, with (B1) continuing to hold.

APPENDIX C: GTMDs IN TERMS OF A
AMPLITUDES

To relate GTMDs to A amplitudes, one equates the k™~
integrals of the GPCF parametrizations (14) and (15), for
u =+ and pu = i, a transverse vector index, to the corre-
sponding GTMD parametrizations (17), (19), (23), (25).
Complete correspondence between the structures is
achieved by eliminating terms in the GPCF parametriza-
tions containing ¢'~. This can be effected using the Gordon
identity

0=0(p,N) (% + ia"”Py> U(p.A).  (Cl)

For purely longitudinal P and transverse A, this allows one
to substitute

U(p',N)ic=PTU(p,A)

_ i6i+P2 Ai
:U(p/,/\/)<_ . _?> Up.A)  (C2)

and furthermore implies Ust~U = 0; moreover, in combi-
nation with ic*y’ = —1e"*c,, it also yields

U(p',N)ic=y’PTU(p,A)

_ iot P A
=0 (T ke S Ut (€

In addition, it is useful to contract the twist-three equations,
which carry a transverse vector index, with the two
available transverse vectors k; and A7 in order to extract
the full information from the equations. The following
relations result:

For the twist-two vector GTMDs as functions of the A"
amplitudes, one obtains

xAZ
Fy =2P" / dk= {AF +xAf _W(AF +xAk )} (C4)

b= 2P / dk-[AL), (C5)

P-k—xP?
Fis—=2P* / dk {Ag Tx

F14 :2P+/dk_[A§+xAg]

(AF +xAF)} . (C6)

(€7)

For the twist-three vector GTMDs as functions of the A7
amplitudes, one obtains

A
Fyy =2P" | dk~ LA
21 / [ 2M2 i|

xAZ 7
A

(C8)

Fyy = 2P* / dk {Ag - %Ag

| )
Al AF]

(C10)

(kr-Ar)?
M?(kr-Ar)

P-k—xP?
M?

Fy; =2P* / dk~ {AF+
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P-k—xP> A}
M*  kp-Ar

F _2P+/dk— [AF],  (Cl1)

xP*—P-k

= 2Pt / e SV N (VB

P-k—xP?[ k3
F :2P+/dk— { LAl +AL ] Ci3
26 M2 kT AT 17 ( )
kr - A A2
5 = 2Pt / dk~ [ASF LT AL + TAF} (C14)
k2 kr - A
Fpg = 2P* / dk‘[ E MQAF TMZ TA@} (C15)

For the twist-two axial vector GTMDs as functions of the
A¢ amplitudes, one obtains

AG, 4+ xAG
G, :2P+/dk— [AIGJF%} (C16)
P2
Gy = 2P+/dk- G+ xA%) (C17)
P2
Gy =2P+/dk- CAG +xAG). (CI18)

xP?—k-P
Gy =2P" / dk~ [—A% + = (AR xA%)} -

(C19)

For the twist-three axial vector GTMDs as functions of the
A% amplitudes, one obtains

kr - A A2
G, = 2P+ / dk—{ L TAG + T AZGO], (C20)

2M? e
[xP*?=P -k 1
Gy =2P" / dk [MZ Af + EA%
kg o _kr- AT G
_P (kr - Ar)* = kA7
Gy = 2P" / dk™ — { —-AG + M2 (ks By) A,
(C22)
PZ AZ

Gyy = 2P+ / dk™ 5 S |AG +—L—A% |, (C23)

kr- A

- P2 G G

Gos =2P" [ dk [Azo A%l (C24)

k7
k- Ap

P2
Gy = 2P+ / Ak~ ~— [A% A%], (C25)

xP?—P-k
G,y — 2P+ / dk- T [AG). (C26)
xP:2—P-k

Combining these relations with ones expressing GPDs in
terms of kr-integrals over GTMDs, as given in [10], one
can also obtain the GPD combinations relevant for the
developments in this work in terms of the A amplitudes. In
particular,

kp - A
H+E:/d2kT2< TA TF12+FH)
T

k- A
_2P+/a’2kT/dk‘2< TA LAE + AF

T

(C28)

Pk —xP?
+ T Af AF)> (C29)
M?
I:I: /dszG14 (C30)
P> —k-P
=2p* / d*kr / dk~ <—A?7 +X—M2 (A?8+xA?9)>,
(C31)
- kr - A
Eyr = /deT(_2)< TAZ LFy, +F28> (C32)
T
kr - A
—2p+ / d*ky / dk—(—2)< T AL AL
T
(kT : AT) kz A% F
Ay C33
T (€33)

kr - Ay

T

Pr—k-P
—2p+ / &ky / dk- <2’67M2 AG + A,

+ (kT : AT)2 - k%A% AG
M2A%~ 19 )

Eyp + 28y = /dsz2< Gy + G22> (C34)

(C35)

s AZ (ky- Ap)?—k2A2
Hyp——LFE, = | dkp( Gy ——LT =T LG

(C36)
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_P (kr-Ar)’ —kiAF
_opt / Pky / dk W(—A%— e LA ).

(C37)

APPENDIX D: THE AXTIAL VECTOR
PARAMETRIZATION

We outline here the steps used to obtain the GPCFs that
parametrize the completely unintegrated quark-quark cor-
relation function for a straight-line gauge link in the axial
vector case. They parallel the steps followed in [10]. We use
the Gordon identities

P i HA
OyU = U[ +15M}U, (D1)
_[A* iotP
0= U[2M+ M}U, (D2)
AH uP,,5
Oy'ySU = U[MZ + "My }U, (D3)
_[pr ﬂA 5
0= U{ 7 ] (D4)
the € identity
ga/)’ etvre — gﬂ/} €ovPe 4 guﬁ Mo gpﬁ cHrao | g(r/} €/,w/)a’ (DS)
and the o identity
P <V ,,S 1 HUPO
ity = =5 &0, (D6)

A complete parametrization of the axial vector Dirac
bilinear can be obtained by treating all possible Dirac
currents one after another:

(1) Vector current [U(p', AN )y*U(p,A)]: Using the
Gordon identity in Eq. (D1) all vector currents
can be replaced by scalar and tensor currents.

(2) Axial vector current [U(p’, A)y*y>U(p, A)]: Using
the Gordon identity in Eq. (D3) all axial vector
currents can be replaced by pseudoscalar and pseu-
dotensor currents.

(3) Pseudoscalar current [U(p’,A')y°U(p, A)]: Using
Eq. (D4) and contracting with P* all pseudoscalar
currents can be replaced by pseudotensor currents.

(4) Tensor current [U(p’, N')o*U(p, A)]: Using the ¢
identity in Eq. (D6) all tensor currents can be
replaced by pseudotensor currents.

(5) Pseudotensor current [U(p', A')o*y’U(p, A)]: All
possible pseudotensor currents are of the form

Q)

074022-32

U(p'.N)o*yU(p.A).,  U(p'.N)a'e"yU(p.A)

(D7)

where a, b, and ¢ can be any of the vectors P, k
and A. B
Scalar current [U(p’, A")U(p, A)]: There is only one
possible scalar current

uu

— etk (D8)

A useful relation that can be derived by multiplying
the Gordon identity Eq. (D2) by the e identity
Eq. (D5) and using Eq. (D6) is

O*UP#' vp 5+Pv'/’ll 5+Pp'#u5 'eﬂpr U
= Mzay Mmy MmyzzM .
(D9)
Contracting with P*k”, PYA?, and k¥ A”
_[pH P?
0= U[M ioc*y> + Mio-"”yS
k-P HPkA
+716”P7/5 —l€2M :|U, (DIO)
_[pr P? P-A
0=U ﬁio'mys +— 7 io™yd  —— GMPYS:| U,
(D11)
_[pH P-k P-A
0= U_MmkA)/5 +— i ic®yd + 7 ia”kyS] U.

(D12)

Using these relations, we can eliminate currents
o*y3, 6™y, On the other hand, contracting with
PHEY AP

P? -k
0=— UlO'kA}’SU + UZGAP}/SU

P A -
+ UiaPkySU (D13)

which allows us to eliminate ¢**ya*. The para-
metrization can thus be written as

7 PS5
Uic™"y’U

s UU.
W}/M}/ - W le}lPkAAIG + M 17

Uic™* U
T(P”A?S—’_kﬂA +A”A )
UlaPAyS U

(D14)
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