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We perform a systematic study of the modifications to the QCD vacuum energy density €,,. in the zero-
temperature case (7 = 0) caused by a small, but nonzero, value of the parameter 0, using different effective
Lagrangian models which include the flavor-singlet meson field and implement the U(1) axial anomaly of
the fundamental theory. In particular, we derive the expressions for the topological susceptibility y and for
the second cumulant ¢4 starting from the 6 dependence of €,,.(6) in the various models that we have
considered. Moreover, we evaluate numerically our results, so as to compare them with each other, with the
predictions of the chiral effective Lagrangian and, finally, also with the available lattice data.
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I. INTRODUCTION

The discovery of instantons in the 1970s [1] made it clear
that topology was a relevant aspect of the dynamics of the
low-energy degrees of freedom (d.o.f.)in QCD [2—4], but it
also raised another important issue: if one introduces in the
QCD Lagrangian an additional term L, = 6Q, where
O(x) =¢ 4”2 ey (x)Fo,(x) is the so-called topological
charge density, desplte the fact that Q = 0*K » Where K* is
the so-called Chern-Simons current, its contribution in the
quantum theory would be nonzero thanks to the existence
of configurations with nontrivial topology (such as instan-
tons). This term, usually referred to as a fopological term or
as @-term (from the name of the coefficient that appears in
front of it), is particularly interesting as it introduces an
explicit breaking of the CP symmetry in QCD (referred to
as strong-CP violation), absent in the original theory. So
far, however, no violation of the CP symmetry in strong
interactions has been observed experimentally, so that the
parameter 6 is believed to be zero (or “practically” zero),
despite the fact that it could assume, in principle, whatever
value in [0,2x). In particular, one can find a relation
between the magnitude of the parameter 6 and the neutron

e|€| ~107'%/0] e - cm,

where My is the neutron mass, whereas M, is the pion

electric-dipole moment [5], dy =~
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mass. From the experimental data [6] we know that
dy < 10726 ¢ - cm, which leads to an upper bound:

6] < 10719, (1.1)
(More refined relations among the neutron electric dipole
moment and the @ angle were derived by Baluni [7], in
the framework of the so-called bag model, by Crewther,
Di Vecchia, Veneziano, and Witten [8], using the
chiral perturbation theory, and by many others using
different approaches; see Sec. 7.1 of Ref. [9] for a more
detailed discussion and also Ref. [10] for a recent lattice
determination.)

This “fine-tuning” problem (usually referred to as the
strong-CP problem) is still an open issue, even though
possible solutions have been proposed (the most famous
one being that of Peccei and Quinn [11], who proposed a
mechanism based on a new U(1) symmetry and involving
a new light pseudoscalar particle called axion [12], in
order to dynamically rotate away the #-dependence of the
theory).

However, it is nonetheless interesting to study the
dependence of QCD on finite 0: the insertion of the
topological term with @ # 0 in the QCD Lagrangian causes
(by virtue of the nontrivial topology) a modification of the
partition function of the theory and, therefore, a nontrivial
dependence on € of the vacuum energy density €,,.(0),
which will be the object of our investigations in this paper.

Let us write explicitly the expression for the partition
function of the theory with N, quark flavors and with the
inclusion of the 6-term:

/ dA[dgdg]e’ J <5 (1.2)

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.98.074001&domain=pdf&date_stamp=2018-10-01
https://doi.org/10.1103/PhysRevD.98.074001
https://doi.org/10.1103/PhysRevD.98.074001
https://doi.org/10.1103/PhysRevD.98.074001
https://doi.org/10.1103/PhysRevD.98.074001
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

FRANCESCO LUCIANO and ENRICO MEGGIOLARO

PHYS. REV. D 98, 074001 (2018)

where Lo =—3Tt[F,, F*]+igy* D,q—qrMaq;—q, M qr+
00, with M a general complex mass matrix for the quarks.
If we now perform a change of the (dummy) fermionic
integration variables in (1.2) in the form of a SU(N,), ®
SU(N;)g ® U(1), transformation,’

—=q, =V.q, = e"V,q,.
{(]L qr LqL L9L (1.3)

qr = qr = Vrdr = €7V g,

where V,, Vi € SU(N), we see that, because of the
noninvariance of the fermionic functional-integral measure

(|dgdq) — [dg'dq'] = [dE]dq]e_iZLafd4xQ(x)) and of the
mass term, the partition function Z is invariant under the
following changes:

1 _ ot ¥,

-0 =60-2La.

We immediately notice that, if M is invertible (det M # 0),
we have arg(det M') = arg(det M) + 2La, so that, under
the transformation (1.3)—(1.4), the following combination,

Ophys = 0 + arg(det M), (L.5)

stays unchanged. This is the physical value of the parameter
0: a nonzero value of 8, implies a strong CP-violation,
and the upper bound (1.1) actually refers to @ys.

Equations (1.4) and (1.5) also imply that, if the mass
matrix is invertible, then it is possible to move all the
dependence on the parameter € into the mass term. In fact,
performing a transformation (1.3)—(1.4) with a = %, we
obtain & = 0 and arg(det M) = 6,y. On the other hand,
if we take M to coincide with the physical quark-mass
matrix M = diag(my, ...my ), withm; € R" V i[which
is always possible, by means of a transformation (1.3)-
(1.4)], we have arg(det M) = 0 and € = 6. (Of course,
if at least one quark is massless, we have det M = 0 and, in
this case, it is possible to rotate away all the dependence on
Ophys from the theory.)

From now on, we shall consider the partition function
Z[6)] in this case (M = M and 6 = 6,,). In particular, we
are interested in the #-dependence of the vacuum energy
density €,,.(6), which is related to the partition function
Z[0] by the following well-known relation:

"Throughout this paper, we shall use the following notations
for the left-handed and right-handed quark fields: ¢; =
1(1 £7s5)g. with ys=—iy’y'y*y’. Moreover, we shall adopt
the convention &% = —gj;,3 = 41 for the (Minkowskian)
completely antisymmetric tensor &7°(= —¢,,,,,) which appears
in the expression of the topological charge density Q(x).

Z[0] = — e nul0) = ¢ (0) = élog Z[6] + const.,

1
N
(1.6)

where N\ is a normalizing constant and Q = VT is the four-
volume considered (sending Q — oo at the end).2 With 6
being very small, it makes sense to Taylor expand the
vacuum energy density around 6 = 0:

1 1
€vac(9) = evac(o) + ECZQZ + 56464 + -

an EVHC (9)

. 1.
5| (1.7)

with: ¢, =

Only even powers of 6 appear in (1.7) as the coefficients ¢,
of the odd-power terms vanish by parity invariance at
0 = 0. The coefficients c, of this expansion are related to
the correlation functions of the topological charge density
at @ = 0. More explicitly, starting from the expression (1.6)
and indicating Q,,; = [ d*xQ(x) as the (total) topological
charge, one easily finds that

62 €V£lC (9)

i

(&) <Qt20t>9:0 =X

i.e., the coefficient ¢, of the 6 term in (1.7) coincides with
the so-called topological susceptibility of the theory at
0 =0: y =~§{0%o—o = —i [ d*x(TQ(x)0(0))y_o-

Concerning the coefficient ¢y, it turns out to coincide
with the second cumulant of the probability distribution of
the topological charge-density operator Q [9]:

ey (0) i
(S Tgil 9—0 = 5 (<Q?ot>9:0 - 3<Qt20t>5:0)’ (19)
which is related to the ' — 7 elastic scattering amplitude
[4] and to the nongaussianity of the topological charge
distribution [9].
Therefore, the expansion (1.7) can be rewritten as

evac(‘g) :evac(0)+l)(92+ic4g4+"' (110)

2 24
The strategy of this paper consists in computing the
dependence on @ of the vacuum energy density, so as to
obtain, exploiting the relations (1.8) and (1.9), the expres-
sions of the topological susceptibility y and of the second
cumulant ¢, in terms of the fundamental parameters of the
theory, not using directly the fundamental theory (which is

anyhow possible using its formulation on the lattice; see the

*The expression (1.6) refers to the partition function of the theory
in the Minkowski space-time. It is also common to express it in
terms of the partition function Zz[6] of the theory in the Euclidean
space-time as follows: €y,.(0) = — QL: log Z[6] + const, where
Qr = VTg is the Euclidean four-volume, with Euclidean time 7'g.
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discussion in Sec. VI), but using some relevant effective
Lagrangian models.

We shall first consider, in Sec. II, the chiral effective
Lagrangian in the case of L (< Ny) light quark flavors
(taken to be massless in the ideal chiral limit): the
physically relevant cases are L = 2, with the quarks up
and down, and L = 3, including also the strange quark
[13—16]. This effective theory describes the low-energy
dynamics for the lightest hadronic states in the spectrum of
QCD, i.e., the lightest nonflavor singlet pseudoscalar
mesons, which are identified with the L?—1 pseudo-
Goldstone bosons originated by the spontaneous breaking
of the SU(L), ® SU(L)g chiral symmetry. The results that
we shall report in Sec. II are already well known in the
literature (see, in particular, Refs. [17-20]). However, for
the benefit of the reader, we have decided to report here
some details of the calculations of y and ¢, also in this case
as this will allow us to introduce the basic notations and
the main techniques for performing the calculations in the
other cases. Moreover, this case is an important frame of
reference for the other effective models that we shall
discuss in the rest of the paper.

In Secs. III and IV we shall consider different effective
Lagrangian models which include the flavor singlet meson
field and also implement the U(1) axial anomaly of the
fundamental theory. In the past decades there were essen-
tially two different “schools of thought” debating on how to
address this issue: the first assumes that the dominant
fluctuations are semiclassical instantons, whereas the
second is based upon the large-N, limit of a SU(N,)
gauge theory and assumes that the dominant fluctuations
are not semiclassical but quantum. The two models that we
shall consider in Secs. III and IV belong, respectively, to the
first trend (the so-called extended (non)linear sigma model
[21-23]) and to the second one (the model of Witten, Di
Vecchia, Veneziano, et al. [24-26]).

In Sec. V, we shall consider another effective Lagrangian
model (which was originally proposed in Ref. [27] and
elaborated on in Refs. [28-30]), which is in a sense in
between the extended (non)linear sigma model and the
model of Witten, Di Vecchia, Veneziano, et al.; for this
reason we shall call it the interpolating model.

Finally, in Sec. VI we shall draw our conclusions,
summarizing the analytical results that we have obtained
for the topological susceptibility y and the second cumulant
¢4 in the four different frameworks mentioned above and
also evaluate numerically our results, so as to critically
compare them with each other and with the available lattice
results.

II. THE CHIRAL EFFECTIVE LAGRANGIAN

We first consider the chiral effective Lagrangian in the
case of L light quark flavors: the results that we shall report
in this section are already well known in the literature (see,
in particular, Refs. [17-20]). However, for the benefit of the

reader, we have decided to report here some details of the
calculations of y and ¢, also in this case as this will allow us
to introduce the basic notations and the main techniques for
performing the calculations in the other cases. Moreover,
this case is an important frame of reference for all the other
models that we shall discuss; in fact, if one “neglects” the
presence of the flavor singlet meson field and of the U(1)
axial anomaly (formally sending its mass to infinity), all the
predictions derived in the other models must reduce to
those that will be found in this section.

The chiral effective Lagrangian formulation was intro-
duced by Weinberg [13] and was later elaborated on,
becoming one of the most important tools to investigate
the dynamics of the effective d.o.f. of the low-energy
regime of QCD [14-16]. The idea carried on by Weinberg
et al. was that of building an effective theory for the lightest
hadronic states in the spectrum of the theory, i.e., the
lightest pseudoscalar mesons, which are the pseudo-
Goldstone bosons originated by the spontaneous breaking
of the chiral symmetry. This purpose can be achieved by
writing down all the terms consistent with the symmetries
of the fundamental theory, thereby obtaining an “exact”
theory. However, the number of terms which satisfy the
requirement is infinite; so, in order to be able to make any
definite physical prediction, it is necessary to endow the
theory with a power-counting ordering scheme which
organizes the terms, providing a criterion to decide whether
to keep or not a term at a given order. Such a criterion is the
low-energy expansion, or the p-expansion; it consists of
sorting the terms of the chiral effective Lagrangian on the
basis of their number of derivatives, i.e., for the amplitudes
in momentum space, on their order in the momentum scale
p. So, a generic chiral effective Lagrangian is written as

Lot = Lol + Ll +Lad + L5+ (21)
where Lgf" ) gathers all the terms on the order of p*" (i.e.,
with 2n derivatives, the quark-mass matrix M counting as

p?, i.e., as two derivatives), whereas the odd-power terms

are ruled out by Lorentz invariance. The term ng) turns out
to be an irrelevant constant, which can be neglected. In this
paper, we shall make use of the chiral effective Lagrangian
at the lowest (leading) nontrivial order O(p?). Here, we
limit ourselves to report the final result (for a dissertation on
the chiral effective Lagrangian up to the next-to-leading
order O(p*), see Ref. [16]):

@) T :lT gt BmT Trrt
L (U, U 5 r[8”U8U]+2\/§ (MU + MU,

(2.2)

where
(i) the field U, describing only the L? — 1 nonflavor
singlet pseudo-Goldstone bosons, is an element of
the group SU(L), up to a multiplicative constant.
In other words, it can be written as
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F,
U=-ZLU,

V2

where F, is the usual pion decay constant;

(i) M is a complex quark-mass matrix, which, consid-
ering the relation (1.5) between the coefficient 0 of
the topological term and the argument of the
determinant of the mass matrix, can be taken to be

U'esuL). (23)

Ophys

M= Me"T,

(2.4)

where M = diag(m,,...,m;) is the physical (real
and diagonal) quark-mass matrix. In this way, we are
moving all the dependence on 6 into the mass
term. In order to simplify the notation, from now on
we shall write 6 in place of Opy;
(iii) B,, is a constant having the dimension of an energy
squared, often written as
B, =2F,B, (2.5)
where B is a constant, carrying the dimension of an
energy, which relates the mass of the quarks up and
down to the mass of the pions through M2 =
B(mu + md).
We can rewrite the chiral effective Lagrangian (2.2) as

1
L (U.UY =5THl9, U U - V(U.U),  (26)
where the potential V is given by
V(U, UT) — —ﬁTr[MU—kM*U*]
2v2
B .
= ——Z%Re[Tr(Me/tU)). 2.7
AR U).(2)

We shall use the fact that (up to an irrelevant constant with
respect to ) the vacuum energy density €,,.(0) coincides
with the minimum of the potential V obtained with a
configuration of fields constant with respect to space-time
coordinates x (see Refs. [17,31] and references therein):

€vac(0) = Vi (6) + const. (2.8)
Given that we are considering M = diag(m,, ...,m;), it is
reasonable to look for the minimum of the potential
guessing a configuration of the field U in a diagonal form.
So, being, in this case, U = % U’, where U’ is an element
of SU(L), we set

F . .
U =—Z=diag(e'™, ..., e"),

V2

where the a; are constant phases, satisfying the constraint:

(2.9)

L
detU’ = elzfa’ =1= Zaj =0. (2.10)
=1

Substituting the explicit expressions for M and U into
Eq. (2.7), we find

FiBu
V:—Tijcosqu, (2.11)
j=1

where we have defined ¢; E%—I—aj. Starting from
Eq. (2.10), we see that the phases ¢; must satisfy the
constraint:

(2.12)

L L 0
=1 =1

It is now more convenient to consider separately the special
case L = 2 and the more general case L > 2; in fact, the
former can be easily solved exactly for any values of € and
of the quark masses; on the contrary, the latter cannot be
solved exactly (in “closed form”) in general, but only an
approximate solution can be derived.

A. A special case: L=2

In this case, it is easy to find the explicit expressions of
the phases ¢; and ¢, which minimize the potential (2.11),
with the constraint (2.12):

m, sin @

¢, = arctan(

my + m, cos 0

), P =0—¢. (2.13)

Substituting (2.13) in (2.11), the following expression for
the minimum of the potential is found:

F,B
V(0) = €ue(6) = =5+ 3 =+ 2y cos .
(2.14)
In the end, we are able to find the expressions for the

topological susceptibility y and the second cumulant ¢,
[17-20]:

0 eyee(0) F,B, (1 1\-!
_ vac __r7m( - - , 215
o 90 6=0 2 <m1+m2) ( )
*eyac(0) F.B, (1 1 1 1\
R P T VA ) ACTRTY
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B. The more general case: L > 2

In the more general case L > 2 it is not possible to find
an exact analytical solution, as in the previous case.
However, given that our final purpose is to obtain the
expressions for y and ¢4, which are by definition evaluated
at 0 =0, we can implement a Taylor expansion of the
potential around 6 = 0. If we set 8 =0, it is easy to
show that the form of the field U which minimizes the
potential is U = 5—”51. We can thus implement a Taylor

expansion of the potential (2.11) considering both 6 < 1
and ¢; < 1 Vi. After some calculations, the following
expression for the phases ¢; which minimize the potential
(2.11), with the constraint (2.12), is found:

mo, L [(m\2 & (m\?] S
o202 (8§ e om

j=1 J
(2.17)
where we have defined
L 1 —1
n = — 2.18
" <; mi> ( )
Finally, inserting (2.17) in (2.11), we find
1 |F, B,
V(0) = €yac(0) = const. + = {ﬂimm} 0?
2 2
1 [ F,B,imng~ ()3
+ﬁ{— 5 ;<%> }e‘w--. (2.19)

From this expression, we extract the final results for the
topological susceptibility and for the second cumulant
[17-20]:

F Bt~ (m\3  F.B, (<&
o)

These expressions correctly reduce to (2.15)—(2.16) if the
number of light flavors considered is set to L = 2. In this
respect, we also want to observe that, if one of the quark
masses, let us say m;, is much larger than the other masses
my, ...,my_;, we can formally take the limit m; — oo in

the expressions (2.20) and (2.21) for )((L> and ciL), which

then reduce to y“~!) and ciL_l), respectively. In the real-

world case, e.g., the mass of the strange quark, my, is much
larger than the masses m, and m, of the up and down

quarks; for this reason, in Sec. VI we shall evaluate
numerically the expressions (2.20) and (2.21) both for
the case L = 2, with only the quarks up and down, and for
the case L = 3, where also the strange quark is taken into
account.

C. Considerations on the results

We recall that, if at least one quark is massless, the
partition function of the theory (and, so, the vacuum energy
density) turns out to be independent of #; we thus expect
that, being the topological susceptibility and the second
cumulant derivatives of the vacuum energy density with
respect to @, if we let one of the quark masses tend to zero,
both y and ¢4 will tend to zero as well. It is easy to check
that the expressions (2.20) and (2.21) satisfy this property;
in fact, considering a certain quark mass, say m;, tending to
zero, we have

F_B,,m; F_B,,m;
ot TP om0, (2.22)
2 2
Or, also, if we take m; = --- = m; = m, we find that
F,.B,m F,.B,m
X=—r C4™ =5 form — 0. (2.23)

The result found for the topological susceptibility y in this
limit is in agreement with that predicted by the relevant
(flavor singlet) Ward-Takahashi identities [32].

In the next sections, we shall consider different effective
Lagrangian models which include the flavor singlet meson
field and also implement the U(1) axial anomaly of the
fundamental theory. As we have said in the Introduction,
in the past decades, there were essentially two different
“schools of thought” debating on how to address this issue:
the first assumes that the dominant fluctuations are semi-
classical instantons, whereas the second is based upon the
large-N, limit of a SU(N,.) gauge theory and assumes that
the dominant fluctuations are not semiclassical but quan-
tum. The model that we shall consider in Sec. III (the so-
called extended (non)linear sigma model) belongs to the
first trend, whereas the model of Witten, Di Vecchia,
Veneziano, et al., that we shall consider in Sec. IV, belongs
to the second one.

III. THE EXTENDED (NON)LINEAR
SIGMA MODEL

The first effective Lagrangian model with the inclusion
of the flavor singlet meson field that we consider was
originally proposed in Ref. [21] to study the chiral
dynamics at 7 =0 and later used in many different
contexts (e.g., at nonzero temperature, around the chiral
transition); in particular, 't Hooft (see Refs. [22,23] and
references therein) argued that it reproduces, in terms of
an effective theory, the U(1) axial breaking caused by
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instantons in the fundamental theory. For brevity, from
now on we shall refer to it as the extended linear sigma
(EL,) model. This model is described by the following
Lagrangian:

B
LU, U = Ly(U, U +

—_Tr[MU + MTU?
3 | ]

+ L£,(U,U"), (3.1)

where L,(U, UT) is the Lagrangian of the so-called linear
sigma model, originally proposed in Ref. [33] but later
elaborated on and extended:

Lo(U, U = %Tr[aﬂU(‘?”UT] - Vo(U,U"),

1 1 .
Vo(U, UT) = 2 Tr{(UU" = p, 1)) + 2 42 [Te(UUTP,
(3.2)

where £;(U, U") is the term which is claimed to describe,
in terms of the effective variables, the 2L-fermion inter-
action vertex generated by the instantons. Its form is

L;(U,U") = k(detU + detU"), (3.3)
where « is a constant which (according to ’t Hooft) is
expected to be proportional to the typical instanton factor
e~ 87/¢ [2]. In this model, the mesonic effective fields are
represented by a L x L complex matrix U,; which can be
written, in terms of the quark fields, as

_ (1+7s _
Uij"’qj o qi = 4jrYiL>

up to a multiplicative constant. Under a chiral transforma-
tion (1.3) the field U transforms as

(3.4)

U—V, UV}, (3.5)
and, as a consequence, the determinant of the field U
varies as

det U — det(V, ) det(Vg)* det U. (3.6)
Therefore, the term (3.3) is invariant under SU(L);, ®
SU(L)g ® U(1),, whereas under a U(1), transformation,
U — €2y, it varies as
k(detU +detU") — k(etdetU + e~ 2L2detUT).  (3.7)
When using this model in our work, we have found it more
convenient to set the mass matrix in the real diagonal form
M = diag(m,, ..., my), by performing a U(1), rotation of
the field U with @ = — 2., that is,

U— e Ly, (3.8)

After this rotation, the Lagrangian (3.1) is modified as

LU, UY) = Lo(U, UT) + 2%Tr[zu(u +uh)

+ k(e detU + € det UT). (3.9)
For the potential V(U, U") appearing in Eq. (3.2), recall
that the parameter p, is responsible for the fate of the chiral
symmetry SU(L); ® SU(L)g. In particular, if (as it hap-
pens at T = 0) p, > 0, then the vacuum expectation value
U of the mesonic field U (i.e., the value of U for which the
potential is at the minimum) is (even in the chiral limit
M = 0) different from zero and of the form U] 550 = VL,
meaning that the chiral symmetry is spontaneously broken
down to the vectorial SU(L), subgroup.

If we are interested in describing only the low-energy
dynamics of the effective pseudoscalar d.o.f. [that is, the
Goldstone (or would-be-Goldstone) bosons], we can decou-
ple the scalar massive fields by letting 12 — oo in fact, in this
way, we are implementing the static limit for the scalar
fields, giving them infinite mass. In this limit, looking at the
potential term in (3.2), we are forcing the constraint
UU" =p 1= % I, which implies Tr(UU T) = const; there-
fore, the term proportional to A2 is just an irrelevant constant

term, which can be dropped. So, we shall neglect the scalar
d.o.f. and consider

F
U=—=-U, U eU(L). 3.10
7 (L) (3.10)
In this way, the Lagrangian of the model reduces to
1 ; ;
£:§Tr[8MU8"Uk]—V(U,U*), (3.11)

where the potential V is (apart from a trivial constant)

V(U, U = —2B—\'/"§Tr[M(U + U]

—k(e"®detU + € det U"). (3.12)
For brevity, from now on we shall refer to it as the extended
nonlinear sigma (ENL,) model. Setting M in the usual
diagonal form and U as in (2.9) [but without the constraint
(2.10) since now U’ belongs to U(L)], we find
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The minimization equation is, therefore

ov(d@) F,B F\L L
86(:{) :%mi sina; — 2k (7%) sin (6—2(1]-) =0.

(3.14)

Again (as in the previous section), if we set 6 = 0 the solution
of the equation is a; =0V j: we can thus consider
both § <1 and a; <1V j; moreover, from (3.13) we
see that the change 8 — —6 is equivalent to the change
a; — —a; V j. Therefore we can expand the phases a;
in powers of 6, as in the previous section, but keeping only
the odd-power terms. So, we set

ai = Alg "‘ Ci93 + (315)

where the coefficients A; and C; have to be determined from
the minimization condition. Inserting (3.15) in (3.14) and
expanding up to 3, we have

ov(a) _

() (13
+ [F”Bzmm" <C,~—%A§) +2x< > ZC
+2x<5—%>L%<1—ZjAj>3}e3+m:0.

(3.16)

Requiring that these equalities are satisfied order by order in
6, we derive the following expressions for the coefficients A;
and C;:

% (3.17)

c ] 2c(75)" m
i 6(F,,l;mm +2K(F_; L

() ) ) - ()]
)G -2 e

with /1 defined in Eq. (2.18). Substituting the form (3.15) in
(3.13) and expanding up to the order #*, we find

S

V(@) = const
[ () (-3 ]
{24 z '”Zm ”Zmzj:mjAj

—48;<<7%) (1—;Aj>;cj
—2K(%>L(1—;Aj)4}94+-~

(3.19)

Finally, substituting the relations (3.17)—(3.19), we can
directly read, inside the square brackets, the expressions
of the topological susceptibility and of the second cumulant.
We report here the final results:

F.Bin 25"

X: ﬁ1 N 3.20
2 F”Bém +2K(%)L ( )
F.B,m  2(%)"
cy = — _
2 ()
F_\L\3 m\3 F.B,m\?3
x | 2k = L N sl
(3.21)

A. Considerations on the results

First of all, we notice that, if we take the (formal) limit
Kk — oo, the expressions for the topological susceptibility
and for the second cumulant obtained in the ENL, model
reduce precisely to those found in the previous section
using the chiral effective Lagrangian. To explain this fact, it
is sufficient to observe that the flavor singlet squared mass
takes a contribution from the term proportional to « in the

Lagrangian [see Eq. (3.3), which, using U = (F,/v/2)U’
with U' = ¢ VIED', 0 € SU(L); see Eq. (3.10), gives
M5 = %ZK(%)L in the chiral limit of zero quark
masses...] So, implementing the limit kx — oo, we are
sending the flavor singlet mass to infinity, decoupling it
from the theory, which thus reduces to the chiral effective
Lagrangian discussed in the previous section.

We also remark that (assuming that the parameter « is
independent of the quark masses or, at least, that it has a
finite nonvanishing value in the chiral limit) the expressions
(3.20) and (3.21) have the right behavior (2.22), in the
chiral limit m; - 0, or (2.23), in the chiral limit
my=---=my =m— 0, as predicted by the relevant
(flavor singlet) Ward-Takahashi identities [32].
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If, on the contrary, we take the infinite quark-mass limit,
by sending all m; — oo (which results in i — ©),” we find
that (assuming, again, that the parameter « is independent
of the quark masses or, at least, that it has a finite,
nondivergent value in the infinite quark-mass limit) the
expressions (3.20) and (3.21) become

L L
x— 2K<F”> , cy — —2K<F”> .

V2 V2
In this way, we are implementing the static limit for the
quarks, so that the theory should reduce to a pure Yang-
Mills one. Indeed, the results (3.22) are in agreement with
the & dependence of the vacuum energy density expected in

a pure-gauge theory as derived in an instanton-gas model
[34]. In fact, in this case one finds that

(3.22)

1 1
€yac(0) ~ const — K cos § = const+§K€2 —ﬁKQ“ + e

(3.23)

that, by virtue of Eq. (1.10), leads to the relation
y = —cy = K, which, taking K :2K(%)L, is satisfied
by the results (3.22).

IV. THE EFFECTIVE LAGRANGIAN MODEL OF
WITTEN, DI VECCHIA, VENEZIANO, ef al.

A different chiral effective Lagrangian, with the inclu-
sion of the flavor singlet meson field, which implements the
U(1) axial anomaly of the fundamental theory, was
proposed by Witten, Di Vecchia, Veneziano, et al. [24—
26]; for brevity, in the following we shall refer to this model
as the WDV model. Even if this model was derived and
fully justified in the framework of the 1/N, expansion (i.e.,
in the limit N, — o0), the numerical results obtained using
the WDV model with N. = 3 are quite consistent with the
real-world (experimental) values. This model is described
by the Lagrangian (see Ref. [25] for a complete derivation):

LU, U, 0) = Lo(U, U + %Tr[M(U U]

; oo
+5 Q) Trllog U ~log U] + 7 0*(x)
+00(x), @

where Ly(U,U") is the Lagrangian of the linear sigma
model, reported in Eq. (3.2); Q(x) is the topological charge
density and is introduced here as an auxiliary field, whereas
A is a parameter which (at least in the large-N . limit) can be

*This limit is clearly a bit stretched because, from the
beginning, we have based all the discussion on the existence
of L light quarks. Nevertheless, it is interesting to formally
investigate the trend of the results also in this limit.

identified with the topological susceptibility in the pure
Yang-Mills theory (A = —i [d*x(TQ(x)Q(0))|ym). One
immediately sees that the “anomalous” term L, =
LQ(x)Tr[logU —log U'] in Eq. (4.1) is invariant under
SU(L); @ SU(L)r ® U(1),, whereas under a U(1),
transformation, U — ¢2?U, it transforms as

'Canom - 'Canom - 2Lan (42)
so correctly reproducing the U(1) axial anomaly of the
fundamental theory.4

According to what one is investigating, it may be
convenient to integrate out the auxiliary field Q(x) using
its equation of motion, i.e.,

O(x) = -A [9 + %Tr(log U - log UT)} . (43)
After the substitution, we are left with

LU, U = Ly(U,U") + %Tr[M(U + U")]
A

; 2
: {9 + %Tr(log U - log UT)] . (4.4)

As we have done in the previous section for the EL,; model,
we shall neglect the scalar d.o.f. (retaining only the low-
energy dynamics of the effective pseudoscalar d.o.f.), by
taking the formal limit A2 — o (i.e., by taking the limit of
infinite mass for the scalar fields), which, as we have
shown, implies the constraint (3.10) for the matrix field U.
In this way, the Lagrangian of the model reduces to

L= %Tr[aﬂuaﬂw] -v(U,Uuh), (4.5)

where the potential V is (apart from a trivial constant):

V(U U') = - 237*%Tr[M(U + U]

N
2o+ éTr(log U-logUDP.  (4.6)

2

Setting M in the usual diagonal form and U as in (2.9) [but
without the constraint (2.10)], we find the following
expression for the potential:

“We recall here the criticism by Crewther (see also the third
Ref. [32]), Witten [24], Di Vecchia and Veneziano [25] to the
“anomalous” term (3.3) of the EL, model, which apparently does
not correctly reproduce the U(1) axial anomaly of the funda-
mental theory and, moreover, is inconsistent with the 1/N,
expansion.
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L

F B, <& A 2
V(&):_”TmE mjcosaj+§<9— E aj> . (4.7)
Jj=1 j=1

Therefore, the minimization equation is

ov(@) F,B, .
8ai = 3 m;sma; — A <9 - ;a,) =0. (48)

As usual, as we are interested in the limit of small € and,
therefore, also of small phases a; (in fact, @ = 0 implies that
a; =0 VY i), we can Taylor expand the sine in Eq. (4.8)
up to the third order in the phases:

av(a)

F.B s
oM (=2l ) —A _E ) =
Oa; 2 M (a, 6 ) <9 ; a") 0

(4.9)

and, moreover, observing that in (4.7) the change 6 — —6
corresponds to the change @; — —a; V¥ j, we can use for
each phase «¢; the following expansion in 0:

a; :Ai9+Ci93 + (410)

Inserting the expressions (4.10) into Eq. (4.9), we find that

% - 415

F,B,m; 1
aPm!ti 3 3
+[ 5 (Ci—gAi>+A§j Cj]e

(4.11)

+...=0.

Requiring that these equalities are satisfied order by order
in @, we find the following expressions for the coefficients
A; and C;:

A _
A =55 = (4.12)
o= 4 Am;

1 A 3m{<m>2 A (m)?
Ci=_\rz—) = I\= | 75— — |
6(—F”’§"’m+A> m; | \m; —F""Z'"’”JrAZ,: mj

(4.13)

with m defined in Eq. (2.18). Finally, Taylor expanding the
potential (4.7) up to the fourth order in the phases,

" FiBux~ (0 %
V(a)zconst—l—T;mj aj_ﬁ+"'

A )2
3 (0-2m)
J=

(4.14)

and inserting the form (4.10), with the expressions (4.12)
and (4.13) for the coefficients A; and C; into Eq. (4.14),
we find

1 1
V(0) = const + ~ y0? + —c,0* + - -,

5 5 (4.15)

with the following expressions for the topological suscep-
tibility y and the second cumulant ¢, in this model:

F_B,,m A
=" . , 4.16
X ) F”gm A ( )
F,B,, A s & (m?
== - g — . 4.17
Cyq 2 (F”gmm+A> = <m]) ( )

A. Considerations on the results

At first, we notice that the result (4.16) was already
known in the literature [25], but it was obtained by studying
the two-point correlation function of the topological charge
density operator Q(x) rather than by means of the 6
expansion of the vacuum energy density; instead, for the
result (4.17), it has been derived for the first time in this
paper. If we consider the (formal) limit A — oo, the results
(4.16)—(4.17) obtained in the WDV model precisely reduce
to those found in the framework of the chiral effective
Lagrangian in Sec. II. The reason is similar to the one
discussed in the previous section for the ENL, model:
being the anomalous term proportional to A in the
Lagrangian (4.5)—(4.6) quadratic in the flavor singlet field
[using U = (F,/v/2)U" with U’ = ei\[%f]’, U e SU(L),
see Eq. (3.10), it gives M’ %ﬂ = 2;‘—{‘ in the chiral limit of zero
quark masses ...], such limit corresponds to send the flavor
singlet mass to infinity, decoupling it from the theory,
which thus reduces to the SU(L) chiral effective
Lagrangian discussed in Sec. II.

For the topological susceptibility, we also observe that
the result (4.16) coincides with the result (3.20) found in
the ENL, model provided that the following substitution is

implemented:
F\L
A< 2kl—=) .
(ﬂ)

This correspondence also applies to the expression for the
flavor singlet squared mass M%ﬂ. Remarkably, this is not so

(4.18)

for the second cumulant; indeed, even after such substitu-
tion, the result (4.17) does not turn into (3.21). This is due
to the difference between the anomalous terms in
Egs. (4.6)—(4.7) and (3.12)—(3.13); whereas the anomalous
term in Egs. (4.6)—(4.7) is purely quadratic in the combi-
nation 6 —‘{%—”LS,, (or =5 jaj), the anomalous term in

Egs. (3.12)—(3.13) is the cosine of such a combination.
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We also remark that the expressions (4.16) and (4.17)
have the right behavior (2.22), in the chiral limit m; — 0, or
(2.23), in the chiral limit m; = ... =m; =m — 0, as
predicted by the relevant (flavor singlet) Ward-Takahashi
identities [32].

Instead, if we take the infinite quark-mass limit, by
sending all m; — oo (which results in m — o0), we find
that

x — A, cy — 0. (4.19)
As we have already observed in the previous section, this
limit is meant to “freeze” the dynamics of the quarks,
reducing the model to a pure Yang-Mills one. So, we expect
that in this limit the topological susceptibility coincides
with that of the pure-gauge theory: it is exactly what
happens in our case. For the second cumulant, it is null in
this infinite quark-mass limit. This is due to the fact that the
WDV model is built considering only the leading terms in
the expansion in 1/N . and, so, although it contains the term
51 0% [see Eq. (4.1)], it does not also contain a term
proportional to Q*, which would contribute to the pure-
gauge value of the second cumulant c,; indeed, this kind of
term is the next-to-leading order in 1/N, (for a detailed
discussion on the next-to-leading terms, see Ref. [35]).

V. AN INTERPOLATING MODEL WITH
THE INCLUSION OF A U(1) AXIAL
CONDENSATE

In this section, we shall consider another effective
Lagrangian model (which was originally proposed in
Refs. [27] and elaborated on in Refs. [28-30]), which is
in a sense in between the EL; model and the WDV model;
for this reason we shall call it the interpolating model.
Indeed, in this model the U(1) axial anomaly is imple-
mented, as in the WDV model (4.1), by properly intro-
ducing the auxiliary field Q, so that it correctly satisfies the
transformation property (4.2) under the chiral group.
Moreover, it also includes an interaction term proportional
to the determinant of the mesonic field U, which is similar
to the interaction term (3.3) in the EL, model, assuming
that there is another U(1),-breaking condensate (in addi-
tion to the usual quark-antiquark chiral condensate (gq)).
This extra U(1) chiral condensate has the form Cy ;) =
<OU(1)>7 where, for a theory with L light quark flavors,
Oy(1y is a 2L-quark local operator that has the chiral
transformation  properties of [2,36,37] Oy ) ~ dety
(q@srq:) + dety, (G, qir), where s, t =1, ..., L are flavor
indices. The color indices (not explicitly indicated) are
arranged in such a way that (i) Oy is a color singlet and
(i) Cy(y = (Oy()) is a genuine 2L-quark condensate, i.e.,
it has no disconnected part proportional to some power of
the quark-antiquark chiral condensate (gg); the explicit
form of the condensate for the cases L =2 and L = 3 is

discussed in detail in Appendix A of Ref. [29] (see
also Ref. [38]).

The effective Lagrangian of the interpolating model is
written in terms of the topological charge density Q, the
mesonic field U;; ~ gjrq;, (up to a multiplicative con-
stant), and the new field variable X ~ det (g,zq,.) (up to a
multiplicative constant), associated with the U(1) axial
condensate:

L(U.UX.X,0)
1 o .
=5 Tr0, U0 U] +59, XX
—V,o(U.U' X, X) +%a)1 0(x)Tr[logU —log U]

+3(1=0)) Q) logX ~logXT] + 5 -0*(x) +60(x).
(5.1)

where

1 . 1
Vo(U.UTX.XT) = BTH((UU" =pa 1)) + 22 [Te(UUT)]?
1 B
+220XXT—py P = Te[M (U + U
A = px P = ST M (U 4 UT)

~ 8 [XTdetU + X detUT).

2V/2

Under a chiral U(L); ® U(L)g transformation (1.3) the
field X transforms exactly as det U [see Eq. (3.6)], i.e.,

(5.2)

X — det(V,) det(Vg)*X, (5.3)
where X is invariant under SU(L), ® SU(L), ® U(1),,
whereas, under a U(1) axial transformation, X — ¢?1?X, we
have that, in the chiral limit M = 0, the effective Lagrangian
(5.1) is invariant under SU(L), ® SU(L)z ® U(1),, and
under a U(1) axial transformation, it correctly transforms as
in Eq. (4.2).

As in the case of the WDV model, the auxiliary field
Q(x) in (5.1) can be integrated out using its equation of
motion:

0(x) = —A{H—l-;[a)lTr(log U—-logUT")

+(1—w;)(logX — logX"')]}. (5.4)
After the substitution, we obtain
LU U X, XT) = 1T 0,UdruU" 18 Xor Xt
( ) s Ahy ) - 5 r[ u ] +§ u
-V(U, U, X, XT), (5.5)
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where

V(U,UT, X, X7)

. A s +
=Vo(U,U", X, X7) +5 {9 + % [ Tr(log U —log U")

2
+ (1 —a)l)(logX—logXT)]} . (5.6)
Let us now briefly focus on the interaction term between U
and X in Egs. (5.1)—(5.2):

K1

‘Clnt 2 \/E

This term has a form very similar to the “instantonic” term
(3.3) of the EL, model, but, differently from it, this term is
invariant under the entire chiral group U(L), ® U(L)g.’
As usual, proceeding as we have done in the previous
sections for the EL, model and the WDV model, we shall
neglect the scalar d.o.f. (retaining only the low-energy
dynamics of the effective pseudoscalar d.o.f.), by taking the
formal limits A2 — oo and 1% — oo (i.e., by taking the limit
of infinite mass for the scalar fields), which, in addition to
the constraint (3.10) for the matrix field U, also implies the

F? . .
—* for the X field, i.e.,

[XTdetU + X det U"]. (5.7)

analogous constraint XX = py =
Fx
V2

having introduced the decay constant Fy of the field X,
analogous to the decay constant F, of the pions. In this
way, the Lagrangian of the model reduces to

X =-—=2¢", (5.9)

1 1
L(U.U"X.X") =5 Trld,U0"U") +50,X X
—V(U. U, X, X, (5.10)

where the potential V is (apart from a trivial constant)

V(U, U, X, XT)

B
= — 2T MU + U] = 2 (X det U + X det U]

2v2 2V2
A .
+5 {«9 + % [0, Tr(log U — log U")

+(1-w;)(logX — logXW}z. (5.11)

Setting M in the usual diagonal form, U as in Eq. (2.9) [but
without the constraint (2.10)] and the analogous para-
metrization (5.9) for the field X, where the phase f (exactly
as the phases «;) is constant with respect to x, we find the
following expression for the potential:

F.B L
V(a,p) = - mZm cos a; — ¢ cos (ﬁ—Zaj)
j=1 Jj=1
2
[ Z (1-w)p 9] : (5.12)
where we have defined
Fx [(F,\*
=k—=—(—=) . .1
C K1 2 (\/§> (5 3)

In order to find the minimum of the potential, we have to
solve the following system of minimization equations:

0 Vi-1..L ~(V@p

da,; ' g

(5.14)

which, after a slight rearrangement, read as follows:

e sinag + Aoy Yy o+ (1 - w)f - 0] =0,

(5.15)

csin (ﬂ—Zaj> +A(l = o)), Y5 a;+ (1 —w)f—6] = 0.

> Assuming that the field X has a nonzero vacuum expectation value X [which is the case if the parameter py in the potential (5.2) is
positive; see also Eq. (5.9) below] and expanding det U = (F,/v/2)FeiV?ES:/Fx and X = Xe'v/X in powers of the (pseudoscalar)
excitations S, and Sy, one finds that £;, is quadratic at the leading order in the fields: considering for simplicity the chiral limit M = 0
(and @ = 0), this term and the “anomalous” term [the last term in Egs. (5.6) and (5.11)] generate a squared-mass matrix for the fields S,
and Sy, whose eigenstates are two different nonzero-mass singlets, called 5’ and 5y (see the original Refs. [27-29] for more details). This
is what happens at 7 = 0. Instead, at nonzero temperature, above the chiral transition, where U = 0 (and U is thus “linearized”),
assuming that X is still different from zero (and, moreover, w; = 0; see Ref. [30]), one finds that, expanding in the fields:
K 1X
with: k= ——=. 5.8
W (5.8)
In this case, therefore, the leading-order term in the fields has exactly the same form of the “instantonic” term (3.3): the dots in Eq. (5.8) stay
for higher-order interaction terms containing also Sy.

Lin = k[detU + det U] + - -+,
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It is easy to check that, in the case € = 0, setting # = 0 and
a; =0V j puts the potential in its minimum. So, if we
consider the case 8 <« 1, we are allowed to use for the

phases @; and S the following Taylor expansion in powers
of 6:

0(,- = Alg +Bi92 + Ci93 +

p=WOo+ Y0+ Z0° + (5.16)

The coefficients A;, B;, C;, W, Y, Z have to be determined
by solving (order by order in ) the system (5.15). Looking
at Eq. (5.15), it is easy to see that the change 8 — —6
corresponds to the changes a; - —a; V j and f — —p,
and, as a consequence, the coefficients of the even powers
of @ in the expansions (5.16) must vanish:

Y=0, B,=0 Vi (5.17)

For the coefficients of the odd powers of 6, the following
expressions are found:

PR )
FBm(l 1(1}1)+A

(5.18)

V() ~ const + — {

oS
1 F,B,,
+52 {24 " zj:mjAj

2 (5.19)

©

with /m defined in Eq. (2.18). Substituting the expressions
(5.16) (with B; = Y = 0) into Eq. (5.12) and expanding the
potential up to the fourth order in 6, we find

-ZA,->2+A[“%ZA/'+<1-“’UW‘I]Z}“
Fy mz A4+24c< _ZAJ-> (Z—ZC,-)

—C<W—ZAJ~>4+24A {@ZA,. + (1 — )W - 1] [wIch +(1 —a)l)Z]}€4 +-, (5.22)

J

from which, after inserting the expressions (5.18)—(5.21),
we obtain the following expressions for the topological
susceptibility y and the second cumulant ¢, in this model:

y= ; . (5.23)
2 F,,l;mm (1 _'_A(l le>2) LA
F.B,,m { A T
C4 - - _ 2
2 anmm(l +A(1—Cw1) ) +A
3

A. Considerations on the results

We first notice that the result (5.23) was originally found
in Ref. [27], but once again it was obtained by a different

approach, i.e., by directly studying the two-point function
of the field Q(x). On the contrary, the result (5.24) has been
derived in this paper for the first time. Moreover, we notice
that, if w; # 1, the topological susceptibility obtained in
this interpolating model is smaller than the one obtained in
the WDV model, due to the positive (assuming ¢ > 0: see
Refs. [29,30]) corrective factor in the denominator. If,
instead, we set w; = 1 (which, as we shall comment in the
next section, represents the most natural choice at 7 = 0)
the results for both y and ¢, coincide precisely with those of
the WDV model (independently of the other parameters k;
and Fy of the model). The explanation of this fact lies in the
potential (5.12); indeed, if we set w; = 1, we immediately
see that, so as to obtain the minimum value for V(a, f§), it is
clear that we must set f = i) SO that the cosine in the
second term is equal to one. In this way, we find that the
potential (5.12) coincides with the potential (4.7) of the
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WDV model apart from a constant with respect to 6: so,
the final results for the topological susceptibility and for the
second cumulant in the interpolating model with @; =1
are indeed expected to coincide with those of the WDV
model.

VI. CONCLUSIONS: SUMMARY AND ANALYSIS
OF THE RESULTS

In this conclusive section, we shall summarize the
analytical results that we have found for the topological
susceptibility y and the second cumulant c, in the various
cases that we have considered. Moreover, we shall also
report numerical estimates for these quantities, obtained
both for L = 2 and L = 3 in the case of the chiral effective
Lagrangian (see the discussion at the end of Sec. II), and for
L = 3 in the other cases (effective Lagrangian models with
the inclusion of the flavor singlet meson field).® For our
numerical computations, the following values of the known
parameters have been used:

(i) A = (180+5 MeV)* (see Ref. [39] and references

therein).

(i) F, =9224+0.2 MeV (see Ref. [40], where the
value of f, = v/2F, is reported).

(iii) For the parameter B,,, we shall rewrite it making use
of the relation (2.5) in terms of the quantity B, which
directly relates the quark masses to the light pseu-
doscalar meson masses. In particular, the following
relations hold, at the leading order in the chiral
perturbation theory:

1
Bm, = M,Zzo _E(Méo _M%ﬁ +M,2,+),
1
Bmd = E(M%(O _M2k+ +M,2r+),
1
Bim, == (M + M. = M2.). (6.1)

So, these expressions can be numerically evaluated
using the known values for the masses of the mesons
xt, 7% KT, K° [40]:

M, = 139.57061(24) MeV,
M = 134.9770(5) MeV,
My =493.677(16) MeV,

Mo = 497.611(13) MeV. (6.2)

®As discussed in detail in Ref. [4], when including the flavor
singlet meson field in the effective Lagrangian, we must consider
the case L = 3 if we want to have a realistic description of the
physical world (at least at 7 = 0): this is essentially due to the fact
that (see below) the value of Bm, while being considerably larger
than Bm,, and Bm,, is comparable to (or even smaller than) the
anomalous contribution proportional to 2A/F2 in the meson
squared mass matrix.

(iv) For the quantity «, its value is not known a priori. A
possible way to evaluate it numerically is to make
use of the relation among x, F, and the meson
masses, obtained within the ENL, model in the case
L =3:

2 2 2 2 Fy
My, + M — My, — Mp. = 6K7§.
Substituting the experimental values of the meson
masses {in addition to those given in (6.2) we need
M, = 547.862 +0.017 MeV and M, = 957.78 +
0.06 MeV [40]}, we find for this parameter the
value k = 1856.38 £ 4.04 MeV.
The values of all the parameters we listed above allow us to
evaluate numerically all the results coming from the chiral
effective Lagrangian at the leading order O(p?), the ENL,
model and the WDV model. The situation of the inter-
polating model is more complicated: due to the fact that
very little is known about its peculiar parameters, it is not
possible to give a complete numerical form to the results
found in this model. In particular,

(i) For the parameter F'y, only an upper bound is known
for it [27-29]: |Fx| <20 MeV.

(i) For the parameter x; (which was named “c;” in the
original papers), we cannot say too much, apart from
the fact that (assuming Fy # 0) it cannot be zero
(see Ref. [29] for a detailed discussion on the role
of this parameter).

(iii) At last, concerning the parameter w;, we observe
that the Lagrangian of the WDV model is obtained
from that of the interpolating model by choosing
w; = 1 (and then letting Fy — 0). At low temper-
atures, one expects that the deviations from the
WDV Lagrangian are small, in some sense, and
therefore that @, should not be much different from
the unity near 7 = 0 (on the other side, ®; must
necessarily be taken equal to zero above the chiral
transition temperature, in order to avoid a singular
behavior of the anomalous term [27,30]). Therefore,
w; =1 seems to be the most natural choice for
T = 0: with this choice, all the numerical values
coincide with those of the WDV model, regardless
of the values of the other (unknown) parameters of
the model, i.e., k; and Fy.

Here is (in the following two subsections) a summary of
both analytical and numerical results. [We recall that m is
defined in Eq. (2.18).]

(6.3)

A. Topological susceptibility
(i) Chiral effective Lagrangian O(p?):
_ F.B,m
2
2172 = (77.25 £ 0.08 MeV)*

2173 = (7691 £ 0.08 MeV)* (6.4)
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(ii) ENL, model:

F,B,m  2k(3)"

X = F,,B,,,m
2 +2x(5)"
7173 = (76.271 4+ 0.085 MeV)* (6.5)
(i) WDV model:
_F,B,m A
A=7 5 R B,,,m+A
7173 = (76.283 £ 0.106 MeV)*  (6.6)
(iv) Interpolating model:
F,B,in A
x= - —
2 Fﬂl;mm<1 +A(1 p 1)2) +A
2 = (76283 +0.106 MeV)* (6.7)
B. Second cumulant
(i) Chiral effective Lagrangian O(p?):
F B, il & <m>3
7Y = —(11.05 +0.49) x 106 MeV*
F = —(10.30 + 0.46) x 105 MeV* (6.8)
(ii) ENL, model:
F,B,m  2:(g)"
Cy = —
4 2 <F B, m+2 (\/_) )4
F L\ 3 m\3
<|=(3) ) =)
K V2 2,: m;
o (FaBui)?
2
Y = ~(9.007 + 0.426) x 106 MeV* (6.9)
(ii1)) WDV model:
F,B,in A s & m\3
Cy=— —
4 ) <F B,,m —|—A) FZI (m,)
Y = 2(9.030 £ 0.134) x 106 MeV*  (6.10)

(iv) Interpolating model:

F,B,m < A >4
Cqp = — -
2 anmm(l_’_ Al wl>)+A
L — 3 _
m\- F.B,m\-
x — +(”m )(1—0)1)4}
LZ: (mj) 2¢
L=3
chn )y =—(9.030 4 0.134) x 10° MeV*  (6.11)

Let us make some remarks on these results. We observe
that, within the present accuracy, there are no significant
numerical differences between the results found in the
ENL, model and those found in the WDV model (or in the
interpolating model with w; = 1), even if the theoretical
expressions for the topological susceptibility and the
second cumulant are in principle different [even consider-
ing the correspondence (4.18); see the discussion in
Sec. IVA]. On the contrary, the numerical results found
in the ENL, model, the WDV model, and the interpolating
model with @w; = 1 are sensibly different from those found
using the chiral effective Lagrangian at order O(p?). In this
respect, we must here recall that in Refs. [18-20] also the
nonleading order (NLO) correction to the result for
the topological susceptibility using the chiral effective
Lagrangian has been computed, and it turned out that it
is on the order of percent for physical quark masses.
Starting from our results, we can derive the order of the
corrections caused by the presence of the flavor singlet to
the numerical values obtained using the chiral effective
Lagrangian O(p?), so as to make a comparison with that of
the NLO corrections; for the topological susceptibility,
these corrections are on the order of some percent and, so,
are comparable with the NLO ones; for the second
cumulant, instead, the corrections are considerably larger,
being about the 12%.

C. Comparison of the results with the literature

In the end, let us make a comparison between the above-
reported numerical estimates and the available lattice results
in the literature. We first consider the topological suscep-
tibility. The value of the topological susceptibility in full
QCD has been measured through Monte Carlo simulations
on the lattice. We report here two recent results, obtained with
L =2+ 1 light flavors with physical quark masses:

74 =73(9) MeV  (see Ref. [41]),

/4 = 75.6(2.0) MeV  (see Ref. [42]), (6.12)
where, for the second value, the error in parentheses has been
obtained adding in quadrature the statistical error (1.8)
and the systematic error (0.9). These results are in perfect
agreement (within the large errors) with all those found in our
work. In Fig. 1, the numerical values obtained for the
topological susceptibility in our work are reported together
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On the left, the two lattice results (6.12) for the topological susceptibility (in the full theory with quarks) and the three

theoretical estimates for L = 3, reported in Eqs. (6.4)—(6.7), are shown (from left to right). On the right, only the three theoretical
estimates are shown (in a different scale), so as to better compare them with each other.

with the lattice results. With the help of this figure, we clearly
see that the numerical value obtained using the chiral
effective Lagrangian O(p?) (the first point in the figure
on the right) is clearly detached from the ones related to the
ENL, model and to the WDV (or interpolating) model
(respectively, the second and the third point in the figure on
the right). In addition, these last two values are evidently
compatible within the uncertainties.

Let us now move to the second cumulant. In lattice
simulations, a quantity which is linked to the second
cumulant is usually measured rather than the second
cumulant itself, due to a simpler definition on the lattice.
We report here the definition of this quantity, usually called
b, (a more detailed description of this parameter can be
found in Ref. [9]):

b2 = i — _ <Q?ot>9:0 B 3<Qt20t>§:0 )
12<Qt20t>49:0

All the lattice determinations of this parameter at 7 = 0 are
obtained, to date, in SU(N,) pure-gauge frameworks,
considering N, > 3; it must be taken into account that
our final results have been obtained in a full QCD
framework. There are, in the literature, a number of results
for b, at N. = 3, obtained using different approaches (see
Ref. [9] and references therein):

(6.13)

by = —0.023(7)
b, = —0.024(6)
b, = —0.025(9)

(cooling method),
(heating method),

(overlap method), (6.14)

whereas more recent results are

by = —0.026(3)
by = —0.0216(15)

(see Ref. [43]),

(see Ref. [44]).  (6.15)

Starting from our results for the topological susceptibility
and for the second cumulant in the various cases described,
we find

(i) Chiral effective Lagrangian O(p?):

b{=2 = —0.026(1)

pi=3) = —0.025(1) (6.16)
(i) ENL, model:

p{=3) = —0.0222(1) (6.17)
(iii) WDV model:

b{=3) = —0.0222(4) (6.18)
(iv) Interpolating model:

by 2 = -0.0222(4) (6.19)

In Fig. 2, these theoretical estimates for b, (for the
full theory with L = 3) are reported together with the

0.035]
0.030}
& 0.025} |
1 -
0.020}
0.015}

0 1 2 3 4 5 6 7 8 9

FIG. 2. Five lattice (pure-gauge) results, reported in Eqgs. (6.14)
and (6.15), and the three theoretical estimates for the full theory
with L = 3, reported in Egs. (6.16)—(6.19), are shown (from left
to right).
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above-mentioned lattice (pure-gauge) results. We notice
that the lattice (pure-gauge) results turn out to be compat-
ible (in almost all cases) with our theoretical estimates;
this global accordance is quite impressive, considering that
our results have been derived in full QCD rather than in a
pure Yang-Mills theory. We also recall that, on the basis of
the results obtained in Secs. III A, IVA, and V A, the value
of the ratio b, tends, in the infinite quark-mass limit, to the

pure-gauge value béYM) = —52—0.083 (also obtained
using a pure-gauge instanton gas model) in the ENL,

model [see Eq. (3.22)], whereas it tends to the pure-gauge

value ngM) = 0 in the WDV model (and in the interpolat-
ing model with @w; = 1) [see Eq. (4.19)]; therefore, we see
that both the lattice pure-gauge data and our full QCD
theoretical estimates lie in between these two different
values, and (considering the errors) they disagree with both
of them, even if they are considerably closer to the second
one. It will be interesting to see if future more precise lattice
data (including also the effects of quarks with physical
masses) will confirm (or not) this curious coincidence.

[1] A. A. Belavin, A. M. Polyakov, A.S. Schwartz, and Y. S.
Tyupkin, Phys. Lett. B 59, 85 (1975).

[2] G.’t Hooft, Phys. Rev. Lett. 37, 8 (1976); Phys. Rev. D 14,
3432 (1976); 18, 2199(E) (1978).

[3] E. Witten, Nucl. Phys. B156, 269 (1979).

[4] G. Veneziano, Nucl. Phys. B159, 213 (1979).

[5]1 S. Weinberg, The Quantum Theory of Fields, Vol. 2:
Modern Applications (Cambridge University Press,
Cambridge, England, 1995).

[6] C. A. Baker, D. D. Doyle, P. Geltenbort, K. Green, M. G. D.
van der Grinten, P. G. Harris, P. laydjiev, S.N. Ivanov,
D.J.R. May, J. M. Pendlebury, J. D. Richardson, D. Shiers,
K. F. Smith et al., Phys. Rev. Lett. 97, 131801 (2006).

[7] V. Baluni, Phys. Rev. D 19, 2227 (1979).

[8] R.J. Crewther, P. Di Vecchia, G. Veneziano, and E. Witten,
Phys. Lett. B 88, 123 (1979); 91, 487(E) (1980).

[9] E. Vicari and H. Panagopoulos, Phys. Rep. 470, 93 (2009).

[10] E-K. Guo, R. Horsley, U.-G. Meifner, Y. Nakamura, H.
Perlt, P. E. L. Rakow, G. Schierholz, A. Schiller, and J. M.
Zanotti, Phys. Rev. Lett. 115, 062001 (2015).

[11] R.D. Peccei and H.R. Quinn, Phys. Rev. Lett. 38, 1440
(1977); Phys. Rev. D 16, 1791 (1977).

[12] S. Weinberg, Phys. Rev. Lett. 40, 223 (1978); F. Wilczek,
Phys. Rev. Lett. 40, 279 (1978).

[13] S. Weinberg, Phys. Rev. Lett. 18, 188 (1967).

[14] S. Weinberg, Physica A (Amsterdam) 96, 327 (1979).

[15] J. Gasser and H. Leutwyler, Phys. Rep. 87, 77 (1982); Phys.
Lett. B 125,321 (1983); Ann. Phys. (N.Y.) 158, 142 (1984).

[16] J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985).

[17] A. Smilga, Lectures on Quantum Chromodynamics (World
Scientific, Singapore, 2001).

[18] Y. Mao and T. Chiu, Phys. Rev. D 80, 034502 (2009).

[19] F-K. Guo and U.-G. Meissner, Phys. Lett. B 749, 278
(2015).

[20] G. Grilli di Cortona, E. Hardy, J. P. Vega, and G. Villadoro,
J. High Energy Phys. 01 (2016) 034.

[21] M. Levy, Nuovo Cimento A 52, 23 (1967); W. A. Bardeen
and B. W. Lee, Phys. Rev. 177, 2389 (1969); S. Gasiorowicz
and D. A. Geffen, Rev. Mod. Phys. 41, 531 (1969).

[22] G. ’t Hooft, Phys. Rep. 142, 357 (1986).

[23] G. ’t Hooft, arXiv:hep-th/9903189.

[24] E. Witten, Ann. Phys. (N.Y.) 128, 363 (1980).

[25] P.Di Vecchiaand G. Veneziano, Nucl. Phys. B171,253 (1980).

[26] C. Rosenzweig, J. Schechter, and C. G. Trahern, Phys. Rev.
D 21, 3388 (1980); K. Kawarabayashi and N. Ohta, Nucl.
Phys. B175, 477 (1980); P. Nath and R. Arnowitt, Phys.
Rev. D 23,473 (1981); N. Ohta, Prog. Theor. Phys. 66, 1408
(1981); 67, 993(E) (1982).

[27] E. Meggiolaro, Z. Phys. C 62, 669 (1994); 62, 679 (1994);
64, 323 (1994).

[28] M. Marchi and E. Meggiolaro, Nucl. Phys. B665, 425
(2003); E. Meggiolaro, Phys. Rev. D 69, 074017 (2004).

[29] E. Meggiolaro, Phys. Rev. D 83, 074007 (2011); 89,
039902(E) (2014).

[30] E. Meggiolaro and A. Morda, Phys. Rev. D 88, 096010
(2013).

[31] H. Leutwyler and A. Smilga, Phys. Rev. D 46, 5607 (1992).

[32] R.J. Crewther, Phys. Lett. 70B, 349 (1977); D. Olive, S.
Sciuto, and R. J. Crewther, Riv. Nuovo Cimento 2, 1 (1979);
R.J. Crewther, Chiral properties of quantum chromody-
namics, in Field Theoretical Methods in Particle Physics,
Kaiserslautern 1979, edited by W. Riihl, NATO Advanced
Study Institutes Series Vol. 55B, (Plenum, New York,
1980), p. 529.

[33] M. Gell-Mann and M. Levy, Nuovo Cimento 16, 705 (1960).

[34] C.G. Callan, R. F. Dashen, and D.J. Gross, Phys. Rev. D
17, 2717 (1978).

[35] P. Di Vecchia, F. Nicodemi, R. Pettorino, and G. Veneziano,
Nucl. Phys. B181, 318 (1981).

[36] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 44, 1422
(1970).

[37] T. Kunihiro, Prog. Theor. Phys. 122, 255 (2009).

[38] A. Di Giacomo and E. Meggiolaro, Nucl. Phys. B, Proc.
Suppl. 42, 478 (1995).

[39] L. Del Debbio, L. Giusti, and C. Pica, Phys. Rev. Lett. 94,
032003 (2005).

[40] C. Patrignani et al. (Particle Data Group Collaboration),
Chin. Phys. C 40, 100001 (2016), and 2017 update.

[41] C. Bonati, M. D’Elia, M. Mariti, G. Martinelli, M. Mesiti, F.
Negro, F. Sanfilippo, and G. Villadoro, J. High Energy Phys.
03 (2016) 155.

[42] S. Borsanyi et al., Nature (London) 539, 69 (2016).

[43] E. Vicari and H. Panagopoulos, J. High Energy Phys. 11
(2011) 119.

[44] C. Bonati, M. D’Elia, and A. Scapellato, Phys. Rev. D 93,
025028 (2016).

074001-16


https://doi.org/10.1016/0370-2693(75)90163-X
https://doi.org/10.1103/PhysRevLett.37.8
https://doi.org/10.1103/PhysRevD.14.3432
https://doi.org/10.1103/PhysRevD.14.3432
https://doi.org/10.1103/PhysRevD.18.2199.3
https://doi.org/10.1016/0550-3213(79)90031-2
https://doi.org/10.1016/0550-3213(79)90332-8
https://doi.org/10.1103/PhysRevLett.97.131801
https://doi.org/10.1103/PhysRevD.19.2227
https://doi.org/10.1016/0370-2693(79)90128-X
https://doi.org/10.1016/0370-2693(80)91025-4
https://doi.org/10.1016/j.physrep.2008.10.001
https://doi.org/10.1103/PhysRevLett.115.062001
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevD.16.1791
https://doi.org/10.1103/PhysRevLett.40.223
https://doi.org/10.1103/PhysRevLett.40.279
https://doi.org/10.1103/PhysRevLett.18.188
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1016/0370-1573(82)90035-7
https://doi.org/10.1016/0370-2693(83)91293-5
https://doi.org/10.1016/0370-2693(83)91293-5
https://doi.org/10.1016/0003-4916(84)90242-2
https://doi.org/10.1016/0550-3213(85)90492-4
https://doi.org/10.1103/PhysRevD.80.034502
https://doi.org/10.1016/j.physletb.2015.07.076
https://doi.org/10.1016/j.physletb.2015.07.076
https://doi.org/10.1007/JHEP01(2016)034
https://doi.org/10.1007/BF02739271
https://doi.org/10.1103/PhysRev.177.2389
https://doi.org/10.1103/RevModPhys.41.531
https://doi.org/10.1016/0370-1573(86)90117-1
http://arXiv.org/abs/hep-th/9903189
https://doi.org/10.1016/0003-4916(80)90325-5
https://doi.org/10.1016/0550-3213(80)90370-3
https://doi.org/10.1103/PhysRevD.21.3388
https://doi.org/10.1103/PhysRevD.21.3388
https://doi.org/10.1016/0550-3213(80)90024-3
https://doi.org/10.1016/0550-3213(80)90024-3
https://doi.org/10.1103/PhysRevD.23.473
https://doi.org/10.1103/PhysRevD.23.473
https://doi.org/10.1143/PTP.66.1408
https://doi.org/10.1143/PTP.66.1408
https://doi.org/10.1143/PTP.67.993
https://doi.org/10.1007/BF01574170
https://doi.org/10.1007/BF01574171
https://doi.org/10.1007/BF01557405
https://doi.org/10.1016/S0550-3213(03)00486-3
https://doi.org/10.1016/S0550-3213(03)00486-3
https://doi.org/10.1103/PhysRevD.69.074017
https://doi.org/10.1103/PhysRevD.83.074007
https://doi.org/10.1103/PhysRevD.89.039902
https://doi.org/10.1103/PhysRevD.89.039902
https://doi.org/10.1103/PhysRevD.88.096010
https://doi.org/10.1103/PhysRevD.88.096010
https://doi.org/10.1103/PhysRevD.46.5607
https://doi.org/10.1016/0370-2693(77)90675-X
https://doi.org/10.1007/BF02724349
https://doi.org/10.1007/BF02859738
https://doi.org/10.1103/PhysRevD.17.2717
https://doi.org/10.1103/PhysRevD.17.2717
https://doi.org/10.1016/0550-3213(81)90356-4
https://doi.org/10.1143/PTP.44.1422
https://doi.org/10.1143/PTP.44.1422
https://doi.org/10.1143/PTP.122.255
https://doi.org/10.1016/0920-5632(95)00285-H
https://doi.org/10.1016/0920-5632(95)00285-H
https://doi.org/10.1103/PhysRevLett.94.032003
https://doi.org/10.1103/PhysRevLett.94.032003
https://doi.org/10.1088/1674-1137/40/10/100001
https://doi.org/10.1007/JHEP03(2016)155
https://doi.org/10.1007/JHEP03(2016)155
https://doi.org/10.1038/nature20115
https://doi.org/10.1007/JHEP11(2011)119
https://doi.org/10.1007/JHEP11(2011)119
https://doi.org/10.1103/PhysRevD.93.025028
https://doi.org/10.1103/PhysRevD.93.025028

